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ANISOTROPIC FREE-DISCONTINUITY FUNCTIONALS AS THE I'-LIMIT
OF SECOND-ORDER ELLIPTIC FUNCTIONALS

ANNIKA Bach!
Abstract. We provide an approximation result for free-discontinuity functionals of the form

Flu) :/Qf(m,u,Vu)der/S O(z,v,)dH™ ", uwe SBV?(Q),

w82

where f is quadratic in the gradient-variable and 6 is an arbitrary smooth Finsler metric. The approx-
imating functionals are of Ambrosio-Tortorelli type and depend on the Hessian of the edge variable
through a suitable nonhomogeneous metric ¢.
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1. INTRODUCTION

The partitioning process known as image segmentation is a major task in image analysis. This process deals
with the detection of objects and object contours in possibly distorted digital images and aims, among others,
to distintuish between meaningful objects and the so-called noise. Mathematically, a grey-scale image can be
represented by a scalar function g defined on the image domain (2 (e.g., a rectangle) such that, at each point
x € £2, g(x) measures the brightness of the image. Since the function g is by nature discontinuous, an image-
segmentation problem consists in finding a function w which is still discontinuous, but whose discontinuities are
now located only along the relevant object-contours. Further, the function u must provide a smooth approxi-
mation of g far from the image contours. Thus the discontinuity set of u decomposes the picture into regions
with relatively uniform brightness and the function w is interpreted as a restored version of the input image g.
In mathematical terms an image-segmentation problem can be recast into a variational framework by mini-
mizing a so-called free-discontinuity functional, i.e., a functional consisting of competing volume and surface
terms. A prototipical free-discontinuity functional used in image segmentation is the celebrated Mumford-Shah
functional [28], i.e.,

MS(U):/ |Vu\2dx+H"71(Su)+/ lu — g|*da, (1.1)
Q Q
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where the last term in (1.1) represents a so-called “fidelity term”, since it measures the fidelity of the restored
image u to the input image g. Then the natural functional space where to set the problem is SBV({2): the
space of special functions of bounded variation introduced by De Giorgi and Ambrosio [23]. When one looks
for minimizers of (1.1), the first term in (1.1) penalizes strong variations of u outside its discontinuity set S,
while due to the surface term in (1.1) this discontinuity set has to be as “small” as possible. Clearly, the surface
term in (1.1) only allows to control the “length” of S, and it provides no information on its shape. For this
reason, functionals as in (1.1) are in general not suited to analyze, e.g., certain biomedical images, where the
detection of small structure with a specific geometry may play a crucial role (this is the case, e.g., of thin tubular
structures such as blood vessels in MRI). In particular, to remove noise from such images without deleting the
important small structures, one needs to consider a more general free-discontinuity functional of the form

5(u):/ﬂf(x,u,Vu)dz+/S mnﬂ(x, vy )AH" (1.2)

where f: 2 x R x R" — [0,+00) is a Borel function, continuous in (u,¢), convex and quadratic in &, while
0 : 2 xR" — [0,400) is a convex smooth Finsler metric. (In (1.2) and in what follows we drop the fidelity
term as it represents a “lower-order term” in our analysis.) A functional of type (1.2) which, in particular,
may distinguish between noise and sets having a relevant geometry, is the following anisotropic variant of the
Mumford-Shah functional:

MSanzs(u):/Q‘VuFdx_i_/S Y <M(;p)1/u7yu>dHn—1’ (13)

where M : 2 — ngxnij is a Riemannian metric associated to the input image g. In [30] the author studies
existence of minimizers of (1.3) and provides an elliptic approximation of (1.3) wia I'-convergence. Indeed,
despite the fact that the existence theory for minimizers of functionals of the form (1.2) is by now quite well
understood [2,3,4], it remains difficult to compute these minimizers numerically in a robust and efficient way.
For this reason, one wishes to approximate functionals as in (1.2) with sequences of functionals defined on spaces
of smoother functions. In the case where the function 6 does not depend explicitly on the space variable x, an
elliptic approximation of (1.2) wvia I-convergence is obtained in [20]. Both the approximations in [30] and [20]
rely on the original Ambrosio and Tortorelli approximation [6,7] of the Mumford-Shah functional in the spirit

of [26,27]. In [7] the authors introduced the family of elliptic functionals

12
ATz (u,v) == / (v +n.)|Vu|?dz + %/% +e|VolPdz, u,v e WH(Q) (1.4)
Q

(here € > 0 and 0 < 7. < ¢) and study its limit as € tends to zero. Intuitively, in this model the factor 1/e
in the second integral requires that v =~ 1 in large regions of {2, as ¢ — 0, while the first integral forces the
so-called edge variable v to approach zero in those regions where the gradient of u is steep. Hence, one expects
that v approaches 1 — xg, , thus detecting the discontinuity set S,. In [20] this approach has been extended to
approximate functionals as in (1.2) when 6 = 0(v), defining the approximating functionals by

1 —1)2
Eeu,v) = /Q (v + 1) f (&, u, Vu)da + 5 /Q % +et?(Vo)dz, u,ve WH2(Q).

In the present paper we want to investigate a second-order approximation of (1.2), that is, an approxima-
tion where the approximating functionals depend on the Hessian matrix of the edge variable v. In the last
years, second-order models have been used in the setting of Cahn-Hilliard phase transitions to approximate the
perimeter functionals [8,16,17,21] and recently this approach has been also extended to the Ambrosio-Tortorelli
approximation of the Mumford-Shah functional [15] (see also [19]). More precisely, in [15] the authors prove
that the functionals defined in (1.4) I'-converge to MS also when |Vwv|? is replaced by £3|V2v|? or 3| Av|?.
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Moreover, the computational results for these second-order models indicate several advantages if compared with
the Ambrosio-Tortorelli approximation. Then, in view of the good numerical results obtained in [15] we propose
here a second-order model to approximate functionals of the general form (1.2) with 6 now explicitly depending
on z. It is worth pointing out that considering a singular perturbation depending on V?v instead of Vv makes
the problem intrinsically different from the ones studied in [20] and [30]. Indeed, now it is less clear how to
relate the n x n matrix V2o to the vector v, € S"~! appearing in the anisotropic limit model (1.2), since @ is
defined on vectors. Therefore, we cannot use the same strategy as in [20], but we have to find a suitable convex
metric ¢ defined on n x n-matrices (for more details see Sects. 2 and 3) to define our approximating functionals.
To give an intuitive idea of the construction of ¢, let us assume for a moment that ¢ is given. Then we can
apply ¢ to the tensor product v @ v € R"*", for v € R". Since ¢(z, v ®@v) is 2-homogeneous and quadratic in v,
v é(z,v ® v) defines a Finsler metric on {2, which though may fail to be convex in v (notice that the convexity
of # is a necessary condition for the lower semicontinuity of £, which otherwise could not be a I'-limit). The
above consideration suggests, nevertheless, that given 6 in (1.2) we should look for a metric ¢ such that

Vo(z,vev)=0(x,v) (1.5)

is satisfied for all  and v. Suppose now that we have found such a metric ¢. Then, in this mathematical
framework a common procedure to reduce the n-dimensional problem to the one-dimensional problem is the
so-called slicing-procedure. In the anisotropic setting, usually this procedure heavily relies on the properties of
the dual (and the bidual) of the metric 0 (see, e.g., [13], Prop. 4.3). Indeed, the main property one uses is the
fact that a convex Finsler metric can be written as

_ K321
Oz, v) = |21:1)1 0o (1.6)"

where 6, : 2 x R™ — [0,400) is the dual of 8. This suggests that, in addition to (1.5), our metric ¢ should

satisfy also
V ¢’O($a€ ®£) - 90(x7§)

for all z and &, where ¢, denotes the dual of ¢ with respect to the matrix scalar product. Combining these
considerations then motivates the following definition

- | (Av,§) |
ArA) = D e, ()’

and the choice of the approximating functionals
Felu,v) = / (v? + o) f(z,u, Vu)dr + L/ M + & ¢*(z, V2v)dw
13 9 o £ Pl 2\/§ o c ’ I

where u € W12(2), v € W22(02). Then the main result of the paper is a I'-convergence result which asserts
that, when ¢ — 0, the family (F.) I'-converges in the strong (L'(£2) x L'(£2))-topology to the functional &
defined in (1.2). To prove this result, we first investigate the one-dimensional problem, which already contains
the main information needed for the n-dimensional analysis. We then deduce the n-dimensional result from the
one-dimensional result appealing to the above-mentioned slicing-procedure in combination with the blow-up
method of Fonseca and Miiller [22]. The latter will allow us to deal with the inhomogeneity in the surface part
of the functionals F., which otherwise could not be treated by means of a slicing-procedure.

The structure of the paper is as follows. In Section 2 we fix the notation needed throughout the paper and
recall some preliminary results. In Section 3 we state the main result of the paper and we also discuss some
examples of Finsler metrics 6 for which an explicit formula for the corresponding metric ¢ can be given. Those
examples include the case 6(z, v) = /(M (z)v, v) thus providing a second-order approximation of (1.3). Section 4



1110 A. BACH

is devoted to the study of the so-called optimal profile problem, a minimization problem which describes the
minimal cost of a transition from the value 0 to the value 1 in terms of the one-dimensional unscaled “Modica-
Mortola part” of the energy. The analysis of this optimal profile problem then enables us to investigate the
one-dimensional case in Section 5. Eventually, using the tools mentioned above, in Section 6 we prove the I'-
convergence result in dimension n. In Section 7 we finally study the existence of minimizers of F. and their
asymptotic behavior.

2. NOTATION AND PRELIMINARIES

In this section we fix the notation and recall some preliminary results that we will use in the following. We
start with some basic notation. Let n > 1. Throughout this paper {2 is an open bounded subset of R™ with
Lipschitz boundary and A({2) the family of open subsets of 2. If A’) A € A({2) are such that A’ CC A, we say
that ¢ is a cut-off function between A’ and A if p € C°(A), 0 < ¢ < 1and p =1 on A’. By £" and H* we
denote the Lebesgue measure and the k-dimensional Hausdorff measure in R™, respectively. For p € [1, +o0] we
use standard notation for the Lebesgue spaces LP(§2) and the Sobolev spaces WP (£2). Let v, & € R"; we use the
notation (v, &) for the scalar product, |v| for the euclidian norm and v ®§ = (v;€;);; € R™*™ denotes the matrix
consisting of the entrywise products of v and &. If A, B € R™*™ then AB € R™*" denotes the matrix product,
A: B = tr(BT A) the scalar product, and ||A|| = VA : A the euclidian norm. We set S~ ! := {v € R" : |v| =1}
and for every v € S"7!, 2y € R", and p > 0 we denote by Q}(wo) C R™ the cube centered at x¢ with side length
p and with one face orthogonal to v. If xyp = 0 and p = 1 we simply write Q".

We also recall some notation and basic results concerning measure theory and special functions of bounded
variation. For the general theory we refer to [5]. Let My (£2) be the set of all bounded Radon measures on f2.

Then we say that a sequence (uz) in M;(Q) converges weakly™ in My(Q) to u € My(Q) (g — p) if

/ edpuy, —>/ pdp ¥ € Co(Q).
2 2

For every u € SBV ({2) we write Vu for the approximate gradient of u, S, for the approximate discontinuity set
of u, and v, for the generalized outer normal to S,. Finally, u™ and u~ are the traces of u on S,. We enlarge
the space SBV (£2) to the space GSBV (§2) which consists of all functions u € L'(£2) such that for each M € N
the truncated function u™ := —M V (u A M) belongs to SBV (£2). Moreover, we set

SBV?(2) :={u € SBV(2) : Vu € L*(2) and H"'(S,) < +oo}
and
GSBV?(2) :={u € GSBV () : Vu € L*(2) and H""!(S,) < +00}.
Clearly, we have SBV2(£2) N L®(2) = GSBV2(2) N L™(£2).
We say that an integrand f : 2 x R x R™ — [0,400) belongs to the class Z = Z(my, ms) if f satisfies the

following conditions.

(i) f is a Borel function;

(ii) for a.e. x € 12, f(x,-,-) is continuous;

(iii) for a.e. x € 2 and for all u € R, f(z,u,-) is convex;
(iv) there exist constants 0 < m; < mg < +00 such that

mal€)* < flz,u,6) <maléf® ¥ (z,u,€) € 2 x RxR™ (2.1)

The following two results are consequences of ([2], Thm. 2.1 and [25], Thm. 1.2), respectively.

Theorem 2.1. Let (uy) be a sequence in GSBV (§2) such that ||ug||p1, [|[Vug|r: and H"=1(S,,) are bounded
uniformly with respect to k. Then there exist u € GSBV (£2) and a subsequence (uy;) such that ux; — u a.e. in
2. In addition, Vug, — Vu weakly in L'(2;R™).
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Theorem 2.2. Let f: 2 xR x R™ — [0, +00) belong to the class T and let (uy) be a sequence in GSBV (S2),
u € GSBV(2) such that ux, — u a.e. in 2, Vu,, — Vu weakly in L'(£2,R™) and such that |[Vug|zz and
H"1(S,,) are bounded uniformly with respect to k. Then

f(z,u, Vu)de <liminf [ f(x,uk, Vug)dz.
Q k—=too Jo

Moreover, we recall the following interpolation inequality that can be found in ([1], Thm. 4.14).

Proposition 2.3. Let U C R™ be open, bounded and with Lipschitz boundary and let €9 > 0. Then there exists
a constant co = co(eg,U) > 0 such that

1
cos/ |Vo|?dz < f/ v2dz+€3/ | V20|?dx
U € Ju U

for every 0 < e < eg and for every v € W22(U).
Furthermore, we briefly recall some basic properties of Finsler metrics, for more details see, e.g., [9, 10, 11].
We call a function 6 : 2 x R" — [0, +00) a Finsler metric on {2, if 6 is continuous and satisfies the following
properties:
O(z,tv) = |t|0(z,v) V¥ (r,v) € 2xR", ViteR, (2.2)

Ay <O(z,v) < Aly| ¥V (x,v) € 2 xR,
for some 0 < A < A < +oo0. If, in addition, for every x € (2 the map v — 0(z,v) is convex, we say that 6 is a
convex Finsler metric. We denote by 6 € .#™(§2) the class of all convex Finsler metrics. For every § € .#™({2)
the dual 6, : 2 x R™ — [0, +00) is defined as

0u(,€) = sup{(€,0) : v € R™, Oz, v) < 1}.
It can be shown that 6, € .#™(£2), 05, = 6, and that 6, can be equivalently written as

— [ (&) |
Oo(x, &) := |ls/1|1:pl 0z, v) .

(Notice that in the literature usually the dual 6, is defined for any Finsler metric 6. In that case, 8, € .#™(12)

and 6, coincides with the convex envelope of 6.) Analogously, we denote by .Z™*™((2) the class of all continuous
functions ¢ : 2 x R"*"™ — [0, +00) satisfying

o(x,tA) = |t|p(x, A) V (z,A) € 2 xR™"™ VieR, (2.4)

m[|All < ¢(z, A) < M|A] ¥ (2,A) € 2 xR, (2.5)

for some 0 < m < M < +oo and such that for every € 2 the map A — ¢(x, A) is convex on R™*™. Finally,
we define the dual of ¢ by

¢o(x,B) :=sup{B: A: AeRY", ¢(z,A) <1} = |\il|l\gl oz, A)

Again, it holds that ¢, € .Z™*™(£2) and ¢oo = ¢.

Remark 2.4 (Continuity Properties of § and ¢). Since we will heavily use them in what follows, we state here
the following continuity properties that are satisfied by 6 and ¢, respectively. Let 6 € .#™(£2). Then for every
n > 0 and every xg € (2, there exists § = d(xp,n) > 0 depending only on z(,7n such that

0(2x0,v) — 0(z,v)|<n YveS" ' Vac Bs(x). (2.6)
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Further, if ¢ € .#™*"(£2), using (2.4) and (2.5) it can be shown that ¢? satisfies the following continuity
hypotheses. For every n > 0 and every xy € {2, there exists 6 = §(xg,n) > 0 depending only on zg, n such that

|p% (0, A) — ¢*(x, A)| < ng*(x,A) VAR V€ Bs(xo). (2.7)

We also state here a density result that can be found in [18] and that we will use to prove the limsup-inequality.
We start by fixing some notation that has been introduced in [18]. We denote by W({2) the set of all functions
u € SBV?2(2) satisfying the following properties

(a) S, is essentially closed, i.e., H""1(S, \ S,) =0
(b) Sy is the intersection of {2 with the union of a finite number of pairwise disjoint closed and convex sets each

contained in an (n — 1)-dimensional hyperplane, and whose (relative) boundaries are C'*°;
(c) ue Whk=(2\8S,) for all k € N.

Then the following is a consequence of ([18], Thm. 3.1, Rems. 3.2 and 3.3).

Theorem 2.5. Let 0 € .#™(2) and let u € SBV?(£2) N L>=(£2). Then there exists a sequence (uj) in W such
that

uj — u strongly in L'(£2),

Vu; — Vu strongly in L3 (2;R™),

limsup [|u;l[pee < lullze,
Jj—4o00

lim O(x, vy, )dH" " = / (z, vy )dH" L
I=teo Jons,, Qns
We finally introduce the functionals which will be considered in what follows. We set
/ |Vu|*dz +H"(S,) ifue GSBV2(2), v=1ae.,
Q
+00 otherwise in L'(£2) x L1(£2),

MS(u,v) = (2.8)

and

/ f(z,u, Vu)dz Jr/ 0(z, v, )dH" ! if ue GSBV?(02), v=1 ae.,
0] SN2

+o0 otherwise in L'(£2) x L1(2),

Flu,v) := (2.9)

where we assume that f belongs to the class Z and that 8 € .#™({2). Moreover, we consider the following
functionals depending on a parameter € > 0. Throughout this paper, the parameter € > 0 varies in a strictly
decreasing sequence converging to zero,

1 —1)2
/v2\Vu\2dx +f/ w=1) + ¢|Vu|?da
o) 2 €

2
AT (u,v) = if (u,v) € Wh2(02) x Wh2(2), 0< v <1, (2.10)
+00 otherwise in L'(£2) x L'(£2),
/ v?|Vul*dz + &*||V2v|*dz
2

Ee(u,v) == if (u v) e wh 2 () x W22(02), vVu € L2(12;R™), (2.11)
—+00 otherwise in L1(£2) x L'(£2),
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and
/va(:c,u,Vu )da +—/ +53¢2(x V2v)dz
Fe(u,v) := ? if (u,v) € WH¥( 2 (02) x W22(2), vVu € L*(2;R"), (2.12)
+00 otherwise in L1(£2) x L'(£2),

where ¢ € A" (12).

Remark 2.6 (Domain of the I'-limit). In ([15], Thm. 4.2) it has been proved that the functionals & I'(L')-
converge to MS. Moreover, for any pair (u,v) in the domain of F., conditions (2.1) and (2.5) directly give
that

M (v—1)2
m UQVqux—i——/i—i—s?’ V2ul|]2dx
o [ Fvupae s 2 [ Bl v
ZFE(uvv)Zml/

0

2 2 m (U - ].)2 3 2 2
v C'U/ dx + — / —F— 4 ¢ C v||“dz.
| | 2\/§ N £ || H

Hence, if we set F'(u,v) := I'-liminf. o F.(u,v), F"'(u,v) := I-limsup,_,o Fe(u,v), then ([15], Thm. 4.2)
yields that F'(u,v) = F"(u,v) = +00, whenever (u,v) is not contained in the domain of MS.

3. STATEMENT OF THE MAIN RESULT

The main result of this paper is the following theorem, which ensures that under suitable conditions on ¢
the functionals F. defined in (2.12) I'-converge with respect to the strong (L!(£2) x L(£2))-topology to the
functional F defined as in (2.9).

Theorem 3.1. Let f € Z and ¢ € 4™ "(£2). Suppose that there exists 0 € A™({2) such that

o(z,v@v)=0(x,v), (3.1)
¢o($,€® 5) = 90(]"75)) (32)

for all x € 2 and for all &, v € R™. Then the functionals F. defined in (2.12) I'-converge in the strong
(LY(£2) x L'(£2))-topology to the functional F defined in (2.9).

We will prove Theorem 3.1 in Section 6 gathering Propositions 6.1 and 6.2, which give the liminf-inequality
and the limsup-inequality, respectively. In particular the liminf-inequality heavily relies on conditions (3.1)
and (3.2), which allow to obtain the n-dimesional result from the one-dimensional result via slicing. Since at a
first glance (3.1) and (3.2) might appear quite restrictive we will briefly discuss them in the following remark. In
particular, we will show that given an arbitrary 6 € .#™((2) we can always find a ¢ € .Z"*"((2) such that (3.1)
and (3.2) are fulfilled. Moreover, we discuss two explicit examples of metrics ¢ and 6 that satisfy (3.1) and (3.2).

Remark 3.2. Let ¢ € .#™*"(§2). Then we can associate a Finsler metric ¢ to ¢ by setting

v):=+/olx,vev) V(z,v)e 2 xR (3.3)

Indeed, ¢(x,v®@v) is 2-homogeneous and quadratic in v. Thus ¢ satisfies (2.2) and (2.3). It may, however, fail to
be convex in v. The convexity of the surface integrand being a necessary condition for the lower semicontinuity
of the functional F defined as in (2.9), it seems quite natural to assume that ¢ € .#™(§2). This is precisely
what (3.1) requires. Then condition (3.2) reads as

(0)o(2,£®E) = do(x,€) V (2,6) € 2 xR, (3.4)
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where ¢, is defined according to (3.3) replacing ¢ with ¢,. In this way, we ensure that it does not matter if
we first take the dual of ¢ with respect to the matrix scalar product and then take the square root or if we
first consider the square root of ¢ and afterwards take the dual with respect to the scalar product on R™ x R™.
Hence, for every ¢ € .#™*"(£2) such that ¢ belongs to .#™(2) and satisfies (3.4) Theorem 3.1 implies that the

functionals F. in (2.12) I'-converge to F in (2.9) with 6 = ¢.
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On the other hand, from the viewpoint of approximation the most interesting question is wether for any

6 € #"(2) one can find a metric ¢ € .#"*"(2) satisfying (3.1) and (3.2). In fact, such a ¢ can always be
obtained by setting

| (Av,§) |

oz, 4) = sup —LBEL

gresn—1 00(33’ 5)00('1:3 V)

It can be easily checked that ¢ € .#™*™(£2), while a direct computation shows that (3.1) and (3.2) are satisfied.

Thus, using the definition in (3.5) Theorem 3.1 allows us to approximate the anisotropic functional F for any

0e.um().

Notice that for § € .#™(§2) given, the metric ¢ obtained by (3.5) is not the unique metric in .Z™*"(£2)
satisfying (3.1) and (3.2). Indeed, we complete this section with two examples of specific functions 6 € .#™(£2)
for which a corresponding ¢ € .#™*"({2) satisfying (3.1) and (3.2) can be defined in a quite intuitive way.

V (2, A) € 2 x RV, (3.5)

Example 3.3 (Quadratic forms). We consider here the anisotropic variant of the Mumford and Shah model
analyzed in [30], i.e.,

MSaniS(u) :/Q|VU|2d=T+/S Y <M($)Vu,yu>d7-ln717 (36)

where for every x € {2 the matrix M (z) € R™*" is symmetric and positive definite and the mapping = — M (z)
satisfies the following hypotheses:

(i) There exist two constants 0 < A < A < 400 such that

M| < (M(z)v,v) < Alv]* ¥ (z,v) € 2 x R™ (ellipticity). (3.7)
(ii) There exist « > 0 and L > 0 such that

|[M(x) — M(y)|| < Ll —y|* Va,ye 2 (Holder-continuity). (3.8)

Then in [30] it is shown that (3.6) can be obtained as limit of first-order Ambrosio-Tortorelli approximations. We
now briefly describe how to approximate (3.6) via second-order functionals. We start by setting a few notation.

Let 0(z,v) := \/(M(z)v,v). For every A € R"*™ we set

. T
vec A := (a11, -+, n1, 012, -+ Gp2y - s Ay - - 5 Gy )

)

and for A, B € R™*" we define the Kronecker product A ® B € R xn’ ag

allB N alnB
A® B := :
amB ... apnB
Finally, we set
d(x, A) := /(M (z) @ M(z))vec A,vec A) VY (x,A) € 2 x R™™, (3.9)

Then ¢ clearly satisfies (2.4), while conditions (3.7) and (3.8) ensure that (2.3) holds true and that ¢ is continuous
in (z, A). Moreover, using basic properties of the Kronecker product, for which we refer to [24], it can be easily
checked that

d(x,v@v) = (M(z)v,v) = 0*(z,v) (3.10)

and

¢o(xv§® g) = <M($)_1£7£> = 93(%,5) (311)



1116 A. BACH

for all x € §2 and for all £&,v € S"~1, where M (x)~! denotes the inverse of M (x). Thus, by Theorem 3.1 the
functionals

1 —1)?
/ v*|Vul*dz +m / =17 + & (M (z) ® M(z)) vec Vv, vec V2v>2 dz
2 Q €
Fe(u,v) := if (u,v) € Wh2(02) x W22(02), vVu € L2(2;R"),

+00 otherwise in L'(£2) x L'($2),
provide a second-order approximation of (3.6). We notice that in general the metric ¢ defined in (3.9) does
not coincide with the formula in (3.5). Nevertheless, (3.10) implies that they coincide on symmetric rank-one
matrices of the type v ® v with v € S*~!. Finally, we remark that for our purpose we can replace the Holder-

continuity assumption in (3.8) with the weaker continuity assumption as follows. For every n > 0 and for every
xo € §2 there exists § = §(xg,n) > 0 such that

|M(xo) — M(@)| <V« € Bs(xo). (3.12)

Namely, it can be checked that, if (3.12) is satisfied, then (2.7) still holds true, which will be sufficient for our
analysis.

Example 3.4 (p-norms). We discuss here an example of an homogeneous 6 of the form

O(z,v) =0(v) := <Z |1/i|p> vV (x,v) € 2 xR, (3.13)

where p € [1,00) and v = (v1,...,V,). For every (z, A) € £2 x R™*" we consider

p

$(w, A) = ¢(A) == | D lay” | - (3.14)

ig=1
By construction, 6 € .#™(£2) and ¢ € .#™*"(£2) and for p € (1,00) the duals of 0, ¢ are given by

1 o
Pl

94@(2@#”) and ¢o(B) = | Y b | .

4,j=1

respectively, where p’ = p’%l denotes the dual exponent. Then, a direct computation yields that

pv@v)=0(r) and do(§DE) = 0(¢) (3.15)

holds for all v, € R™. Let p = 1. Then 0, and ¢, are given by

05(§) = sup [vs| and ¢o(B) = sup |byl,

1<i<n 1<i,j<n

respectively. Again, it can be checked that (3.15) holds true. Hence, for p € [1,00) Theorem 3.1 ensures that the
functional F defined as in (2.9) with @ given by (3.13) can be approximated via the second-order functionals
Fe in (2.12) with ¢ given by (3.14).
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4. THE OPTIMAL PROFILE PROBLEM

In this section we study the minimization problem

loc

+oo
m := inf { / (h—1)2 +a®(R")2dt : h e W22(0,+00), h(0) = h'(0) =0,
0
h(t) =1if t > M for some M > 0}, (4.1)

where a > 0 is a fixed constant. To motivate the presence of the constant a, assume for a moment that the
metric ¢ does not depend explicitly on . Then, due to the one-homogeneity, in dimension n = 1 we can always
write ¢2(h") = ¢*(1)(h")? and thus, writing a = ¢(1), the value m in (4.1) represents the minimal cost of a
transition from the value 0 to the value 1 in terms of the one-dimensional unscaled Modica-Mortola part of the
energy on the positive real half line. In what follows we refer to this problem as the optimal profile problem.
The main result of this section is Lemma 4.1, which shows that the infimum in (4.1) is actually a minimum and
the corresponding minimum value is given by m = v/2a. The proof follows the argument in ([15], Thm. 3.1).
We first introduce the following auxiliary problems. Let G : R x R — [0, +00) be given by

1
Gw.z)mint { [(g =17+ "t g € CH0.1], 9(0) = v, o(1) = 1.g'0) = (1) =0},
0
Testing G with a third-order polynomial, one can check that

lim G(w,z)=0.
(w,z)—(1,0)

Finally, we set

i = inf { /m(h — 124+ a®(K)2dt: h e W22(0,+00), h(0) = h'(0) =0, lim h(t) = 1}. (4.2)
0

t—+oo
Now we are ready to prove the following lemma.
Lemma 4.1. Let m, m be given by (4.1), (4.2) respectively. Then m = m = v/2a and the infimum in (4.2) is
a minimum, t.e.,

+oo
i = min { / (h— 1)+ a®(h")2dt : h € W22 (0,+00), h(0) = h'(0) =0,
0

lim h(t) = 1} =V2a.

t—+oo

Proof. The standard Euler-Lagrange equation associated to (4.2) is given by the fourth order ordinary differ-
ential equation

h(t) =1+ a?h®#) =0 in (0,+00) (4.3)

subjected to the boundary conditions h(0) = h’(0) = 0. A solution to (4.3) is then given by

ha(t) = 1 — v/2e~ 75 sin <\/t271 + Z) (4.4)
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and the corresponding minimum value is given by
“+o0
/ (ha —1)% + (h)2dt = V/2a.
0

Clearly, we have that m < m. Hence, to deduce the thesis it remains to show that m < m. Let n > 0. We
choose a sequence (z;) such that z; — 400 as i — 400 and for fixed i € N we choose g € C? ([0, 1]) such that
9(0) = ha(z:), g(1) =1, ¢'(0) = I'(x:), ¢'(1) = 0 and

1
| 0= 17 4 a*(" Pt < G (halai) ) +
0
where h, is the function given in (4.4). Now, we define g;(¢) := g(t — x;) and
ha(t) if0 <t <z
RL(t) :={ gi(t) ifx; <t <ai+1

1 ift >z + 1.

In this way, k% belongs to V[/lzoc2 (0, 400) and satisfies the boundary conditions in the definition of m. Thus we
achieve

+oo
m = / (hg — 1)% + a*(h)?dt
0
x;+1

+oo
zA mb&fwﬂmwvw—/ (g: — 1)? + (g}t

(ho = 1)* + a*((hg)")?dt = G (ha(xs), b (2:) =1
>m — G (ha(x;), hly(x)) — 1.
Since lim(y, 2)—(1,0) G(w, 2) = 0, we may conclude letting first ¢ go to infinity and then 7 go to zero. -

Remark 4.2. Notice that if mg is given by

+oo
m, := min { / (h— 1)+ a®(h")2dt - h e W22(0,+00), h(0) =d, 1'(0) =0, lim h(t) = 1}
0

t—+o0
for some d € R, then my = (d — 1)?1v/2a and hence

lim my = v2a = m.
d—0

5. THE ONE-DIMENSIONAL CASE

In this section we study the asymptotic behavior of the functionals F. when the space dimension is one.
Throughout this section we write 2 = I = (a,b) C R. We will see that the one-dimensional problem already
contains the main information needed to analyze the n-dimensional problem, which will be studied combining
the slicing procedure with the blow-up method introduced by Fonseca and Miiller in [22] (see also [12]). Thanks
to the continuity properties (2.6) and (2.7) satisfied by ¢ and 6, for the analysis it would be enough to study the
one-dimensional problem in the homogeneous case, i.e., for ¢ = ¢(A). Nevertheless, for the sake of completeness,
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we prefer to prove the result in its full generality also in dimension one. Note that due to the 1-homogeneity
of ¢ for every (t,z) € I x R we have ¢(t,z) = |z|¢(t,1). Then we rewrite the functionals F, as

b b
/v%uwwmu+;@/’“;”2-m%%nmw%w
Fe(u,v) := ¢ ¢ if (u,v) € WH2(I) x W22(I), (5.1)
+00 otherwise in L' (I) x L(I).

Note that in dimension one we do not need the requirement vu’ € L?(I) since automatically v € L>(I). The
following result will be crucial to deduce the lower bound inequality in the proof of Theorem 3.1.

Theorem 5.1. Let ¢ € .#1(I) and let f € I. Then the functionals F. given by (5.1) I'-converge in the strong
(LY(I) x L*(I))-topology to the functional & defined on L*(I) x L*(I) as

b
/ Ft, u,u)dt + Z Vot 1) ifue SBVA(I),v=1 a.e.,
E(u,v) =1 Ja <5

+o0 otherwise in L*(I) x L*(I).
In all that follows C denotes a generic positive constant that may vary from line to line.

Proof. We divide the proof into two main steps proving first the liminf-inequality and then the limsup-inequality

Step 1: Liminf-inequality. Let (u:), (v.) be sequences in L*(I) and u,v € L*(I) be such that u. — u, v. — v
in L'(I). We claim that

E(u,v) < lim iglf Fe(te,ve). (5.2)
E—r
To prove (5.2), we can clearly restrict to the case where
sup Fe(ue, ve) < +00. (5.3)
g
From (5.3) we directly deduce that
1

e

b
7/ (ve — 1)2dt < O,

for some constant C, uniformly in e and thus ||v. — 1|z — 0, which then yields v = 1 a.e. Moreover, Proposi-
tion 2.3 implies that there exists a constant ¢y > 0 such that for ¢ sufficiently small we have

b b 2
e — 1
606/ (v;)zdtg/ u+53(v;’)2dt,

€

which in view of (2.5) and (5.3) gives

b (Us _ 1)2
/ — +e(vl)?dt < C  for ¢ sufficiently small. (5.4)

Then we can apply ([14], Lem. 6.2 and Rem. 6.3) to deduce that for every v € (0, 1) there exists .S, C I finite
such that for every I’ CC I'\ S, fixed and for ¢ sufficiently small we have

1—y<wv.<14+~ onl. (5.5)

Appealing to (2.1) and (5.5), for every I’ CC I\ S, we thus achieve

mi(1=? [ @< (0= [ fueaiae< [ i< e, (5.6)

I’
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for some 0 < C' < +oo, uniformly with respect to €, from which we deduce both u € W2(I') and u. — '
weakly in L?(I"). Hence, by the arbitrariness of I, we obtain that v € SBV?(I) and S, C S.,. Moreover, using
the convexity of € — f(t,u,§), we deduce that

b

lim i(l;lf V2 f(t ue, ul)dt > (1 — )3 lim 1(r)1f Ftuc,ul)dt > (1 —~)2 [ f(t,u,u')dt. (5.7)
E—r a I’ I’

Assume now that Sy, = {t1,...,ty} C S, for some N € N. Then, to prove (5.2), we have to show that

Jim inf — /b (v — 1" +e%¢?(t,1)(vl))?dt > XN: Vol(ti 1)
2\/5 Y c ) 15 - — (2l .

e—0

To this end we use the same argument as in ([15], Thm. 4.1), now also choosing carefully the intervals around
each discontinuity point ¢; in order to overcome the difficulties due to the inhomogeneity of §. We fix n > 0.
Then, thanks to (2.7) and the fact that there exist only finitely many discontinuity points t;,...ty, we may
deduce that there exists § > 0 such that for all ¢ € (a,b) satisfying |t — ¢;| < d for some t; € S,, we have

P (t,1) > ﬁ(zﬂ(tz,n (5.8)

Now, for each t; € S, up to choosing ¢ small enough the intervals I; := (¢; — 0,¢; + ) C (a,b) are pairwise
disjoint. Hence, appealing to (5.8) we get

/b(vs D% 4 e, 1) dt>Z/t+6 R CAR

Z / . J + SR, 1) (002t (5.9)

Then, to prove the liminf-inequality it suffices to show that for every i € {1,..., N} it holds that

lim inf \2/{ (ve ; D + 302 (ti, (W)t > /p(ti, 1). (5.10)

e—=0 2

In order to prove (5.10), we consider the intervals I/ := (t; — $.¢; + 3) CC I, and we set n; =
liminf._,o ian;(vg(t))Q. Then n; = 0, since otherwise by (2.1) we would get

1
/,( )dt<nm1 /lvgf(t,ue,u'e)dt<+oo,

and hence u. — u' weakly in W1 2(I’) which is a contradiction since ¢; € I]. Thus n; = 0 and we may choose
a sequence (sé) in I such that v.(s) — 0. On the other hand, since (up to subsequences) v. — 1 a.e., we can
also find r¢, 7 € I; such that 7 < st < 7% and v.(r!), v (%) — 1. Moreover, appealing to the Hélder mequahty

gr’e
. X 1/2
/€|U;|dt§ e(b—a) /6(v;)2dt ,

we achieve that

which in view of the interpolation inequality and of (5.3) implies that ev! converges to zero in L!(a,b). Thus,
without loss of generality, we may assume that ev,(r ), evl(7L) — 0. Finally, we choose 5 € (7¢,7%) as a minimum
point for v. on 7L, 7t]. Since by hypotheses v. € VV2 2(I) — CY(I), we know that v/(5%) = 0 and moreover, for
¢ sufficiently small we can assume that

ve(52) < we(s2) < ve(rl),
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and hence v.(5%) < 1. We have

—1)2 5y —1)2 T (y. — 1)2
[ s senaeras [T o e [T s sge et
I 7 5i

i 9
(5.11)
We now estimate the second term in (5.11) the computations for the first one being analogous. By the change
of variables z = (t — §%) /e, setting w.(z) := v.(ez + 5.) we get

i

i
£

/” @ =% | s g2 1))t = / (we — 1) 4+ @38, 1) (w!)?de.
E2 0

re—3

Now we use the infimum problem defining G, introduced in Section 4, with a = ¢(t;,1) and we choose g¢ €
C?([0,1]) such that

9:(0) = ve(rl), (g0)'(0) =evl(rl), gi(1)=1, (g)'(1) =0,
and such that

/O<gz—1>2+¢<tz,1><< D2t < G (ve(r), 2l (1)) + 1.

By construction, G (ve(rl),ev.(rl)) tends to 0 as € — 0. Finally, we define the functions o as

we(2) if0< %,
vi(z) = gi(z — Té;gé) if r;—gg <z< r;—gg 11,
1 if z > Te—2e —l—l

In this way, we clearly have that 9! € w2 2( 0, +00) and that it satisfies the boundary conditions in the definition

loc
of my in Remark 4.2 with d = vg( ¢). Hence, if we choose again a = ¢(t;,1) in the definition of my, due to the

fact that v.(51) < w.(sl) < 1 for ¢ sufficiently small, we get

)
Te — 3¢

: oo 1 )

/ (we = 1)* + ¢2(t:, 1) (w!)?dz = / (T = 1)% + ¢*(t:, 1)(T7)?dz — / (g = 1) + ¢ (i, 1) ((92)")t
0 0 ’

>m,, (5i) — G (ve(rl), evl(r0))

-n
>d<r£1£1(ri )md—G(vg( i), evl(rl)) —n

=, (sp) = G (0e(r2), 0l () = .

Appealing to Remark 4.2 we deduce that

.5t
Te — 3¢

liminf [ (we — 1)+ ¢2(ts, 1)(w”)2dz > /26(ts, 1) — 1. (5.12)

e—0 0

Since we get the same estimate on the first integral in (5.11), from (5.7), (5.9), and (5.12) we may deduce that

b
lim inf F (ue, ve) > hml(r)lf/ V2 f(t, ue,u E)dt—i—hmmf \[/ +€3¢2(t,1)(1}g>2dt
a

e—0
2 ’ 1 n
= (1=9) /I/f(tauau)dt‘i‘m (Z\/éb(ti,l)—m) :
i=1
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Letting I’  (I'\ S,) we then achieve

o , 1 (&
lim inf F. (ue, v) > (1 —v)Q/If(t,u,u )t + —— (Z Volti, 1) - 2\%) ,

L+n \i=

and we conclude letting 7 — 0 and v — 0.

Step 2: Limsup-inequality. Let u,v € L' (I). We claim that there exist sequences (u.) in W2(I) and (v.) in
W?22(I) such that u. — w in L*(I), ve — v in L*(I) and such that

lim sup F. (ue, ve) < E(u,v). (5.13)

e—0

To prove (5.13), it is sufficient to consider the case, where v = 1 a.e. in I and v € SBV?(I). Otherwise the
inequality is trivially satisfied. Thus, we may write S, = {t1,...,tn} such that t; < t;4; forevery 1 <i < N—1.
We set to := a and ty41 := b and 7 := ming<;<n(ti+1 — t;). Moreover, for 1 < i < N we consider the intervals
I = I:ti—12+ti

0 < & — 0 such that & < € and smooth cut-off functions (% between (t; — %E, t; + %5) and (t; — &, t; + &). We
may assume that for ¢ sufficiently small {. < 5. Define the sequence

% . We start by defining the sequence u. converging to u. To this end, we choose a sequence

)

N
ue(t) = u(®) (1 IO <t>> ;

then u. € W12(I) and it can be easily checked that u. — u in L'(I). Indeed, we directly achieve that u. — u
a.e. in I and by the dominated convergence Theorem we obtain the L'(I)-convergence. In order to define the
sequence v, converging to v, we fix n > 0 and according to Lemma 4.1 we choose functions gf] € Wlif (0, +00)
such that g;,(0) = (g,)'(0) = 0 and g} (t) = 1 if t > M, for some M, > 0 and such that

+oo
/0 (g — 1) + 6(t 1)2((g1)")2dt < /2600 1) + 1. (5.14)

Now we fix T > max{M,%, . ,Mé\' } and assume that ¢ is sufficiently small such that T;—i& > T. Then we can
define v, as
0 if there exists i € {1,..., N} s.t. [t — t;] <&,
oelt) = gf7 (%) if there exists i € {1,..., N} s.t. & <[t —t;| < & + €T,
1 ifforallie {1,...,N} [t —t;| > & +eT
orte [a, %] U [%—er,b] .

By construction, v. € W?22(I) and v. — 1 in L'(I). Using again (2.7), we can assume that there exists
0 € (0,7/2) such that for all ¢ € (a,b) satisfying |t — ;| < J for some ¢; € S, we have

¢*(ti,1) < (1 +n)¢?(t,1).
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We can also assume that ¢ is sufficiently small such that & + €T < §. Then, by a change of variables we get

(ve — 1)? 3,2 N2 1. | i fti—t—& 2 3 .9 N2

[t eseanera- [T 2(4 () —1) (1) (gh)")
t+§s+sT1 ,

+/ti+£g ( ( )+e¢<t ()"t + 2%

ti—€. 2 _
<o [ 2 (t SR ) 1) S ()P
ti+€ec+eT 1 55
+/ti+€a £ ( < >
€

1) e ) ) 25
T . .
= (1492 / (g — 177 + 601, 1)((gh)")dz + 2

2 (V2606 1) +n) + 2— (5.15)

€

Moreover, we have

/ O F (b, el )t = / V2F (b, ey ul )t = / V2 F (b, o). (5.16)
L\[ti—&c ti+E]

I;

i

Gathering (5.15) and (5.16), summing over all ¢, due to the dominated convergence theorem we finally achieve

1 —1)2
lim sup F (e, ve) < Z <hmsup/ v? f(t, u,u')dt + lim sup 2\@/ (ve . ) +63¢2(t,1)(v;')2dt>
I;

e—0 e—0 B e—0
=1 i

(1+mn)
(t,u,u')dt + (1 + ot 1) + .
/f nE 7 n

Hence, we deduce the limsup-inequality by the arbitrariness of 7. (Il

6. THE n-DIMENSIONAL CASE

In this section we study the I'-convergence of F. in the n-dimensional setting. The result established in the
one-dimensional case will be crucial for our purpose. We will prove Theorem 3.1 gathering Propositions 6.1
and 6.2 below. Thus, from now on we assume that we are within the hypotheses of Theorem 3.1, i.e., F and F;
are given by (2.9) and (2.12), respectively, f € Z, and ¢ € .#"*"(2) satisfies conditions (3.1) and (3.2). For
any A € A(f2) we introduce the localized functionals

/ v? f(x,u, Vu)de +—/ +53¢>2(x V2v)dz

A

Fe(u,v, A) := if (u,v) € Wh 2(A) W22(A), vVu € L2(A;R"), (6.1)
+00 otherwise in L1(A) x L(A),

12

2—\1/5/ (v 51) +e*¢?(x, V2)dz  if (u,v) € WH2(A) x W22(A),
A

Gs(u,U,A) = owWVu € LQ(A;Rn), (6.2)

+00 otherwise in L'(A) x L(A).
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Moreover, for xg € {2 fixed, we also consider

12
2—\15/ (v 81) + 3¢ (xo, V2v)dz  if (u,v) € WH2(A) x W22(A),
A
G.(xo,u,v,A) := vVu € L2(A;R™), (6.3)
+00 otherwise in L!(A) x L(A).

We are ready to prove the following proposition.

Proposition 6.1 (Lower bound). Let u, v € L*(£2) and let (uc), (v.) be sequences in L' (£2) such that u. — u
in LY(2) and ve — v in L'(§2). Then

lim 'glf Felte,ve) > F(u,v).

E—

Proof. We may restrict our analysis to the case

sup Je (ue, ve) < +00, (6.4)

which immediately gives that v = 1 a.e. in {2. Moreover, invoking Remark 2.6, we know that the domain of the
Ilimit is GSBV?(£2) x {v =1 a.e.}. Thus, we have v € GSBV?({2) and it remains to prove that

lim inf F (ue, ve) Z/ f(z,u, Vu)—|—/ O(x, v, ) dH" L. (6.5)
€0 Q 5.9

To this end, we use the blow-up method due to Fonseca and Miiller and we start by defining the measures

2
pe = |020)F (ool Fiae) 4 o (“’E(')‘” +53¢(-,v%5<~>)> o

+
2v/2 €

In view of (6.4), () is an equi-bounded sequence of positive finite Radon measures. Hence, there exists a

positive Radon measure z such that (up to subsquences) p. — p weakly* in the sense of measures. Appealing
to the Radon-Nikodym Theorem we can write p as the sum of three mutually orthogonal measures

f=pa L+ pgH S, A+ s

We claim that
ta (o) > flxo, p(x0), Viu(xg)) for L™-a.e. xg € 12 (6.6)

and
(o) > 0(xo,v,(20)) for H* '-ae. xg € S, (6.7)

Indeed, if (6.6) and (6.7) hold true, choosing an increasing sequence of cutoff functions () such that 0 < ¢ <1
and supy, ¢x(z) = 1 in £2, we get the following estimate for every k € N

- . 1 [(ve—1)?
2 e 3.2 2
hg;lglf}"a(ug,va) > llgglf/(l (vaf(ac,ug,VuE) + e ( 5 +e°¢%(x,V UE)>) ordr

:/ @kduZ/ tpkdua+/ wrdps
17 Q S,N0

“w

Z/ f(x,u,Vu)gokdm+/ Q(x,yu)gokd?l”*l,
12, SN2

and hence we may conclude using the monotone convergence Theorem.
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We start proving (6.6). We claim that for each A € A(2) it holds that

liminf/ v?f(x,uE,Vus)de/f(m,u,Vu)dx. (6.8)
A A

e—=0

Let us assume for a moment that we have proved (6.8). Then, using the Besicovitch derivation Theorem, for
L™-a.e. xg € {2 we can write

pal0) = lim —— (B, (x0)).

p—0 Wy, P

Moreover, we can assume that xg is a Lebesgue point for x4 and invoking the Calderon-Zygmnund Lemma we

may also suppose that p is approximately differentiable at . Since p is finite, we also know that ©(0B,) =0

except for countably many p and for p sufficiently small the upper semicontinuous function x +— Xm(x) has
P

compact support in 2. Hence, appealing to ([5], Prop. 1.62 (a)), (6.8) applied to the sets B,(zo) gives

1
ta(Zo) = lim /Q XB, gy

p—0 wnpn

> lim lim sup o /QXBP(;CO)d/is

p=0 c0
/ 02 f (2, ue, Vue)dz
Bp(wo)

> lim lim sup —
p=0  c0 Wpp

1
> lim / f(z,u, Vu)dz
p—0 wnp" B, (o)

= f (xo,u(xo), Vu(zy)) .

So let us now prove (6.8). First suppose that up to extracting a subsequence (not relabelled) the liminf in (6.8)
is a limit. Then, to prove (6.8) we would like to invoke a suitable lower semicontinuity theorem like, e.g.,
Theorem 2.2. But since we have no uniform bound on ||Vu.||z2, we have to replace the sequence (u.) with a
suitable sequence (w;) still converging to u a.e. and satisfying all requirements of Theorems 2.1 and 2.2. To do so
we use the same strategy as in [20] now adapted to the second-order setting. We start by using the interpolation
inequality to achieve an upper bound on the L?-norm of the gradient of v.. Indeed, for ¢ sufficiently small we
have

e 1 2
co/ 5|Vv€|2dx§/ u—i—a?’HV%sHde,
o) o €

which is bounded in view of (2.1) and (2.5). To overcome the difficulty that our sequence (v.) is in general not
bounded between 0 and 1 (like in the case of [20]), we define the truncated functions . := 0V (v. A 1). Notice
that in this way the functions 9. do not belong to W2?2(£2) any more, but we still have

Vi, = VUeX{ogvggl}

and hence, for every A € A(f2) we may deduce that

e 2
5/ Vi |?dx < 6/ |Vo|?dz < C and / udm §/ de <C, (6.9)
A A A £ A £

where the latter estimate implies that ||0. — 1]|2(4) — 0 as € — 0 and (up to subsequences) 0. — 1 a.e. in A.
Now define @ : [0,1] — [0,1] as

(1) ;:/O (1— s)ds = “22_”.
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Note that @ is strictly increasing. Moreover, using the classical “Modica-Mortola-trick” we may deduce that

\D&(5.)|(A) :/A|Vd5(175)|dx: A(1—65)|V65|dx g/A“_g”) 4|V 2de < ©

uniformly in e. Hence, if for every t € R we set U, ; := {x € A: & (0-(x)) > t}, applying the coarea-formula,

we may deduce that
—+oo

C > [Do(5.)|(A) = / Dxu..,|(A)dt,

—o0
and thus sup, [Dxyp. ,| < 400 for almost every ¢ € R, i.e., U, ; has finite perimeter in A independently of ¢ for
almost every t € R. Now let 0 < v <4’ < 1/2 = &(1) and denote by P-(t) the perimeter of U, ; in 2. Then, for
every € > 0, by the mean-value theorem, there exists t. € (v,7’) such that

’

0 =Pt < [P = (D)) < (6.0

uniformly in €. We write U := U, ,, and we set w, := u.xy,.. Then w. € GSBV(A) and
Vwe = Vuxu. (6.11)

(see, e.g., [5], Thm. 3.84 and Ex. 4.5). Since 0. converges to 1 a.e. and u. — u in L'(£2), w. converges to u a.e.
and ||we||p1 < |luel|p1 is bounded uniformly in e. Moreover, considering (6.10) we may deduce that

H (S (we)) < H (S (xw.)) = Pe(te) < C, (6.12)

uniformly with respect to e. Finally, due to (2.1), by (6.11) and the definition of U,, we achieve that

_ 2 _ 2
ml/ (271 ()" [Vwe*dz < my / (&71(te))” |Vue?d
A UE
< / m192|Vue|*dz
Ue
< / 2 f(x, ue, Vue )dx
A
< / v2 f (2, ue, Vue)dr < C, (6.13)
A
uniformly in . Here @1 : [0,1/2] — [0, 1] is the inverse of @ given by #~1(t) = 1 — /1 — 2t and we have used
the fact that ¢ and &' are strictly increasing functions. Thus by (6.12), (6.13), the boundedness of [[we||r1 (),

and the fact that w. converges to u a.e. in A, appealing to the GSBV-compactness Theorem 2.1 we may deduce
that Vw. — Vu weakly in L'(A;R™). Hence, we can use the lower semicontinuity Theorem 2.2 to finally achieve

e—0 e—0

liminf/ v?f(x,ug,VuE)dleiminf/ 02 f(z, ue, Vu )dx

A A

> lim inf (@71(7))2/ flz,we, Vwe )dx
e—0 U,

= liminf (@71(7))2/ f(z,we, Ve )da
e—0 A

> (@7(0)" [ o Va)da.

A

Then, letting v go to 1/2 we deduce (6.8).
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We now prove (6.7). Let zg € Sy, v := vu(x9) € S" 1. Again using the Besicovitch derivation theorem, for
H " ta.e. zg € S, we may write

L 1 (Q (o))
(o) = ;ll)% n—1 (QZ(«TO) N Su) ’ (6.14)

Moreover, by the definition of approximate discontinuity point, for a.e. zg € S,, we have that
Jim 7/ () — v (z0)|dz = 0, (6.15)
(Qy(z0))*

where (Q(x0))* := {z € Q%(x0) : £ (x —z0,v) > 0}. Fix z9 € S, such that (6.14) and (6.15) hold true. Then,

arguing as for p,, we deduce that
i 1 (Q4(x0)) . L /
xg) = lim = lim 1dp > lim limsu 1d
1. (o) p0 -1 (QZ(xO) = S#) 250 RE = o0 s%Op =1 Q5 (20) He

1
> lim limsup — (/ V2 f (2, ue, Vue )dz
P20 em0 PN Qy(ao)

1 —1)2
+— (Colnbs + &%¢?(w, V2v€)dm>
2V2 Qy (o) €

= lim lim supp( / v2(zo + py) f (o + py, ue(zo + py), Vue(zo + py)) dy
Ql/

p=0 0
1 (ve(zo + py) — 1)
+
2\/5 Qv 13

Now fix n > 0, 6 > 0 as in (2.7). Using conditions (2.1) and (2.7), setting v2(y) := ve(xo + py), ul(y) =
ue (o + py), for 0 < p < \2/—% we then get

+ %6 (zo + py, Ve (w0 + py)) dy) :

11 (vf —1
1+n2v2 Jov (7)
P

2 3
py(zo) > lim limsup/ %(v?)Q\Vu§|2dy+ ) + (;) ¢* (0, V>0?)dy.

p—0 =50

Letting first € — 0 and then p — 0, in view of (6.15) we find that v2 — 1 in L'(Q") and u? — ug in L*(Q"),
where ug is given by

ut(zo) if (z,v) >0,
uo(x) :=
u” (o) if (x,v) <O.
By a diagonal argument, we find positive vanishing sequences (ep), (pp) such that oy, :=ep,/pp, — 0 as h — 400
and such that
11 (vp — 1)

+ o3 % (20, V3o )de, 6.16
T navi Jo on n®” (z0, V=up) (6.16)

wy(zo) > lim / myvr |V |2 de +
Qll

~ h—+4oo

where up, = ufl, v, = vE". Since now ¢ is fixed in xg, we can use the slicing procedure to deduce the lower bound.
To do so, we first need to introduce some notation. For £ € S"~!, we denote by II¢ := {y € R" : (y,§) = 0}
the hyperplane orthogonal to ¢ and for every A C 2, y € Il we set A¢, = {t € R: y+t{ € A} and
uiy = up(y + &), va’y = vp(y +t€). Finally, we define G, (2o, un, v, Q") according to (6.3) and for simplicity
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we set Gp, := G, . Now let £ € S"1 be fixed. Using the previous notation, thanks to the properties of the dual
metric and to the fact that ||€ ® &|| = 1, we may deduce the following estimate:

v 1 ('Uh — 1)2 3 ((VQ’U;L) : (5 ®§))2
CGolrotnm @V Z505 oo T RBantan
b (vn(y +1€) — 1) o3 ) . -
22 n, </ e T AL AL dt) HW)
_ 1 (Uiy —1)? o} o o
22, </% o B0 20 ((vh ) ) dt | dH" ()
=/ GV (g, uS¥ 05, QY )AH™ (y), (617

where Gi’y is defined as

v— 1 U?L 2 .
"2t if (u,v) € WH2(T) x W22(1),
65ty = {23 ) o B ) WD w20
+00 otherwise in L*(I) x L'(I).

Clearly, in view of (6.16) this gives

wl ([,

&y

my (v5Y)2 ((u$?))2dt + G5 (o, u5Y v ,ng)> dH"1(y) < 400,

and hence we may appeal to the liminf-inequality for Theorem 5.1. Thus, passing to the limit in (6.17), in view
of Fatou’s Lemma, we achieve

&, &, n—1

hBT Gr(xo,un,vn, Q" )Zhgﬁ?w HEG Y (o, ug? v Q¢ )AH" ™ (y)
> £,y &y &y n—1

_/ lﬁﬁjﬂfG (zo, up?,vp?, Q¢ )AH" ™ (y)

- OS £,y N u1 danfl
" ¢o(xo,§®§) (W) N Q¢ ,) (v)

_ @), )1
(,250(3']0,5 ®§)

Taking into account the positivity of the first term in (6.16), by (6.18) and the arbitrariness of £ € S™~! we
deduce that ) (0. E)
vu(xo),
(o) = a

L0 /po(20, £ ®€)
Then, appealing to (3.2), passing to the supremum over £ € S"~! we finally get the estimate

(6.18)

VEe st

1
. (xo) > ﬁe(%’”u(l’o))’

and we conclude by letting n — 0. a

Proposition 6.2 (Upper bound). Let (u,v) € L*(£2) x L*(£2). Then there exist sequences (uz) in WH2(£2),
(ve) in W22(82) such that ue — u in L'(82), v. — v in L' (2) and such that

lim sup Fe (e, ve) < F(u,v). (6.19)

e—0
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Proof. We may assume that u € GSBV?(§2) and v = 1 a.e. in §2, since otherwise there is nothing to prove.
Moreover, it suffices to prove (6.19) for all w € W. Indeed, if we showed (6.19) for all w € W, for u €
SBV?2(£2) N L*°(£2) we might take the sequence (u;) converging to u provided by Theorem 2.5. Thus we
would have
/ O(z, v, )dH" ! = lim 0(x, Vuj)dH"_l,
S.N02

J=tee s, ne

and invoking Theorem 2.2 and Fatou’s Lemma, in view of the continuity hypotheses on f, we would achieve

/f(m,u,Vu)da:: lim /f(x,uj,Vuj)da:,
7} 7}

Jj—+oo

and hence
F(u,1) = lim F(uj,1) > ljminf]-'”(uj, 1) > F"(u,1). (6.20)
j—+o0

Jj—+oo

Finally, if u € GSBV?(£2), for j € N we might define the truncated function u’ := —j V (u A j), satisfying
W —win LY(2), V! = Vux(<jy = Vuin L*(2;R")  and H"'(S,:) < H" ' (Su) < +o0.

Thus, again appealing to Theorem 2.2 and to Fatou’s Lemma we could deduce that

/fa:uVudm— lim /f L, Vul)d

Jj—+oo

Moreover, the monotone convergence Theorem yields
lim O(x, vy )dH" ™ = lim O(x,vu)xﬂu‘q}d?—[”*l z/ O(x, v, )dH™ 1,
j=+o Js ine J=+e Js,ne B 5.2

and we might conclude as in (6.20). Hence, it remains to prove (6.19) for all u € W. To do so, we divide the
proof into two steps.

Step 1: We suppose that there exists an (n — 1)-dimensional hyperplane II and K C IT closed and convex
such that S, = 2N K.

The main idea of the proof is to divide the interior of the jump set S, into sufficiently small cubes such that
on each cube we can use (2.6) and (2.7) thus reducing to an homogeneous ¢. Then, on each cube we define two
sequences (u'), (vi) (here i labels the cubes partitioning S, ) which are intrinsically 1-dimensional so that we
can use the results of Section 5. In the above construction the main difficulty will be to glue the sequences (ut),
(vl) in order to obtain a sequence (u.,v.) which satisfies on 2 the required regularity properties. Specifically
to construct a recovery sequence (v.) which belongs to W22({2) we suitably modify every v¢ in a neighborhood
of the boundary of each cube of the partition. To this end, we start by introducing some notation. We denote
the normal to I, the distance from I7, and the orthogonal projection onto IT respectively by v, d(z), p(x).

Moreover, for every h > 0 we define the sets
Ky :={x eIl dist(z,K) < h}.

Finally, in what follows, if Q" = Q,(z9) C K is a generic cube with side length p > 0, we write

Q= Q)(x0) = Q' x (330 - %,xo + %) (6.21)

for the unique cube in {2 with side length p > 0 whose projection on IT is Q. Applying Whitney’s Covering
Theorem (see, e.g., [29] Chap. 1, Thm. 3) to IT \ S,, we can find a countable family of mutually disjoint open
cubes @} such that Su = U+°fQ’ and such that

diam(Q}) < dist(Q},dS,,) < 4diam(Q)). (6.22)
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We fix p > 0 and define the families
={Q, : dist(Q},85,) > p}, U, :={Qi : dist(Q;,d5.) > p},
U’ ={Q;: dist(Q},0S.) > p}, Ul = {@ dist(Q},05,) > p}.

In view of condition (6.22) the family U, consists of only finitely many cubes. Indeed, there exists a constant
C = C(n) such that H"~1(Q!) > C diam(Q’)"! for all i and thus

+00 > H" (S Z'H”l >CZdlamQ) -1
Qi€l, Q€U,
C i S C ,._
> D dist(Q,05,)" ! > <P Y4y,
QiEUp
Without loss of generality we then write U, = {Q1,--- ,Qn}, _where @); are the n-dimensional cubes corre-

sponding to @} defined as in (6.21). Let > 0. Since Q1 U --- U Qn is compact, due to (2.7) and (2.6) we may
find § = §(n) > 0 depending only on 7 such that for all x,y € Q1 U--- U Qy satisfying |z — y| < § we have

|¢2(Z‘,A) _¢2(yaA)‘ §77¢2($7A) VAERTLX” (623)

and
0(2,6) = 0(y,€)| <n VE€ST (6.24)
For fixed i € {1,---, N} we divide @] € U, into N (i) pairwise disjoint open subcubes Q;; centered at a;; € S,,

such that Q] = U;V:(i) Q723 and such that diam(Q;;) < 26. This enables us to define sequences on each subcube
Q;i; as follows. Appealing to Lemma 4.1, for each 1 < j < N(¢) we choose g” € W22(0,+oo) such that

loc

97(0) = (g;7)'(0) = 0 and g} (t) = 1 for all t > M7 for some constant M7 and such that

+oo
/ (957 =12 + ¢*(aij, v @ v)((95)")2dt < \/2¢(aij, v @ v) + 1 = V20(az;, v) + 1.
0

Moreover, we can find f, € Wfocz((), +00) such that f,(0) = f;(0) = 0 and f,(t) = 1 for all ¢ > M, for some
constant M,, and such that

+oo
|- gy pae < Vi

0
We set T' > max {Mn, max; ; M,;J} and choose & = o(¢). We finally define the functions
0 if |t] < &
nE(t) =gy (M55 e < <& +er
1 if |t| > & + €T,
0 if [t] < &

he(t) =0 £, (M%) e <l <& +er

g

1 if [t] > & +eT.

We set
A :i={z eR": p(x) € K, d(x) <&},
Be :={x e R": p(x) € Ko, d(x) <&+ €T},
Coi={z €R": p(x) € Ko, d(x) < &/2}
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& +eT

&

&

—& — €Tl

FIGURE 1. The sets A, and B..

(see Fig. 1).
Then, choosing a cut-off function 1. between C. and A., we define the functions u. as

ue = (1 — e)u.

Clearly, u. € W12(§2) and thanks to the dominated convergence Theorem u. — u in L'(£2). Then it remains
to construct the sequence (v¢). To this end, we focus first on a single cube @Q;;. In order to not to overburden
notation, we drop the indices 7j and just write Q@ = Qij, a = a;j, he = h¥, g, = g;7. Using this notation we
define the functions ¢, and 7. on @ as

Oe () = he(d(z)), De(x) := he(d(z)).
We will obtain the desired recovery sequence by suitably combining the two sequences (v.) and (7.) as above.

To this end, we first consider the two contributions G (ue,0e, Q) and Ge(ue, e, Q), where G, is as in (6.2).
Since 0. (x) = Ve (z) = 1 if d(x) > & + €T, we have

Ge(U€,@5,Q) = Ge(ueaﬁ&Q N Be)

1 1 1 (e — 1)2 3,2 9.
= — —-dz+ —= 4 "¢ (z, V0. )dx (6.25)
2V2 Jona. € 2v2Jansaa) € )

and

Ga(ueaﬁst) = Ge(ue77~}ev Q N Be)

1 1 1 (=12 o oy
=— —do + —= ——— + ¢ (x, VU, )dz. (6.26)
2v2 Jona. € 2V2 JonBoaay € )

A direct calculation gives

65
/ édm = / </ %dt) dH™ ! = ’H”_I(Q'ﬂ% —0 ase—0. (6.27)
QOAE Q/ _55
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To compute the contribution of the second term in (6.25), note first that o.(x) = g, (%) on Q@N(B:\ 4;)
and Vd(z) = v. Moreover, since by construction |z — a| < § for all x € Q, (6.23) and (6.24) give

1 b, — 1)2
— (%~ 1) + e3¢2(z, V20,.)da
2v2 Jon(p.\a.) €

1 e — 1)2
S ( +77)/ u+83¢2(a,v2ﬁ€)dx
2vV2 Jonmaay €

P L) e )
- (1\‘/%77) /Q, (/OT(gn - 1)+ ¢*a,v® V)(gg)th> dH" (y)
<(L+n) [ 0a,v)+ndH " (y)

.
<(1+n) /S )+ 201 S0 Q) (6.28)

Using (2.5), the same computations give for the second term in (6.26)

1 (0 =1 5 5 2 -1
— 4% (x, V0. )dx < C1+n)H" (S, NQ). 6.29
V3 Jomon, 2 ( ) (1+mn) ( ) (6.29)

In particular, combining (6.25), (6.26), (6.28) and (6.29), we deduce that |0, —IH%Z(Q) < Ce and ||175—1||%2(Q) <
Ce, which by means of the triangular inequality also gives

19 = TellZ2(q) < Ce. (6.30)

Moreover, appealing to the interpolation inequality we get that for e sufficiently small 5||V65||2L2(Q) and
5||V65||%2(Q) are equibounded. We now modify 0. in a neighborhood of the boundary using an averaging-
slicing procedure. We start by choosing a positive sequence (a.) such that a. — 0, 5 — 0 as ¢ — 0 and we set

be := [e71]. For every 0 < i < b. we define the sets

Qci := {:z: €Q: dist(z,0Q) > a. — z(bls} ,

and for 1 < ¢ < b, we consider cut-off functions v, ; between Q). ;—1 and . ;. Finally, we define
Vei \= 'ye,iﬁs + (1 - ’YE,i)i}E'

By construction, we have that ||ve; — 1”%2(@) < Ce for every 1 < i < b, and v.; =0 on QN A. Since u. = u
on @\ A., we easily get

limsup/ (ve.1) f(z,ue, Vue)dz = lim sup/ (ve)? f(z,u, Vu)dz :/ f(z,u, Vu)dz, (6.31)
Q Q\Ac Q

e—0 e—0

independently of 7. Moreover, we may write

Ge (us7 Ve ,iy Q) =G, (uev D, Qs,ifl) + G, (usa Ve iy Qs,i \ Qa,ifl) + G. (usa Vg, Q \ Qs,i)~ (632)
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To estimate the third term on the right hand side of (6.32) note that G (ue, 0, Q \ Qc,:)
Then, by the definition of 7., in view of the growth condition on ¢ we get

c (5 — 1)
2v2 Jo\q..o

C T

~ -1 2 " 2d danl

< o ( / (fy— 12+ (1) t) )

<SCA+nH" T ((Q\Qe0)NSy) =0 ase—0, (6.33)

§ Ge(usaﬁea Q\QE,O)'

Gs(usvﬁsaQ\Qs,O) < +53”v21~)6“2d/“]5

since

H' T ((Q\ Qo) NSy) =H" ' ({w € QN S, : dist(z,0Q) <a}) >0 ase—0,
by the choice of the sequence (a.). To estimate the second term on the right hand side of (6.32), note first that
on Qi \ Qei—1 we have

V20, i = Ve i(e — 02) + 2V @ (Ve — V) +72,i V206 + (1 — 7e.1) V0.

Hence, since 0 < 7. ; <1 and ||Vl < Cleas) ™, |[V2eillL= < Ceas) ™2, in view of (2.5) we may deduce
that

1 Vei — 1 2 e
Gs(usvvs,iv Qe,i \Qs,i—l) = Tﬂ 0 Qs % + 63¢)2($, VQUW)dx
1 . T I 9 1 -2
<C —(0e = V)" + = (T — 1)° + —5 (0 — 0¢)
Qa L\QE i—1 € € 60’5

9 “ - “ -
+ Eleg — Vi |> + 3| V20 ||? + €3||V2U5||2>d1'.
€

Summing up over i and averaging we then may find an index i(e) € {1,--- ,b.} such that

b
1 =
Gs(uavve,i(s)aQ) < b E Ga(usava,in)
€ =1

b
1 €
bf uE7U€7Q€Z 1)+G (UE’UEZﬂQEZ\QEZ 1)+G (UE7UE7Q\QE’L))
€ z:l
A C 1. e 1o 2 . ~\2
< i Z _ Z _ _
,Gg(ua,an)erE Q\ng( (Ve — 0¢) +€(v5 1) 6ag(vs Ue)

€ N - . - -
+ ;|V’UE — Vi * + 3| V20, |2 + 53||V2v5|2) dz + G- (ue, 0, Q \ Qe0)
€
. L - .. .
< Gl 80, @) + O 102 = el + e = 1 + 10— el
€

82 N - N . -
+ 55 (IVoeliaig) + 1VlEeg) ) +&* (IV20ell3e(g) + 1920 32 ) ) + Gelue, 7, Q\ Qo). (6.34)
€

Thus, if we set v. := v, (), gathering (6.27), (6.28), (6.30), (6.31), (6.33), and (6.34), in view of the choice of
the sequence (a.), we finally achieve

lim sup F¢ (ue, ve, Q) < f (z,u, Vu) + lim sup Ge (ue, e, @)

e—0 e—0

< / £, Vu)dz + (1 + 1) / By, 1AM () + 20(1 + )H (5, N1 Q).
Q S.NQ
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Repeating this argument on each subcube @;;, we may find sequences (v¥) in W2’2(Qij) converging to 1 in
L*(Q;;) such that v = 9. in a neighborhood of 9Q);; and such that

lim supF; (ue, véj, Qi) < f(z,u, Vu)dz + lim sup G (ue, v?, Qij)

e—0 Qij e—0

< f(z,u, Vu)de + (1 4+ n) / Oz, v)dH" 1 + 2n(1 + n)H" (S, N Q). (6.35)
Qij SuNQij

Note that by construction the functions v¥ coincide in a small layer around the boundaries of the cubes.
Moreover, they are one-dimensional in normal direction and have derivative zero in tangential direction. Hence,
if we define w, , on B, as

v (z) if z € Qy,
ep(T) == {~ _
Ue(z) ifxeB\UU,,

we obtain a sequence in W22(B.), which we finally extend to {2 by taking a cut-off function ~. between K. and
Ky, and defining v, , as

Ve,p(7) := Ve (p() ) we o (x) 4+ (1 = 72 (p(2))).
Again, by construction, for every p we have

limsup/ v;pf(x,uE,VuE)de/ f(z,u, Vu)da. (6.36)
7 o)

e—0

Thus, it remains to estimate G.(ue,ve p, 2). Since L(9Q;;) = 0 and the number of cubes in U, is finite, we
may write

Ga(uaava,py Q) = Ga(us; Ve, ps 2 \ Ba) +G. (Us; Ve, ps (Ba \Aa> N U Up)

+ G (12, veps (B A\ T ) + Gelu, v, Ao,

We then estimate the terms separately. Clearly, the meaningful contribution to the energy will come from the
second term. Indeed, the first term does not give any contribution, since v, , = 1 on {2\ B, which directly gives
Ge(ue,ve p, 2\ B:) = 0. Moreover, as in (6.27), for the last term we deduce that

€e

Ga(uavva,paAs) < ?,Hn_l(Kg) —0 ase—0.

To compute the contribution of the second term, we sum up (6.35) over 4,5 and get

N N(i)
lim sup G, (ug,vgﬁp, (B:\ 4.) N U Up) < Z ((1 + n)/ 0(x, l/)d’Hn—l o1+ n)Hn—l(Su A Qij))
e=0 i=1 j=1 SuNQij
<1+ 17)/ O(x, v)dH™ 1 4+ 2n(1 +n)H" 1 (S, N £2). (6.37)
Sun®2

Hence, it remains to estimate G, (us, Ve,ps (Be \ Ae) \ UUP). To do so, we write B, \ A as the disjoint union
of the sets
D.:={zeR": plx) e K., & <d(z) <& +¢eT}

and
E.:={zeR": p(x) € Ko \ K¢, d(z) <& +¢T}
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& +eT (------

55 """""""

755 ,,,,,,,,,,,,,, £ &)

—&e —€eTf------

FIGURE 2. The sets D. and E..

(see Fig. 2). Clearly, we have that p(z) € K. for all z € | JU,, which gives
GE <u57 Ve,p» (Bs \ Aa) \ Uﬁp) = GE ('LLE, Ve, ps Ds \ Uﬁp) + GE(U€7 Ve, p, EE)

We start by estimating the second term writing E. once more as the disjoint union of the sets
Vei={z € R": p(z) € Ko \ K., & <d(z) <& +T}

and

Wei={x e R": p(x) € K. \ K¢, d(z) <&}
Note that V%EP DJV?y.D, on W, where D, is the Jacobian matrix of p. Thus, since || Dpllr~ <1,
1V27e|| e < 527 and 0 < ~. <1, using (2.5) we achieve

—1 1 )
/ % + €3¢2(z, VQUE,,,)dx < C/ - + 5‘3||DpTV2'y€Dp||2do:

=

55 1
<C / —dt | dH" Hy) = CH" 1Ky \ K.)2 55
K2E\K _‘EE €
which again tends to zero as ¢ — 0 due to the boundedness of H" 1(Ky. \ K.). Instead, on V. we have

vep = e (p(@)) fy (L55) + (1 = 12(p())), which gives

(vs, - 1) 3,2 2 EeteT 7 t— & 2
/E pf +e°¢%(x, Vv, p)dx < C k. /E (8 <’Ys(y)f?7 ( - ) _75(3/))

Dy(y + tv) V1 (y) Dp(y + tv) (fn ( §€> - 1)

+¢&?

ff < 55) (V3= (y) Dp(y + tv)'Vd(y + tv)

+ Vd(y + tv) V. (y) D (y+t'f))
+9: () £ (t_£€> Vfw

€
C n—1
S;E’H (Koe \ K.) =0 ase—0,

dth” Y(y)
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where to deduce the last inequality we have used that ||V7.||r~ < €. Finally, since v., = f, ( (2)= 55) on

€

D\ UU,, using the same change of variables as in (6.28), we get

_ 2 T
/ e =7 4 5025, V2, >dx<0( / / (fy — 1 + (f1)2dtdm ()
DAUT, € KNS \UT,

/E\S / n =17 ')zd’fd”inl(y)) (6.38)

In view of the definition of f,, for the second term in (6.38) we deduce that
T
/ / (fo = D>+ (f;)PdtdH™ (y) < (V2+m)H" (K \ Su) 0 ase — 0.
K\S. J0

To estimate the first term in (6.38), we notice that for all y € (K.NS,)\ JU), there exists a cube Q such that
dist(Q’,0S,) < p and y € Q’, which gives

dist(y, 9S,) < diam(Q’) + dist(Q’, 9S,) < 2dist(Q’,0S.) < 2p,

where in the last step we have again used (6.22). Hence, we get

T
/ 7/ (f,,—l)z—&-(f:]’)zdtd’}-[”_l(y) < (V24 )Mt ({y € Sy : dist(y,85,)<2p}) =0 asp— 0.
NS\U U, ( )
6.39

Further, we have
ve, — 1in LY(0) ase,p—0. (6.40)

Thus, in view of (6.36), (6.37), (6.39), and (6.40) we can find p(e) > 0 with p(¢) — 0 as € — 0 such that the
sequence v 1= v, ,(c) satisfies v. — 1 in L'(£2) and

lim sup F (uc, ve, 2) < / fx,u, Vu)dz + (1 +1) / Oz, v)dH" " + 29(1 +)H" (S, N Q).
e—0 (9] SN

Hence, thanks to the arbitrariness of 1), (v¢) is the desired recovery sequence.

Step 2: Let w € W and S, = 2N (Ul_, K;), where K; are pairwise disjoint closed and convex sets contained
in a hyperplane II; such that II; # II; for i # j. Adopting the same notation as in the first step, we write v;,
d;(x), pi(z) for the normal to IT;, the distance from II; and the orthogonal projection onto II; and for every
h > 0 we define the sets

K} :={x eI, : dist(z,K;) < h}.

Arguing as in the first step we fix 7 > 0, choose & = o(e) and define the sets
Al ={z eR": p;(z) € K., di(z) <&}

and _ '
Bl:={z eR": pi(z) € Ki, di(z) <& +€Th ),

where T; is chosen according to 7 in the optimal profile problem in such a way to obtain sequences (ut), (vi)
satisfying

limsup G.(ul,vl, B\ AL) < (1+ n)/ O(z,v))dH" ™ + 20(1 4+ n)H" (S, N K; N 2).
SuNK;N2

e—0
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Notice that for e sufficiently small the sets B! are pairwise disjoint as well as the sets AL. More precisely, we
set 0p := min{dist(K;, K;) : 1 <4,j <r}and T :=max{T; : 1 <14 <r}, and we choose gy > 0 sufficiently
small such that

50 - 255

€

T < Ve < gg. (6.41)

Then, for £ < ¢y both
1215 = U Ai and B, := U Bé
i=1 i=1

consist of pairwise disjoint sets. Hence, if for € < gy we define u,, v, by

(@) uc(z) ifx e AL,
ue(x) = R
u(z) ifx € 2\ A,

@) vi(z) ifz € B,
ve(z) = R
1 ite e 2\ B,

then (6.41) ensures that u. and v. are well defined. Moreover, (ue,v.) — (u,1) in L'(£2) x L'(£2). Finally,
summing up over 4, using the computations of the first step, gives

limsup Fe (ue, ve, £2) < lim sup/ V2 f (2, ue, Vu. )dx
2

e—0 e—=0

limsup (G (ue, ve, Ao) + Geuz, vz, Be \ A2) + G (uey v, 2\ Be))

e—0

< /Q flz,u, Vu)dz

+ (Zlimsup G-(uc,ve, AL) + Zlimsup Ge(ue,ve, B\ A;))
0

i—1 e—0 i—1 £

< / flx,u, Vu)dz + (1 +n) / O(x, v )AH™ ™ + 2n(1 + n)H" (S, N £2).
2 SuN§2

Thus we deduce the thesis by the arbitrariness of 7. O

Remark 6.3. (Addition of the fidelity term) Let g € L*(£2). Then the so-called fidelity term [, |u — g|*dx is
only lower semicontinuous with respect to the strong convergence in L!(£2). Therefore, we cannot appeal to the
stability of I'-convergence under continuous perturbations to deduce that

Fe(u,v) Jr/ lu — g|*da EN Fl(u,1) +/ lu — g|*da (6.42)
9] 2

with respect to the strong (L'(£2) x L'(§2))-topology. Nevertheless, the lower semicontinuity of the fidelity term
ensures that

lim inf (fsws,vew / |ueg|2dx) > Flu,v) + / fu — g*da,
0 0

e—0

for every (ue,v.) — (u,1) in L'(§2) x L(§2). On the other hand, the sequence (u.,v.) as in Proposition 6.2 still
provides a recovery sequence for F(u,1)+ [, [u— g|*dx. This is due to the fact that by adding the fidelity term
the domain of the I'-limit reduces to

GSBV2(2)NL*(2) x {v =1 ae.}.
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Indeed, if u € GSBV?(£2) is such that
F(u,1) Jr/ lu — g|*da < 400,
2

then u € L?(£2). Thus the sequence (u.) as in Proposition 6.2 converges to u in L?(£2), which in turn implies
that

lim sup (fs(us,vs) +/ lue — g|2dx> < F(u,1) —|—/ |u — g|2dx.
I?) I?)

e—0

Hence, we deduce that (6.42) holds true.

7. CONVERGENCE OF MINIMIZATION PROBLEMS

In this section we study the existence of minimizing pairs (d.,0.) for a suitable modification of F. and
their asymptotic behavior. Indeed, if 1. > 0 is chosen in a way such that n./e — 0 as ¢ — 0 and if for
(u,v) € WH2(02) x W22(£2) we define the functionals

Fe(u,v) + 775/ |Vul|*da +/ lu — g|*da, (7.1)
fo) Q

where g € L?(£2) is given, then for every fixed ¢ > 0 the functionals defined in (7.1) are coercive with respect
to the weak (W12(£2) x W22(£2))-topology. Further, the following theorem holds true.

Theorem 7.1. Let g € L?(02). Then, for every e > 0 there exists a pair of minimizers (1iz,d.) for the problem
M, := inf {]-"E(u,v) + Ne /Q |Vul?dz + /Q lu — g|*dz = (u,v) € WH2(£2) x WQ’Q(Q)}.
Moreover, (up to subsequences) (fic,d.) — (u,1) in L1(2) x L(82), where u is a solution of
M := min {]:(u, 1) + /n lu —gl*de: u € GSBVQ(Q)} ) (7.2)

and if n =1 then u € SBV?(2). Finally, M. — M as e — 0.

Proof. Appealing to ([15], Thm. 4.4), in view of the growth conditions on f and ¢, we may directly deduce the
coercivity of the functionals defined in (7.1). Indeed, for € > 0 fixed let (ux, vx) be a minimizing sequence. Then
we get

+00 > sup <]-"E(uk,vk) + 775/ |Vul?dz —|—/ |ug — g|2dz>
k 19 Q

> sup (ml/ \Vuk|2112dx+778/ |Vug|?dz
k 2 2

+ 1 (’Uk - 1)2
202 Jo €
where the coercivity of the latter functional has been shown in ([15], Thm. 4.4). More precisely, the authors

proved that there exists a pair (u,v) € Wh2(2) x W22(£2) such that uj, — u in WH2(2), v, — v in W22(02)
and vVu € L?(£2). Then, since ¢ is continuous and convex in the second variable, we may directly deduce that

+ 13| V2| ?de + / |u — dex),
17

—1)2 _1)\2
/ % + &8¢?(z, V2v)dr < liminf (e =17 + g% (x, Vo )dz,
Q

k— 400 0 £
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while Ioffe’s Theorem (see, e.g., [5], Thm. 5.8) ensures that

/ v? f(x,u, Vu)dr < lim inf/ V2 f (2, ug, Vuy,)de.
o) o)

k—+oco

Hence, the existence of a minimizing pair (i, 0¢) follows by the direct methods. Moreover, Remark 6.3 and the
requirement 7). /e — 0 ensure that

Fel(u,v) + 775/ |Vu|?da —|—/ lu — g|*da EN F(u,1) +/ lu — g*dx (7.3)
0 0 7

in the strong (Ll(ﬁ) X Ll(Q))—topology. Indeed, we can repeat the same constructions as in Theorem 5.1 and
Proposition 6.2 now choosing &, = ,/7-€ to see that the perturbation term does not affect the I'-convergence
result. Finally, assume that (u.,v.) is a sequence in L'(£2) x L({2) satisfying

sup (]—'E(ug,vg) + 775/ \Vug|2d:lc —|—/ lue — g|2dx> < +o0.
€ (9 (%}

Then, appealing again to the growth conditions on ¢ and f and to the interpolation inequality, we find that
also

sup <A7'€(u5,v€) +77€/ |Vu|2dx—|—/ |u—g|2d:1c> < 400,
€ 2 [0}

where A7; is as in (2.10). Then ([7], Thm. 1.2) yields the equicoercivity of the functionals defined in (7.1). Finally,
the convergence of minimizers and of the corresponding minimization problems follows by the fundamental
property of I'-convergence. O
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