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EXISTENCE RESULT FOR DEGENERATE CROSS-DIFFUSION SYSTEM
WITH APPLICATION TO SEAWATER INTRUSION

JANA ALKHAYAL!, SAMAR Issal, MUSTAPHA JAZARY AND REGIS MONNEAU?

Abstract. In this paper we study a degenerate parabolic system, which is strongly coupled. We prove
general existence result, but the uniqueness question remains open. Our proof of existence is based on
a crucial entropy estimate which controls the gradient of the solution together with its non-negativity.
Our system is of porous medium type which is applicable to models in seawater intrusion.
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1. INTRODUCTION

For the sake of simplicity, we will work on the torus 2 := TN = (R/Z)N with N > 1. Let 27 := (0,T) x 2
with 7' > 0 and m > 1 be an integer. Our purpose is to study a class of degenerate strongly coupled parabolic
system of the form

Sy’ = div uiZAijVuj in Qp, for i=1,...,m. (1.1)

j=1
with the initial condition
u'(0,z) = uf(x) >0 a.e.in (2, for i=1,...,m. (1.2)

In the core of the paper we will assume that A = (A4;;)1<i,j<m Is a real m x m matrix (not necessarily symmetric)
that satisfies the following positivity condition: there exists §g > 0, such that

ETAE> 6ol€|?  forall € €R™. (1.3)

This condition can be weaken, see Section 12. Problem (1.1) appears naturally in the modeling of seawater
intrusion (see Sect. 3).
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2. MAIN RESULTS

To introduce our main result, we define a nonnegative entropy function ¥:

alna for a >0,
1
Ula)— - = 0 for a =0, (2.1)
e
400 for a <0,

1
which is minimal when a = —.
e

Theorem 2.1 (Existence for system (1.1)). Assume that A satisfies (1.3). For i = 1,...,m, let u} € L*({2)
satisfying ub > 0 in 2 and

Z/QW(ué) < 400, (2.2)

where ¥ is given in (2.1). Then there exists a solution u = (u')i1<i<m € (L?(0,T;HY(£2)) N
C([0,T); Whee(2)))™ of (1.1), (1.2) in distribution sense, with u* > 0 a.e. in Q7 for i = 1,...,m. De-
note u'(t;) = u'(t;,.) for j = 1,2. This solution satisfies the following entropy estimate for a.e. t1,t2 € (0,T)
m ‘ m to ‘ m ‘
S [ewiwn+ay [ [ ver <Y [ v, (2.3)
=171 =1/t 02 =171

=1

where ¥ is given in (2.1).
The entropy estimate (2.3) guarantees that Vu' € L?(0,T;L?(§2)), and therefore allows us to define the

product u’ Z AijVuj in (1.1). After our proofs were obtained, we realized that a similar entropy estimate has
i=1
been obtained in [4,8,10].

Remark 2.2 (Decreasing energy). If A is a symmetric matrix then a solution u of system (1.1) satisfies

2
% ZZ/ %Aijuiuj = —Z/ ’U,i ZA”VUJ .
i=15=1"1 =179 |j=1

In this paper we let |-| be the usual Euclidean norm in R™ and let

1Al = sup ENE (2.4)

l€]=1
3. APPLICATION TO SEAWATER INTRUSION

In this section, we describe briefly a model of seawater intrusion, which is a particular case of our system (1.1).
An aquifer is an underground layer of a porous and permeable rock through which water can move. Coastal
aquifers contain freshwater and saltwater from the sea with a sharp interface between them. We refer to [2] for
a general overview on seawater intrusion models.

Let v=1—-¢y € (0,1),

s —f
€O =—"""">
Vs

and the constants v and 7y are the specific weight of the saltwater and freshwater, respectively.
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dry soil /

freshwater

FIGURE 1. Seawater intrusion in coastal aquifer.

In this porous medium, we assume the interface between the saltwater and the bedrock is z = 0; the interface
between the saltwater and the freshwater, which are assumed to be immiscible, can be written as z = g(¢, z);
and the interface between the freshwater and the dry soil is z = h(t,x2) 4+ g(¢, z) (see Fig. 1). Then the evolutions
of h and g are given by a coupled nonlinear parabolic system [16]

{ath = div {hV(u(h + 9))} n O, (3.1)

Org = div{gV(vh+g)} in 0.

This is a particular case of (1.1), with a 2 x 2 matrix

A= (Z ’{) (3.2)

satisfying (1.3).

4. BRIEF REVIEW OF THE LITERATURE

The cross-diffusion systems, in particular the strongly coupled ones (for which the equations are coupled
in the highest derivatives terms), are widely employed in diverse domains such as biology, chemistry, ecology,
fluid mechanics and others. They are difficult to treat. Many of the standard techniques, such as the maximum
principle, cannot be applied for such problems. Hereafter, we cite several models where our method is applicable
(see Sect. 13 for more generalizations).

n [27], Shigesada, Kawasaki and Teramoto proposed a two-species SKT model in one-dimensional space
which arises in population dynamics. It can be written in a generalized form with m-species as

m m
ut — A || B+ Z aijuj u| = a — Z bijuj u', in 2 x(0,7), (4.1)
=1 =1
where u?, for i = 1,...,m, denotes the population density of the i-th species and 3;, a4, ai, bij are nonnegative

constants. In the case where f3; is positive (4.1) is not of degenerate type. The existence of a global solution
for such problem in arbitrary space dimension is studied in [30], where the quadratic form of the diffusion
matrix is supposed positive definite. On the other hand, the two-species case was frequently studied, see for
instance [14,17,23,28,31] for dimensions 1, 2, and [4,5,25,26] for arbitrary dimension and appropriate conditions.
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In [20], Lepoutre, Pierre and Rolland studied a relaxed model, without a term source of the form

ﬁtui :A[az(ﬁ)m], U= (ﬂi)lgig[, fOI“ 7= 1,...,[,
ﬂz—ézAﬁZ:uZw1th51>07 for i=1,...,1,
in any dimension and for general nonlinearities a;, which are only assumed to be continuous and bounded from
below. They show the existence of a weak solution. Moreover, if the functions a; are locally Lipschitz continuous
then it is shown that this solution has more regularity and then is unique.
Another example of such problems is the electochemistry model studied by Choi, Huan and Lui in [7] where
they consider the general form

i 8u i )
ol = ZZ S < i( 836() u=(u")1<i<m for i=1,...,m, (4.2)

=1 j=1

and prove the existence of a weak solution of (4.2) under assumptions on the matrices A;(u) = (a} (1)) 1< j<m:
it is continuous in wu, its components are uniformly bounded with respect to u and its symmetric part is
definite positive. Their strategy of proof seeks to use Galerkin method to prove the existence of solutions to the
linearized system and then to apply Schauder fixed-point theorem. Then they apply the results obtained to an
electrochemistry model.

A fourth example of cross-diffusion models is the chemotaxis model introduced in [21]. The global existence
for classical solutions of this model is studied by Hillen and Painter in [15] where they considered

{8tu:V-(Vu—X(u,v)Vv), t>0,z €

O = plv + g(u,v), t>0,x €1,

on a C3- differentiable compact Riemannian manifold without boundary, where the function u describes the
particle density, v is the density of the external signal, the chemotactic cross-diffusion y is assumed to be
bounded, and the function g describes production and degradation of the external stimulus.

Another problem is the Muskat Problem for Thin Fluid Layers of the form

{ Of = (14 R)0.(fO,f) + ROx(f029),
g = Ru0:(90: f) + Ru0z(90:9).

It models, [11], the motion of two fluids with different densities and viscosities in a porous meduim in one
dimension, where f and g are the thickness of the two fluids and R, R, > 0 depend on the densities and the
viscosities of the fluids. The classical solutions of such problem are studied in [11]. The existence of a weak
solution and its exponential stability are established in [10] on a bounded interval (0, L). Where the existence
of weak solutions on R are established in [18] by using a gradient flow approach. A key argument in [10,18] is
the availability of two Liapunov functionals.

5. STRATEGY OF THE PROOF

In (1.1), the elliptic part of the equation does not have a Lax-Milgram structure. Otherwise, our existence
result can make use of the entropy estimate (2.3). It is difficult to get this entropy estimate directly (we do not
have enough regularity to do it), so we proceed by approximations.
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Approximation 1.
We discretize in time system (1.1), with a time step At = T/K, where K € N. Then for a given u™ =
(uh™)1<i<m € (H'(£2))™, we consider the implicit scheme which is an elliptic system:

ui,n+1 _ ui;n

Al = div ’U,i’n+1 ZAijVuj7”+1 . (51)

Jj=1

Approximation 2.
We regularize the right-hand term of (5.1). To do that, we take n > 0,0 < e < 1 < ¢, and choose the following

regularization
uhn L i

= = div { T (ub" 1) Z AijVpy * py*ud TS (5.2)

j=1
where T is truncation operator defined as

€ if a<e,

TE’Z(a) =< a if e<a<t/, (5.3)
14 if a>/l,

and the mollifier p,(x) =n~Np(z/n) with p € C(RN), p >0, [pn p =1 and p(—z) = p(x).
Now, with the convolution by p;, in (5.2), the term Vp, x p, * u?" ! behaves like u?"*1.
Note that, after a ZV- periodic extension of u/"*! to R, the convolution Py * w1 is possible over RY.

Approximation 3.

We modify equation (5.2) to make it uniformly elliptic. Let § > 0, we add div (5T€’Z(ui)Vui) to its right
hand side to preserve the entropy estimate. Then we freeze coefficients u»"*! on the right-hand side (these
coefficients are now called 67*(v*"*1)) and obtain the following linear modified system:

ui7n+1 _ ui,n

: el i,n j,n i,
yar: = div { T4 (v"" ) ZAiijn*Pn*u] o gvyhntl . (5.4)

j=1

We will look for fixed points of this modified system ie. when v*"+! = ¢»"+1  Finally, we derive the expected
result by taking appropriate limits to get rid of all the approximations.

6. ORGANIZATION OF THE PAPER

In the next section we recall some useful tools. Then we prove Theorem 2.1; by discretizing our problem on
time in Section 7, we obtain an elliptic problem. We use the Lax-Milgram theorem to show the existence of a
unique solution to the linear problem (5.4). We demonstrate, in Section 8, the existence of a solution of the
nonlinear problem, using the Schaefer’s fixed point theorem. Then we pass to the limit in the following order:
(At,e) — (0,0) in Section 9, (¢,1) — (00,0) in Section 10 and § — 0 in Section 11.

Generalizations (including more general matrices A or tensors) will be presented in Sections 11 and 12. We
end with an Appendix showing some technical results.

PRELIMINARY TOOLS

Theorem 6.1 (Schaefer’s fixed point Theorem ([13], Thm. 4 p. 504)).
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Let X be a real Banach space. Suppose that
P XX
18 a continuous and compact mapping. Assume further that the set
{ue X, u=AIP(u) forsome Xe€]|0,1]}
1s bounded. Then @ has a fixed point.
Proposition 6.2 (Aubin’s lemma [29]). For any T > 0, and 2 = TV, let E denote the space
E:={g€ L*((0,T); H'(£2)) and d,g € L*((0,T); H*(£2))},

endowed with the Hilbert norm

1
2 2 2
lwlle = (Nollfsqoromm oy + 190,10 -1) -

The embedding
E — L*((0,T); L3(R2)) is compact.

On the other hand, it follows from ([22], Prop. 2.1 and Thm. 3.1, Chap. 1) that the embedding
E — C([0,T]; L*(£2)) is continuous.

Lemma 6.3 (Simon’s Lemma [29]).
Let X, B and Y three Banach spaces, where X — B with compact embedding and B — Y with continuous
embedding. If (¢")n is a sequence such that

9™ lLaco,r;8) + 19" | L1 0, 7:x) + 10:9™ | L1 0,15y < C,

where 1 < g < 0o, and C is a constant independent of n, then (¢g")n is relatively compact in LP(0,T; B) for all
1<p<yqg.

Now we will present the variant of the original result of Simon’s lemma ([29], Cor. 6, p. 87). First of all, let
us define the norm ||'||Var([a.b)~Y) where Y is a Banach space with the norm .|y

For a function g : [a,b) = Y, we set

191 Va oy = 50 S llg(as1) — g(as)ly (6.1)
J
over all possible finite partitions:
a<ap<---<ap<b

Theorem 6.4 (Variant of Simon’s Lemma).
Let X, B and Y three Banach spaces, where X — B with compact embedding and B — Y with continuous
embedding. Let (9™), be a sequence such that

||gn||L1(o,T;X) + ||9nHLq(0,T;B) + H9n||Var([07T);y) <C, (6.2)

where 1 < ¢ < 0o, and C is a constant independent of n. Then (g™), is relatively compact in LP(0,T; B) for all
1<p<yqg.
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Proof.
Step 1. Regularization of the sequence
Let p € C°(R) with p >0, [, p =1 and supp p C (—1,1). For € > 0, we set

1 —1

pe(x) = =" ple ).

We extend ¢g" = ¢™(t) by zero outside the time interval [0,7"). Because ¢ < +0o, we see that for each n, we
choose some 0 < ¢,, — 0 as n — +oo such that
19" = 9" lpao, ) =0 as n—+oo, with g"=p., xg" (6.3)

For any ¢ > 0 small enough, we also have for n large enough (such that e, < 9):

”gn”Ll(é,Tfé;X) < ||gn||L1(0,T;X) <C
and
10:™ | 1.5, 7—s5v) < Hgn”Var([O,T);Y) =C (6.4)
Step 2. Checking (6.4)

By (6.2) there exists a sequence of step functions f,, which approximates uniformly ¢™ on [0,T") as n — 0, with
moreover satisfies

1£nlVaro, vy = 19" Varo, v -
Therefore we get easily (for &, < 9)

[0 (pe,, * fn)HLl(&T_[s;y) < ||fn||Var([o,T);y)

which implies (6.4), when we pass to the limit as n goes to zero.
Step 3. Conclusion

We can then apply Corollary 6 in [29] to deduce that g™ is relatively compact in LP(0,T; B) for all 1 < p < q.
Because of (6.3), we deduce that this is also the case for the sequence (¢™),, which ends the proof of the
Theorem. O

Besides the previous statement, several compactness results have been developed recently for piecewise con-
stant functions of time resulting from a time discretization, see [1,6,9], Prop. 3.3.1).

PROOF OF THE MAIN THEOREM

Our goal is to prove Theorem 2.1 in order to get the existence of a solution for system (1.1).

7. EXISTENCE FOR THE APPROXIMATE LINEAR ELLIPTIC PROBLEM

In this section we prove the existence, via Lax-Milgram theorem, of the unique solution for the linear elliptic
system (5.4).

Let us recall our linear elliptic system. Assume that A is any m x m real matrix. Let v"*! = (v*"*1),,,, €
(L2(02))™ and u" = (u"")1<j<m € (H'(£2))™. Then for all At, €, £, 1, § > 0, with € < 1 < £ and At < 7 where
7 is given in (7.2), we look for the solution u" ™! = (u*"*1);<,<,, of the following system:

ui,n+1 _ ui,n ) ) )
— = le{ ;Z’n’é(v”*l,u”“)} in D'($2),

m
. 1 1y N2 iy 1 o i, 1 i 1
617471775(vn+ unt ) =T (v nr ){ZvaPn*Pn*uj R A VAR }7
i=1

where T is given in (5.3).
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Proposition 7.1 (Existence for system (7.1)).
Assume that A is any m x m real matriz. Let At, €, £, n, § > 0, with e < 1 < £, such that

2
SO E— (7.2)
Co20? || All
where
Co = HVPHLl(RN)- (7.3)

Then for n € N, for a given v" ™! = (v 1)1 c;c,, € (L2(2))™ and u™ = (u"™)1<i<m € (H(2))™, there exists
a unique function u™t = (ut" )< € (HY(£2))™ solution of system (7.1). Moreover, this solution u"*?
satisfies the following estimate

At
(1 - ) ™y + Ated [0 G gy < ™ [y (7.4)

where T is given in (7.2).

Proof. The proof is done in four steps using Lax-Milgram theorem.
First of all, let us define for all u" ™! = (u""*1);<,<,,, and p = (¢")1<i<m € (H'(£2))™, the following bilinear
form:

n+1 Z/ i,n+1 1+At Z / TGZ 1n+1)A” (Vpn*pn*u],n—i-l) V(PZ

1,7=1

—|—At52/ Ts,é(vi,n+1)vui,'rn+1 . Vgoi,

which can be also rewritten as

a(un+1, 90) — <un+1’ 90>(L2(_Q))m + At <T€,f(vn+1)v<p, 14Vp77 * Py * un+1>(L2(Q))m
el n+l n+1
+A (T W)V, V™) oy

where (-, ) 12(g))m denotes the scalar product on (L2(£2))™ and T (v" 1)V = (T (0" 1) V') _._ . Also
we define the following linear form: B

= Z/QU”LW = <Un,80>(L2(n))m : (7.6)
i=1

Step 1. Continuity of a

For every n € N, "™ and ¢ € (H!(£2))™, we have
la(u"™, @) < | (z2(@)m 1@l L2(2)m + ALANV g+ py > w2 2))m [Vl (22 (2))m
FALE VU | 22y [Vl (£2(2))m

S 3 max(l, AtfHAH, Atéf)”un—i_l H(Hl(_(z))m HLpH(Hl(Q))m.
where ||Al| is given in (2.4) and we have used the fact that

2R un+1H(L2(Q))7" < [[Vurt H(L2(Q))m ) (7.7)
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and
e <T%(s) <, forallseR. (7.8)

Step 2. Coercivity of a
For all ¢ € (H'(£2))™, we have that a(y, p) = ao(p, @) + a1(p, ), where

aO(QDa QD) = HQDH?L%Q))"I + Atd <T6’Z((p>v@a V<P>(L2(Q))m

and
ar(p, ) = At (T )V, AVpy % py x 0) 12y

On the one hand, we already have the coercivity of ag:
ao(,9) > llltpz(yym + Al Vel Erz (ayym -

On the other hand, we have

lay(p, )| < Atl || Al ||VPW*PW*<PH(L2(Q m Vel (r2(02))

o 2
<At€|A< IV oy % o % @172y + 2||V<P|(L2(Q))m>

A2 AP CE Ate5
< TQO lellL2(aym + —5— ||V90||(L2(Q))m ;
)
where in the second line we have used Young’s inequality, and chosen o = m in the third line, with Cj is
given in (7.3) and ||A]| is given in (2.4). So we get that
At Ateé
olore) 2 (1= 52) Iellsiapm + S5 IVl 79)

is coercive, since At < 7 where 7 is given in (7.2).

Step 3. Existence by Lax-Milgram
It is clear that L is linear and continuous on (H!(§2))™. Then by Step 1, Step 2 and Lax-Milgram theorem
there exists a unique solution, u™*1, of system (7.1).

Step 4. Proof of estimate (7.4)

Using (7.9) and the fact that a(u*t,u"*!) = L(u"t1) we get

At | . Ates |\ 12 i im
(1= 50) I s + 5 I gy < (708741

(L2(2)™
% lu™ |7 (L2()m + % ||un+1H?L2(Q))m ’
which gives us the estimate (7.4). O
8. EXISTENCE FOR THE NONLINEAR TIME-DISCRETE PROBLEM

In this section we prove the existence, using Schaefer’s fixed point theorem, of a solution for the nonlinear
time discrete-system (8.3) given below. Moreover, we also show that this solution satisfies a suitable entropy
estimate.
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First, to present our result we need to choose a function ¥, , which is continuous, convex and satisfies that

1"

1
o) = Tet@)’ where T is given in (5.3). So let

+a 1 i a<
5 Ta moe—g i a <,
1
U p(a)——=¢a In a it  e<a<ly, (8.1)
2 14
Sta (-5 i a>t
Let us introduce our nonlinear time discrete system: Assume that A satisfies (1.3). Let ug := (u"%)1<i<p, =

(uf)1<i<m that satisfies
=Y [ i) < +ox, 82)
=179
such that uf > 0 in 2 for i = 1,...,m. Then for all At, ¢, £, n, § > 0, with ¢ < 1 < £ and At < 7 where T is
given in (7.2), for n € N, we look for a solution u"*! = (u*"*1); <, of the following system:
ui,nJrl o thn

U g i nt+l , ntl : / >
gy div {JE’LW’(;(U U )} in D'(£2), forn>0 53)

ut(x) = ub(2) in {2,
where Jei,e,n,é is given in system (7.1), and T is given in (5.3).

Proposition 8.1 (Existence for system (8.3)). Assume that A satisfies (1.3). Let ug = (u})1<i<m that satis-
fies (8.2), such that ufy > 0 a.e. in 2 for i =1,...,m. Then for all At, ¢, £, 1, § > 0, withe < 1 < { and
At < 7 where 7 is given in (7.2), there ezists a sequence of functions u"t = (ut" )<< € (HY(2))™ for
n € N, solution of system (8.3), that satisfies the following entropy estimate:

Z/%MWﬂMmZZ/NWﬂM%mZZ/WMMWWSZ/%m& (8.4)
i=1"9 i=1 k=07 i=1 k=071 i=179
where W, ¢ is given in (8.1).

Proof. Our proof is based on the Schaefer’s fixed point theorem. So we need to define, for a given w := u™ =
(uh™)1<i<m € (L*(2))™ and v := v" T = (V") <0, € (L2(£2))™, the map P as:

D (L2(92))™ — (L*(2))™
v — u

where u = u"" = (u"" )<< = B(™T) € (HY(£2))™ is the unique solution of system (7.1), given by
Proposition 7.1.

Step 1. Continuity of &
Let us consider the sequence vy such that

vk € (L2(2))™,

vy — v in (L2(02))™.
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We want to prove that the sequence uy, = @(vy) — u = @(v) to get the continuity of . From the estimate (7.4),
we deduce that uy is bounded in (H'(£2))™. Therefore, up to a subsequence, we have

up, —u  weakly in  (HY(2))™,
and
up, — u  strongly in  (L?(£2))™,

where the strong convergence arises because 2 is compact. Thus, by the definition of the truncation operator T¢¢,
we can see that T is Lipschitz continuous together with (8.5) yield to

T (vi) — T (v%) in L*(2), for i=1,...,m.

Now we have
i

ul —w , ; .
kAt =div {J&gm’é(vk, ug) } in D' (92). (8.6)

This system also holds in H~1({2), because Jei,é,n,é(vh uy) € L?(§2). Hence by multiplying this system by a test
function in (H'(£2))™ and integrating over §2 for the bracket (-, VH-1(2)x H1 () We can pass directly to the
limit in (8.6) as k tends to oo, and we get

ut — wt

v =div{J!,,s(v,u)} in D). (8.7)

where we used in particular the weak L? - strong L? convergence in the product T%(vy)Vug. Then u =
(u")1<i<m = @(v) is a solution of system (7.1). Finally, by uniqueness of the solutions of (7.1), we deduce that
the limit v does not depend on the choice of the subsequence, and then that the full sequence converges:

Up = U strongly in  (L*(2))™, with u = ®(v).

Step 2. Compactness of &

By the definition of @ we can see that for a bounded sequence (vy)r in (L2(£2))™, @(vi,) = u converges
strongly in (L?(£2))™ up to a subsequence, which implies the compactness of ®.

Step 3. A priori bounds on the solutions of v = AP(v)
Assume that v € (L?(£2))™ such that

v=AP(v) forsome e (0,1].

Then ¥ = &(v); or, in other words, v € (L*(£2))™ and

a(v,v) = AL(v)

where a and L are the bilinear and linear operators defined in (7.5) and (7.6) respectively. Using the same
strategy as in the proof of (7.4) with the fact that A € [0,1] we obtain that [[v]| ;2(g)))m < C2, where Cy does
not depend on A.
Step 4. Existence of a solution

Now, we can apply Schaefer’s fixed point Theorem (Thm. 6.1), to deduce that @ has a fixed point u"*! on
(L2(£2))™. This implies the existence of a solution u™*! of system (8.3).



1746 J. ALKHAYAL ET AL.

Step 5. Proof of estimate (8.4)
We have,

Z/ z n+1 y7€7é(ui,n)
At
< z n+1 _ z n wl A
Z E,Z(u )

m i,n+1 i,n
ub _ b _
<At ()
i=1 H=1(2)xH(£2)

— Z<6Te€ zn+1)vuz n+1 + T é( 7n+1 ZAUVpU*p *uj n+1 W//( 7n+1)Vui’n+1>
= 12(2)

I
U NgERl

m m
—Z (5/0 ‘Vui7n+1|2 + / va'r/ *ui’n—i—lAijvp’r] *U;j7n+1
i=1 2

j=1
m m
_Z(s/ |vui,n+1|2 _ (502/ ‘Vpn*ui,n+1‘2’
i=1 792 =179

where we have used, in the second line, the convexity inequality on ¥, . In the third line, we used the fact
,n+1l _ ,in ) ) )

that Tu € H () and V¥, ,(u""T) = W/, (u"" 1) Vit € L(£2) coming from the fact that

w!, € CY(R), (3], Prop. IX.5, p. 155), ¥/, (u*"*1) € L>(2) and Vu'"* € L?(2) for all i = 1,...,m. Thus, in

i,n+1

IN

the fourth line we use that u is a solution for system (8.3) where we have applied an integration by parts.
In the fifth line, we used the transposition of the convolution (see for instance [3], Prop. IV.16, p. 67), and the
fact that p,(x) = p,(—z) = py(x). Finally, in the last line we use that A satisfies (1.3).

Then by a straightforward recurrence we get estimate (8.4). This ends the proof of Proposition 8.1. ]

9. PASSAGE TO THE LIMIT AS (At,e) — (0,0)

In this section we pass to the limit as (At,e) — (0,0) in system (8.3) to get the existence of a solution for
the continuous approximate system (9.3) given below.
First, let us define the function ¥, as

400 if a <0,
0 if a =0,
Yo,e(a) — % = alna if 0<a<ld, (9.1)
a? L
ﬁ—i-alnﬁ—i if a> /L.

Now let us introduce our continuous approximate system. Assume that A satisfies (1.3). Let ug = (u}))1<i<m
satisfying

Cs = Z/ Wo,e(up) < +00, (9-2)
i=171%
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which implies that uf, > 0 a.e. in 2 for ¢ = 1,...,m. Then for all £, n, § > 0, with 1 < ¢ < 400, we look for a
solution u = (ui)lgigm of the following system:

ot = div { T, 5(w)} W D),
6 700w 3 A Iy 6Vl (9.3)
o,e,n,a(“) =T""(u") Z iV pn* ppxu +6Vu' 3,
j=1
u'(0,2) = up(z) in

where T%¢ is given in (5.3) for € = 0, and we recall here 27 := (0,7T) x £2.
Proposition 9.1 (Existence for system (9.3).
Assume that A satisfies (1.3). Let ug = (u})1<i<m satisfying (9.2). Then for all £, n, § > 0 with 1 < £ < +00

there exists a function u = (u')1<;<m € (L*(0,T; H'(£2))NC([0,T); L*(£2)))™, with u* > 0 a.e. in 27, solution
of system (9.3) that satisfies the following entropy estimate for a.e. t1,t2 € (0,T) with u'(ty) = u'(t1,)

m to m A to m ‘ m ‘
/(2;@07K(Ul(t2))+511 /Q;|vu’b|2+50/tl L;|Vpn*uz|2 S/Q;WO’E(UB) (94)

T
Proof. Our proof is based on the variant of Simon’s Lemma (Thm. 6.4). Recall that At = Ve where K € N*

and T > 0 is given. We denote by C a generic constant independent of At and e. For all n € {0,..., K — 1} and
i=1,...,m, set t, = nAt and let the piecewise constant in time function:

U2t x) = u™" L (x), fort € (tn,tni1], (9.5)
with UH4(0, 7) := uf () satisfying (8.2).

Step 1. Upper bound on

UAt
1= lezzomm @))m
We will prove that U4t = (U»4t),<;<,, satisfies

T
| 9T Oy <

Foralln € {0,...,K —1} and ¢ = 1,...,m we have
VU A (t,z) = Vub" L (z), for t € (tn,tny1]-

Then

trnt1 ) )
/ VU202 0y = ATa" 2, ).
t

n
Hence

K-1
k
t Z ||VU +1H?L2(Q)7n
k=0

B

T
| IVU2 Oy =

IN
~[ 0
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where we have used the entropy estimate (8.4) with C; is given in (8.2). Hence, using Poincaré—Wirtinger’s

T
; 2
inequality we can get similarly an upper bound on / HU“At H (L2(2))

/ RS :/ uin :/ u*? by Eq. (8.3)) .
o) 2 §2

Step 2. Upper bound on HUAt

independently of At (using the fact that

m

"(Var([O,T);H*l(Q)))mr
We will prove that
At
1T N var(io,ry; -1 cym < C-

We have fori =1,...,m

K-1
HUZ’AtHVar([o,T);H—l(m) - Z U5 (tp41) = UZ’At(tWHH*l(Q)

S
o

=

i,n+1l _

[
0

K—1
At Y

ut" ||H*1(Q)

3
Il

ui,n+1 _ ui,n

At

n=0 H=1(2)
K-1 m
< At T (ubmH) Z AN pyx py ku T 4 5V
n=0 j=1 L2(2)
K-1 m
< LAt Z 1Al Z vaon xu" ||L2(Q) +0 HVUMLH HL2(Q)
n=0 j=1
<C,
where .
Al = e, D14l (9.6)
J=

and we have used in the last inequality the entropy estimate (8.4), and the fact that

1
2

K-—1 K-—1
i,m i,mn 2
At Z:O V0| oy < VT <At ZO [Vt +1HL2(Q)>

Step 3. U4 ¢ LP(0, T, L2(2)) with p > 2
The estimate (8.4) gives us that U»4* € L>°(0,T; L*(£2)) N L?(0,T; H'(R2)) for i = 1,...,m. Using Sobolev
injections we get H'(£2) — L2t*W)(0), with a(N) > 0, and then U»4* € L2(0,T; L>**(N)(02)). Hence by

) 11 11 1
interpolation, we find that U»4t € LP(0, T; L?(§2)) with (;0, 5) = (179)(;, §)+9(§, Q—FT(N)) and 0 € (0,1),
i.e. for At Al N
_ 44 da() (9.7)
2+ a(N)

Step 4. Passage to the limit as (At,e) — (0,0)
By Steps 1,2 and 3 we have

1T oo rzzcny + 10 o sty + 107 Iarqozyzr-1 2y < €
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compact continous
(% (_)

Then by noticing that H(£2) L2(0) H=Y(£2), and applying the variant of Simon’s Lemma
(Thm. 6.4), we deduce that (U"4?),; is relatively compact in L?(0,7T; L%(§2)), and there exists a function
U= (U"1<i<m € (L*(0,T; H'(£2)))™ such that, as (At,e) — (0,0), we have (up to a subsequence)

US4t — U strongly in L2(0,T; L?(12)).
By Step 1, we have VU»4! — VU weakly in L?(0,T; L?(£2)). Now system (8.3) can be written as

US4t + At) — U4 (1)
At

=div{Jl,, s(U" 2t + At), U (t + At)) } in  D'(02r). (9.8)
Multiplying this system by a test function in D(£27) and integrating over {21, we can pass directly to the limit
as (At,e) — (0,0) in (9.8) to get

oU" = div | TN U?) [ > AijVpy* py+ U7 + VU in  D'(2r),
Jj=1

where we used the weak L2 - strong L? convergence in the products such T¢*(U»4*)VU >4t to get the existence
of a solution of system (9.3).

Step 5. Recovering the initial condition
Let p € C°(R) with p> 0, [ p=1 and supp p C (-3, 3). We set

pai(t) = A 6(AE), with p(t) = p(—t).

Then we have

2
_ 2 ) . 3
HatUAt * pAtH(I}(O,T;H*l(!Z)))m = (ul,n—i-l _ uz,n)(gthrl * DAt
i=1 H-1(02)
m K—1 T in+1 in||2
uh" T —
=3 [ @ttt ) |
i=1 n=0 "0 H=1(02)
m K-1 i,n+1 im ||2
ub —ub
< CyAt
<CiAty Y -
i=1 n=0 H-1(02)
K—1 m m 2
< CuAL Z/ T (uhmth) Z AijVpy % py xu? T 4 5V
n=0 =172 j=1
K—-1 m m 2 . 9
<2 Cyl*At Z/ ZAUV,O,]*p Gl I (T
n=0 =1
K-1

S 2 C4€2At Z {”‘A”2 ||an *Pn *un+1H(2L2( m + 52 Hv rL+1H?L2(Q))’"L}
n=0

1

n n 2
<2 Cyl? Z {||A||2|\V/’n *u 2Lz oyym + 07 ||V +1H(L2(Q))m}
=0
I

K
At
All? All?
<2000 < + 5) <2 i (”' N 5> ,
50 50
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where d;, , is Dirac mass in ¢ = t,,41, C1 as in (8.2), C3 as in (9.2), Cy :=C( fo t)dt), and we have used in

the last line the entropy estimate (8.4). Clearly, pas * Ut — U} weakly in LQ(O,T, H=Y(£2)) as (At,e) — 0.
Similarly we have that pa; x Ub4t — U' strongly in L2(07T; L%(£2)) since U4t — U in L2(0,T; L?(£2)).
Then we deduce that U' € {g € L*(0,T; H'(£2));9: € L*(0,T; H(£2))}. And now U%(0,) has sense, by
Proposition 6.2, and we have that U*(0,z) = uf(z) by Proposition A.1.

Step 6. Proof of estimate (9.4)
By Step 4, there exists a function U* € L?(0,T; H'(£2)) such that the following holds true as (At, ¢) — (0,0)

U’L,At — U'L
VUi,At N VUZ in L2(07T7 L2(Q))
Vo xUb3 = Vp, « U

Now using the fact that the norm L? is weakly lower semicontinuous, with a sequence of integers ny (depending
on At) such that t,,41 — t2 € (0,T) and

Ui,At(tQ) — Ui’At(tng—&-l) _ un2+1’

we get for ¢ <t

tn2+1 ) n2 )
/ /]VU‘ / /|VUZ < liminf / /yvmﬂff: lim inf AtZ/\Vu“k“\z, (9.9)
(At,e)—(0,0) Jo 0 (At,e)—(0,0) 0’2

\Y *U’ / / \V *U’ < liminf At /v x bk, 9.10
Iz o, ming 403 [ 19wt (9.10)

Moreover, since we have U»4* — U? in L2(0,T; L?(£2)), we get that for a.e. t € (0,T) (up to a subsequence)
UbAt(t,-) — U'(t,-) in L%(£2). For such t we have (up to a subsequence) U»?t(t,.) — U'(t,-) for a.e. in £2.
Moreover, by applying Lemma A.2 we get that for a.e. t € (0,T)

Yo o(U'(#)) <  liminf @, (U»2H(1)). 9.11
(U O) < limin 2, (UF2(0) (9.11)

Integrating over {2 then applying Fatou’s Lemma we get for a.e. t; < t,

m

Uy (Ul(ts)) < lim inf U, (U2 t)) < 1 f / o(ubmeth 9.12
;/Q o.¢( (2))—/9@351%,0)1._1 g (t2)) < Atlgl—lfloo)z e(u ( )

(9.9), (9.10) and (9.12) with the entropy estimate (8.4) give us that for a.e. t; < t3 € (0,7T)

Zm:/ Wo,e(Ui(tg))—&—éi/tQ/Q|VUi|2+6oi/t2/ Vo, xU[”

m  n2

< hmlnf / 2"2+1 )+ hmlnf (5At /Vu1 k12
S i "S5 f e
m na
liminf oAt v LRt 2
+ mint b ;;}/l pox |

which is estimate (9.4).
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Step 7. Non-negativity of Ut

Let Qf(t) :== {w € 2: U (t,x) < e} for all t € [0,T] and ¢ = 1,...,m. By estimate (8.4), there exists a
positive constant C independent of € and At such that for all ¢ = 1,...,m we have

CZ/WE,Z(Ui’At)
2

e 2e 2
1 1, At\2 1
2/ 7+(U ) +elne— -
CHOR 2
§,At)2
2/ (U ) - 17
(w22
i.e. CAres
Uu» 1
/ (Cliond SPUPTNES (9.13)
o) %€ 2
Now by passing to the limit as (At,e) — (0,0) in (9.13) we deduce that / |U"|2 = 0, where 2, (t) :=
2; ()
{zeQ:U'(t,x) <0} for all t € [0,7] and ¢ = 1,...,m, which gives us that (U")~ = 0 in L%*(£2), where
(U~ = min(0, U?). O

Remark 9.2 (Another method following [22]).
Note that it would be also possible to use a theorem in Lions-Magenes ([22], Chap. 3, Thm. 4.1, p. 257). This
would prove in particular the existence of a unique solution for the following system:

ot =div{Ji,, 500} in D'(2r),
T ms(vu) = T4 (v') { 22 Aij Vg x pyxu? + 5vui} 5 (9.14)
j=1
u'(0,z) = uf(x) in £,

where T* is given in (5.3).
It would then be possible to find a fixed point solution v = w of (9.14) to recover a solution of (9.3). We
would have to justify again the entropy inequality (9.4).

10. PASSAGE TO THE LIMIT AS (¢,n) — (00,0)

In this section we pass to the limit as (¢,17) — (00,0) in system (9.3) to get the existence of a solution for
system (10.1) given below (system independent of ¢ and 7).

Let us introduce the system independant of ¢ and 7. Asume that A satisfies (1.3). Let ug = (u})1<i<m
satisfying (2.2). Then for all § > 0 we look for a solution u = (u")1<;<, of the following system:

O =div{ut Yy Ay Vul + 6wV in D(02r),
j=1
ut(0,z) = up(x) a.e. in (2.

(10.1)
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Proposition 10.1 (Existence for system (10.1)). Assume that A satisfies (1.3). Let ug = (ub)1<i<m satisfy-
ing (2.2). Then for all & > 0 there exists a function u = (u*)1<i<m € (L?(0,T; H*(2))NC([0,T); (Wh2(£2))")™,
with u* > 0 a.e. on Qr, solution of system (10.1), that satisfies the following entropy estimate for a.e.
t1,t2 € (0,T) with u'(ty) = u'(ts,.):

/Qggf/(ui(tz))+5/tltz/9§|wi|2+5o/:2/9§;|Vui|2g/ﬂimug), (10.2)

with ¥ is given in (2.1).

Proof. Let C be a generic constant independent of ¢ and 7, and u’ := (u**);<;<,, a solution of system (9.3),
where we drop the indices 1 and ¢ to keep light notations. The proof is accomplished by passing to the limit as
(¢,m) = (00,0) in (9.3) and using Simon’s lemma (Lem. 6.3), in order to get the existence result.
Step 1. Upper bound on 9;u**

As in Step 3 of the proof of Proposition 9.1, estimate (9.4) gives us that u>* € LP(0,T, L?(£2)) with p > 2 is

given in (9.7). Let ¢ = 1% > 1. It remains to prove that fori=1,...,m
||8t“ ||Lq(o TWhee) (2)) < <C.
We have
| . :
185 || a0, 1y wroe (2))) = (/0 ||3t“2’e||<wwo<m)'>
1
T m a
= / div { T (u ZA”Vp,,*pn*uﬂ—l-(SVuM
0 Jj=1 (W10 (02))
T
< / / 7% (u ZAUVpn*pn*uﬂ—i-(SVuM
0 o) =
. q
< / / || ZAZJVPU*/)W *ult| 45 [V
0 =
< ||“i’e||Lp(o,T;L2(rz)) Z AijVpy * py > +9 ||ui’€||LP(0,T;L2(Q)) [Vu® ||L2(o T;L2(2))

=t L2(0,T3L2(02))

< H“MHLP(O,T;H(Q)) Al Z 2 *uj7£’|L2(O,T;L2(Q)) +0 “V“i’e‘|L2((),T;L2(n)) <0,
j=1

1 1 1
where we have used in the fifth line Holder’s inequality (since we have — = — + 5) and in the last line the
q p

entropy estimate (9.4).
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Step 2. Passage to the limit as (¢,7) — (00, 0)
In view of Step 1 of this proof and (9.4) we have that

it il it
||“ HLP(O,T;L2(Q)) + H“ ||L2(0,T;H1(n)) + ||8t“ ||L<1(07T;(W1v°°(!2))’) <0,
2 m ntin
where p > 2 is given in (9.7) and ¢ = % > 1. Then by noticing that H!(2) coapet L2(0) “ apons
b

(Whe(£2))', and applying Simon’s Lemma (Lem. 2.3), we deduce that (u®‘), is relatively compact in
L?(0,T; L?(2)), and there exists a function v € L?(0,T; H*(£2)) such that, as (£,1) — (c0,0), we have (up to
a subsequence)

u* — ' strongly in L*(0,T; L?(£2)).
In addition, since u** — u’ a.e., u' is nonnegative a.e. hence T%¢(u"*) — u’ strongly in L2(0,T; L*(2)).
Multiplying system (9.3) by a test function in D(£21) and integrating over {2 we can pass directly to the limit
as (¢,m) — (00,0), and we get

Owu’ = div uiZAijVuj + 6u'Vu' in D'(27).

Jj=1

where we used in particular the weak L? - strong L? convergence in the products such 7¢(u**)Vu®*. Therefore,
u = (u")1<i<m is a solution of system (10.1).

Step 3. Recovering the initial condition
Using Step 1 of this proof with the fact that Wh1(0,T; (W1>°(£2))) < C([0,T); (W1>°(£2))") then u*(0,z)
makes sense and u*(0,z) = uj(z) for all i = 1,...,m, by Proposition A.1.

Step 5. Proof of the estimate (10.2)
The proof is similar to Step 6 of the proof of Proposition 9.1. O

11. PASSAGE TO THE LIMIT AS § — 0

Proof. Let C be a generic constant independent of § and u® := (u*®);<;<, a solution of system (10.1). We
follow the lines of proof of Proposition 10.1.

An upper bound on ui’é and estimate (10.2) allow us to apply Simon’s Lemma (Lem. 2.3), then (u*%); is
relatively compact in L%(0,T; L?(£2)), and there exists a function u® € L?(0,T; H(£2)) such that, as § — 0, we
have (up to a subsequence)

u® — u' strongly in L*(0,T; L?(12)),

and
Aut = div uiZAl-jVuj in D' (027).
j=1

Similarly to Step 4 of the proof of Proposition 10.1 the initial condition is recoverd. Also estimate (2.3) can be
easily obtained. (Il

Remark 11.1 (Passage to the limit as (¢,7,d) = (00,0,0)).

It is possible to pass to the limit in system (9.3) as (£,7,d) — (00,0,0) at the same time: By using the
entropy estimate (9.4) and applying Simon’s Lemma on the sequence p,, * u®? instead of u»*. Moreover, to get
the entropy estimate (2.3) it is sufficient to use the fact that [, Wo e(py x u™*) < [ py * Wo,e(u™").
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(GENERALIZATIONS

12. GENERALIZATION ON THE MATRIX A

Assumption (1.3) can be weaken. Indead, we can assume that A = (A;;)1<i j<m is a real m X m matrix that
satisfies a positivity condition, in the sense that there exist two positive definite diagonal m x m matrices L
and R and dg > 0, such that we have

C"LARC > 6o|¢|?, forall ¢ €R™. (12.1)

Remark 12.1 (Comments on the positivity condition (12.1)). The assumption of positivity condition (12.1),
generalize our problem for A not necessarily having a symmetric part positive definite. Here is an example of
such a matrix, whose symmetric part is not definite positive, but the symmetric part of L A R is definite positive
for some suitable positive diagonal matrices L and R.

We consider

1 —a\ _.
A= (2(1 1 )w1th la| > 2.

Indeed,

CL2

satisfying det(A®™) =1 — vy < 0. And let

20 10
L:(01> and R:Ig:(()l).

2 —2a
B:L.A.R:<2a 1 ),

S 20
sym __
= (0)

Proposition 12.2 (The case where L = I5). Let A be a matriz that satisfies the positivity condition (12.1) with
L = Iy. Then u is a solution for system (1.1) with the matriz A = AR (instead of A) if and only if u' = R;; u'
is a solution for system (1.1) with the matriz A.

On the other hand,

satisfies that

is definite positive.

Proposition 12.3 (The case where R = I3). Let u"*! = (u*" 1) <;<,, be a solution of system (8.3) with a
matriz A satisfying the positivity condition (12.1) with R = Iy and L a positive diagonal matriz. Then u™T!
satisfies the following entropy estimate

m m n
LW i,n+1 A . L i,k+1|2
D e gt i (1333 [ 194

i=1 k=0

+00Aty /Q (Vo xut 12 <y /Q LW, o(up)
i=1

i=1 k=0
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Proof. Similarly to Step 5 of the proof of Proposition 8.1 we have

ZHH) Pe,o(u o+l imn+1
Z/ ( At > /ZZLmAm Vpy * py xu?" ) -Vt

11]1

-5 E / L“‘vui,n+l‘2
; 0]
m m

_/ ZZ Vo, *uﬂ”H)L”AU(Vpn*u“LH)

=1 j=1
—(SZ/ Lii\Vui’"“\Q
i=174
m
—50/ Z|Vpn*ui’n+1|2
251

m
—J min {L”}g /\Vui’"“\a
1<i<m [,
=1

where we have used, in the last line, the fact that the matrix A satisfies (12.1) with R = I5. Then by a
straightforward recurrence we get (12.2). O

IN

Corollary 12.4. Theorem 2.1 still hold true if we replace condition (1.3) by condition (12.1).

13. GENERALISATIONS ON THE PROBLEM

13.1. The tensor case

Our study can be applied on a generalized systems of the form
m N N 9
zzzza(ﬂ A s ) fori=1,...,m, (13.1)
j=1k=11=1 T
where f; satisfies
fi € C(R),

0 < fila) <C(1+al) for a € R and C > 0,

0< fi(a) for a € (0,a9] with ag > 0,
4
da < +o0 for all A > ag.
aop fl(a) 0

An example for such f; is
fi(a) = max (0,min (a7 Ve — 1|)> .

Moreover, A = (A;jki)ij k1 is a tensor of order 4 that satisfies the following positivity condition: there exists
do > 0 such that
" A’ GG > Golnl*I¢? forall neR™.¢eRN. (13.2)
i,7,k,1
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The entropy function ¥; is chosen such that ¥; is nonnegative, lower semi-continuous, convex and satisfies that

1
U!'(a) = —— for i = 1,...,m. Our solution satisfies the following entropy estimate for a.e. t > 0

fila)
Z/ +5OZ/ / V' [? <Z/ i(uf). (13.3)

To get this entropy we can apply the same strategy announced in Section 5 where f;(u?) will be replaced by
T<*(f;(v')) with T4 given in (5.3) and we use the fact that

/ Z 89% ”klax; Z Z (6%) zgkl@)(n)

n€ezZN i,7,k,l
= Z Z ng ut(n) Agjrr i w (n)
n€ZN i,5,k,l
2~ 2 2
> b0y [nl*al” = 6o [IVall{pagym
nezN

13.2. The variables coefficients case

Here the coefficients A;;(z, u) may depend continuously of (z,u). Then we have to take p, * (A;;(z, u)(Vp, *
u’)) instead of ANV (pn * py * u’) in the approximate problem. We can consider a problem

m
o' = div | u’ Z Ajj(z,u)Vu | + g'(z,u),
j=1
where the source terms are continuous with respect to the variable u and there exists a positive constant ¢ such
that _
—clu| < g"(z,u) < c(1+ |ul).
13.3. Laplace-type equations
Moreover, our method applies to models of the form
o' = Ala;(w)u’)  with u = (u")1<i<m, (13.4)

under these assumptions:

a;(u) >0 if v/ >0 for j=1,...,m,
a; is at most linear,
a; € c! (R),
(13.5)
8ai .
Sym < ) > 09l with &y > 0,
du; i
8ai .o
7 are bounded from below for all 4,57 =1,...,m
J

where Sym denotes the symmetric part of a matrix. We can consider a particular case of (13.4) where a;(u) =
m

Z A;;u’. Then problem (13.4) can be written as
j=1

S’ = div uiZAijVuj—J— ZAijUj Vu' sy, (13.6)
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which can be also solved under these assumptions:
Aij >0 for ,j=1,...,m,
{ Sym(A) > dol.
APPENDIX A: TECHNICAL RESULTS
In this section we will present some technical results that are used in our proofs.

Proposition A.1 (Recovering the initial condition). Let Y be a Banach space with the norm ||.||y. Consider
a sequence (gm)m € C(0,T;Y) such that 0i(gm) is uniformly bounded in L1(0,T;Y) with 1 < ¢ < oo, and
(gm)jt=0 = go in Y. Then there exists g € C(0,T;Y") such that g, — g in C(0,T;Y) and

gjt=0 = 9o inY.
Proof. We have that for all s <t € (0,T)

/ 5, (g ()

19m(t) — g ($)]ly = ] )

< / 10+ (gm) ()l ds

g—1 g—1

< (t=9)"T [0: (gu) D Laorr) < (= 9)F C, (A1)

where we have used in the second line Holder’s inequality, and the fact that (g,,), is uniformly bounded
in L9(0,T;Y). Since (A.1) implies the equicontinuity of (gm)m, by Arzela-Ascoli theorem, there exists g €
C(0,T;Y) such that g,, — g in C(0,T;Y). Moreover, Taking s = 0 in (A.1) we get

19m(£) = g (0)]ly < ¢ C. (A.2)

By passing to the limit in m in (A.2), we deduce that

gq—1
llg(t) = golly <t < C.

Particularly, for ¢ = 0, we have

9(0) — golly = 0.
This implies the result. O

Lemma A.2 (Convergence result). Let (a.). a real sequence such that a. — ag as € — 0. Then we have

< Tl
Yy o(agp) < h?i}glf U, o(ac),

where Y.y and Yy ¢ are given in (8.1) and (9.1) respectively.

Proof. Consider the case where ag = 0.

We consider the subsequence (ac,, ) ]. Let (be)e € (—00; 1] a sequence that decreases to 0 as

€ (—o0; <
€kq ’ Te
€ — 0 with b, > a.. Since ¥, 4 is decreasing on (—oo; %} we have U, ¢(ac) > W ¢(be). Moreover, using the fact
that @, ¢(be) — 0 = ¥ 4(0) we get the result.

Otherwise, consider (aekz)ek2 c (%, +00) the proof is the same as above but with taking b. < a. since ¥, ; is

e

nondecreasing in (1;400).
For the other cases, ap < 0 and ag > 0, the result is easily obtained. (]



1758 J. ALKHAYAL ET AL.

(1]
2]

(3]
(4]

(5]

[6]
(7]

(8]
(9]

(10]
(11]
(12]

[13]
(14]

(15]
(16]
(17]
(18]
19]
20]

21]
(22]

(23]
(24]
25]
(26]

27]
28]

29]
(30]

(31]

REFERENCES

L. Ambrosio, N. Gigli and G. Savaré, Gradient flows: in metric spaces and in the space of probability measures. Springer
Science and Business Media (2008).

J. Bear, A.H.-D. Cheng, Sh. Sorek, D. Ouazar and I. Herrera, Seawater intrusion in coastal aquifers: concepts, methods and
practices, volume 14. Springer Science & Business Media (1999).

H. Brezis, Ph.G. Ciarlet and J.L. Lions, Analyse Fonctionnelle: théorie et Applications, volume 91. Dunod Paris (1999).

L. Chen and A. Jiingel, Analysis of a multidimensional parabolic population model with strong cross-diffusion. SIAM J. Math.
Anal. 36 (2004) 301-322.

L. Chen and A. Jiingel, Analysis of a parabolic cross-diffusion population model without self-diffusion. J. Differ. Equ. 224
(2006) 39-59.

X. Chen, A. Jiingel and J.-G. Liu, A note on Aubin-Lions-Dubinskil lemmas. Acta Appl. Math. 133 (2014) 33-43.

Y.S. Choi, Zh. Huan and R. Lui, Global existence of solutions of a strongly coupled quasilinear parabolic system with appli-
cations to electrochemistry. J. Differ. Equ. 194 (2003) 406-432.

L Corrias, B Perthame and H Zaag, A chemotaxis model motivated by angiogenesis. C. R. Math. 336 (2003) 141-146.

M. Dreher and A. Jingel, Compact families of piecewise constant functions in LP(0,T; B). Nonlin. Anal.: Theory, Methods
Appl. 75 (2012) 3072-3077.

J. Escher, Ph. Laurencot and B.-V. Matioc, Existence and stability of weak solutions for a degenerate parabolic system
modelling two-phase flows in porous media. Ann. Inst. Henri Poincaré (C) Non Lin. Anal. 28 (2011) 583-598.

J. Escher, A.-V. Matioc and B.-V. Matioc, Modelling and analys of the Muskat problem for thin fluid layers. J. Math. Fluid
Mech. 14 (2012) 267-277.

J. Escher and B.-V. Matioc, Existence and stability of solutions for a strongly coupled system modelling thin fluid films. Nonl.
Differ. Equ. Appl. NoDEA 20 (2013) 539-555.

L.C. Evans, Partial differential equations. Graduate Studies Math. 19 (1998).

G. Galiano, M.L. Garzén and A. Jingel, Semi-discretization in time and numerical convergence of solutions of a nonlinear
cross-diffusion population model. Numer. Math. 93 (2003) 655-673.

Th. Hillen and K. Painter, Global existence for a parabolic chemotaxis model with prevention of overcrowding. Adv. Appl.
Math. 26 (2001) 280-301.

M. Jazar and R. Monneau, Derivation of seawater intrusion models by formal asymptotics. SIAM J. Appl. Math. 74 (2014)
1152-1173.

J.U. Kim, Smooth solutions to a quasi-linear system of diffusion equations for a certain population model. Technical report,
DTIC Document (1983).

Ph. Laurengot and B.-V. Matioc, A gradient flow approach to a thin film approximation of the Muskat problem. Calc. Var.
Partial Differ. Equ. 47 (2013) 319-341.

Ph. Laurencot and B.-V. Matioc, A thin film approximation of the Muskat problem with gravity and capillary forces. J. Math.
Soc. Jpn 66 (2014) 1043-1071.

Th. Lepoutre, M. Pierre and G. Rolland, Global well-posedness of a conservative relaxed cross diffusion system. SIAM J.
Math. Anal. 44 (2012) 1674-1693.

C.C. Lin and L.A. Segel, Math. Appl. Deterministic Problems. STAM (1974).

J.-L. Lions and E. Magenes, Problemes aux limites non homogenes et applications. Vol. 1. Dunod, Springer Verlag New York
Inc. (1968).

Y. Lou, W.-Ming Ni and Y. Wu, On the global existence of a cross-diffusion system. Discrete Contin. Dyn. Systems 4 (1998)
193-204.

B.-V. Matioc, Non-negative global weak solutions for a degenerate parabolic system modelling thin films driven by capillarity.
Proc. Royal Soc. Edinburgh: Section A Math. 142 (2012) 1071-1085.

M. Assunta Pozio and A. Tesei, Global existence of solutions for a strongly coupled quasilinear parabolic system. Nonlin.
Anal.: Theory, Methods Appl. 14 (1990) 657—689.

R. Redlinger, Existence of the global attractor for a strongly coupled parabolic system arising in population dynamics. J.
Differ. Equ. 118 (1995) 219-252.

N. Shigesada, K. Kawasaki and E. Teramoto, Spatial segregation of interacting species. J. Theoretical Biology 79 (1979) 83-99.
S.-A. Shim, Uniform boundedness and convergence of solutions to the systems with cross-diffusions dominated by self-diffusions.
Nonlin. Anal.: Real World Appl. 4 (2003) 65-86.

J. Simon, Compact sets in the space LP(0,T; B). Ann. Mat. Pura Appl. 146 (1986) 65-96.

Z. Wen and Sh. Fu, Global solutions to a class of multi-species reaction-diffusion systems with cross-diffusions arising in
population dynamics. J. Comput. Appl. Math. 230 (2009) 34-43.

A. Yagi, Global solution to some quasilinear parabolic system in population dynamics. Nonlin. Anal.: Theory, Methods Appl.
21 (1993) 603-630.



	Introduction
	Main results
	Application to seawater intrusion
	Brief review of the literature
	Strategy of the proof
	Organization of the paper
	Preliminary tools 
	Proof of the main theorem
	Existence for the approximate linear elliptic problem
	Existence for the nonlinear time-discrete problem
	Passage to the limit as (t,)(0,0)
	Passage to the limit as (,)(,0)
	Passage to the limit as 0
	Generalizations
	Generalization on the matrix A
	Generalisations on the problem
	The tensor case
	The variables coefficients case
	Laplace-type equations

	Technical results
	References

