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BOUNDARY STABILIZATION OF MAXWELL’S EQUATIONS
WITH SPACE-TIME VARIABLE COEFFICIENTS

SERGE NICAISE! AND CRISTINA PIGNOTTI?

Abstract. We consider the stabilization of Maxwell’s equations with space-time variable coefficients
in a bounded region with a smooth boundary by means of linear or nonlinear Silver—Miiller boundary
condition. This is based on some stability estimates that are obtained using the “standard” identity
with multiplier and appropriate properties of the feedback. We deduce an explicit decay rate of
the energy, for instance exponential, polynomial or logarithmic decays are available for appropriate
feedbacks.
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1. INTRODUCTION

Let © be an open bounded domain in R® with a boundary I' of class C?. In this paper we study, under
suitable boundary conditions, the stabilization of Maxwell’s equations:

D' —curl(uB) =0 in Qx(0,+00)
B +curl(AD) =0 in Q x (0,+00)
divD=divB=0 in £ x(0,+00)
D(0)=Dg and B(0)=Bp in
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where D, B are three-dimensional vector-valued functions of ¢, = (x1,29,23); © = p(x,t), A = A(x,t) are
scalar functions in C*(Q x [0, +00)) uniformly bounded below by a positive constant and verifying suitable
hypotheses; Dy, By are the initial data in a suitable space.

Similarly to [15] we assume that a nonlinear Silver—Miiller boundary condition holds

gz, Dxv)xv+Bxrv=0 on I x(0,+00), (1.5)
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where v denotes the outward unit normal vector to I' and the mapping ¢ : I' x R? — R? is assumed to be
continuous and satisfying

(g(z,E) — g(x,F))- (E—F) >0, VE,F € R® z € T (monotonicity),
9(z,0) =0, Vz €T,

g(z,E)-E>m|E>, VE€R?: |E| > 1,z €T,

lg(z, E)| < M(1+ |E|),YE € R®,z €T,

© 0 N o

P N e N N
N e e
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for some positive constants mq, M.

The linear case g(z, D xv) = ax)D x v will retain a particular attention when « is a strictly positive function
belonging to C*(T').

The above system with linear Silver—Miiller boundary condition has retained the attention of many authors
and stability results were obtained under different geometrical conditions in [1,12,19] for A = p = 1.

For smooth coefficients A, pu but time independent and g not necessarily linear, explicit decay rates for solutions
of the above system were recently given in [5,15] when ) is a connected domain with a smooth boundary T’
consisting of a single connected component.

To our knowledge no stabilization result exists when the coefficients A and p are time-dependent. Therefore
the aim of this paper is to prove such results in the time-dependent case.

More precisely we give sufficient conditions which guarantee the decay of the energy of our system

E(t) := % /Q()\(x,t)|D(x,t)|2 + p(z, t)| B(z, t)]?)da. (1.10)

In the linear case we get exponential decay using the so-called identity with multiplier and standard arguments
from [12]. In the nonlinear case contrary to [5,15] we cannot use Liu’s principle since our system is not reversible
due to the time dependence of our coefficients, therefore we use a more direct method, namely we prove a stability
estimate which is obtained with the help of the identity with multiplier and appropriate properties on g. By
the new integral inequality from [5] we then deduce an explicit decay rate of the energy under appropriate
assumptions on g.

We believe that the regularity assumption p, A € C1(2 x [0, +00)) cannot be weakened since already for the
wave equation with time independent coefficients, no controllability and stability results are available for less
regular coefficients [2].

The paper is organized as follows: well-posedness of the problem is analysed in Section 2 under appropriate
conditions on 2, A\, 1 and g using nonlinear semigroup theory. Section 3 is devoted to the proof of the identity
with multiplier. We show in Section 4 the exponential stability of our system in the linear case, while Section 5
concerns stability results for general nonlinear feedbacks g.

2. WELL-POSEDNESS OF THE PROBLEM

In this section we first show the well-posedness of problem (1.1-1.5) using nonlinear semigroup theory. We
secondly establish the dissipativeness of the above system. To this end we introduce the Hilbert spaces (see
e.g. [13,16])

J(Q) ={D e L*(Q)?|divD = 0 in Q}, (2.1)
H=J(Q)

This last one is equipped with the time-depending norm induced by the time-depending inner product

((0.).(0.B)) = /Q{)\(x,t)D(:v) - D(x) + (. £)B(x) - B(x)} dw,¥(D, B), (D, B) € H.
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Now define the (nonlinear) operator A(t) from H into itself as follows:

D(A(t)) = {(D, B) € H|curl (AD), curl (uB) € L*(Q)?; (2.3)

B x v, D x ve L*(I')? satisfying
Bxv+g(,Dxv)xv=0onT}, (2.4)
A(t)(D, B) = (—curl (uB), curl (AD)), V(D, B) € D(A(¥)). (2.5)

Let us notice that the boundary condition (2.4) is meaningful due to the assumption (1.9) (see [15]).
We then see that formally the system (1.1-1.4) with boundary condition (1.5) is equivalent to

ou
S+ AU =0,

U(0) = U,

(2.6)

when U = (D, B) and Uy = (Do, By).

A general theory of such equations with linear operators A(t) has been developed using semigroup theory
in [9,10,18] for instance.

For nonlinear operators A(t) similar results exist (see [3,6,8,14]) but for maximal monotone operators A(t)
for one inner product independent of t.

For our system (2.6) we need a variant of such results for maximal monotone operators A(t) for a time-
dependent inner product depending “smoothly” on ¢ (see Rem. 3 in [8]).

More precisely the next result holds whose proof is similar to the one in [8]:

Theorem 2.1. Let X be a real separable Hilbert space. For a fired T > 0 and any t € [0,T] we assume that
there exists an inner product (-,-); on X depending “smoothly” on t in the following sense:
there exists ¢ > 0 such that

d
&(u, )y < 2c(u,u), Vu € X, t € [0,T]. (2.7)

Assume furthermore that:

(1) for allt € ]0,T], A(t) is a mazimal monotone operator for the inner product (-,-)¢;
(ii) the domain D(A(t)) = D of A(t) is independent of t, for all t € [0,T];
(#i1) there exists a positive constant K
such that
JA(t)u — A(s)ullo < K|t — s|(1 + |Jullo + || A(s)ullo), Yu € D,s,t € [0,T]. (2.8)
Then for all v € D the evolution equation

ot (2.9)

{ %)+ Aeyult) = 0, for0 <t<T,
u(0) = v,

has a unique solution u € C([0,T]; X) such that u(t) belongs to D for all t € [0,T), its strong derivative
9u(t) = —A(t)u(t) ezists and is continuous except at a countable numbers of values t.

Note that the condition (2.7) and Gronwall’s inequality imply that
ulls < elt=2||uls, Yu € X,s,t € [0,T). (2.10)

This estimate implies in particular that the norms || - ||; are equivalent and gives the variation of the norm || - ||;
with respect to t.

Remark 2.2. In the linear case the conditions (2.7) and (i) to (¢i¢) imply that the triplet {A, X, D} forms a
CD-system in the sense of [9,10].
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We shall now prove that the problem (2.6) has a unique solution by checking that (2.7) holds and that A
satisfies the assumptions (i) to (iii) with X = H under appropriate conditions on A and p.
We start with the time dependence of the inner product:

Lemma 2.3. Assume that \,u € C*(Q x [0,4+00)) are bounded below by a positive constant. Then for any
T > 0 there exists a constant ¢ (depending on T') such that (2.7) holds.

Proof. By a direct calculation we have

ghoe= [ {%m,tnD(m)F v %@,tnB(xn?} a.

for U = (D, B). By the assumptions on A and u, we obtain

d
U1 < 26T,

with 2¢ = max { Max, 4)eax[0,7] }%(z, ] /M, t); MaX (, ) ex[0,7] ‘%(x,t)‘ /u(:c,t)}. O
We now check the assumption (ii).

Lemma 2.4. Assume that A\, u € C1(Q x [0, +00)) are uniformly bounded below by a positive constant, that is
Mz, t) > L,p(z,t) > L, Vo € Q,t € |0, +00), (2.11)
for some positive constant L. Then we have
D(A(t)) = Hq,Vt >0,
where we have set

H, = {(D, B) € H|curl D, curl B € L*(Q)?;
B x v,D x v e L*T)?satisfying (2.4)}-

Proof. We use the standard formula
curl (uB) = pcurl B+ Vi X B.

Therefore by the assumptions on ;i we see that B and curl (uB) belong to L?(Q)? if and only if B and curl B
belong to L?(Q)3. O

In the linear case we can even prove the

Lemma 2.5. If \,u € C*(Q x [0,+0c0)) and g(z, E) = a(z)E with o € CY(T') such that Vra € HY(T')?, then
we have

D(A(t)) =Hy ={ (D,B) € H(Q)®|div D =div B=0, v x (aD x v+ B) =0 },Vt > 0.
Proof. As in [1], by the results from [17] for (D, B) in D(A(t)), ¢ = (D x v) x v belongs to
W={peHY*I)¥:p-v=0o0nT and curlpp € H~/3()}-

Let us now show that ay is also in W.
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Indeed by the identity
curlp(ay) = acurlrp + Vra X ¢,

we are reduced to show that each term of the above right-hand side belongs to H~/2(T"). This last result
follows from the multiplication theorem in Sobolev spaces (see for instance Th. 1.4.4.2 of [7]) which yields that
the product of an element from H'(I') with an element in H~/?(T) is in H~'/2(T).

By the boundary condition (2.4), as in [1], this implies that

(D xv)xv=—BxveHY*I)?,

and therefore by standard regularity results [4] we obtain that B belongs to H*(£)3.
Again by the multiplication theorem in Sobolev spaces the product of an element from H!(T") with an element
in HY/2(") is in H'/?(T") and therefore the above identity yields Dxv € H'/?(T")? and therefore D € H'(Q)?. O

Let us pass to the hypothesis (i):

Lemma 2.6. Let g satisfy the assumptions (1.6) to (1.8). Then A(t) is a maximal monotone operator in H for
the inner product (-, ).

Proof. The proof is similar to the one in Lemma 2.5 of [15] and is left to the reader. d
It remains to check the hypothesis (iii):

Lemma 2.7. If A\, u € C*(Q x [0, +00)) satisfy

ou )\
57 (51 o t) e CY(Q), Vt >0, (2.12)

then (2.8) holds.

Proof. By the definition of A(t) and the finite increment Theorem, we have

AU — A(s)U = (—curl ((p(t) — p(8))B), curl ((A(t) — A(s))D)
8,u (D)
=(t—2s) (—curl (8_ ) , curl (E(SQ)D)) )
= (t—s) 1) carl (u(5)B) — u(5)V %)), p
u(s) ) )P

for U = (D, B) € H; and some sy, $3 € (s,1).
The assumptions on A and p directly lead to the conclusion. O

Theorem 2.1 allows to conclude the following existence result:

Corollary 2.8. Assume that g satisfies the assumptions of Lemma 2.6 and that A\, u € C(Q x [0, +00))
satisfy (2.11) and (2.12). Then for all (Do, Bo) € Hi and all T > 0, the system (1.1-1.4) with boundary
condition (1.5) admits a unique solution (D,B) € C([0,T];H) such that (D(t), B(t)) belongs to Hy for all
t € [0,T] and their strong derivatives 22(t) = curl (u(t)B(t)) and 22(t) = —curl (A(t)D(t)) exist and are
continuous except at a countable numbers of values t.

We finish this section by analysing the dissipativity of our system.
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Lemma 2.9. Let (Dg, By) be an initial pair in Hy and let (D, B) be the solution of the system (1.1-1.4) with
boundary condition (1.5). Then the derivative of the energy (defined by (1.10)) is

5’(t):/uA(ny).BdF+1/ %|D|Q+%|B|Q dz, t>0. (2.13)
. 2 Jo | 0t ot

Proof. Deriving (1.10) we obtain
1 o\ o
"== [ {2\D-D'+2uB B + —|D* + —|B|* {d
£ 2/9{ T+ +8t||+8t||}z’

then, by (1.1) and (1.2),

1 A
&= —/ 2)\D~cur1uBfQuB~curl>\D+8—|D|2+%|B|2 dz.
2 /g ot ot

Therefore, integrating by parts we obtain
1 o\ ou
E = [ u\D - Bdl' + = —|D|? + = |B|* § d. O
[0y a5 [ (P Fispas

Lemma 2.10. Let (Dg, By) be an initial pair in Hy and let (D, B) be the solution of the system (1.1-1.4) with
boundary condition (1.5). Then for all0 < S < T < 400

T 1 (T ) o
£(S) — £(T) = / /u)\g(ac,D %) D x vdl'dt — —/ / 9 pp 1 2% B2\ dear, (2.14)

Proof. The identity (2.14) directly follows from (2.13) since the boundary condition (1.5) implies that
(Dxv)-B=-D-(Bxv)=D-(g(,Dxv)xv)=—g(,Dxv)-Dxuw. O

In the linear case we have as an easy consequence

Corollary 2.11. Let (Dgy, By) be an initial pair € Hy and let (D, B) be the solution of the system (1.1-1.4)
with boundary condition (1.5) with g(x, D) = a(x)D. Then,

€(S)€(T)/T/ ZB |2drdt1/T/ 9 o 4+ 24 g2 Vagat: (2.15)
o S FM (0% T 2 S Q 6t 6t ’ ’

T T
E(S)—E(T) = / /,u)\a|DT|2dth - l/ / oA DP* + @|B|2 dzdt; (2.16)

for all0 < S < T < +o00, where D, and B; denote the tangential components of D and B.

Remark 2.12. If A and p are non—increasing in time, i.e.

o\ ou
— < — < .
5t <0, By <0, VzreQte(0,+0), (2.17)

then by Lemma 2.10, the energy £(+) is non—increasing on (0, +00) since g(, D x v)- D x v > 0.
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Remark 2.13. We have just seen that the condition (2.17) is a sufficient condition for the nonincreaseness of
the energy. Let us show by an example that this condition is a necessary condition for the nonincreaseness of
the energy. For that purpose denote by Ay the above operator A with the choice A = =1 and g(-, D) = D.
Since its domain is equal to H'()% which is compactly embedded into H, the operator A is skew-symmetric
with a discrete spectrum (see [4]).

Fix an eigenvector (E, H) of Ay of eigenvalue ir, with r # 0. Now take the system (1.1-1.4) and (1.5) with
A(t) = p(t) but independent of x such that u € C*([0,00)) and g(-, D) = D.

Then one readily checks that the solution (D, B) of that system is given by

D(x,t) = =" fo 1O E(a),
B(xz,t) = e~ Jo mo)ds [ (g),
The energy of that solution is given by

E(t) = ep(t),
where ¢ = % [ (|E(z)|*> + |H(z)|?)dz and consequently & < 0 if and only if x/ < 0.

3. AN IDENTITY WITH MULTIPLIER

This section is mainly devoted to the proof of the so-called identity with multiplier.

Lemma 3.1 is completely analogous to Lemma 2.2 in [20] that has extended to Maxwell’s equations with
space-variable coefficients a previous formula obtained by Komornik [12] for the case with constant coefficients.
We give the proof for the reader’s convenience.

Lemma 3.1. Take (Do, Bo) € Hi,q € (C1(Q))? and let T > 0. Then the solution of (1.1-1.4) satisfies the
identity

[2 / <D><B>-q} - / / {~(\IDI? + ulBP)(q- ) + 2u(q- B)(v - B) +2\(q - D)(v - D)}dldt
Q 0 0 T

<[ {(diVQ)(/\IDl2+MIBl2)—2

+ / / {~(¢- VN)ID - (¢~ V)| B*}dudt (3.1)

dq;
6$k

3
()\Dka + MBin) }dxdt
ik=1

where D;, B; fori=1,2,3 are the scalar components of D, B.
Proof. By equations (1.1) and (1.2) we have in © x (0, +00),

_a_MB —@B 9Bs 9By

Dll_axz ° Oy 2+M3—IE2_M3—IC37
Déz%Blfg—uB3 M%* Cz)—f?
Dézg—;Bzfg—uBl M%* (Z)—il,
Bi= gy De g DNt A
Bé:g—;\lDi”_(g—ng—'—)‘%_)‘g—i’
- BBt i
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Therefore

o\ 0
2(D1Bags) =2 (8 D3 — —D1> Digs +2 ( a B3 — a—/iBQ) Bags
z1

0D: 8B 8B
X1 )

T3 033
oA 8
= 2¢3 ( 22 DyDy — +2¢3 “ o0, D2~ —32
o0x1 6
0Ds d(DY) 833 3(35)
+2g3A 0, Dy — gsA——= D5 + 2q3p P By — q3p Dy
and analogously
oA oA o ou
2(D3B1q3) =2 =—Dy— =—Ds | D 2 =—DB; — Bs | B
(D2B1g3) <6 s 2 g 3) 2q3 + (8303 1 o1 3) 143
8D2 8D3 aBl aBB
A—=—-)\——|D 2 p=—— — u—— | Big-
( O3 O 2) 243 + (Mamg u@m) 193
oA o\ ou ou
= —2¢3 | =—D3Dy — =—D? ) —2¢3 | =—B3B; — — B?
Q3(a2 32 — D3 2) %(a 3b1 — O3 )
0Ds5 d(D3) 0B3 8(32)
—2q3A——D A —2q3u——DB
qs3 s 2+ g3 D2 qs ) 1+ qsu D2

If we integrate by parts their difference in © x (0,+00), denoting by v1, ve, v5 the scalar components of v, we
obtain

)

T
[(D1Baqs) — (D2B1gs)|dzdt = / /(2(13uB3B21/2 — qspB2vs + 2qsAD1 D3vy — qzsAD3us
o Jr

—q3lLLBl Vs —|— 2(]3/J/BlB3l/1 — Q3)\D§V3 —|— 2(]3)\D2D3Q3V2)drdt

0 0
/ / <2(I3u33—2£ BBy + 22 B3
0 X2

0D,
— 23 A ——D
0 X9 8:53# 3 8:51 3
aqS aq3 2 aqg 0B,
—2—\D1D — D] + — B2 -2 By ——
£ 1D3 + 92 + 915 nby q3ub3 B
q3 0q3 | 9 0D, g3
—2—uB1B —AD5 — 2g3A——D3 — 2——\D3 D3 | dzdt
D I8 G M T A s 2y AP D

—D2
z3 BGors 2

T
+ / / g gz g Ppz g O O b ey,
0 O amg a
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which may be rewritten as follows:

T T
= / / {—qsv3(uB} + uB3 + AD3 + AD3) + 2q3v2(uB2Bs + AD3D3)
o Jr

+2(J3I/1 (/LBlBg + )\D1D3)} dI'dt

0B, OB
//{ 5 (1B2 + uB2 + AD? + AD3) — 2q333< Lt 2)

2 [/ (D1Bags — D231Q3)d$]
Q 0

8 8%2
8D1 8D2 a(B
—2¢3 D3 ()\ By + A s ) — 26 (AD2 D3 + uBsBs3)
8(13

/ /{ G35 — BQ+BQ)—q3§)‘ (D2+D2)}dxdt.

We observe that

0B1 0DBs 0Bs o(B3?)
—2q31B —= )dz = 2q3u By —> dx = ——=7d
/Q q3pb3 (63: + 6x2> / qsih 36 T = /Q%N o5 T
8q3 8
= B2ysdl — puB2dx B d
/FQ3AL 33 95353 3 / SOy ‘

and analogously

2
/—2q3)\D3 9D, | 9D, dz:/quAD3%dm:/ 3>\8(D 3 4y
Q Q Ox3 Q 0

8:51 8%2 T3

aQ3 o\
= AD2ysdl — AD2dz ——D2d
/FQ3 3V3 /Qé)acg 3 /Q 36 3dx.

Therefore

T T
= / /{fqgus(uB% + uB? — uB2 + A\D? + AD? — AD3)

+2(J3I/2 ‘LLBQB:} + )\D2D3) + 2(]31/1 (‘LLBlB3 + AD D3)}drdt

//{ (uB} + uB3 — uB3 + AD} + AD3 — AD3)

[2/ (D1Bagsz — DzBl%)d4
Q 0

—2%(AD2D3 + uB2Bs) — 22—()‘D1D3 + 'uBlB?’)} dudt

ou 2 2
— g3—|Bl|* — g3——1|D|* |dxdt.
+/0 [ (—asge 3P — as g DP)as

By permutation of the indices 1, 2,3 we obtain two analogous identities, and summing the three identities we
obtain (3.1). O

Remark 3.2. Note that the identity (3.1) of Lemma 3.1 is independent of the boundary condition (1.5) and
of the initial condition (1.4).

The above identity will be used with ¢ = m, the standard multiplier given by

m(z) =z, €. (3.2)
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We now assume that (2 is strictly star-shaped with respect to the origin, that is
x-v(r) >0 forall zel. (3.3)

For further uses we also set
[m|?

R =sup|z|, R;=max
€0 zel m - v

To estimate the boundary term of (3.1) in the case ¢ = m we shall use the next estimate.

Lemma 3.3. Assume (3.3). Let (Do, By) be an initial pair € Hy and let (D, B) be the solution of the sys-
tem (1.1-1.4) with boundary condition (1.5). Then,

(m - 1)(ulBP? + ADJ?) — 2X(m - D)(v - D) — 2u(m - B)(v - B) < R (| B,[* + AlD,[?)
onT.

Proof. We use similar arguments than in Lemma 8.21 of [11]:

Denote D, := D -v and B, := B - v, so that
D=D,+D,v, B =B, + B,v.
The left-hand side of the estimate that we want to prove can be rewritten as
(m - v)(ul B, > + A D, 2 = B2 — AD2) — 2\(m, - D) D, — 2u(m, - B,)B,

where with m. we denote the tangential component of m.
Since ) is strictly star-shaped we can estimate

(m: - D7)

—2X(m, - D;)D, < X(m -v)D? + X
m-v

and, analogously,

mr - BT 2
s B

—2p(m+ - By)B, < p(m - v)B +
m-v

Then,
(m - V)(ulBI2 + ADI2) — 2(m - D)(v - D) = 2u(m - B)(v - B) < (m - v)(ul B, 2 + AID, )

+ A(m; - Do) + p(m. - Br)?

m-v

|m7-|2
< (- 0) (@l Bo 2+ MDA2) + 7 D ),

14

Note that
2
m
} (B2 + AD-P) = (.12 4 AID, ),

|m'r|2

m-v

)+

and so, recalling the definition of R, the requested estimate is proved. O
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4. STABILIZATION RESULT IN THE LINEAR CASE

In the full section we assume that g is in the form. g(x, D) = a(z)D, with a € C*(T).
The results of section 3 allows to prove the following:

Theorem 4.1. Assume (3.3) and consider \, u € C*(Q x [0,+0c0)), a € CY(T") satisfying (2.11, 2.12, 2.17) as
well as the following hypotheses:

alz) >0, Vrel, (4.1)
m-V _B + max « @>c Vo e Q,t € (0,+00) (4.2)
p " 2L \ minr « A ot — Ok ’ ’ ’ '
Ry 1 oA
_ 1 s .
A—m-VA 5T (minpa +mlgxxa) a5 2 coA , Yx € Q,t € (0,+00), (4.3)

where ¢y s a suitable positive constant. Then, for any given (Do, By) € Hy the solution of (1.1-1.4) and (1.5)
with g(x, D) = a(x)D satisfies the estimate

g(t) < )t €T w0, (4.4)

with
2¢o min{inf A, inf p}

1
2R+ Rq (maxr o+ — )
minr a

¢t =

Remark 4.2. Hypotheses (4.2) and (4.3) are growth assumptions on the functions A, p. They hold true, for
example, if these functions are non-increasing in time and such that - VA(x,t) <0 and z - Vu(z,t) <0 in Q.

Proof of Theorem 4.1. First of all note that

‘2/9(D><B)~mdx

<2k [ D|Blde < B [ (DP+1BRAs< [ (D + ulBPde. (05)
Q Q Q

Formula (3.1), rewritten for ¢(x) = m(z), becomes

{2/9(D><B mdz] / /{ (ADI? + ul BP)(m - v)

+2u(m- B)(v - B) 4+ 2A(m - D)(v - D)}dI'dt

+/ /(A|D|2+M|B|2)d:cdt
S Q

+ /S /Q[—(m -VA)|D? = (m - V)| BJ?|dzdt. (4.6)

By (4.6), using Lemma 3.3 and the estimate (4.5), it follows

r 2 2 2R r 2 2
[S /Q(A|D| + ulBP)dadt < = 5(T)+5(S)} +/S /FRl(u|BT| + \|D, [?)drdt
: : ? : *|dadt, (4.7)
+/S /Q[(m VA)|D|* + (m - V)| B|?]dxdt, .
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and then,

T
/ /[(H—m-Vu)|B|2+(A—m-V)\)|D|2]dxdt
S Q

2R Ry [T Ry [T
< T[E(S)M(T)} +—1/ /uA|DT|2dth+—1/ /uA|BT|2dth
I
2R 2
< 2 ets) +em)] + 7 mmm/ /au)\|D 2dzdt

+—maxa/ / —pA| B, |*dadt. (4.8)

Therefore, recalling (2.15) and (2.16),

/ ' 1= m - VRBE + O m ON|DPIdade < 2 [£(5) + 1)
S Q

o1 £(S) — &) + 2mera//{ IDI” + “IBIQ}OL”CdIf

L minr «
+%mlgxa[5(5)—8(T) —|——maxa/ /{ |D|2+ /:|B|2}dxdt.

By the assumptions (4.2) and (4.3), the above estimate may be transformed into

200/ E)dt < TR[E(S)J”?(T)} +%<mf3xoz+ 1 )[5(5)_5@)] (4.9)

Now, we note that

Ef& + 1 <0
7 7 mlgmxa " < 0.

Indeed, by Young’s inequality we have

R
< Rimaxa + !

R
2R<Ra+—<Rmaxa+ -
minr o T minr «

because R; > R.
Then the above estimate in (4.9) yields

1
200/ Et dt<—5(S) %(mlgxa—i—m_n a)E(S);
inp

from which follows, taking the limit for T — +o0

minr o

oo 1 1
260/ Et)dt < Z<2R+R1m1§txa+R1 - )5(5).
S

Since £(-) is positive and non-increasing, the stabilization estimate (4.4) follows by a well-known argument (see
e.g. Th. 9.1 of [11]). O
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5. STABILIZATION RESULT IN THE NONLINEAR CASE

In this section we consider our system (1.1-1.3) and (1.4) with nonlinear feedbacks (1.5) as in [5,15].

Here the difference with [5,15] is that we cannot use Liu’s principle since our system is not reversible due
to the time dependence of our coefficients A and p so we use a direct method based on the identity with
multiplier (3.1) to estimate the energy by boundary terms.

These boundary terms are then estimated by a function of the energy using the property of g and, as in [5,15],
using a new integral inequality we deduce decay rates of the energy.

Theorem 5.1. Assume (3.3) and consider \, i € C1 (2 x [0, +00)) satisfying the hypotheses (2.11, 2.12, 2.17)
and

o

u—m-V,u—datch,u,VIEQ,tE(O,—i—oo), (5.1)
o\
)\—m-V)\—dgzcl)\,Ver,te(O,—i—oo), (5.2)
for some positive constant c; where for shorthness we have set d = %.

Assume that g satisfies the assumptions (1.6) to (1.8), as well as
B + |g(z, E)* < G(g(x, B) - B), V|B| <L,z €T, (5-3)

for some concave strictly increasing function G : [0,00) — [0,00) such that G(0) = 0.
Then, for any given (Dy, Bo) € Hi the solution of (1.1) — (1.4) and (1.5) satisfies the estimate

P~ (eat)

for T'> 0 large enough and some positive constants ca,cs,T1 depending on T, £(0) and |T'| and finally

() = T|T|L2G (é) () = /tl @ ds, ¥t > 0.

Proof. We start from (4.7) which is valid for any boundary conditions and remark that from (1.5) we get
|Br| = 1g(-; D xv) xv| <[g(-, D xv)],
therefore (4.7) becomes (for 0 < S < T, compare with (4.8))
T ) ) 2R
/ /[(u —m - V|BP 4+ (A~ m- VADPdudr < 2E[E(S) + £(T)
s Ja
r ) 4R
+ Rl/ /(M|BT|2 £AID-)ardr < “e(s)
s Jr

T
+ %/ /Au(|g(:c,D x V)[* + |D x v|*)dldt. (5.5)
S r

We now estimate the second term of this right-hand side as follows:
Introduce

Ysr =1 x (S, ),
St = {(@.1) € Ssr||D(a, 1) x v(@)| > 1},
Ssr = {(@.1) € Ssr||D(a,1) x v(@)| < 1}-
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Then by the conditions (1.8) and (1.9) we first have

1+ 4M?
/ Mu(|g(z, D x v)|> +|D x v|*)dTdt < Ll Mgz, D x v) - D x vdl'dt
Sir

e Jety
2
o L+aM

Apg(z, D x v) - D x vdl'dt,

my Sst

since the conditions (1.6) and (1.7) imply that g(-, F) - E > 0.
By the identity (2.14), we arrive at

14+ 4M2
/ Millg(a, D x v)? + D x v2)drdt < 2 o) — (1))
S m
14+4Mm? (T o)) o
- “ZIDI? + ZZ|BJ? Ydzdt. .
b /S/Q{at||+at|| st (56)

For the estimation of the integral on 3., we remark that the assumption (5.3) directly yields
/ Mi(|g(z, D x v)|*> +|D x v|*)dTdt < G(g9(z,D x v) - D x v)Audldt
T T

< G(g9(z,D x v) - D x v)Audldt,

YsT

since the properties of G implies that G(s) > 0, for all s > 0.
Using Jensen’s inequality we obtain

J

where msr = [ Az, t)u(z,t)dl(x)dt. Note that the property (2.17) implies that

1
Me(|g(z, D x V)2 +|D x v[2)dTdt < mgrG (—/ Meg(z, D x v) - D x ydl“dt) ,
MST Jygr

ST

mgp < /2 MMz, 0)p(x,0)dl(x)dt = (T — 5) /r Az, 0)pu(x,0)dl(z) = (T — S)ca,

while (2.11) yields

mgr > (T — S)|T|L?.
Using again the identity (2.14), the property (2.17) as well as the increaseness of G, we conclude from the three
above inequalities that

(5.7)

/2* Nallg(, D x 1)+ |D x v[?)dLdt < (T = S)esG (M) -

(T = S)[r|L?

The estimates (5.6) and (5.7) in (5.5) yield

T
/ / (p—m-Vu)|B> + (A —m-VN)|D]> —d @|D|2 + @|B|2 dadt < ﬁ5(5)
s Ja ot ot L

(1 + 4M2)R1 (T - S)C4R1 E(S) — E(T)
R E(s) - ) + PG <(TS)|F|L2).




STABILIZATION OF MAXWELL’S EQUATIONS 577

By the assumptions (5.1) and (5.2) we obtain

T 4R (1+4M*R, (T — S)caRy ., [ £(S) — E(T)
2c1/S ee < ) + SR e (s) - ey + E- TG <(T 2 S)|F|L2> .

Using the nonincreaseness of the energy the above estimate becomes

AR (14 4M2)R, (T — S)eaRy . ( £(S) — E(T)
2e0(T — S)E(T) < TE(8) + R e(s) ey + LG ((T d S)|F|L2) .

Now the trivial identity £(S) = E(T") + (E(S) — £(T)) allows to transform the above estimate into

2e1(T — S)E(S) < %5(5) +(2a(T - 5) + %

(T — S)eaRi . [ E(S) — E(T)
T G(@&WMJ'

)(E(S) - &(T))

Finally the nonincreaseness of the energy implies that

E(S)-ET) _ &8 £
(T —S)|T|L2 — (T - S)|T|L2 — (T - S)|r|L?’

and the concavity of G yields a constant c5 (depending continuously on 7' — S, £(0), |I'| and L?) such that

£(S) —E(T)) .

a$_5@)<%GQTaww2

(T -9)T|L? —

This estimate in (5.8) allows to conclude that there exists a positive constant ¢ (depending continuously on
T — S, £(0), |T| and L?) such that

Choosing T'— S large enough such that 2¢1 (T — S) — 2 > 1/2, we have found that

£(S) < 2¢6G (%) : (5.9)

In this estimate we now substitute S into ¢ and T into ¢t + T'.
Therefore we have proved that for T" large enough and all ¢ > 0 we have

Et)—Et+T) _1
< _— | = — .
E(t) <3G < T L2 ¢ (E(t) —E+T))
We then conclude by Lemma 5.1 and Theorem 1.2 of [5]. O

Remark 5.2. Examples of functions g leading to an explicit decay rate (5.4) are given in [5,15]. Let us notice
that exponential, polynomial or logarithmic decays are available for appropriate feedbacks.

Remark 5.3. In the time independent case, the use of microlocal analysis technique in [5,15] allows to leave
the condition that the domain is strictly star shaped with respect to a point, as far as we know we cannot
use this technique in the time dependent case. Since we here use the multiplier technique the strictly star



578 S. NICAISE AND C. PIGNOTTI

shaped condition is quite natural. On the other hand a careful analysis of the results from [5,15] shows that
the condition

-m-Vu>0,—m-VA>0, Vr €,
imposed in [5,15] may be replaced by the weaker assumptions (5.1) and (5.2).

The present work started during the conference “Control and stabilization of PDE”, Cortona, Italy, May 21-26, 2001.
We then thank the organizers for their invitation.
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