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HOMOGENIZATION OF MICROMAGNETICS LARGE BODIES

GIOVANNI PIsanTED 2

Abstract. A homogenization problem related to the micromagnetic energy functional is studied. In
particular, the existence of the integral representation for the homogenized limit of a family of energies

Es(m)z/nqﬁ(m,g,m(m)) dx—/ﬂhe(m)-m(m)dm—&-%/m |Vu(z)|? do

of a large ferromagnetic body is obtained.
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1. INTRODUCTION

In this paper we study a homogenization problem related to the micromagnetic energy functional, precisely
we seek to characterize the energy of a homogeneous ferromagnetic material whose overall response is that of a
periodic material when the size of the periodicity cell tends to zero.

In the Landau and Lifschitz theory of Micromagnetics (see [5,15]), the observable states of a rigid ferromag-
netic material occupying a configuration Q C R3, subject to a given external magnetic field h,, correspond to
minimizers of the total energy

2 1
E,(m) ::%/Q|Vm|2dx+/ﬂ<p(m)dx—/ﬂhe-mdx—i—§/RS Vi, |? de.

Here the magnetization m : R> — R3 represents the mass density of the macroscopic magnetic moment of the
body and is subject to the constraint

|m(z)| = Mpxa(z) for ae. xR, (1.1)

where T is the temperature and Mrp is the saturation magnetization, a function of the temperature and of the
specific material, that is zero above the Curie point (see [5,15]). The condition (1.1) ensures that the body is
always saturated. Here we will assume that the temperature is held fixed, so M7 is constant and, as it is usual,
without loss of generality we will fix Mp = 1.
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The induced magnetic field h.,, : R®> — R3 is a function related to m through the Maxwell equations for
magnetostatic

A(m, hy) 1= (dwc(:ﬂ:m)) =0 inR%. (1.2)

The anisotropy energy density ¢ : S> — R, where S? is the unit sphere of R?, is a non negative, even,
continuous function, vanishing only on a finite set of unit vectors, called easy axes.

The four terms in F, are designated by exchange energy, anisotropy energy, interaction energy and magne-
tostatic energy (for further details on the precise physical meaning of these terms see for example [2,5,9,13]).

The existence of absolute minimizers for E, has been established by Visintin (see [18]) using the Direct
Method of the Calculus of Variations, and their structure strongly depends on the competition between the
different terms in the energy functional. Some work on local minimizers can be found in [2] (for further related
work we refer to [1,7,9-11,14]). A thorough study of the limiting behavior of minimizers of E, was carried
out by De Simone in [9,10], where, in particular, he showed that when the volume of the body becomes infinite
then the limit behavior of minimizers of E, is represented by the minimizers and minimizing sequences of the
functional

E(m) := /ng(m(x)) dz — /Q he(x) - m(x)dz + %/11@3 |V (2)|? dz. (1.3)

Thus this model is a good approximation for large ferromagnetic bodies.

The functional defined by (1.3), usually called no exchange energy was proposed by James and
Kinderlehrer [14], where they showed that E is no longer semi-continuous with respect to the natural topol-
ogy for m, the L®°(£;R?) weak-* topology (minimizing sequence may develop oscillations and existence of
minimizers is no longer guaranteed).

The integral representation formula for the relaxed functional of E was obtained by Tartar (see [16,17])
combining Young measures and H-measures, then, using different arguments by De Simone (see [9]). In this
direction goes also the work of Fonseca and Leoni [13], where they prove a relaxation result for a general class
of functionals which includes F, using an argument based on Young measures and the blow-up method. They
recover as corollaries the results of [9,16,17].

Our interest in studying the homogenization of a class of periodic micromagnetic energy functionals starts
from a paper of Braides, Fonseca and Leoni (see [4]) where they give an integral representation formula for
the relaxed energy and of I'-limits of integral functionals depending on fields which are constrained to satisfy a
system of first order linear partial differential equations with constant rank. Again the main idea is based on
Young measures and on the blow-up method in a general setting of A-quasi-convexity.

Magnetostatic equations (see (1.2)) are a special case of constant rank operators, and so we may try to apply
the general result obtained in [4] to the Maxwell operator to recover the relaxation result as the homogenization
result. However this is not possible, i.e. we cannot apply directly the theory of A-quasi-convexity, since the
general result holds in the case of bounded domains and when no constraints of the type (1.1) are present.

For this reason, in the Magnetostatic framework we must develop an ad hoc procedure and, indeed, this is
what is done in [13] concerning the relaxation. We study the homogenization problem using a similar idea,
looking at it as a I'-convergence problem (see [3,8]).

In what follows Q C R? is an open bounded set with Lipschitz boundary, and we define the set M of
admissible magnetizations as

M = {m : R* — R® measurable : |m(z)| = xo(z)a.e. inR>}-
Consider the anisotropy energy density
6 : R3 x R3 x (52U {0}) — [0, 00)

such that
0<¢(x,y,m) <alx) (1.4)



HOMOGENIZATION OF MICROMAGNETICS LARGE BODIES 297

with ¢(z,y, m) Q-periodic in the second variable, that is ¢(z,y + e;, m) = ¢(z,y, m) for every i = 1,2,3 where
e; are the elements of the canonical basis of R?, and a € L'(R?). Let ¢ > 0 and consider, for m € M, the family
of no-exchange energy functionals

E(m) = /qu (m, g,m(x)) dz —/Qhe(x) -m(z)dx + % /}R3 |Vu(z)|* de

where v € H'(R3) is the unique solution of Maxwell equation (see [14])
Au+div m =0 in R3.

In this formulation the domain € represents the body configuration and the function m its magnetization.
Moreover, we note that in the notation already introduced for the magnetostatic equations we have that
(m,Vu) € KerA where A is the constant rank operator defined by (1.2).

In order to give the definition of I'-limit for the class of functionals & we need to introduce the domain of
definition of the I'-limit functional, M*, defined by

M* = {m : R* - R® measurable : |m(z)| < yo(z)a.e. in R*}-

Let e, — 07. We say that the functional £(m) : M* — R is the T' — liminf [resp. T — lim sup] of the sequence
of functionals &, with respect to the L>°-weaks* convergence if for every m € M*

E(m) := inf {lim inf {resp. lim sup] &, (my) : my € M, my, > min L‘X’(Q)} ,

n— oo Nn—00

and we write

E =T —liminf &, [resp. lim sup 6'5"] .

n—oo n—oo

We say that the sequence &, I'-converges to &£ if the I' — liminf and I' — limsup coincide and we write
E=T—-1limé&,,.

The functional £ is said to be the I' — liminf [resp. T' — limsup] of the family of functionals £, with respect
to the L>®-weak* convergence if for every sequence ¢, — 0 we have that

n—00 n— oo

=T —liminf &, [resp. lim sup 55"}

and we write

E=T- hm mf & [resp limsup & ]

e—0

Finally, we say that & is the I'-limit of the family &, and we write
E=T-limé&,,
e—0

if I' — liminf and I" — lim sup coincide.
The main result of the paper is given by the following theorem:

Theorem 1.1. If the anisotropy energy ¢ does not depend on x, then the I'-limit Enom of E: exists and we have

Enom (M /fhom ), Vu(z dac—/ he( z)dz + = / |Vu(x)]? dx
2 RS\ﬁ
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for all m € M*, uw € H'(Q) such that div (m + Vu) = 0 in R3. The energy density fuom : B x R? — R, with B
the unit ball of R3, is defined by

k—o00

Fuom (. ) =t {imin [ (k. M) + 5 I+ VORI ay}
# Q

where Q) is the unit cube and

g . {My, U} € L>=(Q,R%) x (Hg(Q)) + M| =xq, |
P My S opin L°(Q,R3), div My, + AUy =0 in Q

We give here a simple outline of the proof. We can obtain this result basically in three steps. First we simplify
the functionals &, showing that the non local part of the magnetostatic energy

1
—/ |Vau(x)? de
2 R3\Q

and the interaction energy
/ he(z) - m(z)dz
Q

are continuous perturbations for our I'-limit (c¢f. Sect. 2). So we can restrict our study to the simpler class of

functionals
Pp— x 1 2
Fe(m) = /Q (cZ) (Jc, E,m) + 2|Vu| ) dz.

Then we follow the usual procedure, that is to work with a particular subsequence, F, , with nice properties,
whose existence is ensured by Lemma 3.3, to identify its I'-limit and then to show that it is the I'-limit which
we are looking for.

The second step consists in proving the existence of an integral representation for the I' — lim inf F, , using
the De Giorgi-Letta lemma (see [3] or [8]). More precisely we define a localization of F, as follows

Fo (m; D) = /D <¢ (:c ém) + %|Vu|2) Az

and we prove that the I' — liminf F,, (m,-), as a set function, is the trace of a Radon measures absolutely
continuous with respect to Lebesgue measure on R? (¢f. Lem. 3.5).

Finally we identify in fhom(m(z), Vu(z)) the Radon-Nikodym derivative of T' — liminf F, (m, ) in  when
the anisotropy energy density is autonomous (cf. Prop. 3.7).

Remark 1.2. We should point out that in recovering the homogenization result of Theorem 1.1, the hypothesis
of autonomy of the anisotropy energy density (i.e. that ¢ does not depend on the position x) is not necessary to
prove the existence of the integral representation of Epom(m). Nevertheless this assumption makes more clear
and not burned by too many technicalities the computation of the homogeneous energy density fhom-

2. PRELIMINARIES

In this section we first recall some results on the convergence of the solutions of the Maxwell equations, then
we make some remarks on the class of functionals {&.} in order to simplify the further calculations.
The proofs of the following lemmata can be founded in [13].



HOMOGENIZATION OF MICROMAGNETICS LARGE BODIES 299

Lemma 2.1. Let m € M* and consider a sequence {my} C M* such that my — m in L®(Q;R3). Let
u,u € HY(R3) be such that Auy + divmy = Au+divm = 0 in R®. Then {Vuy} is 2-equi-integrable over R3,
up — uin HE (R?), up — win L2, (R3), and

o e =l oy = g [Ven = Vedlpaoney =0

Lemma 2.2. Let D be an open bounded set of R? and consider a sequence
{(mg,ur)} C L(D; B) x (¢1, + Hy (D))

such that Auy, + divmy, = 0 in D, where ¢p € HY(D). If ¢p — ¢ in HY(D) and my, — m in L>®°(Q;R3) then
up, — u in HY(D), where u € ¢ + H}(D) is the unique solution of Au + divm = 0 in D. Moreover, if {Vé}
is 2-equi-integrable over D then {Vuy} is also 2-equi-integrable over D. Finally, if in addition we also assume
that my — m strongly in L*(S;R?) then ux — u strongly in H(D).

Now we recall that by definition of I'-convergence (see [3,8]) if F is the I'-limit of a sequence of functionals
F} in the metric space (X, d) and G is a functional continuous with respect to the topology of (X, d), then

F+G=T—1m(F; +G)
J

and G is called continuous perturbation of the I'-limit.
Using this terminology, we observe that the interaction energy

/ he(x) - m(z) dz (2.1)
Q

is, in fact, a continuous perturbation of our I' — lim £.. Indeed we are working in the unit ball By, of L>(£; R?)

endowed with the weaks* topology, which is metrizable, let’s call d%_ its metric. Moreover if h. € L%OC(R:‘) then

the interaction energy (2.1) is, by definition, continuous with respect to the topology of (B, dZ,), so in order
to calculate the I' — lim &, = T'(d%,) — lim &, it is sufficient to study the I'(d%_)-limit of the family of functionals

gadeﬁnedby
~ T 1
-(m) = —m) d - 2 dz.
Ee(m) /st(x,g, ) x+432|vu| x

We will see in the next section that the first step in the study of the I'-limit of a class of integral functionals is
the localization. In order to well define this localization we need to rewrite our functionals in a nicer form, since
the non local term (the magnetostatic energy) a priori can give us some troubles. Then we split the functionals
EE in a local part and in a non local part as follows

& (m) = z Ligup Ligup
&(m)/ﬁ(qﬁ(m,g,m)JrQWM > dm+/R3\Q2|Vu| dz.

We observe that by Lemma 2.1 the nonlocal part is continuous with respect to the topology used for the I'-limit
and if we have m. = m in L>(,R?) then {Vu.} is 2-equi-integrable over R and Vu. — Vu in L*(R*\Q)
with Au,. + divm, = Au+ divm = 0 in R3.

This remark allows us to restrict our study to the homogenization of the class of local functionals {F.}

defined by
-—_ l‘ l 2
Fe(m) = /Q (qb (x, E,m) + 2|Vu| ) dz.

Finally we recall a classical result from I'-convergence that we will need in the sequel (see [3] for a proof).
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Proposition 2.3. Let (X,d) be a separable metric space and let f,, : X — [—00,00]. Then
(i) there exists an increasing sequence of integers {ny} such that

r- klim foi(x) exists for all x € X;
—00

(ii) moreover
fo =T(d) — lim f,

n—oo

if and only if for every subsequence { f, } there exists a further subsequence {fnkj } which T'(d)-converges to foo.

3. HOMOGENIZATION

In this section we study the homogenization of the class {F.}, that is we prove the existence of the I" —
lim._.g F. and we give an integral representation for it.

We start introducing a localization of F.. Let O(f) denote the class of all open subsets of Q. For every
e>0,D e O() and m € M we consider the functional F. : (M x O(2)) — [0, 00) defined by

FmiD)i= [ (o (e Zom) + 319 an

Let e, — 0. We can write, by definition of F. and of the I' — lim inf, that for every m € M*

[ —liminf 7., (m; D) := inf{hminf/ <¢ <:c i,mk) + 1|wk|2> d:c} (3.1)
k—oo Jp €k 2

where the infimum is taken for {my,ux} € Mp with

Mo — {mp,ur} C M* x HYR3) : |mg| =11in D, my = m in R3\ D,
D= mi — m in L*>®(D;R3), Auy +divmg =0 in R?

In the following lemma we prove that in the definition of I' — liminf (3.1) we can change the space where we

minimize, in order to use Sobolev functions defined on D with fixed boundary values, instead of functions in
H'(R3), and this will simplify the further calculations.

Lemma 3.1. For any D € O(Q) and m € M* we have
I' — liminf 7., (m; D) = Fo(m; D)
where
D)= g Ut [ (0 (o ) i) ey

M — {mkauk}CLoo(Dv*SQ)X (U+H01(D)), .
D7 U my = moin L®°(D;R3), Auy, 4 divimg =0 in D

with

Remark 3.2. Note that M}y is well defined since it is well known that for any D € O(Q), u € H'(D) and
m € L?(D;R3), there exists a unique solution of the generalized Dirichlet problem

Av+divm=0in D
v—u € Hj(D).
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Proof of Lemma 3.1. Let {my,ur} € M such that

k—o00

1 1
lim 1) x,ﬂ,mk + —|Vuk|2dx:1iminf/ 1) x,ﬂ,mk + = |Vuyg|? d,
D €k 2 k—oco Jp €k 2

extend my, to be m outside D and let Uy € H(R?) be the unique solution of AU + div my = 0 in R3, then we
have {my, Ui} € Mp. Define vy, := u, — Uy and ¢, := u — Uy. Then

Avy =0o0n D,
(3.2)
vk € Yi + Hg (D),
since vy = g + (up —u) and uy, € u+ HE(D). Moreover Aty = —div (my —m) in R? and since my —m — 0

in L>(D;R3), by Lemma 2.1 we have 1, — 0 in H} (R?) and {V¢;} is 2-equi-integrable over R®. Now using
Lemma 2.2 and (3.2) we can say that vy, — 0 in HY(D), i.e. klim luk = Ukl g1 (py = 0, Moreover, we observe
—00

that, by Lemma 2.2, {Vuy} is 2-equi-integrable on D and weakly convergent in H'(D) (it is sufficient to consider
uy, as the solution of Auy, + divmyg = 0 in D with ug € v+ H}(D)). Then

1
I’ — liminf 7, (m; D) < liminf/ ) (:c, Ei,mk) + §|VU;€|2 dx
D k

k—o0

IN

1
liminf/ o (:c, ﬁ,mk> + =|Vug|? da
k—oo Jp €k 2
. 1 2
+ lim —|Vu, — VU|* dz
k—oo D 2

+klim |Vug||Vug — VU | dz
— 00 D

k—o0

1
lim 1) <:c, i, mk) + = |Vaug|* da.
D €k 2
Taking the infimum on Mp we have
I' —liminf ., (m; D) < Fo(m; D).

The opposite inequality follows taking {my, Ui} € Mp such that

1 1
lim [ ¢ (ac ﬁ,mk) + Z|VUL 2 do = 1iminf/ ¢ (ac ﬁ,mk) + Z|VU 2 da,
k—oo Jp €k 2 k—oo Jp €k 2

letting uy, € u + H}(D) be the unique solution of Auy, + div my = 0 in D and using the same argument as
above. O

In the next lemma, we use the first part of Proposition 2.3 to prove that from each sequence &, — 07 we
can extract a subsequence that admits the I-limit for a dense family of open sets of O(€2). This result allows
us to follow the usual procedure, that is to work with a particular subsequence with nice properties, to identify
its I'-limit and then to show that it is the I'-limit which we are looking for.
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Lemma 3.3. Let e, — 0 and let R(Q2) be the family of all finite unions of open cubes contained in 2 and with
vertices in Q3. Then there exists a subsequence {en, } of {en} such that the T — limit

I'— lim F, (m;R)
k—o0 k

exists for allm € M* and for all R € R(Q).

Proof. Fix R € R(). For simplicity set F. = F,. We can consider F,, as a functional defined for (m,h) €
{L>°(R3;5%) x L?(R3;R3)} N Ker(A), as

Fn(m;h) = Fo(m; by R) = /R

1
o) (x, i,m) + =|h* da,
En 2
where A is the operator defined by (1.2)

curl h

A(m, B = <d1v (m+ h)) .
Indeed, if (m, h) € {L=(R3;5?) x L%(R3;R3)} N Ker(A) then there exists u € H'(R?), such that h = Vu and
Au +divm = 0 in R3.

Let B., denote the closed unit ball of L*°(R;R?) and for each [ € N consider

1By = {veL*(R;R?) : ||v|jg2 <1}

We observe that the space By, X [By endowed with the weak*-convergence in L*° and the weak-convergence
in L? is metrizable. Indeed B, with the weak+-topology is metrizable since it is compact and separable, and
By with the weak-topology is metrizable, since the dual space of L?(R;R?) is separable. Let’s denote by d; the
metric on By, X [Bs.

Consider [ = 1 and apply Proposition 2.3 to the sequence of functionals {F,(-;-; R)} restricted to {Boo X
By NKer(A),d;}. Then we can find an increasing sequence of integers {nj} such that

(dy) = Jim Fo1 (v;w; R)

exists for all (v,w) € {Bs X B2} N Ker(A). Now we proceed recursively, so that given [ € N we apply the
Proposition 2.3 to the sequence {F, 1-1(-;+; R)} restricted to {Bs X (B2 N Ker(A),d;} to obtain a subsequence

{n}} of {né_l} such that
I'(d;) — lim F,: (v;w; R)
J—00 J

exists for all (v, w) € {Bs x [Ba} NKer(A). Let ng :=nk. Since {n;} is a subsequence of all {né} we have that
for each I € N
I(d;) — klim Fn (v;w; R)
—00

exists for all (v, w) € {Boo X B2} NKer(A).
We claim that the I'-limit
r— %in%) Fn,(v;w; R) (3.3)

exists for all (v,w) € {Boo X La(R;R?)} NKer(A). Indeed assume by contradiction that this is not the case.
Then there exists (v, w) € {Boo X La(R;R3)} NKer(A) for which

F~(v;w) :=T —liminf F,, (v;w; R) < F"(v;w) := T — limsup F,, (v;w; R).

k—o0 k— 00
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Let (v, wr) € {Boo X La(R;R?)} NKer(A) such that vy, — v in L®(R; R3) and wy — w in L?(R;R?) and

likminffnk (vg; w, R) = F~ (v;w).

Since wy — w in L?(R;R?) we may find an integer [y such that (vg,ws), (v,w) € {Bs x loBa} NKer(A) for all
k € N. Consequently
dlo ((Uk7wk)a (U;w)) —0 ask — 00,
and thus
D(diy) —liminf F,, (v;w; R) < liminf 7., (v;w; R)

k—oo
= F (v;w) < FH(v;w)

< T'(dy,) — limsup Fy,, (v; w; R),

k—o0
which contradict the existence of the I-limit I'(d;,) — klim Fn, (v;w; R), and where we have used the fact that

Ft(v;w) = inf{limsupfnk(vk;wk;R) . (vg,wr) € Boo x L*(R) NKer(A),

k—o0

(vg, wi) —, = (v,w)in By X LQ(R)}

IN

I'(d;,) — limsup F, (v; w; R)

k—oo

= inf { lim sup F,,, (vg; wi; R) @ (v, wg) € Boo X lgBa N Ker(A4),

k—o0

(vk, wi) BaNEN (v, w) in By X LQ(R)}-

Hence (3.3) holds. To conclude the proof it suffices to observe that since the family R() is countable, with a
diagonal argument it is possible to extract a further subsequence for which (3.3) holds for all R € R(f). O
Remark 3.4. The previous proof asserts that for any given D € O(2) and &,, — 0T there exists a subsequence
{en, } (depending on the particular set D) of {€,} such that the I'-limit

I'— lim F., (m;D)

k—o0 k

exists for all m € M*.

Given €, — 07 let &,, as in Lemma 3.3. For any m € M* and D € O(Q) set
F~(m; D) :=T —liminf 7 (m;D).

The next step is to prove the existence of an integral representation for F~ (m; D). In this direction goes the
following lemma.

Lemma 3.5. For every m € M*, F~(m;-) is the trace of a Radon measure.

Proof. To simplify the notations in this proof we will refer to {e,,} simply as {¢}. In order to prove that F—
is the trace of a Radon measure it is suffices to prove subadditivity for nested sets, that is

F~(m;D) < F (m;D\ E)+ F (m;B) (3.4)

itECcCcBcCCcDcCcC.
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By definition of I'—convergence and Lemma 3.1, for fixed n > 0 there exist two sequences of pairs of functions

{(me,ue)} € M;)\E , {(we, z:)} € MJ such that

lim
e—0

1 —
¢ (2. 2m.) + 5 [Vue| do < F~(mi D\ B) 4+
D\E 9 2

lim
e—0 B

1
1) (:L', g,wg) + 3 |[Vze| de < F~(m; B) + 7
Since by Lemma 2.2 {Vu.} and {Vz.} are 2-equiintegrable, we have that there exists K > 0 such that
/ (|Vu,3|2 + |VZE|2) dz < K
B\E

and we can find an open set S with £ CC .S CC B such that for j sufficiently large we have

/ (a(:c) + | Vue|* + |Vz€|2) dr <e
s

J

(3.5)

where . )
Sj = {x es : m < dlSt(I,aS) < 3} .

Let 6; be cut-off functions with compact support in S, which are equal to 1 when dist(z,dS) > % and 0 when
dist(x,0S) < j% For x € D setting
M= (1-0;)m.+ 0w,
M;. = ﬂ(]/\jjye) with 7(m) := {f i Z i g
ﬁj@ = (1—0;) uec + 02,
we have (See [13], Lem. 6) that ]\/fjﬁ “min L°(D;R3) for ¢ — 0 and j — 0 and for j fixed

AU;. +divM;. —0 in H (D). (3.6)
Now we can say
1o~ |2 1
/ 6 (2.2, M52) + 5 ‘VU]-,E do < / 6 (2. %m.) + 5 IVul do
D e 2 D\E e 2
T 1 9 T 1~ |2
+ ¢(x,—,w€)+—|vZE| da + ¢(x,—,M]-,E)+—‘VUj,E da
B g 2 S; g 2
1 , 1 )
< ceodr 4+ cede+ [ alx)dx + = |Vue|” + = |Vze|” do
D\E B s; s; 2 2

+c/ﬁvwﬂ%—%ﬁm,
S;

and since uz — 2. — 0 in HY(B\ E), S; C B\ E for large j and |S;| — 0, using (3.5), letting ¢ — 0 and j — oo,

we obtain
2 —
de <F (m;D\ E)+ F (m;B) + 3n.

1 ~
liminfliminf/ p (x E,Mja) ¥z ‘VUja
. O D E y 2 bl

j—oo e—
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Let Uj. € u+ H(D) be the solution of AU; . + divM;. = 0 in D. Observe that, by definition of ]\/Zj,E and

M; . we have for any fixed p > 1

— p
/ ‘ijefMj,E de < 2P|S;| — 0 as j — oo,
D

hence, by (3.6)

lim Tim A (Tjc = Uy ) = lim T div (=M. + Mj.) =0 in H(D).

j—o00e—0 j—o0e—0
So since U; . — U; . € HL(D), by definition we have

lim lim HV (Uj7€ - Uj’a) L2(D;R?)

j—o0 e—0

Now we are in the position to say that

1 1o~ 2
liminfliminf [ ¢ (2,2, M) + 5 VU do < liminfliminf [ 6 (2,2, M. ) + ‘VUJ»,E dz
Jj—00 e—0 D g 2 Jj—o0 e—0 D IS 2
1)~ 2
+ lim inf lim inf —|\VU; . —VU;.| dx
Jj—o0 e—0 D 2 s s
e e x 1o~ |2
= timinflimipt | o (:c : M]-,E) +3 ‘VU]-,E dr

< F (m;D\ E)+ F (m; B) + 3n.

Finally using a diagonalization argument and letting 7 — 0 we found U, and M. = m such that AU, +div M, =

0 in D and )
liminf/ P (x ?Ma) + 2 |VU.]? do < F~(m; D\ B) + F~(m; B),
e—0 D g 2

and taking the infimum we have

F~(m;D) < F~(m; D\ E)+ F~ (m; B).

O

In particular F~(m;-) as a set function is absolutely continuous with respect to Lebesgue measure on R?, and
we are interested in finding its Radon-Nikodym derivative in order to obtain an explicit formula for the density

function in the integral representation of F~.

Suppose now that the anisotropy energy, ¢, does not depend on the position, that is ¢ : (R? x S?2 U {0}) —

[0,00) and define for (u,h) € B x R?

m k—oo

o) = it {tmint | sy M) + 1+ VUG do

where (@ is the unit cube in R3 and

g . J{M Uk} € L¥(Q,R%) x (Hy(Q) = [My| =xq, ) |
P My = pin L°(Q,R3), div My + AU = 0in Q

Remark 3.6. We want to point out that the we can prove the upper semicontinuity of fyom using the same

argument used in [13] (see Lems. 8 and 9 in [13]).
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Now we are in position to state the following

Proposition 3.7. For every m € M* and for a.e. xg € 2 we have

dF~(m;-)

dcs (xO) = fhom (m(xo), VU(IQ)) ,

where u € HY(R3) is the unique solution of Au + divm =0 in R3.

Proof. In order to simplify the notations we will represent the subsequence {e,, } by {e,} or simply by {e}. We
divide the proof in four steps.

Step 1 (translation invariance). We claim that
F~(m;D)=F (m(-—xz0); D+ z0) -

Proof of Step 1. Let {me,u.} € Mp such that

e—0

1
F~(m; D) = liminf F.(me; D) = liminf/ & (fm) + 2| Va2 da.
e—0 p \¢g 2

Consider the sequence z. = {—0} € 73, we have z. := z.¢ — xo and by periodicity of ¢
€

Fe(me; D) =/

¢ (“””E,ma@)) D Ve @)? de
D & 2

Y 1
= [ o(Lmety - 20)) + 5 IVusly - )
D+, € 2
Let B CC D, for € small enough we have that D 4+ x. D B + xy and thus

FemaD) 2 [ 6 (Lomely—a0) + 3 [Vucly ~ w2l dy. (37)

B+xg

Since m.(-—x.) = m(-—xo) in L®(B+z0,R?), div (me(- — z2) + Vue(- — ) = 0 in B+zo and Vue(-—x.) —
Vu(- — xo) in L?(B + z0;R?), by (3.7) we obtain

F~(m;D)>F~ (m(- —x0); B+ x0).
By setting By, := Ry, — xg, where R, € R(Q) and R,,, /* D + x, we obtain, using the inner regularity that
F~(m;D)>F (m(-—x0); D+ x0) .

The converse inequality can be proved following the same argument.

Step 2 (lower bound). We have that

dF~(m;-)

EVE (0) 2 fhom (m(z0), Vu(zo)) .

Proof of Step 2. Let {m.,u.} € M'g(5..r), where Q(xg, ) is the cube centered in xg and with side 7, such that
Q(zo,m)

1
lim o (£7ma(x)) + = |Vu5(x)|2 dz < F~(m, Q(zo,7)) + 1.
e—0 Q(Io,’l“) £ 2
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We have m. (- + o) — m(- 4+ x0) in L®°(Q(0,7),R3) and Auc (- + x0) + div m. (- +x0) = 0 in Q(0,7). So we can
say, by definition of Radon-Nikodym derivative and by Step 1, that
dF—(m;-) o F(myQ(xo, 1)) . F(m(- 4 20);Q(0,1))
g @) = limy r3 = lim 3

Y

1
lim sup lim ¢(§,ma($+x0)> + §|Vua(x+x0)|2 dz
Q

r—0 e—0 T

1
—timsuplim [ 6 (Zy,mpo()) + 3 [Vur-)I* dy
Q

r—0 €—0

where
My :=me(ry +x9) and . = ue(ry + x(;) + uc(z0)

Moreover we have (see [13], Lem. 7 for a proof) that:
(1) mye = m(xo) in L®(Q,R3) if first € — 0 then r — 0;
(2) ure = uo(y) = Vu(wo)y in H'(Q);
(3) the sequence {m, ., u..} € L>®(Q,S?) x (u, + H}(Q)) is such that

Aup . +divm,. =0 inQ

where ( ) (z0)
u(xro +ry) — ulxo
ur(y) = ” )
Diagonalize to get the subsequences my = my, ., and 4 = u,, ., with

{(mkaak)}’ € LOO(Q’SQ) X (UT‘k +H&(Q)),

Aty +divimg =0 inQ
such that

A~ *

iy, = m(zo) in L™(Q,R?), @ — uo(y) in H'(Q)

dF—(m;-) . . 1, 9
D S > -
s (z0) > Jm Q¢(3ky7mk(y)) t3 Vi |” dy
with s = T _, Q.
€k
Set 0k (y) = r(y) — uo(y), we have
dF~(m;- . . 1 .
7(1[(:3  (29) = Jim [ 6 (sey. i (y)) + 5 [Vuo(xo) + Vir(y)[* dy. (3.8)

Q
Let v, € H(Q) be the unique solution of Avy, + div my = 0 in Q, since
A —vg) =0 onQ

U — v = U — up in 0Q

as g —ug — 0in H1(Q) and {V1} is 2-equi-integrable over ), by Lemma 2.2 it follows that |0, — Okl gy — 0
and so

lim / Vo (o) + Vor(y)|? dy = Jim [ [Vug(zo) + Vur(y)® dy. (3.9)
Q —Jq

k—o0
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Using (3.8), (3.9) we can write

dF ™ (m;-
by = gim [ 6 (i) + 3 Vo) + Tuuto)l* dy

1
> 1iminf—3/ ¢ (azmk <£>)
oo S J(s+ne ok

1 1
— limsup — 10) (x,mk (ﬁ)) + = ‘Vuo(aco) + Vg (ﬁ)
koo Sk J ([si]+1)Q\sk Q Sk 2 Sk

A

2

1
+ = |Vug(zo) + Vg (i) dz
2 Sk

2
dx.

We claim that A = 0, indeed we can write

1
A= 1imsup/([ ¢ (skw, () + = [Vuo(wo) + Vg ()] da
) g\ 2

k—oo

and since

)

1 1) +1
el £1_ :s‘([skH Q\Q‘ bnlxl
Sk
the 2-equi-integrability of {Vuvy} and the growth condition (1.4) 1mp1y A=0.

Setting now hy = — ; ng = [sx] +1 € N, we have 1 < hyny — 1 and
Sk

dF~(m;-)

KV (z9) > hmmf

1
/ ¢ (z, my(hrz)) + 3 [Vug(zo) + Vvk(hk:c)|2 dz

1 2
= hmmf/ @ (ngx, mk(nghrz)) + ‘Vuo(xo) + QVvk(nkhkx) dz.

Set mi(y) = mr(nehry) , Uk(y) = vi(nehiy), we have
mr(y) = m(zo) in L®(Q,R3) and o (y) — 0in H(Q).

Note that the functions m; and vy are supposed extended by periodicity.
Now let v, € HE(Q) be the unique solution of Avy, + div 7y = 0 in Q, we claim that ||v, — Okl g1 () — 0
Indeed, since Q C nihi@ and by definition of 0y, we have

A, — ;) =0 in Q
Up — U =0 on 0Q
by Lemma 2.2 with ¢ = U, and my = 0 we have
O — U — 0 in HY(Q).

Finally we have

dF~(m; 1 B
dL(I3 ) ) = hknigjf/ ¢ (ngx, my(x)) + 3 |Vug(zo) + Vvk(x)|2 dz

Z fhom (m(xO)a VU(ZO)) .
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Step 3 (upper bound for piecewise constant magnetizations). We prove that if m € M* is such that
k
m(z) = Zgixpm (x), (3.10)
i=1

where |¢;| <1 and the sets D; are pairwise disjoint, |0D;| = 0 and Uf:o D; = Q, then:

dF~(m;-)

dcs (xo) < fhom (m(xo), VU(IQ)) .

Proof of Step 8. Assume that zy € Uf:o D;, say o € D1, so m(x) = m(zg) =& YV € Q(xg,r) for r small
enough.
Without loss of generality we may assume also that

u(xzo + ry) — u(xo)

— Vu(zo)y — 0 in HY(Q). (3.11)

Note that (3.11) means that xg is a 2-Lebesgue point for Vu and a point of 2-approximate differentiability for w.
For all  fixed we can find, by definition of fuom, {(Mg,Ux)} € Sp(ay) such that

tin [ 6 (ky, Mi(w) + 5 V(o) + VU dy < fuom (ls0), Tu(zo)) +1,

n—oo Q

-1
Set Yp.r = = [L} >1landk, = {L} , where we have used the notation {&,} for {e,, }. For any fixed r << 1

’ En | En En

define
Mn(x) = Mkn <(1’ — 930)77177“) )
r
and remark that for r small enough we have m(x) = m(zo) in Q(zo,7r). We claim that M, = m(z) in

L*> (Q(xo,7)). Indeed to prove the L weak-* convergence of M,, we only have to show (see [6], Lem. 1.4) that

lim (Mn - m(l'o)) dz =0 for all cube D C Q(xo,7), (3.12)
D

n—oo

since we already know that HMnHOO <1.
Let D C Q(xo,7) a cube, we have, using a change of variables

/D (3 — m(z0)) do = vg A

1
Apn = — / (Mkn (E) — m(l'o)) dy
Yr,r Jyn r(D—20)\(D—20) r
1
B, =— / (Mkn (E) - m(aco)) dy.
Yn,r J(D—z0) r

(D—0) (Mk" (§) B m(xo)) dy = An + B,

n,r

where

Now observe that

limsup |4,| < lim sup/
n—00 n—=00 Jyn r(D—z0)\(D—x0)

e (2) o

<2 lim |y (D —20) \ (D —20)| = 0
n—oo
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and that

limsup |B,| = r®

n—00

/ﬂ (Mg, (z) —m(zo))

since My, — m(xo) in L>(Q) and the cube D;mo C Q. So we have (3.12) since

/D (3 — m(z0)) da

dr = 0

lim
n—oo

< limsup |A,| + limsup | By|.
n—oo n—oo

Using the sequence M, in the definition of F, setting U, € u+ HE (Q(xo,7)) the unique solution of AU, +
div M,, = 0 in Q(x,7) and using Step 1, we can write

dF(m; - . F(m(- ;

1 — 1|~ 2
< liminf lim inf — 10) (i,Mn(Jc—l—xo)) + = ‘VUn(ac—i—xo)} dz
r—0 mn—oo T rQ En 2

1 —
= liminfliminf —— / 1) <[L] g,Mn ( Y +£L'0)>
r—0 n—ooco 7 ’Yn,r Vet Q En| T Yr,r

1 ~ Y 2
+§ VUn “+ Zg

dy
n,r
=B+C,

where

2

1 1|~
B:mmmmﬁ7/¢(y}$Mm@D+—hm(y+m)dy
r—0 n—oco 13 [ o en | T r 2 Yn,r

1 1] ~ 2
C’:liminfliminf—g/ ¢<[L] Q,Mkn (g)> +—‘VUn ( Y +:E0>‘ dy.
r—=0 n—oo 13 [ o\rQ En| T r 2 Yr,r

Using the same argument as in Step 2 we can show that C' = 0 since |vy,,7Q \ 7Q| goes to zero as n — co
Moreover setting

and

Vi (y) = yVulzo) + Uk, (y)

A k) )

P
Yn,r

Since

A (Vi (y) = Un(y)) =0

in Q
o u (WM + 300) — u(xo)
Vi, (y) = Un(y) = yVu(zo) — — on 0Q

Yn,r

by Lemma 2.2 and by (3.11) we have ||V4, 7U"||H1(Q) —0asr—0.

So we can say, changing variables, using the definition of k,, and the equality

Wﬂ@v@(”4z0

Yn,r
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r—0 n—oo

that
- 2
PO, r 1
B = liminf hmlnf ( — ) ‘ ( —|—x0) dy
r—0 n—oo _En_ 2 Yn,r
e 7] 1
= hmmfhmmf ( — |y, My, ( > + = | dy
r—0 n—oo L En | 2
[ 7] 1
< liminfliminf ( r y, Mg, ( >+§ |VVi, ( | dy
1
2

= liminfliminf/ & (kny, My, (y)) +

r—0 n—oo

[Vu(zo) + VU, (y)|* dy

§ fhom (m(mO); Vu(:co)) + n.

Let n goes to zero and we have the claim.

Step 4 (upper bound for arbitrary magnetizations). We now prove that for a general m € M* we have that

F(m;D) < /D from (m(z), Vu(z)).

Proof of Step 4. The Steps 2 and 3 ensure us that if m € M* is of the form (3.10) we have
F~(m;D) = / Jrom (m(x), Vu(x)) . (3.13)
D

For a general m € M* construct a sequence my, € M* of the form (3.10) such that mj, — m in L°(D;R?) and
my — m in L?(D,R3). We have, by (3.13) that

F~(m; D) < liminf F~ (mg, D)

k—o00

= hmmf/ Jhom (my(x), Vug(x)),

and up to extract a subsequence, we can assume that
hm mf/ fhom (mi(x), Vug(x)) = klinolo fhom (Mmi(x), Vug(x)) .
—Jp

Since by Lemma 2.2 Vuy — Vu in L?(D;R3), using Fatou’s Lemma and the upper semicontinuity of fiom (see
Rem. 3.6) we obtain

F~(m;D) < 1imsup/D from (my(2), Vug(z))

k—oo

< /Dhmsupfhom (my(z), Vug(x))

k—o0

/ From (m(x), Vu(z))

Last inequality together with Step 2 completes the proof. O
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Now we can prove the main theorem

Proof of Theorem 1.1. We start proving that for any &, — 0% and D € O(Q2) we have

F~(D) =T — liminf F., (D). (3.14)

n—00

Let {€,,} as in Lemma 3.3, we have always

F(3D)=T—liminf 7., (;D)>T —liminf 7. (-; D).
k—o0 k

n—oo
Thus assume by contradiction that there exists €,, — 0% and m € M?* such that

F~(m;D) >T — liminf F. (m; D),

n—oo

let {m, € M} be such that m, — m in L®(D,R?) and F~(m;D) > liminf F., (mn, D), and choose a
subsequence {ey,, } such that

F~(m; D) > lim Feo, (mn;, D).

J—0o0

By previous lemmas we can extract a further subsequence {5njh } such that

F~(m;D) =T —liminf 7., (m;D)
h—oo Ih
< i Fo D)
< F~(m; D),

which is a contradiction that prove (3.14).
Now we claim that for any &, — 0% and m € M*

I' —limsup F., (m; D) < F~(m; D).

n—oo

By taking m,, = m and using the boundedness of ¢, we get

I' — limsup F., (m; D) < limsup F;, (my, D)

n—oo n—o0

< C/(|Vu|2+1)dx:K,
D

where u € H'(R?) is the unique solution of Au +divm = 0 in R3. Then in the definition of ' — lim sup we can
consider only the sequences {my} such that m; — m in L>°(R?) and

limsup F., (mn, D) < K.

n—oo

Moreover for every {m,,} in this family we can always consider a subsequence {m,,, } with the same limsup and
with {Vu,, } uniformly bounded in I2(R3) by a constant .
Using the notation introduced in the proof of Lemma 3.3 we can conclude that

I' — limsup F;, (m; D) = I'(d;) — limsup F,, (m; D). (3.15)

n—00 n—oo
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By Remark 3.4 and by Proposition 3.7, for any subsequence {e,, } of {e,} there exists a subsequence {snkj}
(depending on D) such that

I'—limF*., (m;D)=F (m;D)

= / Sfhom(m(x), Vu(z)) dz.
D

We can now apply the second part of Proposition 2.3 in the metric space (Boo X B2, d;) to conclude that
[(d) — lim F., (m;D)=F(m;D). (3.16)
n—oo

Using (3.15) and (3.16) we have the claim.
Finally we have proved that 7~ (m; D) is in fact the I' — lim._,g F-(m; D). Then applying this result with
D = Q and recalling that the non local term

1
—/ |Vu(z)| dz
2 R3\Q

and the interaction energy
/ he(z) - m(x) dx
Q

are continuous perturbations, we have the desired result. O
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