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A DIFFERENTIAL INCLUSION: THE CASE OF AN ISOTROPIC SET*

GI1seELLA CROCE!

Abstract. In this article we are interested in the following problem: to find a map u : Q — R? that

satisfies
{ DueFE a.e. in

u(z) = ¢(x) x€ 9N
where Q is an open set of R?> and E is a compact isotropic set of R?*2. We will show an existence
theorem under suitable hypotheses on .
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1. INTRODUCTION

In this article we study the following problem: let Q be an open set of R?; we investigate the existence of
maps u : ) — R? (weakly differentiable) that satisfy

DueF a.e. in
(1.1)

u(z) = (x) =z €

where ¢ : Q — R? is sufficiently regular and E is a compact isotropic set of R2*? (that is AEB C E for every
A,B € O(2)). In an equivalent way E can be written as

E={€cR”?: (\(£),M(¢) € K}, (1.2)

for some compact set K C T = {(x,y) € R?: 0 < x < y}, where we have denoted by A;(£) < A\2(€) the singular
values of the matrix £, that is the eigenvalues of the matrix /&£, which are

M(E) = 3 [VIER T 2Tdet(@)] — Vel — 2l det(e)]
2o (€) = 5 [VIE +2[det(@)] + V[ET? — 2/ det ()] - (1.3)

N =
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We will assume throughout the article that
min{z, (z,y) € K} > 0. (1.4)

Thanks to the properties of the singular values (see [6]), the problem (1.1) can be rewritten in the following
equivalent way:

| Du(z)]|> = a®> + b*>  a.e. in Q, (a,b) € K,

|det Du(z)| = ab a.e. in Q, (a,b) € K,

u(z) = p(x) x € 0.
We will show the following existence theorem for the problem (1.1):

Theorem 1.1. Let E be defined by (1.2) where K C T is a compact set such that min{z, (z,y) € K} > 0. Let
Q C R? be an open set. Let ¢ € C),..(R?) such that Dop(x) € EUint ReoE in Q (where Reo E denotes the

rank one conver hull of E and int RcoE its interior). Then there exists a map u € ¢ + Wol’oo(Q;RQ) such that
Du e E a.e. inf.

Our result will be a generalization of an existence theorem by Dacorogna and Marcellini (see [3]), where they
investigated the case in which K contains only one point, but K C R", n > 2.

To establish our theorem we will use an abstract existence result proved by Dacorogna and Marcellini [3] and
then refined by Dacorogna and Pisante [4], which is based on a functional analytic method, that uses the Baire
category theorem. However we recall that the kind of problem like (1.1) can also be solved by another method,
established by Gromov [5] and then presented by Miiller and Sverdk (see [8] for example) in a more analytic
manner.

Moreover it will be useful the representation of the rank one convex hull of the set E (we will show that the
rank one convex hull coincides with the polyconvex one): for this, we will apply some results established by
Cardaliaguet and Tahraoui in [1].

2. DEFINITIONS AND PRELIMINARY RESULTS

This section is devoted to the study of the polyconvex hull of an isotropic compact set of R2*2: this is useful
to study the rank one convex hull, as we will see in the next section.

We first give the definitions of polyconvex hull and rank one convex hull of a set £ C R?*2: we will follow
the definitions of Dacorogna and Marcellini [3].

Definition 2.1. Let E C R?*?; if R = RU {400}, we define

PcoE = {£ € R**?: f(£) <0, Vf : R*? - R polyconvex, f|g < 0};
ReoE = {¢ € R?*2: f(€) <0, Vf : R**? — R rank one convex, f|p < 0}.

Remark 2.2.

i) We observe that, according to this definition, the rank one convex hull of a compact set is not necessarily
closed (some examples can be found in [7]). According to our definition Rco E is the smallest rank one
convex set which contains E (see [3]). Some authors call our envelop the laminate convex hull of E.

ii) We will use also the following representation for Rco E (see [3]): RcoE = |J RicoE, where
i€EN

RocoE = E, R;picoE = {tA+ (1—-1t)B: A, B € R;coE,rk(A— B) <1,t€0,1]}.
iii) If E is bounded, then (see [3])

PcoE = {€ e R¥*?: f(£) <0, Vf : R*? - R polyconvex, f|g <0} =PcoE.
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This means that for a compact set, our notion of polyconvexity coincides with that one of Cardaliaguet
and Tahraoui in [1]. We observe that the polyconvex hull of a compact set E is compact.
iv) We recall that Rco E C Pco E for every set E.

We now pass to the study of the polyconvex hull of our set E. We recall the following result established in
1):
Proposition 2.3. Let K C T be a compact set and E = {£ € R**2 : (A\1(£),\2(€)) € K}. Let

— 4?2
E{(9,7)61&3:7292etV(x,y)€Ky§9+7_Hg}
x

— 62
o(z) = 7—9 vz > 0. (2.1)

= 1 + >
(0,7)€ES T

Then
PcoE = {£ € R?*2: \y(€) < a(M(6)}-

It will be useful for our purposes to write in a different way the function o defined by (2.1). We will use the
notation m(#) = (n;)aXK{ab + 6(b—a)} throughout all this article.
€

)

Proposition 2.4. Let K C T be a compact set satisfying (1.4) and o be the function defined by (2.1). Then

0 0
o(r) = min Yz +mo) m ) (22)
0€[0, max b] x +9
(a,b)EK

Proof. We divide the proof into two steps: in the first one we study the set ¥ defined in Proposition 2.3, and
in the second one we state the formula for the function o.

Step 1. Study of the set X: by definition

_p2
2{(9,7)61&3;7292etV(a,b)eKb§9+7+%}.
a

As for every (a,b) € K we have a > 0, thanks to (1.4)

_ 2 .S 2 _
b)) {(9,7)€R+.7_sup{9,(arg;lé(K{abJrG(b a)}}}

We observe that if 8 > (II;?,XKZ) then for every (a,b) € K one has
a,b)e

ab+9(b—a)§9a+9(b—a):9b§92

d b+ 0(b— <02,
and so n;)aEXK{a +0(b—a)} <

a/7

If < max b then, considering (a, max b) € K we have
(a,b)eK (a,b)eK

max {ab+6(b—a)} Za< max bﬁ) +60 max b>60 max b> 6%
(a,b)eK (a,b)eK (a,b)eK (a,b)eK

If 8 = max b we have
(a,b)eK

s (o [, ] - ) = [ o] »

(a,b)eK (a,b)eK a,b)eK
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From this study we can infer that
Y=31 U3,

where

= 2; > —
¥ {(9,7) eR°:0¢ [0,(;2%)(}(4, v > (ﬂ?é‘K{GHG(b a)}}

= 2.0> > 6% 3.
¥y {(9,7)€R 9_(£§§Kb,7_9}

Step 2. Study of the function ¢: we define

Ox +
0

92(0,7) = oy

for x > 0,

and

o= { (0, (o 00— ) 0 o s 1]

a,b)eK (a,b)eK

Iy = {(9,92) ,0 > max b}.
(a,b)eK

We observe that I'y UT's C 31 U ¥5. We are going to show that

o(z) = inf g2(6,7).

We know from Proposition 2.3 that o(z) = inf 6+ 1=6" Now, if x =0
0mez  *H0

o(0)= inf 6+ =

-6 inf 2
(6.7)€ 0 (04 0

As (6g fixed) the function T s increasing,
o

0(0) = inf

7
(0,7)ex 0

= riﬁfm 9o(6,7).

. -2 . 09z
Ifzx >0, o) = (0}%1"629 + 15 = (0}%fezgx(9,7). We observe that 3

fixed, g.(0o,y) is increasing (in 7), and so for z > 0

> 0: this implies that, if g > 0 is

o(x) = inf g.(0,7) = F}gfm 92(0,7),

as wished. We observe that
Oz + max {ab+6(b—a)}

| B (a,b)eK

gz T = x +9 )

and so ) bL (b
. . T+ (arf;)agK{a +0(b—a)}
11{1f Jo = inf .

0€[0, max b x4+ 0
(ab)EK
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Moreover
Oz + 62
golram S =002 e
consequently
inf g, = b.
9T @bk
This study implies that
Ox + max {ab+0(b—a)}
. . . (a,b)eK
o(x) = inf g¢.(0,7) = inf inf , max b
I Ul 0€[0, max_b] x40 (a,b)eK
(a,b)EK
Due to (2.3)
z max b+ max {ab+[ max b](ba)}
(a,b)eK (a,b)eK (a,b)eK
= max b;
r+ max b (a,b)eK
(a,b)eK
therefore one has
0 b+ 6(b—
: T e lab+ 6 —a)) . 0 + m(6)
o(x) = inf = inf -
0€[0, max b x+0 0€[0, max b] r+0
(a,b)eK (a,b)EK
We are going to show that Vo > 0
Ox + m(0) ) Ox + m(0)
in — = min _—
0€[0, max b r+0 0€[0, max b] x4+ 0
(a,b)eK (a,b)eK

and so the formula of the statement. For x > 0 this is trivial. For x = 0 we have to study the function of ¢

m(o) (ﬂg&é{K{ab +0(b— a)}.

0 0

we observe that,
max {ab+6(b—a)} max ab

(a,b)eK y > (a,b)EGK o0, 9 0.
This implies that there exists £ > 0 such that
0 0 0
in m = inf m = min m, (2.4)
00, max b 0O 0ele, max b 0 oclz, max b 0
(a,b)eK (a,b)eK (a,b)eK
and so we have the result. O

In the next proposition we study the interior of Pco E.

Proposition 2.5. Let K C T be a compact set satisfying (1.4). Let E = {& € R¥*2 : (\(£),X2(€)) € K}.
Then, if o is the function defined by (2.2),

int PcoE = {¢€ € R?*?: \5(¢) < a(M1(€))} .
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Proof. The proof is divided into two steps.

Step 1. To show that int PcoE D {& € R?*2 : X\y(&) < a(A1(€))}, as \;(€) are continuous functions, i = 1,2,
it is sufficient to show that the function o is continuous for « > 0. This is easy for x > 0. To study the point
xz = 0, we are going to show that if z,, — 0T, then o(x,) — 0(0). We can say from (2.4) that there exists

0o € (0, ( Hg?XK b] such that o(0) = %?'). Then, by definition of o(x,,)
a,b)e

oz, + m(GO) _ m(GO)
T + 6o 0o

o(z,) —o(0) < — 0,n — o0.
We are going to show that o(x,) —o(0) > h(z,), with h(x,) — 0, if n — oo: this will imply that o(x,) — o(0),
and so the continuity of o in 0.

For every x,, there exists 6, € [0, max b] such that

(a,b)eK
_ Opwy +m(0,)
Then, by definition of o(0)
_ Opzy, +m(0,) ) m(6)
o(n) —a(0) = Ty + O ee[o,mélr;x by 0
(a,b)EK
Onzn +m(0,) m(6y) Tn 9
> - = 0z — m(6,

We will show that h(z,) = m[@i —m(6,)] — 0,n — oo. As 02 —m(6,) is bounded, it is now sufficient

to prove that
In

O (s + 6)
We observe that lim inf 8,, > 0. In fact, if liminf 6,, = 0, then there exists a sub-sequence ny such that klim On, =
n— oo n— o0 00

— 0,n — oo.

0; consequently

max ab
Oy, +m(0n,) S (aber

g\x =
(@) Tp+On, Ty + Oy

T, 0
S = ( 0 olwn,) )

belongs to Pco E and A\a(&,,) — oo: recalling that Ay is a norm over R?*2 (see [6]), we got a contradiction
because PcoFE is bounded, as F is bounded.
Then lim inf 6,, = a > 0: this implies that, for n sufficiently large 6,, > § and so

n—oo

— 00, k — 00.

The matrix

Tn < Tn
(20 +0n) = (@0 + %)

] — 0,n — o0,
2
that is the result.

Step 2. We now show that int Pco B C {£ € R?*2 : \y(¢) <
n € int Pco E such that A2(n) = o(A1(n)); therefore the ball B.(n) C

be such that M)
0
AnB — 1N .
" ( 0 A2(n) > ’

o(A1(€))}. Suppose that there exists a matrix
Pco E, for some € > 0. Let A, B € O(2)
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D:A—l(g 2)3—1,

we define

with 0 < d < €. Then we have

AM(n+ D) = Ai(AnB + ADB) = Ai(n)

The matrix n+ D € B:(n) C Pco E, as d < e: this implies that A\y(n + D) < o(A1(n + D)). From other hand,
Ae(n+ D) =Xo(n) +d=0o(M®) +d=o(h(n+D))+d>a(M(n+ D)),

and this is a contradiction: therefore Ay(n) < o(A1(n)). O

Remark 2.6. The previous results imply that if ¢ € 9Pco E, then there exists 6 € [0, ( H;)axK b] such that
a,b)e

A (E)A2(6) +8 (A2(€) — M (€)) =m (8) .

3. THE RANK ONE CONVEX HULL

In this section we are going to prove the representation theorem of the rank one convex hull of E. It will be
useful to show our existence result. We recall that we use the notation m(6) = ( II;%%XK{G,Z) +60(b—a)}.
a,b)e

Theorem 3.1. Let K C T be a compact set satisfying (1.4). Let

E={¢e R?%2 : (A (€), \2(8)) € K}.

Then

ReoE = {g € R¥*2 2 A (E)Xa(€) + 0(A2(€) — A1 (€)) < m(6),V0 € [o, max b} } :

(a,b)eK

int ReoE = {g € R M\ (O)Ma(&) 4+ 0(Xa2(€) — M (€)) < m(B),V6 € [o, (ﬂ?&b} } .

We will first prove the following lemma:

Lemma 3.2. Let K = {(a1,b1), (a2,b2)}, 0 < a1 < ag,a1b1 < agba, by < bi,a1 < bi,as < bg and E = {£ €
R2%2: (A1(£),\2(€)) € K}. Then

Rco E = {E € R¥X2: 2\ (8) < by,
A1(§)A2(§) < azby
A(©)A2() + 0(A2(€) — Mi(8)) < arby + O(by — ax) }

asba—a1b;

where 0 = s

Remark 3.3. We remember that Dacorogna and Marcellini [3] proved that if K is composed by one point
(a,b) we have

Reo B = {€ € R¥?: Xy(€) < b, M ()Ma2(€) < ab}.
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Proof. In [1] it is showed that the function o (2.2) defined for E is

O R

x §+:c

Thanks to Proposition 2.3, this implies that Pco E is the set of matrices £ such that

A2(§) < by, (3.1)
A(§A2(§) < azbs,
AL(E)A2(E) +0(X2(€) = Ai(€)) < arby + (b1 — an). (3.3)

Therefore to prove the formula of RcoF it is sufficient to prove that PcoE = RcoE. For this we will show that
OPcoE C RceoE':

this will imply the not trivial inclusion PcoE C RcoFE and so the result. In fact, let £ € intPcoF; as PcoFE
is compact, then for any rank one matrix A € R2*2| there exist t; = t;(\) < 0 < t2 = t2(\) such that
E+1t;\ € OPcoE C ReoF,i = 1,2. Defining & = £+ ;)\, i = 1,2, we have

to tq
= — € RcoFE
3 - t1§1 - t1§2 ;

because rk(& — &) = 1.

Now, let £ € OPcoE: necessarily A2(§) = o(A1(§)) and so ¢ satisfies either (3.1) or (3.2) or (3.3) with equality.
We are going to treat these cases separately (steps 1-3 respectively) to show that £ € RcoE. We can assume
without loss of generality that £ = diag(A1(£), A2(€)), as Reo E is isotropic: in fact, using the same notations as
in the second point of Remark 2.2, we have by induction on ¢ that R;coF is isotropic and so RcoF is isotropic.

Step 1. If ¢ satisfies (3.1) with equality, (3.3) implies that A\1(§) < aq; then & € RcoFE, as

g(Aléf) (g)t(%l l?1>+(1t)<5” bol),te(o,l).

In the next steps we can assume that £ satisfies (3.1) with strict inequality.

Step 2. We suppose that ¢ satisfies (3.2) with equality. Moreover we can assume that & satisfies (3.3) with
strict inequality, otherwise these two equalities imply

a 0
£=< 02 bQ)eE.

V ={£eR¥?: A\ (HA2(€) = agba}, Y =V N OPcoE
we have that £ € rel intY !. Let Z be the rank one matrix defined by

If we define

1 ~A2(§)

B Y
L

Ai(€)

IRelative interior of Y.
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then A1 (€ +tZ2)A2(§ +tZ) = A1 (€)A2(§) = agbaVt € R. This implies, as Y is compact, that there exist t; < 0 <
to: {4+ 6,2 € 9Y,i = 1,2. Consequently & + t;Z satisfies either (3.1) and (3.2) as equalities or (3.3) and (3.2) as
equalities: from the previous studies we obtain that £ +¢;Z € RcoFE,i = 1,2 and so £ € RcoF.

In the next step we can assume that (3.1) and (3.2) are satisfied as strict inequalities.

Step 3. We assume that ¢ satisfies (3.3) with equality. Using the explicit expressions of A1, Ay (see (1.3)),
it is easy to prove that if (A1(£), A2(€)) = (z,y) the matrix defined by

1 y—g

A= _Ee
B y—0 _y—9

x—i—é ac—l—é

has the following properties: it is well defined (as y > 6 because 62 < (rrg;axK ab+0(b—a) =zy+0(y —x)) and
a,b)e

M(EFEA N (E+LA) +O0D2(E+1A) — M (E+tA)]) =2y +0(y — x)

zy(z +0) (y—2)(= +0)
Vieft ], t. =Ty W) 3.4
(' e = (3.4)
In fact
A€+ tA)A (€ + tA) = | det(€ + tA)| = :cyf:ctgycjre—thy ;
(A2 (€ +tA) = Mi(€+1¢A))* = [|€ + tA|* — 2| det(€ + tA)]
s _ _
y—"¢ 2y — 0 y—0
= t)? —t— 20— — 2 (zy — at=—— + ty| .
(:c+)+(y ac—i—H) + x+0 w xac—i—Her
If we assume that zy — :ctz%‘g +ty > 0 (that is ¢ > t_) (3.4) is equivalent to show that
_ -9 _
H(yf:c)Jr:thJréfty:9\/”§+tA||272[det(§+tA)].
If we assume that é(y—x)—i—actg%g—ytZO(that ist<ty) we get
y—0\* y—19 y—19
t22? [ — Y% +20(y — w)at=—— — 20(y — x)yt — 2t%ry"—— =
x <x+9> YT+ 200y —w)at = — 200y — 2)y ey
s _ _ _
~ -0 y—0 y—0 y—10
02 |2 420t + 12 (L2 ) oyt oY T2 oY o
et x40 y:v+9+ x+9+ xac—i—H Y

One can easily check that this equality is verified for every ¢ and so (3.4) is verified.

We prove now that there exists t; € [t_, 0] such that Aa(§ +t1A) = by: this implies that £ +¢; A satisfies (3.1)
and (3.3) as equalities: as we saw in the first step, £ + t14 € RcoE. Moreover we prove also that there exists
ta € [0,t4] such that A;(€ + taA)A2(€ + taA) = agby: this implies that £ + t2A satisfies (3.2) and (3.3) as
equalities: as we saw in the second step, £ +t3A € RcoFE. Consequently £ € RcoF, as it can be written as rank
one combination of £ +t1A and £ + to A.
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Ezistence of t1. We consider F(t) = A2(€ + tA) — by. The existence of ¢; follows from the fact that this
function is continuous and F(0) < 0 < F(t_): in fact

Ft_)=E+t_-A|| — b1 >0 <=
(220 —y) 0+ ) :E+t9)(y 0)
b1<|£+tA”\/<9_(x+y)> < O0(z +y) > 0%(z +y)?

?(y—0)+y’@+az) ay+0y—a)

O(z +y) 6

The last inequality is equivalent to
ébl Sﬂ?y+9—(y71‘) =a1bh +§(b1 70,1) < by > 9_

which is true.

Ezistence of ta. We consider G(t) = A1(€ + tA)A2(€ + tA) — azbe. The existence of ty follows from the fact
that G is continuous and G(0) < 0 < G(t4): in fact G(t+) > 0 if and only if

xy_x(y—é’)(y—fc) +y(x+9)(y—x) > agbs.
r+y r+y

Using that zy + 0(y — =) = asbs + 0(b2 — aa) we get
vy(z +y) + 0y — 2)(y + ) > agba(z + y) <= agbs + 0(ba — az) > asbs

which is true. U

To prove Theorem 3.1 it will be useful to recall the following properties about convex functions and their
sub-differential (we will follow the definition of [9]).

Definition 3.4. Let f : R — R be a convex function and § € R. The sub-differential of f in 6 is the set
Of(@) ={6*€R: f(6) > f(0)+6%(0 —F) VO ecR}.

Proposition 3.5. Let f: R — R be a convex function. Then

i) 0f(0) is non empty, compact and convex for every 6 € R.
it) If 0 is a point of differentiability of f then df(0) = {f'(9)}.
11i) The set of points of differentiability of f is dense in R and

0f(z) = coS(x), S(x) = {RILH;O [/ (xy) fdifferentiable in xy, x, — :L'} .

Remark 3.6. The proof of i) can be found at page 218 of [9]; i) is Theorem 26.1 of [9]; the proof of iii) is a
direct combination of Theorems 25.6 and 17.2 of [9].

We pass now to the proof of Theorem 3.1.

Proof. Thanks to Propositions 2.3 and 2.4 it is sufficient to prove that Pco E' = Rco E. For this, as in Lemma 3.2,
we will show the inclusion
OPcoE C Rco E.

Let £ € OPco E. We have seen in Remark 2.6 that there exists 0 € [0, ( n;)axK b] such that
a,b)e

M(E)A2(€) +0(X2(€) = Ai(€)) = m(D),
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and for every 6 € [0, max ]
(a,b)eK

AL(E)A2(8) +0(A2(§) — A (£)) < m(0).

We define
max ab 6 <0
(a,b)eK
F(o) = mO) 6 €0, max b
0? 6 > max b.
(a,b)eK

We observe that ¢ satisfies
A(EA2(E) +0(A2(€) — M(§)) < F(0), VOER,

and there exists § € [0, max b] such that
(a,b)eK

M (E)X2(8) +0(X2(€) — M (€)) = F(O).

The following remarks will be useful:

o X2(§) = Mi(§) € OF(9). _ o

e One can easily check that F' is convex: the previous proposition implies that OF(0) = [a(0), 5(0)] for
some a(), 5(A) € R.

e If Ay is a point of differentiability for the function F' then 90F(6y) = {F'(6y)} = bg — ap for some

(ag,bo) € K, such that F(6y) = (n;ixxK{ab +6p(b—a)} = aoby + 0o (by — ag).
€

We are going to show that ¢ € Rco E: for this we will find a set a C K composed by one or two points such
that letting A = {¢€ € R**? : (A1(£), A2(€)) € a} we have £ € RcoA C Reo E. We will distinguish the cases

6=0,0c (0, max b), § = max b respectively in the steps 1-3.
(a,b)eK (a,b)eK

Step 1. We analyse the case § = 0, for which max ab = A\ (£)A2(£). We study the set S(0) defined in

(a,b)eK
Proposition 3.5 (the points 6,, will be points of differentiability of F' throughout this proof):

S(0) = { lim F'(6,),0, — 0} - { lim F'(6,),0n — o+} u {0}

n—oo n—o0

as for every 6 < 0 F is constant. Let
pas = sup{ lim F'(6,),0n — 0+} > 0.
n—oo

Let 6,, — 07 be points of differentiability for F: then F’(0,) = b, — ay, for some (a,,b,) € K; therefore every
point of S(0) is 0 or b — a for some (a,b) € K, because of the compactness of K. The fact that K is compact
implies also that py; = b — @, for some (a,b) € K and so

OF(0) = coS(0) = [0,b — @] 3 A2(€) — A1 (&).

It is easy to see that there exists (a, b) € K such that b—a = b —a and max ab = ab. In fact by definition of

(a,b)eK
b —a, Ve > 0 there exists 0% which goes to 0 for n — oo and a sequence (a8, b%) € K such that
b—a—e< lim F'(6;) = lim b5 — a5, <b—a. (3.5)

n—oo n—00
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We observe that, as 05, is a point of differentiability of F'

max ab+ 0 (b—a) =albs, + 65 (b5, — ).
(a,b)eK

Now, if we consider the points (a5, b%) € K, as K is compact, we can say, up to a sub-sequence that (ag, b5) —
(a®,b%) € K. For the same reason, if ¢ — 0 (a%,b°) — (a,b) € K. Passing to the limit for n — oo in the last

relation, we obtain from the continuity in 6 of the function (ngme ab+0(b—a)
a,b)e

lim max ab+ 6 (b—a)= max ab= lim abj + 6; (b5, — a;) = a°b%,
n—00 (a,b)eK (a,b)eK n—o0

and so

(;Ig)&é{K ab = A1 (&) A2(8) = Ehi?[(l)a b® = ab.

From the relation (3.5) we get,

b—a<lim lim b5 —a5 =b—a<b—a<=b—a=>b—a.

e—0n—oo

Then we have that A (£)A2(€) = @b and Ay (€) — A1 (€) < b — @, that is Ap(€) < b. This is equivalent, thanks to
Remark 3.3, to say that £ € RcoA C RcoF, where

A= {g € RP*2 (A (), \a(€)) = (a, 6) } .

Step 2. We study the case € (0, max b). As in step 1, if

(a,b)eK
P = mf{ lim F'(6,), 0, — é} (3.6)
n—oo
DM = sup{ lim F'(6,),0, — 9_} , (3.7)

we have for some (a;,b;) € K,i=1,2
6F(9_) = [bg — a2,b1 — al].

Following the same kind of study as in step 1, one can show that there exist (a;,b;) € K,i = 1,2 such that

)\1(5))\2(&) + é()\g(g) — )\1(&)) = F(é) = (;’r;)aexK{ab + é(b - a)} = dil;i + é(l;l - di), I;z — di = bi — Q.

We now show that £ € Rco A, where
A={eeRP: (M(9).2(9) = (dbi) , i = 1,2
for this, thanks to Lemma 3.2, it is sufficient to show that

by < Xa(€) < by,

@by < A (E)A2(€) < dab,
a1 < as.
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For every 6 € [0, max b] we have that 62 < max ab + 0(b — a), as seen in Proposition 2.4: writing this
(a,b)eK (a,b)eK

inequality for § = 6 we get A\o(&) > 0. As

dabo + 0 (b2 - @) <M (EN(E) + 0N (E) — M (€)) < drby + 0 (61 - aa)

for every 6 > 6 and in particular for 0 = A2(&) we have that by < A2(8) < b1, that is the first condition is
verified. As bg — dQ § )\2(5) - )\1(5) S b1 - 071, then (flbl S )\1(5))\2(5) S (beQ and 071 < dQ.

Step 3. We study the case § = max b: we have, as we saw in Proposition 2.4 A\5(¢) = max b. We define
(a,b)eK (a,b)eK

D = inf{ lim F'(6,),0, — max b}

n—00 (a,b)eK

and we have, as in the previous steps

OF (@) = [b—a,5(0)] , (a.h) € K.

It is easy to show that there exists (a,b) € K such that b—a@ =b—a and max ab+0(b—a) = [ max b]? =
(a,b)eK (a,b)eK

ab+ 6(b — a). Therefore b= max b. Defining
(a,b)eK

A= {'E ER>?: (A1(), X2(9) = (@,E)}

we have that £ € Rco A C Rco E, thank to Remark 3.3: in fact A\a(§) — A\1(§) > b—a= (n;glbe — a, that is
a,b)e

A1 (€) < @, and Ao(€) = b.
The formula for the interior of Rco E follows from Proposition 2.5 and from the fact that Pco E = Rco F, as
we have just showed. O

4. THE EXISTENCE THEOREM

In this section we are going to show Theorem 1.1. The proof will be a direct combination of Theorem 4.5 and
of Proposition 4.2. To do this it will be useful to define the so called approximation property (this definition is
given in [3]).

Definition 4.1. Let E C K(E) C R?*2. We say that E and K(E) have the approximation property if there
exists a family of closed sets Es5 and K(Es), § > 0, such that

1) Es C K(Es) C intK(E) for every § > 0;
2) for every € > 0 there exists dgp = Jp(g) > 0 such that dist(n, E) < € for every n € Es and 0 € [0, do];
3) if n € intK(F) then n € K(Es) for every 6 > 0 sufficiently small.

We can now show the following result.

Proposition 4.2. Let E be defined by

E={(eR¥?: (M (£),A2(¢) € K}
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with K compact satisfying (1.4). Then E and RcoE have the approximation property with K(Es) = Reco Eg, if

EBs= |J E, B ={¢eR¥?: (\i(€),22(6) = (a—0,b—0)},
(a,b)eK

0<6< i 2.
for0=0s et

It will be useful the following result due to Cardaliaguet and Tahraoui [1]:
Proposition 4.3. For every 6 > 0 the function Hy : R>*? — R defined by

Hy(€) = max{A1(€)A2(€) + (A2 () — i (€)) — 62,0}

is rank one convet.
Remark 4.4. In [1] Cardaliaguet and Tahraoui show that the function Hy is polyconvex.
We can now prove Proposition 4.2.

Proof. We remark that Fs is compact: this will let us use the representation Theorem 3.1. In the following
three steps, we show the three conditions of the approximation property respectively.

1) Reo(E5) C intReoE, V6 > 0:
Let (a,b) € K be fixed. Then we have

B C{€ € P21 M\ (§)Ma(€) < ab, Ma(€) < b}

= int Reo{¢ € R?*2: (A\1(£), A2(€)) = (a,b)}
C int ReoF;

this implies, if we pass to the union over K, that
FEs C int RcoF.
From this inclusion we can infer that
RcoEs C Reo(int RcoE) = int ReoFE,

as the interior of Rco E is rank one convex. In fact let £,£ + A € int ReoE, with rk(A) = 1, that is, thank to

Theorem 3.1, for every 6 € [0, max ]
(a,b)eK

AL(§)A2(8) +0(N2(E) — Ai(§)) < (a%?gx ab+6(b—a)

MEFADMNE+FA +0N(E+A) —NM(E+HA) < (an;?é(K ab+6(b— a). (4.1)

We want to show that
&+ sA € intReoFE, s € [0,1].

Surely ¢ + sA € RcoE, because &, & + A € RcoE. Now, let us suppose that there exists 6 € [0, ( II;?XK b] such
a,b)ec

that

(aII;?é{K ab+0(b—a) = A\ (€ + sA) A (€ + sA) + O\ (€ + sA) — A\ (€ + sA)). (4.2)
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We can assume that § # max b. In fact, due to (2.3)
(a,b)eK

2
[ max b} = max {ab+ { max b] (b—a)};
(a,b)eK (a,b)eK (a,b)eK

therefore if we choose § = (rrg;abe in (4.1) and in (4.2) we have A2(&), A2(§ + A) < (II;?,XKZ) and Ao (€ + sA) =
a,b)e a,b)e

max b. This is a contradiction as Ay is a norm over R2*2. Therefore we can write
(a,b)eK

6? < . ab+0(b—a) = A\ (€ + sA)A2(€ + sA) + O(A2(€ + sA) — M1 (€ + sA)).

Using the expression of the function Hz defined in Proposition 4.3, we have

Hg(€ + 5A) = (€ + sA) Ao (€ + 5A) + 0(X2(€ + sA) — M (§+ sA)) — 67
= max ab+0(b—a)—6*>0.
(a,b)eK
Thanks to the fact that Hy(€) is rank one convex, from Proposition 4.3
0 < Hy(§ +54) < sHg(§+ A) + (1 — ) Hy(§) < max{Hy(E), Hg(§ + A)}-

Without loss of generality we can assume that max{Hz(&), H5(§ + A)} = Hz(§ + A). If Hz({ + A) = 0 we have
a contradiction. If Hz(£ + A) > 0, we have, as £ + A € int RcoE

H§(€+A) = )\1(§+A))\2(§+A) +9(A2(€+A) — )\1(€+A)) -6 < (ar%)ae}(Kab+é(b_a) — 62

and so we have obtained

Hy(€ +sA) = (arg?é(K ab+0(b—a)— 02 < Hy(€ + A) < (ar};%xK ab+0(b—a) — 62

which is a contradiction.
2) Ve > 0360 = do(e) > 0 : dist(n, E) < e Vn € Es,6 € [0, 00):
Let n € Ejs; then there exists (a,b) € K such that € Eéa’b). We define

a 0
x=(29)en

Let A, B € O(2) be such that AnB = ( M (1) 0

0 Ao (n) ) . Then

In—A"'XB™'| = |AnB — AA"'XB'B|| = | AnB — X|| = V262.

This implies that
dist(n, E) < |[p— A"*XB™!| = V262 — 0,5 — 0;

moreover this limit is uniform with respect to 7.
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3) If n € intRcoFE then n € ReoFEs V6 > 0 sufficiently small:
Let n € intRcoE; if (A1(n), A2(n)) = (x,y) thanks to Theorem 3.1 we have to show the following implication:

2y +0(y —z) < max ab+6(b—a) V0 € [0, max b

(a,b)eK (a,b)eK
I
2y +0(y—2) < max (a—3)(b—3)+6(b—a)
(a,b)eK

uniformly with respect to 6 € [0, ( m;:mx b — ¢]. For this it is sufficient to show that
a,b)e K

%L%(;,I;?é(}((a —0)(b—-98)+0(b—a)= (arg?é(K ab+6(b—a)

uniformly with respect to 6 € [0, max b — J]. We have, as (a —0)(b—0) +60(b—a) >0V € [0, min a/2],
(a,b)eK (a,b)e

(arfggle)(K(a —0)(b—9)+0(b—a)— (ﬂ?é(KabJr 0b—a)| < (ar};%xK [(a—08)(b—0)+0(b—a)—ab—0(b—a)

< max d(a+b+0d)— 0,5 —0,
(a,b)eK

uniformly with respect to 6 € [0, ( n;)axK b—4]. Consequently we showed the third condition of the approximation
a,b)e

property too. (I

4.1. Proof of the existence theorem

We are going to recall an abstract existence theorem (established by Dacorogna and Pisante [4]) that we will
apply.

Theorem 4.5. Let Q0 C R? be an open set. Let E C R**2 be a compact set. Assume that E and Rco E have
the approzimation property with K(Es) = RcoEs. Let ¢ € C;iec (Q; RQ) be such that

Dy (z) € EUintReo E, a.e. in Q.
Then there exists u € ¢ + Wy '™ (0 R?) such that
Du(z) € E, a.e. in .

Our theorem then follows immediately. In fact, F is compact and we verified that £ and RcoFE have the
approximation property in Proposition 4.2. Then we obtain the existence Theorem 1.1 thanks to Theorem 4.5.

5. REPRESENTATION OF RCO F

In this section we are going to give an explicit formula of Rco E for a set E (1.2) defined by a set K composed
by a finite number of points. We will treat the cases in which K is composed by one, two elements, and finally a
particular K composed by three elements; for the general formula and for its proof we refer to [2]. We recall that
the representation of Rco F, for E defined by K composed by one element was already obtained by Dacorogna
and Marcellini (see [3]); Cardaliaguet and Tahraoui in [1] showed the formula for the case of K composed by
two elements.

To give the representation of Rco E' it is sufficient to give the formula of the function o defined by (2.1):
indeed Reo E = {€ € R?*2: \5(¢) < a(A\(§))}-
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Proposition 5.1. Let E be defined by (1.2) with K = {(a,b),0 < a < b}. Then

o(z) = inf{%b,b}.

Proposition 5.2. Let E be defined by (1.2) with K = {(a1,b1), (a2,b2),0 < a; < b;,i = 1,2}. Without loss of
generality we can assume that a1 > az. Then

1) If a1by > a2be and by > by then

0’(1‘) — inf { a1b1 ’ bg, 9(1, 2)1’ + a1b1 —+ 9(1, 2)(b1 — al) }

x x+6(1,2)

where 6(1,2) = %.

2) If bl Z b2 then
. a1b
a(x)lnf{%,bl}.

. azby
=inf< —= by .
o(xz) =in { ot 2}

Proposition 5.3. Let E be defined by (1.2) with K = {(a;,b;),0 < a; < b;,i =1,2,3}. We define

3) ]f b1 < by and a1b; < agbg, then

aibi — ajb]-

s by —a; — (bi—a;)

Let us suppose that a1by > asby > agbs, by > max{by,ba}, ba — az > b1 — a1 and 6(1,2) < 6(1,3). Then

o(z) = inf{albl,b3, w0.5 + 1) *ash; T 007 1)l ~a5) ;_ 1,2}.
x z+0(j,5 +1)
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