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A TWO WELL LIOUVILLE THEOREM *

ANDREW LORENT!

Abstract. In this paper we analyse the structure of approximate solutions to the compatible two well
problem with the constraint that the surface energy of the solution is less than some fixed constant.
We prove a quantitative estimate that can be seen as a two well analogue of the Liouville theorem of

Friesecke James Miiller.

Let H = (7 %) foroc >0 Let 0 < ¢ <1< <oo Let K:=S50(2)USO(2)H. Let
u € W>" (Q1(0)) be a C' invertible bilipschitz function with Lip (u) < ¢z, Lip (u™") < ¢ .

There exists positive constants ¢; < 1 and ¢z > 1 depending only on o, (1, {2 such that if € € (0, c1)
and u satisfies the following inequalities

d(Du(z),K)dL’z < e
Q1(0)

/ |D2u (z)|dL22 <1,
Q1(0)

then there exists J € {Id, H} and R € SO (2) such that

/ |Du (2) — RJ|dL?% < coe50.
Qey (0)
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1. INTRODUCTION

We consider the following simple problem.

Problem A. Let E be a set of matrices and F ¢ E. Let ¢ > 1, and Q be a Lipschitz domain in R™.
Let d (-, E) denote Euclidean distance from set E. Prove there exists constants ¢y > 0, Sp > 0 such that any
u € W24 (Q : R™) satisfying u (x) = F (x) on 9 and

/ d(Du(z),E)dL?z <€ (1)
Q
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for € € (0, €g) has the property that

/Q | D?u (z)‘q dL%z > el=1=Fo, (2)

Problem A is solved only for sets of 2 or 3 matrices satisfying the following strong condition.

Definition 1.1. A set of matrices E is called restricted if and only if given any Lipschitz domain €2 there exists
constant ¢; > 0,69 > 0,79 > 0 such that if function u € Lip satisfies u = F on 0f) for F ¢ E and

/ d(Du(z),E)dL*z < &
Q
then u has the property

sup {[u(z) — F(2)| 12 € Q) < & (/Qd(Du (2), B) dL%)W . 3)

We briefly comment on how Problem A is solved for restricted sets of 2 x 2 matrices in order to motivate
Definition 1.1. For restricted sets condition (1) forces the function to be pressed down uniformly close to the
affine boundary condition F in the sense of (3). Let v € S be such that (X — F)v # 0 for any X € E.
Suppose we can find two points a,b € Q in direction v such that Du|jq ) ~ X € E then as (X — F) (a —b) =~

(u—F)(a—b) < |lu— F|pe@-. So we have |a—b| < callu — F|p=) < c2c1 ([, d(Du(z),K) dLQ:E)VO.
Thus for any line going through Q there must be approximately (0201 (fﬂ d(Du(z),K) dLQ:c) W)71 points at
which Du jumps from one matrix inside E to another. Hence by Fubini (2) follows.

Solutions to problem A for restricted sets of 2 or 3 matrices appear in [6,12]. For example the set

{(3) 8); (_01 8)} is restricted.
From the results of Miiller, Sverdk [15,16] and Dacorogna, Marcellini [10] for the set of matrices E =

SO (2)U SO (2) H C M?*2 H diagonal there exists a large class of matrices F' ¢ F for which we can solve the
differential inclusion.

Du € F for a.e. and u = F on 0f2.

Our goal is to solve Problem A with respect to this set of matrices. Our main theorem is following.

Theorem 1.1. Let 0 < (3 <1 < (o < 0. Let K := S0 (2)U SO (2) H where H = (" 0 )

0ot
Let u € W2 (Q1(0)) be a C invertible bilipschitz function with Lip (u) < (2, Lip (uil) < ¢t There exists
positive constants ¢1,c3,cqa < 1 and ca,c5 > 1 depending only on o, (1, (2 such that if K € (0,c¢1], mo > c2 and
u satisfies the following inequalities

/ d(Du(z),K)dL?z < k™ (4)
Q1(0)

/ |D?u (2)|dL?z < 3k, (5)
Q1(0)

then there exists J € {Id,H} and R € SO (2) such that

/ |Du (z) — RJ|dL?z < c5r50. (6)
Qes (0)
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The integral [d(Du(z),K)dL?z is known as the bulk energy and [ |D?u (z)|dL?z is known as the surface
energy. To illustrate our theorem it is helpful to consider k = ¢; and to take mg — oo (this way we also obtain
the theorem stated in the abstract). So for small but fixed surface energy, as the bulk energy decreases, the
control of the derivative of the function in the central subsquare improves to some root power of the bulk energy.
To state things more roughly, even though the surface energy is a small but fized quantity, as the bulk energy
decreases, the function in the central subsquare becomes increasingly flat.

The upper bound 5K 800 in (6) is far from optimal. The naive guess that the optimal bound is given by cx
is false!, this follows from the construction of [7], see [9] for more details.

The assumption that u is bilipschitz is a technical one, however it is used in an essential way many times in
the proof. On the other hand the assumption u is C! is not necessary, it saves us some details to do with fine
properties of Sobolev functions.

In another paper [13] we will use Theorem 1.1 to reduce Problem A to a kind of discrete € free version of the
problem?.

As shown in the remark following Definition 1.1, for restricted sets E we can control the function just using
bulk energy, then simply count up the surface energy. For our case with matrices K = SO (2) USO (2) H from
the work of Dacorogna and Marcellini [10], Miiller and Sversk [15], we have the existence of Lipschitz functions
satisfying the affine boundary condition but for which Du € K a.e. in . So there is no relation between
small bulk energy (in this case zero bulk energy) and being pressed down close to the affine boundary. It is not
possible to just use bulk energy, we have to control the function using bulk and surface energies in combination.
Hence the need for Theorem 1.1.

Functionals of the form (4) for K = SO (2) U SO (2) H have received much attention in non convex calculus
of variations. From work of Ball, James [2,3] and Chipot, Kinderlehrer [5] functionals of this form have been
the basis of a well known model for solid-solid phase transformations. The basic idea was that deformations of
the material will attempt to minimise an energy functional of the form

I(u) = /Q 6 (Du(2)) ALz (7)

where ¢ is the free energy per unit volume in €2. Many features of minimising sequences can be understood from
the set {F : ¢ (F') = 0}. This set is known as the energy wells of the functional I. Certain natural assumptions
on the behavior of ¢, in particular frame indifference, imply that K has to be of the form

K={SO3)A;:i=1,2,...m} (8)

where the A; are symmetry related and depend on the action of the phase transition.

Functional I is not quasiconvex and so minimisers can not be found by lower semicontinuity, however as
stated, from the work of Dacorogna and Marcellini, Miiller and Sverdk there exists absolute minimisers to I. It
is the existence of these functions that make Problem A interesting.

A some what different but nevertheless relevant theorem is [11], Theorem 3.1.

Theorem 1.2 (Friesecke, James, Miiller). Let U be a bounded Lipschitz domain in R™, n > 2. The exists
a constant C (U) with the following property. For each v € W12 (U,R") there exists an associated rotation
R € SO (n) such that

1DV = Rl ) < € (U) |dist (Dv, SO (n)) || 2. (9)

In [4] Theorem 1.2 was proved for the set K = SO (2)U SO (2) H where H = diag (A1, Az, ... Ap), A; > 0 is such
that
¢ det (H
Y- <1 - %) > 0. (10)
i=1 i

I Thanks to Sergio Conti for pointing this out.
2 Though this discrete problem remains very much open.



A TWO WELL LIOUVILLE THEOREM 313

Specifically it was shown that for each u € W2 (Q, R™) there exists R € K such that
|Du — Rl 120 < C(Q, H)||dist (Du, f() 26

Condition (10) forces the wells SO (n) and SO (n) H to be strongly incompatible, in particular H is not rank-1
connected to SO (n).

In our case (where H is rank-1 connected to SO (2)) Theorem 1.2 is trivially false without additional condi-
tions (a simple laminate being the counter example).

Our additional conditions are to bound || D?u||1(q) by a small but fized constant and to constrain u to be
bilipschitz?, and we obtain the weaker bound.

1

1Du = R\ 11(q.,, o)) < 4 ([Idist (D, K) || 12(Qu0) ™ -

After this paper was submitted, we learned of the relevance of the work of Conti, Schweizer [8] on the Gamma
limit of functional I with surface energy term, where I has linearised wells. Using methods of [9] (for the
non-linear functional) Conti, Schweizer proved a strong generalisation of Theorem 1.1, their strategy was to use
hypotheses (4) and (5) to deduce le(o) d(Du(z),S0(2)J) < k™ for some J € {Id, H}, the theorem then
follows from Theorem 1.2. For a simple proof of Theorem 1.1 in the plane via application of Theorem 1.2, see
[14].

2. PLAN OF PROOF

Strategy:

We will gain control of function u in a central subsquare by surrounding the central subsquare with a “diamond”.
Along the sides of the diamond we will show Du is L' close to a fixed rotation, the control in the central
subsquare follows from this. Showing Du on a line [ is L' close to a fixed rotation is “more or less” equivalent
to showing u (1) is “roughly” mapped to a straight (unstretched) line. We will develop methods that show that
for many lines in (1 (0) (in the directions of the sides of the diamond), function u maps the lines to “roughly”
straight (unstretched) lines.

2.1. The push over lemma

H = (g 091 ) To begin with note that there are two linearly independent vectors ¢; and ¢o such that

S a1
|[Hp;| =1 for i = 1,2. A short calculation gives that we can take ¢; = ( Vite? ) and ¢o = ( Vito® ) Let n;
Vito? Vito?
denote the anticlockwise normal to ¢; for ¢ = 1, 2.

Now the most basic example of a function satisfying the affine boundary condition that minimises bulk
energy is a laminate. In the reference configuration this can be seen as a function defined on a collection of
strips running parallel to either ¢; or ¢o for which the derivative of the laminate alternates from one strip to the
next from being in SO (2) to being in SO (2) H. For simplicity, let us suppose the strips are parallel to ¢; and
let us denote the laminate by u. Now if all our strips are of width w, by Fubini and the fact that det (H) =1
and |H¢1| = 1 we know that the images of our strips under the action of u will be strips of width w, as shown
Figure 1.

For a general function v with small bulk energy (i.e. [,d(Dv(z),SO(2)USO (2)H)dL?*z < €) we will
examine the behaviour of v on lines parallel to ¢;. Roughly speaking it will turn out that if [ is parallel to [,

3 Note that the fact we only have an L! bound on D?u is important, for L? bounds on D?u a much stronger result is possible,
see [14]. Also note that for a finite L? bound on D?u the result can easily be deduced from Lemma 4 of [4].
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Image . Reference

FiGURE 1. The pullback of a straight line by a laminate function.

and the two lines are distance w apart, then v(l;) will have to stay distance w away from v(lz). This is a
consequence of the following inequality

|Hy| > 4 - n; for all ¢ € S, (11)

For the proof of which, see the argument following (27).

Firstly, suppose for two parallel lines /1, [ in direction ¢, that are distance w apart we have that v (I1), v (I2)
are distance (much) less than w apart at some point, as shown in Figure 2 .

Let o be the line of length less than w joining v (I1) to v (I2). Using bilipschitzness of v and a Fubini argument,
we can assume « is such that [ d (Dv (v™!(z)),50 (2) U SO (2) H) < \/e. We consider the preimage v™" ().
We want to use the formula H! (o) = fv,l(a) |Dv (z)t (x)]dH'x and the fact that H' (v () > w to get a
contradiction from the assumption H! (o) < w.

Assume for simplicity Dv (v™* (z)) € N (SO (2)USO (2) H) for all z € . For each z € o let G () €
SO (2) U SO (2) H be the matrix such that |Dv (v™! (2)) — G (z)| = d (Dv (v (2)),50 (2) U SO (2) H), and
let ¢, denote the tangent to v~! (a) at point x. We have

H'(a) = /1( )‘D’U (v (2)) to| dH @

Y

/1( 16) ] 4B — VEH (077 a)

(121) L' (Pd# (v (a))) —VeH" (v (@)

= w—veH" (v ().
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[ wk) v

FIGURE 2. The pullback of the shortest line joining v (I2) to v (I1).

Assuming v is bilipschitz (and so H' (v™! (@)) is not too big) this implies the images of lines {; and I must
be (by at least (1 — cy/€)w) “pushed over” from one another, i.e. we can not find a line o of length less than
(1 — ¢y/€) w joining v (I1) to v (I2). This is our first restriction on the geometry of the function we want to study,
just coming from smallness of bulk energy.

2.2. ODE method

We consider the same picture as before but from a different perspective. So l1,1s,... are lines in direction ¢
going through  and we consider the images v (1), v (I2),... Now supposing we were on a point z € v (I1) and
we wanted to get to v (l2) via a path in v (2) of the shortest length. If we start at point s the most obvious
thing to do is to “draw a straight line” to the nearest point of v (l2). But supposing we are “blind” and we can
not see which straight line to draw, suppose we have to find the path just using analytic information we have
about v.

The most natural way to do it would be to consider the vector field given by the gradient of the function
Uy ;v () — R? defined by ¥y (z) := v~! () - n1 note v (I1), v (l2) are the level sets of ¥y. If we “follow” the
vector field from point z it will indeed take us along the optimal path to v (I3). But “following” a vector field
is exactly finding an integral curve for a vector field, which means solving the following ODE

X =2 )= Duy (X (1)), (12)
)) € N\[ (SO( YUSO (2) H) we calculate that

Now if point y € {X (¢):¢> 0} is such that Dv( Ly
)) := Dv(v"!(y)) be the polar decomposition of

D\I/1() Dv‘ (y) - n1. Letting R (v (y ) (v (y
D’U( L)) (ie. R(v7'(y)) € SO(2) and S(U () € MZ25?) we have Dv T (y)n; =

) (
R(w™(y)S ™ (v (y)n1 and as S(v™'(y)) € N e({Id,H}) so either S (v (y)) € N ¢ (Id) and so
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Fi1cURE 3. The integral path of the vector field ¥;.

ISt (y)ni| = 1or S(v'(y) € Nye(H) and so |S (v™! (y))n1| ~ |H 'ni| = 1. So assuming the
path of the vector field is such that Dv stays close to the wells SO (2) U SO (2) H, if A is a connected subset of
the set {X (t) : ¢ > 0} with end points e € v (I2), s € v (I1) then

[Ty (e) — Uy (s)] = ‘(vfl (e) — vt (s)) -n1| ~ H! (A). (13)

So in Figure 3, as v=! (s) € I3 and v~!(e) € Iy then H! (A) ~ w, but on the other hand, by the push over
lemma we know that |s — e| can not be much less than w, this implies A must be close to a straight line.

2.3. Finding lines in a grid of good subsquares

Suppose u is an invertible function with [, d (Du (z), SO (2) U SO (2) H)dL?z < 62 and [, |D?u (z)|dL?z <
ﬁ. It follows from the “push over lemma” and the “ODE method” that if we can find many paths X (0) = xo,
49X (t9) = DUy (X (to)) in u (€2) where the path {X () : £ > 0} is mostly contained in the set

{zeu(@):d(Du(u'(2)),K)<d}

then we have that these paths are mostly straight and so we can control function u on the path, specifically u
is L* close to a rotation.

So the problem becomes how to find these paths. The key observation that allows us to find them is the
following:

Suppose we have a point zy € u (€2) where the path

X (0) = 2 and % (to) = DU, (X (t)) (14)
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stays mostly in the set {z € u(Q) : d (Du (u™'(2)),S0(2)) < 4} then from the study we made in Section 2.1
we know u~! ({X (t) : t > 0}) will be “roughly” a line in direction n.

Conversely if we manage to find a line L in direction ny where Du on 2N L stays mostly within N (SO (2))
then u (2N L) will “roughly” form an integral curve to DUy and the path w (Q N L) will stay mostly in the set
{zeu(@):d(Du(ut(2)),S0(2)) <d}. Soinstead of trying to find paths X : [a,b] — u () that satisfy (14)
for which Du on X ([a,b]) stays L' close to the wells SO (2) U SO (2) H, we can look for a straight lines in
direction ny in Q for which Du stays L' close to SO (2). By Fubini there will be many lines L' close to
SO (2) U SO (2) H and by the bound on surface energy, many of these lines will either be L! close to SO (2) or
SO (2)H.

To summarise, what we have gained is that in the reference configuration (i.e. in 2) we need only look for
straight lines with low bulk energy, and by Fubini there will be plenty of these. The cost is that Du must stay
close to the well SO (2).

2.3.1. The grid

First we will repeat the idea given in Section 2.3 with a bit more detail. Let 6 > 0 be some small number
and m be a large integer. Suppose we had an invertible function u : Q1 (0) — R? with

/ d(Du(z),S0(2)U SO (2) H)dL?*z < §* (15)
Q1(0)

and
1
D?u(2)|dL?z < ——- 16

Suppose also we have an m x m grid of subsquares T := {Q1,Q2,...Qn2} that cover Q1 (0) for which we
have a subcollection G such that Card (T\G) < (1 — &) m? and G has the following property; for any Qi € G
there exists Ry € SO (2), Jy € {Id, H} such that ka |Du (2) — RiJx| dL?2z < dm~2. Then by the bound on
surface energy (16) we must be able to find many lines L in direction ny such that {Qx € G : Qx N L # 0} are
all subsquares with Du close to either SO (2) or all of them are such that Du is close to SO (2) H. If we know
additionally that [,  d(Du(z),80(2))dL%z < [, d(Du(z),SO (2) H)dL?z then we could in fact find
many lines in direction ny (or direction ng) on which Du stays close to SO (2).

As we have argued, the u image of these lines will form paths which (roughly speaking) solve the ODE (14)
and stay mostly inside the set {z € u (Q1 (0)) : d (Du (u™! (2)), SO (2)) < 6} and hence by the push over lemma
(i.e. using (13)) and the ODE method, these paths will form mostly straight lines.

Now given that there are many lines L in directions nq and nge on which Du stays close to a fixed (depending
only on the line) rotation, it is easy to show that some central subsquare S (whose size is determined by the
eigenvalues of matrix H) must be “surrounded” by the boundary of a “diamond” whose sides are parallel to
n1, ng and form subsets of these “controlled” lines (see Fig. 7). So on each of these four lines, (call them
L1, Ly, L3, Ly) Du must be L! close to a fixed rotation Ry. One of the main reasons for working on the grid
is that when two lines (say L1, L2) intersect on a “good” subsquare @y € T on which Du ~ Ry, Du = Ry we
have Ry =~ R,. So if we manage to find our four lines L;, Lo, L3, L4 such that they only intersect on “good
subsquares” function u on the boundary of the diamond will be L! close (with error § 8 say) to a fixed rotation.
Since there are so many good subsquares finding these four lines is just a matter of careful counting.

Once this is established, by integrating the function in direction ¢; (note |Du (z) ¢1| = 1 for any = € Q1 (0)
such that Du (z) is close to the wells SO (2) U SO (2) H) from one side of the boundary of the diamond to the
other we can show that inside the diamond, Du will be mostly close to a rotation R with error say § 7.

So if for some § which is approximately a root power of k™° if we can find such a grid we will be in a position
to argue the statement of Theorem 1.1.

Ideas similar to this have been used in plate theories, specifically decomposing a region into squares on which
a rigidity theorem is applied. See [11] Section 4, and [17].
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2.4. The “weak” two well Liouville theorem

Recall our main theorem is a kind of Liouville theorem for functions with small (fixed) surface energy but
much much smaller bulk energy, where the control of the derivative of the function inside a central subsquare
is of some root power of the bulk energy.

We can have a “weaker” theorem of this type (weaker because the control of the derivative in the central
subsquare will be bounded by the surface energy) as a simple corollary of the BV Poincaré inequality; by the
Du(z)dL?z

1

le 0)

inequality if we let A = then we have

/ |Du (z) — A|dL%z < c/ }DQU (2)] dL?z < ck.
Q1(0) Q1(0)
And its easy to see A € N, (SO (2) USO (2) H).

2.5. Carefully scaling of the “weak” two well Liouville Theorem

Suppose function u is such that [, o d(Du(z),SO (2))dL%z < Jo, 0 d(Du(z),80(2) H)dL?z and
satisfies (4), (5).
Recall we want a grid of subsquares T' := {Qy : k = 1,2,...} that cover @1 (0) for which there is a subset
G C T such that for some (possible large) ¢ € N we have
[ ]
Card (T\G) < k"¢ Card (T). (17)
e For each Q) € G there exists Ry € SO (2), J, € {Id, H} such that

/ |Du (2) — ReJy|dL22 < k0 L2 (Qy) . (18)
Qk

Since mg can be arbitrarily big we can in effect have as much control of bulk energy as we like and so we
need only concentrate on the surface energy. However surface energy being the gradient of Du means that it is
“morally speaking” one dimension lower than the estimate on bulk energy. If we take a grid with elements of
diameter h, we can think of the measure A — fA ‘DQU (z)‘ dL?z as being a “one dimensional set” of length < &
spread out across the elements of the grid.

So if we take the set of “bad” grid elements @); for which ka |D2u (z)| L%z > ko h, the total sum of

the lengths of the bad grid elements will be less than k' which is k¢ times longer than the original
“one dimensional” set of surface energy. However we are interested in establishing estimate (17) which is a
“two dimensional” estimate because Card (T') ~ # so the set of bad grid elements is negligible.

Since by the bulk energy estimate we easily have that most of the elements @ are such that

/ d(Du(z),S0(2)U SO (2) H)dL?z < k¢ h?
Qk

we have the conditions to apply the “weak two well Liouville theorem” on “most” of the elements ) of the
grid and this give us (17), (18). Hence we have the grid we need. Technicalities aside these are all the elements
need for the proof.

We will prove Theorem 2.1, Theorem 1.1 follows by symmetry. Note that throughout the proof ¢ will denote
all unimportant constants depending only on o, (1, (5.

Theorem 2.1. Let 0 < (1 <1 < (o < o0. Let H = (‘6091) for o € (0,1). Let K := SO(2)USO(2)H.
Let u € Wh2(Q1(0)) be a C bilipschitz function with Lip (u) < (2, Lip (u™1) < (it There exists positive
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constants c1,c3,¢4 < 1 and ca,c5 > 1 depending on o, (1, (2 such that if k € (0,¢c1], mo > c2 and function u
satisfies

/ d(Du(2), K)dL2 < 5™ (19)
Q1(0)
/ ‘DQU (z)‘ dL?z < c3k (20)
Q1(0)
/ d(Du(z),S0(2) H)dL?*z < / d(Du(z),S0(2))dL*z (21)
Qey (0) Qc, (0)

then there exists Ry € SO (2) such that
/ |Du(z) — RiH| < C5 K500
Qc, (0)

3. PRELIMINARY NOTATION

Let H = (g 091> for o € (0,1). Throughout all the lemmas we take
K :=50(2)USO(2)H. (22)
Let 0 < (4 <1< (3 < o0. Define
D(6,¢) = {M € M?*2: inf |Mwv| > ¢ and sup |Mu| < (2}. (23)
veS?! vest

Given a C! invertible function u : Q@ — R?, u being bilipschitz with Lip (u) < ¢, Lip (u™!) < (' is
equivalent to
Du(z) € D((1,¢2) for all z € Q.

The latter formulation will be more convenient for us. Let
R(z,a,p) := {x€R2 z—x)-e1| < B (z—x) - eq] < a}.

4. PUSH OVER LEMMA

This is the push over Lemma described in Section 2.1 of the introduction. The proof is essentially a calculation,
see Section 2.1 for a explanation of why it works.

Lemma 4.1. Let 0 < (3 <1< {3 < oo. Let K be as in (22). Let u € W (Q1 (0)) be a C invertible function
with the property that Du (x) € D ((1,(2) for all x € Q1 (0). Let

1 B
P1 = <V1j"2> , g = <V1j"2> note that |Ho;| =1 fori=1,2. (24)
V1402 V1402

Let n; denote the anti-clockwise normal to ¢; fori=1,2.
Let i € {1,2}. For any s,e € u(Q1(0)), such that n:= [s,e] C u(Q1(0)) and

/d(Du (u'(2),K)dH'2 < a|s — €] (25)
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then
|s —e| > ‘(uil (s) —u"'(e)) nz‘ — ¢ lals —ef. (26)

Proof. We begin with the main inequality.

Step 1. Let i € {1,2}, for any ¢ € S!
|[HY| > - n;. (27)

Proof of Step 1*. This follows by self adjointness of H and Cauchy Schwartz inequality, let 9" denote the
clockwise normal to v

ong =1 - @
= H "’ -H¢,
< |y
= [Hy|.
Proof of Lemma. Let J : u(Q1 (0)) — R be defined by J (z) =d (Du (u™! (z)), K). We let t, € S denote the
tangent to the curve u! (n) at point
/J(z)dle = / |Du (2) t,| J (u(z))dH 'z
7 u=t(n)
26 [ )
u=t(n)

So using (25) we have

Cl—la|3—e|2/ L ADuE) K di (28)
u=1(n

Now for each * € u=!(n), let G (x) € K be the matrix such that d (Du(z),K) = |Du(x) — G (z)|. Let
E (z) = Du(x) — G (x), note that |E (z)| = d (Du(x), K). So

|s —e| =L (n)
:/ |Du (x) t,| dH x
u=t(n)

2/ G (2) to] — |E (2) to| dH 'z
w1 (n)

(27)

> / ty ~ni7/ |E (z)t,|dH >
u=t(n) u=t(n)

(28)
> L' Py (w () = G lals — el

=|(u" (s)fufl(e))~ni|f(f1a|sfe|. O

5. WEAK TWO WELL LIOUVILLE THEOREM

Lemma 5.1 is the “weak two well Liouville Theorem” described in Section 2.4 of the introduction. The proof
is simply a matter of applying the BV Poincaré inequality.

41 would like to thank Laszlo Szekelyhidi for the following argument.
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Lemma 5.1. Suppose u € W2 (Qq(0)) N C! with the property that for constant (o > 1 we have Du(z) €
D (0,¢2) (see definition (23)) for all z € Q1 (0). Let K be as in (22). Suppose k > 0 is a small number and that
u satisfies the following inequalities

/ d(Du(z),K)dL?*z < k (29)
Q1(0)

/ |D*u (2)|dL?z < & (30)
Q1(0)

then for some R € SO (2), J € {H,1d} we have
/ |Du (z) — RJ|dL*z < ck. (31)
Q1(0)

Proof. Let A = ile(o) Du (z)dL?z. By the BV Poincaré inequality (see Th. 3.43 [1]) we have

/ |Du (z) — AldL?*z < c/ ‘DQU (z)|dL*z
Q1(0) Q1(0)

< ck. (32)
And

4d (A K) < / |A — Du (z)|dL22+/ d(Du(z),K)dL*z
Q1(0) Q1(0)
(29),(32)
<

2ck. (33)

So there exists R € SO (2), J € {H, Id} such that |A — RJ| =d (A, K) and by (32) and (33) satisfies (31). O

Definition 5.2. Given vectors vi,vs € S' and § > 0 we define a grid G (vi, vz, d) as follows.
G (1)1,’02, 5) = {P (k15U1 + kg&)g, V1, V2, 5) P (k15’l)1 + kg&)g, V1, V2, 5) C Q1 (0) Jki, ko € Z}

where P (x1,v1,v2,d) is a parallelogram centered on x; whose sides are parrel to v1,v2 and of length . Note
that the grid is the set of parallelograms inside @ (0).

6. SCALING LEMMA

In this lemma we set up the grid described in Sections 2.3.1 and 2.5 of the introduction. The proof is a
matter of simple scaling and counting.

Lemma 6.1. Let Q1 (0) be the unit square in R?. Let K be as in (22). Let integer mo be large. Given
u € W2 (Qq (0)) N C! that for small k > 0 satisfies the following properties,

Du (z) € D(0,(2) for all x € Q1 (0).

/ d(Du(z),K)dL?*z < k™ (34)
Q1(0)

/ |D?u(2)|dL?z < 1. (35)
Q1(0)
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FIGURE 4. Elements of the grid G (wl, wWa, /@%).

Let wi,wy € S! be vectors such that wy - woy € (—1 +206.1 — 206). Then we can find a subcollection G C

G (wl, wa, Ii%) with the following properties

o Card (G ('(1)1,'(1)2, Ii%) \G) < er 1.
e For any P € G there exists R € SO (2), J € {H, Id} such that

/ |Du (2) — RJ|dL?z < kAR (36)
P

Proof. First note that P (0, w1, wz2,1) C Q1 (0). We define zy, i, := k1w1 + kaws.
Let W := {(kzl, k2) 1 Q mo (2k k) C Q1 (0)} Let § > 0 be the angle between w; and wy. Now (sin Q)Q =
> 3

P 2
1—cos@ 6

o 2> oS, so sin 3 o3. From this it follows that the width or height (which ever is smaller) of any

parallelogram P € G (wy, ws, 1) is greater than 0®. Now G (wl, w2, HTO) \W are the set of parallelograms close
to the boundary, as can easily be seen from Figure 4

Card (G (wl,wg, /@@)> —Card(W) <ck™ 2. (37)
Let

Bl;{(kl,kg)ew:/Q ( )d(Du(z),K)dLQZzlisT)}. (38)
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FIGURE 5. The squares {Q mo (zkhkz)} centered on the elements of the grid.
K

Let

By =< (ki ko) € W : / ‘DQU(Z)‘dLQZEH&% : (39)
Zkl k2

Now as can seen from Figure 5, {Q mo (Zky k2 ) (kl, ko) € W} can not overlap by more than ¢ times. Formally
K

Z XQ mo (Zkl k2) (2) <e (40)

(k1,k2)EW ®

So
Card (Bl) Iﬂ}m"llo d (D’U, (Z) , K) dL2Z
(k1,k2)€EB1 mef(zklvkz)
(40)
< d(Du(z), K)dL?
Uk ko)eBy Qnﬂél (Zkl,kQ)
(34)
< cg™0
Thus
Card (By) < cx™ 1. (11)

In the same way

IN

Card (Bz2) Ko Z / |D2u (z)‘ dL?z

(k1,k2)€EB> Zkl k2

c/ |D?u(z)|dL*z
U(klvk2)€B2 Qh%ll (Zklv’Q)
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Thus o
Card (By) < ck™ 1. (42)
Now for any (ki,k2) € W\ (B1 U Bz) we can define function v on @4 (0) by

mo

mq
v(z)=u (/@Tz + zkhk?) K72 .

Since (k1,k2) & By (see definition (38))

/ d(Dv(z),K)dL?z = / d(Du(y),K) k™™ dL%y
Q1(0) QK’ mo (Zkl,kQ)
< fi":lo.
Now since (k1, k2) & Ba, (see (39))
/ |D?v (2)| L%z = / |D%u ()| k2 ALy
Q1(0) Q mo (281 k)
< fi":lo.

Now we can apply Lemma 5.1 to v on Q1 (0) we can obtain that for some R € SO (2), J € {Id, H} we have
/ |Dv (2) — RJ|dL%z < ¢k 7.
Q1(0)
Since P (0, w1, ws2,1) C Q1 (0) this of course implies
/ |Dv (2) — RJ|dL%z < ¢k % (43)
P(O,wl,wg,l)

mq

Now we scale this information back to learn about the derivative of v on P (zkl,kmwl, Wy, K2 ) Recall

, -z
u(z) =k (#) for z € Q mo (2 k) -
K2 ro2

mq

Solet y = (2 — 2k k) K~ 2,

~ |Du(z) - RJ|dL?z = / |Dv (y) — RJ| k™ dL?y
P(0,wy,w2,1)

/ m
P(Zkl,k27w1,w2,f€ 2 )

Let
G = {P (Zkl,kwwlan;’iTﬂ) D (K1, k2) € WA\ (B4 UBz)}
from (37), (41), (42) we have that

3mg

Card (G (wl,wg, HTO) \G) <eck T

And by (44) any P € G satisfies (36) and this completes the proof. O
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7. FOLLOWING INTEGRAL CURVES I

If we have a curve v with endpoints a, b and |a — b| > H' (y) — § we can show that the tangents (denote the

tangent at point z by ¢,) of the curve mostly point in direction |Z:Z‘ by the following trick

a—2> a

/V <tz - m)2dH1z =2H"(y) -2 </7 t.dH'z, ﬁ) =2(H"(v) = |a—b]) < 26. (45)

Letting ¢1,co be the centres of Py, P, respectively, the curve we will be considering is given by wu ([c1, ca]).
Analogously to what we discussed in Section 2.4 of the introduction, if we have a line L parallel to H 'n;
such that fLﬂQl(O) d(Du(2),S0 (2) H)dH'z < § then the curve u ([c1, c]) will form a small perturbation of an
integral curve to the vector field ¥; : u (Q1 (0)) — R (recall ¥y (z) := w1 (z)-n1). Since ||[DV¥; (2)| — 1| < § for
all 2 such that d (Du (u™! (2)) ,K) < § we have |(c1 — c2) - n1| = [¥y (u(c1)) — U1 (u(c2))| = H' (u([c1, c2]))-
However by (50) this is also the distance between the end points of the path u ([c1,c2]) and by a trick very
similar to (45) this gives (51), (52). We will have to use Lemma 7.4 a couple of times, for this reason we
formulate it in a more general way than would at first seem necessary.

Notation. Given a set of vectors {vi,va,...vn} let (v1,v2,...v,) denote the span of these vectors, i.e.
<’U1,'UQ, . ’Um> = {Z:)ll )\ﬂ}i : )\1 S R}

Definition 7.1. A G-line inside grid G (w1, w2, &) is subset {Py, Pa, ... Py, } C G (w1, w2, &) which form a con-
nected line of parallelograms in direction wy or wy. Formally, {Py, P, ... Py, } satisfies the following properties
e Pu,NP #0for ke {1,2,...k —1}.
e If C'(Py) denotes the center of the parallelogram Py, then either

ow (C(Pz)):Pwli (C(PJ)) fOI’i,jE{l,Q,...k}l}

w. w.

Definition 7.2. A complete G-line {Py, Py, ... Py, } inside grid G (w1, we, ) is a G-line with the property that
d(P1,0Q1(0)) < 2k72 and d (P, ,0Q1 (0)) < 2k72". Informally, the G-line cuts right across the grid.

Definition 7.3. Given grid G (w1, we, ), and G-line L we let

L= UP.

PeL

Lemma 7.4. Letu € W2 (qul@ (0)) be an invertible C1 function with assumption that Du (2) € D ((1, ()

orall z € Q,s—1, (0). Let K be defined by (22). Let my > 16. Let k > 0 be a small number (depending on o,
16¢; "¢
(1, C2), suppose function u satisfies the following properties:

(1)

d(Du(z),K)dL*z < k™. (46)

Q (0)

16¢7 1 ¢o
(2) There exist G-line {Py, Pa,... Py, } parallel to ﬁ:—z% inside grid G (‘II}I:—%, ‘II}’:—EZ;",K%> and a
subset Mo C {P1, Pa,... Py, } such that

Card ((Py, Py, . P, \Mo}) < 2675 for some po > ™. (a7)
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o2

dist (P, Pr,) > o (48)
o For each P € My there exists R € SO (2) such that
/P |Du(z) — RH|dL?*z < kAR (49)
And with the property that for some points x1 € P1 and x2 € P,,, where |§§:§1| = ﬁ:i% we have
@) = (w2)| = |(2r = 22) - al| < ex® for some go > =L (50)

Then let Ry € SO (2) be such that RoH 'ny = zz)=u(@1) ypore eists a subset My C My with

lu(z2)—u(z1)]”’

Card (Mo\M;) < ¢ (KPTO + H%O) K2 (51)

such that for any P € My we have

/P |Du (2) — RoH|dL?2 < ¢ (n%” + n%”) KMo (52)
Proof.
Step 1. There exists wy € Py, wy € Py, such that if vy := wwz)—u(wi) oy

T Ju(wz)—u(wi)]

wa
/ ‘Du(m)HﬁQni—vl 2dH1x<c(/@p0+f@qo). (53)

w1
Proof of Step 1. Define O : My — SO (2) as follows. For each P € My let O (P) € SO (2) be a rotation (which
by definition of My we know exists) such that
/ |Du(2) — O (P)H|dL?z < ck™0 k%" (54)
P

We define function

(55)

So using (47)

/ E(2)dL*z < k™ k% Card ({Py1, P2y ... Py, } N M)
U;c":11 Py,

+2(K™ Card ({ Py, Py, . .. P, } \Mp)

(A7) mg mg mo
2

+ 4Kk
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-2 -2
Hnl Hn2

R GRS

0

FI1GURE 6. The central region Y in which we gain control of our function.

Now its a calculation to see ‘Z:—z:ﬁ‘ = < v 10":3‘76 ) SO ‘ ‘Z:ZE‘ . 62‘ > ”—23 Now we will take a diamond of side
V1406
length 1 with sides parallel to HI}’:—% for ¢ = 1,2. The length of the smallest projection will be greater than

%3, see Figure 6. Now {Py : k=1,...m;} are diamonds of side length k2 with sides parallel to HI}’:—% for
1=1,2. So

o
Pli-2nyy+ (Br) =2 0 e (57)
So by Fubini from (56) we must be able to find a point w; € P; such that

/ E(2)dL'z < crP. (58)
(wi+(H=2n:))N (U2, Pr)

k=

Take point wy € P, N (w1 + (H2n;)). Note that by Lipschitzness from (50) we have
[ (wr) = w wa)] = [(wn = wz) -l < e (w7 +£75"). (59)

For each x € [wy,ws] let T' (z) € SO (2) be such that

d(Du(x),SO(2)H) = |Du(x) —T (z) H|. (60)

1 +o +1

= | (0 0) (VR )| = | [ VIR ) =0 (61)
0 o 1 led
1402 1402

||Du (z) H*ni| — [T (2) H 'ni|| < 2|Du(z) H' =T (z)

(60)
< 407 *d(Du(x),S0 (2) H). (62)

From (24) we know

Thus
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Hence from (55), (58), (62)

/ |Du (2) H ?n, dlef/ T (2) H 'ny|* ALz
[’Lul,’LUg] [w17w2]

/ (|Du(z) H?ns| = |T (2) H 'ni]) (|Du(2) H ?ni| + T (2) H 'ng|) AL
[wi,w2]

<

g/ 2||Du (z) H ?ni| — |T' (2) H 'y | (oo™ "L 2
[wi,w2]

(62)
< 8@0*2/ d(Du(z),S0(2) H)dL'z
[w1,w2]

(55) ~
< 8@0*2/ E(z)dL'z
[wi,ws]

(58)
< kPO,
Since from (61) we know |T'(z) H 'n;| = |H 'n;| = 1 we have
/ | Du (z) H*Qni|2 dL'z — Jwy — ws|| < ekPo. (63)
[w1,w2]
Let
vy 1= w(wg) Zu(wy) (64)
|u (w2) —u (w)]
So
/ ‘Du YH™ 2n; — vy ALz = / ‘Du YH™ m| —|—|v1| —Z(Du( )H_2ni,vl) dL'z
[w1,w2] [w1,w2]
Dy |+ cnP — 2| H 2n,| / Du(2) 220 g
=~ w1 — W2 CK — n; Z,V1
[wl ’LUQ] |H 277/'L|
= 2|wy —wa| + ek — 2|H ny| (u(w1) — u(ws) ,v1). (65)
Note from the definition of vy, (64)
‘HﬁQni‘ (u(wr) —u(ws),v1) = ‘HﬁQni‘ | (w1) — u (wa)]. (66)
As f2=wr - Hooniog
lwe —wi| |H 2
H2n,
(w1 = w2) - gl = |wy — wy ﬁ” (67)

Putting (67) together with (59) we get

HiQ’Ili

|u(w1) — u (wa)] — |wr — we| m -n

<c (nqo + anO) . (68)



A TWO WELL LIOUVILLE THEOREM 329

Note by self adjointness

H_2TL1 Ny = H_1n1 . H_1n1
= |
Wy, (69)

In the same way we can see that H 2ny - ny = 1. So applying (69) to (68) we have

HH*Qm‘ [u (w1) — u (w2)| — w1 — wa|| < ¢ (qu + n%) . (70)
So from (66) this implies

|[w1 — wa| = |[H?ni| (u(w1) — u (we) ,vl)‘ <c (quo + anO) .
Applying this to (65) we get
/ |Du(2) H *n; — vy dl'z < ¢ (kP + k%) . (71)
[wlan]

This completes the proof of Step 1.

Proof of lemma continued.
Now recall from (58) we know that

/ E(2)dL'z < ek, (72)
[w1,w2]
So we can find a set of intervals I, I, ... I, —2 C [w1,ws] with Ij := [wy,ws] N Py for some k € {1,2,...mq1}
and L! ([wl,wg]\ ( 21:11_2 Ik>> < 3k3. Let
Ay = {ke{l,Q,...ml—Q}: E(2)dL'z < ck? L} (Ik)}. (73)
Iy

Thus from (72)

k' > L'(Iy) ] < > /I E (z)dL'z

ke€{1,2,...m1—21\ A1 ke{1,2,..m1—2}\A;

(72)

< crPO.
So

kT > Z L' (I) = Card ({1,2,...m; — 2} \Al)/@%.
kE{1,2,...m1—2}\ A,
Hence
Card ({1,2,...m1 —2}\A;) < kPR (74)

Let

Ag = {k €{1,2,...m; — 2} :/ |Du(z)H*2ni 7v1|2dle <c(k® +np°)% /iméo}.
Iy,
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So from (53)

mq

Card ({1,2,...mq — 2} \Az) ¢ (k® +npo)% K3

< Z |Du(2) H *n; — vy 2drtz
ke{1,2,..m1—20\ A, Y 1k
< C(Iipo + quo) .

Which implies

mq

Card ({1,2,...my —2}\A2) < c(nLITD +/ip70) K2,

So for and k € {1,2,...m; — 2} \ (41 U A3), recalling definition (73) we have

/ E(2)+ |Du () H*n; 7v1|2dle < c(/g%o +nq7°) P
Iy,

Hence there must exist a point z; € I such that
= =) 2 Po 40
E (k) + |Du (2) H *n; — v | Sc(%? +K2 )
Soif P € {Py, Py,... Py, }\ (A1 U Ay) by definition of E (see (55)) we have
|Du(z) — O (P)H| < ¢ (,r + f)

and
a0

|Du (zx) H ?n; —U1|2 <c (KPTO +I€T> )

Now (76) implies

\Q
Nlo

|Du (2) H *n; — O (P) H 'n;| < c(mpTO + R ) ,
And (77) implies

‘Du (zx) H *n; — vl‘ <c (KPTO + lﬁ))
so adding (78) and (79) together gives

a0

‘O(P)Hflni —v1| <c (KPTO +1£T) .
Let My :={P, : k€ {1,2,...m1 —2}\ (A1 U A3)} N My. Note by (75) and (74) we have

mq

Card (Mo\M;) < ¢ (/1%0 + quTO> K2

Let Ry € SO (2) be the rotation such that
R1H_1ni =1,
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mo
2

recall (64) for a reminder of the definition of v;. Since |w; — z1| < &2 and |wy — z5| < 2" and from (48)

|x1 — x2] > ‘;—; (recall zy € Py, x2 € Py, ). By bilipschitzness, from (64) making obvious estimates we obtain

u(x2) —u(xy) P (83)
lu(22) — u (z1)]
Now recall the definition of Ry in the statement of the lemma, RoH 'n; := % Hence from (83)
‘ROH’lni — RlH’lni‘ < ck'2 which implies
IRy — Ry| < ¢k (84)
So (80) implies that for any P € {P, P,,... Py, }\ (41 U Ag),
|O(P)*R0| § |O(P)H71nifRoH71ni‘
(82),(84)
< |O(P)H_1ni—vl|+0ﬁ >
(80) ro @
< C(Ii4 +n4). (85)

To summarise, by (81) we can find a set M; C My such that
e Card (Mo\M;) <c (/i%o + n%’) K2
e From (85), for each P € My we have |O (P) — Rg| < ¢ (/1%0 + HQTO) and so putting this together with
(54)
/ |Du (2) — RoH|dL?z < ¢ (/@%O + /@qTO) K™,
P

Thus M satisfies all the properties we want and hence we have established the lemma. O

8. FOLLOWING INTEGRAL CURVES II

As explained in the introduction to Lemma 7.4, Hypotheses (88) and (89) imply |(ci —c2) - -n1| =
H' (u([c1,c2])) where ¢1, ca denote the centres of Py, Py, respectively. To recall, this is essentially because (88),
(89) imply u ([c1, c2]) is close to an integral curve of the vector field ¥y (2) where ¥y : u (Q1 (0)) — R is defined
by ¥ (z) :=ut () - ny.

Now by the “push over” lemma, i.e. Lemma 4.1 (see Sect. 2.1 of the introduction) if we know

/ d(Du(z),K)dH"z is small (86)
u= ! ([u(er),u(e2)])

then |u (¢1) — u (c2)| is (with some small error) greater than |(c; — ¢2) - n1| and so the endpoints of u ([¢1, ¢2]) are
pushed far enough apart to make u ([¢1, c2]) an “almost” straight line, then we can simply apply Lemma 7.4 to
arrive at conclusions (90) and (91). The only issue is establishing (86) via the area formula, a Fubini argument
and Lipschitzness.
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Lemma 8.1. Let u € W2! (nglQ (O)) N Cl be invertible with the assumption that Du (z) € D (¢1, () for
all z € Qygc-1¢, (0). Let K be defined by (22). Let mg be a big integer. Let k > 0 be a small number (depending
on o, (1, (2), suppose function u satisfies the following properties:

(1)

d(Du(z),K)dL*z < k™. (87)

Q (0)

16¢7 1 ¢o

(2) There exists G-line {Py, Pa,... Py, } parallel to ‘H 2n7| inside grid G(m7%7 3 ) and a
subset M C {Py, Pa,...Pny,} such that

Card ({P1, Po,... Py, }\M) <276 Kk~ 2 (88)
[ ]
o3
dist (P17Pm1) > g
e For each P € M there exists R € SO (2) such that
/ |Du (z) — RH|dL?z < ck™5" k™. (89)
P

Then there exists a set My C M and fized Ry € SO (2) such that

Card (M\Mp) <ck® k™2 . (90)
e FEvery P € My satisfies the inequality

/P |Du (z) — RyH|dL?z < ¢k’ ™. (91)

Proof.

We will we show that for

Step 1. Let i € {1,2} be such that the G-line {Py, P, ... Py, } is parallel to |H T nE

any point #; € P; and any point x3 € P,,, such that IiZ:ii\ = Ig:zz%\ we have the following inequality
u (21) = u (@2)] < (21 — w2) - o] + e HE (92)

Proof of Step 1. We define the function E : UZQI Pr. — R by

E(z) = { |Du (z) — RiH| for x € P, € M where Ry, € SO (2) satisfies (89) (93)

2(o for x € (U;n:ll Pk) \M

From (88), (89) we know

/ E (z)dL%z < Z/ |Du (z) — ReH|dL?z + ¢ Card ({ Py, Ps, ... Py, } \M)
U, Py

PreM
mg  mg mg  mg
<ck 1T K2 4+crz2 KRTE
mg  mg
< chTO R 2.
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Now in the same way as we deduced inequality (58) from inequality (56) in Lemma 7.4. Here we again use the
mo
fact that Py—2,, L (Uk L Py) > 035 +— So by Fubini, we must be able to find point z; € P, and 2z € P, such

2o—21 __ H nl
that o] = THZn and

z2
/ E(z)dH'z < ckT6 . (94)

We will first show the inequality for z1, z5. It will then follow by Lipschitzness. First note

22
/ Du (x)- H *n;

Now for each x € [z1, 23], let T (z) € SO (2) H be such that |Du (z) — T (z)| = d (Du(z), SO (2) H). Note that
|Du (z) — T (z)| < E(z).
From (61) we have |I' (z) - H=?n;| = |[H 'n;| = 1 and so from (94)

= [H?ni] |u (22) — u (21)]- (95)

22
/ Du (z) - H *n;dL'z

22
< / I'(z)-H *n;dL'z| + o0~

Z1

1/ E(z)dL'z

21

zZ2 m
g/ |I’(x)-H_2ni|dL1x+cmTf?

Z1

o
< |21 — 29| +cxTE .

By (95) this implies

mg

|H ;| |u(22) — u(21)] < |21 — 22| + ek . (96)
Recall from (69) we have H2n; - n; = 1. So since 2 = % from (96) we have

lu(z1) —u(z2)] < |H_2m| <|zl — 29| + c;g7ff?)
. H*Qni
~||H 20

mo
< |(z1 — 2z2) - ni| + ck 16

mg
n; (|21 — 2|+ CKW)

and this completes the proof of this inequality for z1,22. Since z; € B mo (z1) and 22 € B mo (22) inequal-
K K
ity (92) in the statement of Step 1 follows by Lipschitzness.

Step 2. We will show that for any point 1 € P; and any point x5 € P,,, such that é; ﬁh ﬁ:i% we have
the following inequality
Ju (1) — w (@2)] = [(21 — 22) - ma] — en™S* |1 — o). (97)
Proof of Step 2. Let J (z) =d (Du (u™'(z)),K). So by the area formula
z)|det (Du (u™" (z)))rl dL?z = J (u(2))dL?z

Lo o I
(@1, ©) Qe 16,®)

= d(Du(z), K)dL*x
Quocite, (@

IA
x
3
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Since Du € D ((1,(2) we know |det (Du (2))| < (3 for all z € Quecc, (0). So

J(2)dL2z < (Zk™. (98)

/u(czwgllQ )

Now as we know wu is invertible and by assumption since |[Du~'(z) || < ¢, so u~! is ¢; *-Lipschitz. So
Quc, (w(0)) Cu (qul@ (0)) since otherwise there would be a point g € 0Q g1, (0) with |u (0) —u(q)] <

4¢s. And hence |0 — ¢| > 2¢; " |u (0) — u (¢)| which contradicts ¢; *-Lipschitzness of u~1.
Similarly, as u is (o-Lipschitz, so Q1 (0) C u™* (Qa¢, (u (0))). So as for any two points, z1 € Py, x5 € Py, we
know that u (z1), u (z2) € Qac, (v (0)). Since Quc, (v (0)) is convex

[ (1) 1 (22)] € Qugy (1(0)) € u Qe 1, (0)) -

By a Fubini argument using (98) we must be able to find points z; € B mo (u(z1)) and 23 € B mo (u (z2))
such that
/ J(2)dL'z < 22

Z1

Now since x1 € Py and 2o € P> we know |21 — x| > ‘1’—2. By bilipschitzness this implies |u (z1) — u (z2)] > Cll‘g
Gia®
3

> Hence

80 |21 — 22| >

z2 m
/ J(2)dL'z < ¢z — 2|k 2.

Z1

We apply Lemma 4.1 to conclude that

|21 — 22| = [(u™! (21) —u" (22)) -] — ek |2 — 2. (99)

mo
Now 2

21 —u(21)] < &2, |22 —u(x2)| < k2 which implies [u=! (z;) — z1| < (TR and u! (z2) — @] <

m

¢; 'k, so applying this to (99) gives Step 2.
Note, by putting Step 1 (92) and Step 2 (97) together we have

mq

llu(z1) —u(@2)] — (21 — 22) - M4 | < exT0 (100)

mo

Notice that for po = 5&, g0 = ¢, (88), (100) give us the hypotheses to apply Lemma 7.4. So by Lemma 7.4
there exists a set My C M and some fixed Ry € SO (2) such that

Card (M\ M) < ek T
and every P € M satisfies the inequality
Du(2) — RyH|dL?z < kst 5™, O
|
P

9. TRANSFERRING ORIENTATION ACROSS LINES

Now from hypotheses (101), (102), (103) and by Lemmas 6.1, 7.4, 8.1 we have the existence of a grid G and
many lines L in directions H2n; and H 2ny for which Du on {P: P € G,PNL # ()} is “mostly” orientated
by R(L)H, R(L) € SO(2). See Section 2.3.1 for a basic outline of the idea. What we would like to do
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-2 )
Hn: Hn:

Cs

FIGURE 7. Transferring orientation across G-lines.

is to surround a central subsquare in @1 (0) with a “diamond” whose boundary is contained in the union of
lines Ly, Lo, L3, Ly in directions H 2ny, H 2ny (see Fig. 6) such that Du on the set

{P:PeG,PNL;#0 for someic {1,2,3,4}}

is “mostly” orientated by RH for some fixed R.

It would then be a relatively elementary matter to show that most of the elements of the grid inside the
central subsquare are such that Du is orientated by RH; we just need to notice that function w is fixed on the
endpoints of the lines in direction H ~2n; intersected with the diamond, so we can apply Lemma 7.4 to them.

We only need to find the “diamond”. Note that if line L, in direction H ~2n; and line L, in direction H 2nq
intersect (inside @1 (0)) and at the intersection they have an element of the grid G for which Du is orientated
both by R(L1) H and R (L2) H, then R (L) = R (L2). Our strategy for the proof is to find lines L1, La, L3, L4
where we have this intersection of grid elements on which Du is orientated by R (L;) and R (L;y1) occurs
between L; and Ly, between Ly and L3 and between Ls and L4. The reason we can find these lines is that
there are so many lines in direction H 2n; and H 2ny which have most of the grid elements where Du along
them is orientated by a fixed rotation, so to find four lines that intersect three times on (mutually) orientated
grid elements is just a matter of careful counting. See Figures 7, 8, 9 for an impression of how we do this.

Recall definition (7.3), given a G-line L, we define L to be the set given by the union of all the parallelograms
in L.

Lemma 9.1. Let u € W21 (qulgz (0)) be Ct invertible with the assumption that Du (z) € D ((1,(2) for all
z € ngl@ (0). Let K be as defined in (22). There exists constant c¢; depending on o, (1, (2 such that if



336 A. LORENT

~
—
~ ~ L LJ1
2
P J
ij
FI1GURE 8. A closer view of how orientation is transfered.
function u satisfies the following inequalities
d(Du(z),K)dL?*z < k™ (101)
Qe 1e, 0
|D2u (2)| dL?z < ¢ (102)
Queci1c, (@
/ d(Du(2), S0 (2) H)dL2> < / d(Du(z), S0 (2)) dL2=. (103)
Q ., (0 Q .3 (0
2¢/c641 2¢/5641

. . -2 -2 mg . . . . . —
Given grid G (%, %, K2 ) there exists a complete G-lines K;,, K;, in direction H %ny and complete

G-lines K;,, K;, in direction H = >ny which satisfy the following properties.

e The connected component of Q1 (0) \ (IAQ/O U EZ/I U E; U E;) containing zero also contains Q@ 3 (0).

2y/c64+1
o There exists a subset M C K;, U K;, UK, U K;, with the property that
Card (K;, UK;, UK UK )\M) < ¢k 5% (104)

and for some fized R € SO (2), for any P € M we have

/ |Du (z) — RH|dL?z < ¢k 6 k™0, (105)
P
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-2 -2

Hn: Hn:

L H2

OF

FIGURE 9. The oriented G-lines reach the C5 corner.

Proof. To start with we know by Lemma 6.1 there is a subset G of the grid G (ﬁ, g—%‘, n%) with the

following properties

H_2TL1 H_2n2 mo mo
Card | G G —mo, 106
ot (6 ((frmamey firmng <) \0) < ¥ (106)
e For any P € G there exists R € SO (2), J € {Id, H} such that
/ |Du () — RJ|dL?z < ek k™. (107)
P
Let v; denote the anticlockwise rotation of ‘H 2 | for i = 1,2. Now G (IH 221‘, Ig}m\’ T°> is made up of

a union of complete G-lines in direction H2n;. We denote them K, Ko, ... K,,, where ng is of order Ko
And in the same way G (IH 221‘, ﬁ}n; , n%> is made of the union of complete G-lines in direction H 2ns.

We denote them K, 41, Kpoiy2,. .. Kon,.
Observe Figure 6. It should be clear that there exists some constant a, > 0 such that for any two G-lines
K;, K; such that
K; N {e2) C [—agea,apea], K; N (e2) C [—agez, ayes]
must be such that K; N K; # (. Its a calculation to see

H™2n, 1_1|r
i S . 108
|H=2n4| ( (108)

140

qj
w
[

i
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As can been seen from Figure 6 we can take
_ AT (0 o (109)
T \1) T Vet

Let Y denote the region enclosed by the lines

ao

0'362 0'362 70’362 70’362
72 L H ), -T2 (H ), L L (H ), 22 L (H 2 } 110
{ o ) S (), o (), o () | (110)
as shown in Figure 6.
Its a routine calculation to see that
d(SO(2),SO(2)H) >0 ' +0—-2=:¢,5 (111)
Step 1. Let
ke{l,2,...n2}: There eXists P, P, € K;; NG with
Ey = [p, d ),80 (2) H)dL?z < ek k™0 %
Jp,d ), S0 (2))dL2%z < ck™a K™
i€{n2+1,n2+2,...n2}: There ex1sts Ql,Qg € K; N M with
Fy = Jo, d ),80 (2) H)dL?z < cxa k™0 &
fQ ),50 (2))dL%z < ¢k 3 KMo
By = {k € {1,2,...n2} : Card (K;\G) > &%k *T’”}, (112)
and
Fy = {z € {na+1,n2+2,...2n5}) : Card (Ki\G) > v 2" } . (113)
We will show A
c1 _m
Card (BE;) < ety 2, (114)
401 _mo
Card (F1) < 0035 2 (115)
Card (E3) < kSR (116)
Card (Fy) < kSR (117)

Proof of Step 1. First we estimate the cardinality of Ej. Let k1 € Eq and let Py, P» € Kj, N G such that

mq

/ d(Du(z),S0 (2) H)dL*z < ck ™3 K™, (118)
Py

mq

/ d(Du(2),80(2))dL?z < ck 3 k™.
Py

5 Identifying 2 x 2 matrices with 4 vectors in the obvious way, its enough to notice that the projection of

osina 1 0
-1
o~ cos 0 1
: 2 h 5
o~ sin o a € [0,2m) » onto the subspace span 1o
—0 Ccos 0 —1

forms as circle of radius o + o1
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Note that, as we have seen before (see (57), Lem. 7.4)

Lt (Pvf (Pl)) > L5 (119)
o By = {z eP,. (P): mf{d(Du(z),SO(Q)H) e P (@) mPl} > ,im}

mq mq m

So by (118) L' (By) k™5 k2 < ck' 3 &™°. Which implies

Lt (B1) < kSR (120)

a By = {ac € P, (Py):inf {d (Du(2),50(2)) : 2 € P () N Pl} > K%} .

In the same way we have that

L' (By) <er s k2. (121)

Now for any « € P,1 (P1)\(B1 U Bz) we have a point p () € Py such that d (Du(p(z)),SO (2) H) < K’s
q () € Py such that d (Du (p (z)), SO (2)) < x5 and thus by using (111) we have

p() H2
/ D?u (2) e
q

=3

= [Du(p(z)) — Du(q(x))|

(z) |H=2n4|
> o
-2
So by Fubini and (119), (121), (120)
Eo
/ |D?u (z)|dL?z > ?Ll (Py1 (Py)\ (B1 U By))
UPeKk P
€ 3 ™o
> Za K2

Thus from (102) we have

a > / |D?u (2)| dL?z
1(0)

> %0‘3031‘(1 (B1) K= .

And thus we have (114). In exactly the same way we obtain the upper bound (115).
Now we estimate the cardinality of E2. From (106)

mo _ mg H2%ny H 2ns mq
Card (Es) k™= k=2 < Card (G (|H2n1|’ |H*2n2|’m 2 ) \G)

mo
1 mo

IN

CK 4K
and thus we have (116). In exactly the same way we have (117).

Step 2. We will show that for any ¢ € {1,2,...n2}\ (F1 U E2) and for any P € K; NG we have

/ d(Du(z),S0 (2) H)dL?z < ¢k k™.
P
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And for any j € {n2+ 1,n2+2,...2n2}\ (F1 U F3) we have
/ d(Du(z),S0 (2) H)dL*z < ek K™ for any P € K;NnQG. (122)
P

Proof of Step 2. Let
Ay = {ie {1,2,...n0}: K;NQ s (0) #(z)}.

2y/1+06
Let
Ay = {je{n2+1,n2+2,...2n2}:f?;ﬂQ 3 (0)7&(2)}
2y/1+06
Let
Uy = {P :P¢e G,/ d(Du(z),S0 (2) H)dL?z < ck™ kT, P C Q__,s (0)}.
P 2v/1+ 00
Let

Ug = {P :Pe G,/ d(Du(z),80 (2))dL?z < ck™ kT, P C Qs (0)} . (123)
P 2v/1406
First note that if there exists ig € A1\ (F1 U E3) such that K;, N GN ¥y # 0 then by definition of E;, every
P, € K;, NG will be such that P, € Uy. Now take j € Ay\ (Fy U F3) such that K; N K;; N G # ( then by
definition of F1, for every P» € K; N G we must also have P, € ¥ . Note

{jGAQ\(FluFQ)KJQKZOQG#Q)}:{jEAQ\(FluFQ)}\{jKJQKZOQGZQ}

and as Card ({j : K; N K;, NG = 0}) < Card (K;,\G) so from (115), (117) and definition (113) we have

Card({jGAg\ (F1UF2) KjﬁKloﬂG#@}) 2 Card({jGAg\ (F1UF2)})
—Card (K;,\G)
(115),(117),(113) mg
> Card (Az) — 8013 K2 .
g

(o2

We have a large number of G-lines in {K; : j € Ag\ (F} U Fy)} with all the P € K;NG being such that Du on P is
close to SO (2) H. From this, using similar arguments its easy to show that all G-lines K; with j € A\ (E1 U E»)
satisfy (122). And consequently all G-lines K; with ¢ € {1,2,...n1} \ (F1 U F2) also satisfy (122).

Thus we only need to argue the case where

U {P:PecK,NG}C Vg (124)
i€A1\(E1UE3)
Let ) )
H*n, H ™ “ny mg ) }
Op:=<PeG , k2 | PC - (0)%. 125
0 { (|H2n1| |H72Tl2| Q2\/1+a6 ( ) ( )
Since from inequalities (114), (116) and definition (112)
Card [ O\ U (P:PeKnG}
i€A\(F1UE?)
< Card (E1 U E9) k™ R
16¢ k™0

< -
—  g,08



So from (124) we have

Since obviously Ui N Ui = 0 so

Note that for any P € g

K L2 ({xeP:d(Du(az),SO@)) > 4%

So E(P) :=

Note that for each x € E (P), d (Du
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16¢i k™™o

Card (00\TRr) < 3

€60

Card (V) < Card (00\VRr)

<

m‘é‘
—
N—

IN

Thus since P € Ug (recall definition (123)) we have

Multiplying by —1 gives

Let A:= L?(P) for any P € G(

< K™K
{ac € P:d(Du(x),50(2)) <k~ } is such that
L?(E(P)) > L*(P) — ek = k™.
(z),50 (2) H) > %= and hence
/Pd(Du (x),80 (2) H)dL?z > (L2 (P) - cm%mmo) ?%-
/ d(Du(z),80 (2) H) —d(Du(2),S0 (2))dL%z > <L2 (P) — cx™® Hmo) 3 e mo
P 4
> %"LQ (P).
/d( u(),50(2)) ~ d(Du(2), 50 (2) H)dL%2 < ~ 217 (P).
=] ‘H 2n K TO) So using (103) and (106)
e / Du(z),80(2)) —d(Du(z),S0O (2) H)dL?z
/ 0(2)) —d(Du(z),SO (2) H)dL?z

/ d(Du(z),S0(2))dL?*z
P

+Z/ (Du(2).50/(2)) - d(Du ()50 (2) H) dL*:

+2(>,Card ( (

(106),(127)
<

fCard(\IlR)

Pevy

H nl H 712 mq
[H=2n| TH 20"

)6k

mo

ZA+20Card (V) A+cka .

341

(126)

(127)
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Thus -
Card (V) ?"A < 2¢,Card (W) A+ cr 1.

Now as we have seen before (see (109)) A > %Slimo so using (126)

€o mg

Card (¥ R) 5 < 26Card (Py)+ck™= k™™
(126) —mo m
: 3201@%3 4 e mmo
oo
6401C2K7m0
€503
Thus
128 —mo
Card (W) < 12802h ™0 (128)

g2g3
Since G = ¥y U ¥ we know from (106) Card (6©o\ (¥ U ¥R)) < ¢k k™ so using (126), (128)

Card (0p) < Card (¥y) 4 Card (Tg) + ek KT
256C201
g2g3

—mg

<

Since from definition (125) we know

03/(% ? b
Card(©g) > | ——] > —x~ ™
©) 2|5 A555) 2%

O 256Gt
8 T g203 ’

and assuming sufficient smallness of ¢; we have a contradiction. So we have established Step 2.

so we know

Notation for Step 3.

Firstly we note that for any k € {1,2,...n1} \E1 U Ey by definition of Es (see (112) and (107)) we have the
hypotheses (88) and (89) of Lemma 8.1, by (101) we also have hypothesis (87) so by the lemma there there
exists a subset U (k) C K} with the following properties

e For fixed Ry € SO (2) we have for any P € U (k)

/ |Du (2) — Ry H|dL?z < CKSE K. (129)
P

ng

Card (Ki\U (k)) < ek k=735 (130)
Similarly for any ¢ € {n1,n1 +1,...2n1}\ (F1 U F) there is a subset U (i) C K; with the following properties
e For fixed R; € SO (2) we have for any P € U (i)

/ |Du (2) — RiH|dL?z < ck’s% 5. (131)
P

Card (K\U (i) < ck ™ K~ (132)
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Observe the Figure 7.

Let V; := ‘Ig:—z;“l for i = 1,2. Define

_ i
wo=rt (re (| 703]))
_ Vo Vo
Hy =P li (Pvﬁ <_Z’7]>) :
_ VoW
H3 = P 2i (PV;‘ (-—?,—I:|>)7
_ [ V2V,
wo=rt (re (|5 ]))
(133)
And define
J1 = {k’e{l,Q,...ng}:I?;CHl,k’¢E1UE2},
Js = {k’e{l,Q,...ng}:I?;CHg,k’¢E1UE2},
Jo = {z‘e{n2+1,n2+2,...2n2}:EcHQ,igFlqu},
Jy = {iE{TLQ+1,n2+2,...2n2}:ECH4,Z'€F1UF2}.
Step 3. We will show we can find ig € Ji, ji1,j2,...J¢ € Jo where
KT
> 134
6> (134)
such that for some fixed R € SO (2), for any P € U (ig) U Uilzl U (jx) we have
/‘Du(z)—EH dL%z < ck'sd K. (135)
P

Proof of Step 3. Its helpful to observe Figure 8.

As shown in Figure 7. We let Cl = H1 N 1{27 02 = H2 N 1{37 03 = H3 N 1{47 04 = HLQ H4.

Its easy to see the convex hull of the set {C1,Cs,Cs, Cy} will be contained the region Y shown of Figure 6,
see (110) and (133) for definitions. As shown in Figure 8, let

©,:={P:PcU() forsomeie Jy, PCCi}.

We start by estimating the cardinality of ©;. Let
z={Pec(nvar?):Pcal

Note that
KMo

Card (Z) > )
If P € Z;\0O; then either P € K; for some ¢ € F} U Fy or P € K;\U (i) for some some i € J;. Formally;

Z1\O; C ( U K) U (U Ki\U(z')> .

i1€EF1UF> i€ Js

(136)
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So from (115), (117), (132)

Card (Z,\01) < Card (Fy U Fy) s~ 2" + > Card (K;\U (i)

€2
(132),(1;5),(117) 8¢,

—m mo
K0 4 erB2 RO

€503
1601
€503

—myg

<

Let ¥y :={P: P € K, for some i € J;}. So from (114), (116)

Card (Z;\0,) < Card (By U Ey) k™%
1601

€500

<

—myo

Note from (137), (138), (136) (assuming ¢; is small enough)

(137),(138) 32¢;

Card (¥1 N Oy) > Card (Z;) — = KO
(136) KMo 32¢;
> - —mo
= 32 c,00
KMo
>
- 64

Now we have the obvious estimate Card (J;) < <~ 2". And as

vNne, = | Kine,
i€Jy

so (139) implies there must exist g € J; such that

K T2

Card (Kio N @1) Z

So using (130) we have

_ o
2

. K
Card (Ki[) N @1 N U(’LQ)) Z 128 .

Now by definition of U (ig) (since ig € J;) there exists R € SO (2) such that for every P € U (i) we have

/ ‘Du (z) — RH|dL?*z < K K.
P

Let {P1, Py, ... Pe, } := K;, N©1 NU (ip), so of course from (140) we know &; >

K2

(137)

(138)

(139)

(140)

(141)

. By definition of ©; for

every k € {1,2,...£& } we have that P, € U (ji) for some jj € J>. And by definition of U (jj) we have for some

fixed R (jr) € SO (2) such that for any P € U (j)

/~ |Du (2) — R (ji) H|dL?z < cko% k™ for some fixed R (ji) € SO (2).
P
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So putting this together with (141)

Jo

_
2v/1+00

Du(z) — RH|+ |Du(2) = R (ju) H|dL?z < en¥ 5o

and hence as L? (Py) > ™o (gee (109)) there must be a point zj € Py such that

mQ

‘Du (z1) — f%H‘ + [Du (z1,) — R(j) H| < ex'ss

which implies
‘R(jk) — é’ < crE
From this and (141) Step 3 follows.

Step 4. Let

T3 := {z € Js: Card (K; N Og) > cKIE T } . (142)
We will show we can find ri,ro,...7¢, € T with & > % with the property that for any P € Ufil U (r;)
satisfies inequality

/ ‘Du (z) — RH|dL?z < K K. (143)
P

Proof of Step 4. Let
Oy :={P:PecU/(j) forke{l,2,...&},P e Ca}. (144)
From (132), (134) and Figure 9 we see that

(132),Figure 9 1 m m
Card (02) > & (Z —CK 320) KT
(134) KMo
> .
1024

(145)

mq

Since for any ¢ € H3 we have trivially that Card (K; N©3) <k~ "z . So

Card (02) < Card (T3) k™3 4 ek k2 Card (J3\T3) .

mq

Hence from (145) and the trivial estimate Card (J3\T3) < k™= .

Ko mq mg

1024

we have o
K 2
2048
Now from (130) since (definition (142)) T5 C J3 C {1,2,...n2}\ (E1 U E3) so by (129), (130) for any i € T3,
Card (K;\U (i)) < ek k72", So by definition of T3, U (i) N O # @ so we can pick Py € U (i) N O,. Now by
definition of ©,, (see (144)) and of the set {j1,j2,...je | (see (134), (135)) we have

J,

Card (T3) > (146)

Du(z) — RH|dL?z < ek K™,
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Also by definition of U (7), (see (129), (130)) we know there exists R; € SO (2) such that
/~ |Du () — RyH|dL? < ¢k’ 5 for all P € U (7).
P
Hence as we have argued before (since Py € U (4)), there must be a point zg € Py such that

‘E—RZ-

IN

‘Du (20) — EH‘ +|Du () — R:H|

mo

CK 64,

IN

And so for all P € U (7)
/ ‘Du (2) — EH‘ dL?z < k88 K.
P
Let {ri,r2,...7¢,} be an ordering of T5. Note that from (146) we have

mo

I 2

> .
£ 2 0R

(147)

So we have shown all the P € G inside the set of G-lines {KT1 y Koy KT£2 } are such that Du on P is orientated
by R. This completes the proof of Step 4.

Step 5. We will show we can find ig € Jq, i1 € Jo, 12 € J3 and i3 € Jy4 such that for some fixed Re SO (2),
for any P € U (i1) UU (i3) UU (i2) UU (ig) we have

/ ‘Du (2) — RH|dL?z < cr B KM,
P
Proof of Step 5. Let

O3 :={P:PecU(r), fori=1,2,...&,P € Cs}.

We make the same estimates as before, from (147)

Card (©3) > &

™o

Let Ty := {z € Hy : Card (K; N O3) > CK_T}, as before

mq mq

Card (03) < Card (Ty) K~ 2 +crk3 KM,

—m, m, _mq
So £+ < Card (Ty) k= 2 which implies 52 < Card (Ty).
So as in Step 4 since Ty C Js C {1,2,...n1}\ (F1 U F3) so by (131), (132) we must be able to find a G-line

K, where Iy € Ty and Card (K;,\U (o)) < ¢x3 k= 2. Hence U (o) NOs # () so as before we have the property
that there exists Ry, € SO (2) such that for any P € U (Ip) N O3

/ ‘Du (2) — RH| + |Du(2) — Ri,H|dL?z < ¢k ™.
P
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So there must exists a point zg € P such that

‘Du (20) — ITEH‘ + |Du(2) — RiyH| < ck’os .

Hence ‘E — Ryy| < ck’sd and thus for every P € U (ly) we have

/~ ‘Du (2) — I?EH‘ dL?z < CREE MO
P

We have already chosen i in Step 3, see (134). Let i1 be any member of {j1, jo2, ... je, } (see again Step 3) and
let i be any member of {ri,ra,...7e, } (see Step 4) and let i3 = lg. Now ig, i1, i2, 93 satisfy all the properties
required.

Proof of Lemma continued.

Now since the G-line K, must intersect the original G-line K;,. And since any G-line K,,, k € {1,2,...&}
must intersect any G-line K, for k € {1,2,...&}. So the G-lines K;,, K;,, K;,, K;, from Step 5 (and
inequalities (130), (132)) satisfy all the properties of the statement of the lemma. O

10. PROOF OF THEOREM 2.1

The strategy of the proof of Theorem 2.1 is as has been outlined in the introduction to Lemma 9.1. Lemma 9.1
gives us four lines Ly, Lo, L3, Ly (parallel either to H~2n; or H2ny) that contain the boundary of a “diamond”
surrounding a central subsquare. These lines have the property that “most” of the grid elements that intersect
them are such that Du on these elements will be L! close to matrix RH for some fixed R € SO (2).

We will be considering lines in direction H —2p, that start and end on the boundary of the diamond. However
before applying Lemma 7.4 we need to know that “most”of the grid elements along the line are such that Du
is close to a matrix in the well SO (2) H. Note that we know from Lemma 6.1 that most of the grid elements
are such that Du is either close to a matrix in the well SO (2) or close to a matrix in the well SO (2) H.

So we need to rule out the possibility that there are many grid elements inside the diamond for which Du
is close to SO (2). Now note that |[Hes| = 0= > 1, so if for some line @ (inside the diamond) in direction es,
many of the grid elements intersecting @ are such that Du is close to a matrix in SO (2), letting a, b denote
the endpoints of ) where (say) a € L; and b € Ly we would have H! (u([a,b])) < |Hes||a — b| which is a
contradiction because u ([a, b]) has to connect u (a) to u (b) and integrating from a to Ly N Lg, then from L;NLs
to b we see that |u(a) — u (b)| = |RH (a — b)| = |Hea| |a — b|. Thus there can not be many grid elements in the
diamond for which Du is close to a matrix in SO (2) and thus we can apply Lemma 7.4 to control “most” of
the lines in direction H 2n;.

Proof of Theorem 2.1. First note by Lemma 6.1 there exists G C G (f;:—zih’ ‘g:—z‘;;, n%) with the following
properties

H2¢1 H ¢, mo) ) ™o o
Card | G , SR 2 G| <cka g™, 148
(6 (o i ™ ) \0) < s (145)

e For any P € G there exists R € SO (2), J € {H, Id} such that
/ |Du () — RJ|dL?z < ek k™. (149)
P

By Lemma 9.1 there exists G-lines K;,, K;, in direction H~2n; and G-lines K;,, K;, in direction H2ny which
satisfy the following properties.
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FI1GURE 10. Vertical lines connecting the oriented G-lines.

e Let W be the connected component of Q1 (0) \ (f(\; UK;, UK, U I?;) containing zero, then

Q . (0)CW. (150)

o There exists a subset M C K;, U K;, U K;, U K;, with the property that
Card (K, UK, UKy, UKy)\M) < ek k™2 (151)

and for some fixed R € SO (2), for any P € M we have

/ ‘Du (2) — I?EH‘ dL%z < ko8 K™ (152)
P
Let
H_2¢1 H_2¢2 7"0) }
B:=<PecdG , k2 | PCW 3.
{ (|H2¢1| |H 2 s
And let

D:= {P eGNB: / |Du (z) — R|dL?z < ck™ k™% for some R € SO (2)} .
P
Part 1. We will show
Card (D) < 5kT05 50, (153)
Proof of Part 1. Suppose not, so
Card (D) > BrT00 M0, (154)
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Let C (P) denote the center of each P. We can partition B into columns parallel to es in the following way. Let
R(a):={PeW:C(P)-e1=a}.

As we can see from Figure 10, for some constant g, > 0 we have

B C U R (kggm%) .

k:72[n7%1}

Let

o= {k e {72 [If"&"} .2 [HH : Card (R (kggnnéo) N ]D)) > o T } (155)
By (154) 5k100 5~ ™0 < 25~ 2" Card (®) + k100 5™ s0 we have

mq mq

Card (®) > 2xT00K~ 2 . (156)

Step 1.1. We claim we must be able to find k; € ® such that
Card (R (jgaﬁ%> \G) < e for j € {k1 — 1,k1, k1 +1}. (157)

Proof of Step 1.1. Suppose not. So we have a subset ® C ® with
Card ()

Card (@) > 3 -2
(156) k7B m
> o (158)

and for every k € ® we have

Y

Card (R (kgaﬁ7’;0> \G) K RT3
So

H2¢1 H 2y mo> > =\ mo _mg
Card [ G s , K2 G > Card (P ) k=2 2
( <|H—2<z>1| 20, "7 )\ () w5

mg
(1§8) KT00  mg

K20 g0
- 2
3mg
50
> re KMo
- 2

which contradicts (148), hence we have established (157).

Step 1.2. Let S:=Wn Pezl ([(kl — %) Oc, (k1 + %) QUD and we define function £ : S — R by
d(Du(z),S50(2)) ifze PeD
E(z):=1 d(Du(z),SO(2)H) if z€ Pe G\D
2, if z€e P& Q.

We will show
mo

/E(z)dL2z <TGRT R (159)
S
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Proof of Step 1.2. To begin with note that if PN S # @ and P € G then P € R (jggﬁ%) \G for some
j€{(k1 = 1), k1, (k1 + 1)}
So

{(P:PNS#0, P¢G}C U R(jgm%)\G
J€{(k1—1),k1,(k1+1)}

and hence from (157)

mq mq

Card{P: PNS#0D, PZG}) <3k K 2. (160)
Thus
/ E(2)dL%z < 2(k™ Card({P: PNS# 0, P ¢ G})
S\(Upeq P)
< 6ok K2 (161)
On the other hand from the definition of G specifically from (149) we have
/ B (2)dL?s < 3 3 / d(Du(2), S0 (2) U SO (2) H) dL22
$0(Upec P) GE{U —1) k1, (k1 +1)} PER(e NG 7 T
<3k TR (162)

Hence putting (161), (162) together gives us (159) and this completes the proof of Step 1.2.

m

3

m 0
Step 1.3. Now since k; € ® (see definition (155)) its clear that L! (Pej1 (k:1 QUK,TO) N{P:Pe D}) > oo
2

Now from Figure 10 its easy to see that for any o € [(kzl — %) ggﬁ%, (k1 + %) Qaﬁ%} we have

Lt (Pe_; (zo)N{P:Pe D}) > ! (Pe‘; (klggn%) N{P:Pe ]D)})
(o

>

(163)

mq

Now by a Fubini type argument using (159) there must exists x; € [(kzl — %) anmTO, (k1 + %) 05K 2 ] such that

/ E(2)dL'z < ¢k . (164)
Pe;j(zl)mw

Now we must be able to find Py, P, € Ki, U K;, U K;, UK;, with P! (z1) 0 Py, # 0, P (1) N Py, # 0.
2 2
Without loss of generality assume P, € K;, and P, € K;,. See Figure 10.
Let zp € Pezl (1) N Py, and 21 € P;l (x1) N Py,. We will show
2 2

|u(20) —u(z1)] < o1 |z0 — 21| — (0*1 - 1) + cKr0 . (165)
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Proof of Step 1.5.

lu(21) —u(20)] = /Z1 Du(z) - eadL'z

Z0

<

|Du (2) - ea| ALz + / |Du (2) - ea| AL 2

/[zo,zl]ﬁ{P:PE]D)} [z0,21]N{P:PeG\D}

+ |Du (2) - e2| dL 2. (166)

/[ZO,zl]ﬂ{P:PQG}

We define a function
I'y: [z0,21]N{P: P D} — SO(2)
such that I'y (x) € SO (2) is the unique matrix such that d (Du (x), SO (2)) = |Du (z) — T'1 (z)|.
Define
Iy :[z0,21]N{P: P G\D} - SO(2)H
such that 'y (x) € SO (2) H is the unique matrix such that d (Du (z), SO (2) H) = |Du (x) — T (x)].
So

|Du (2) - ea| dL'z < /

Ty (2) - ea| dL'z + / E(z)dL'z
[z0,z1]N{P:PeD}

/[zo,zl]ﬂ{P:PG]D} [z0,z1]N{P:PED}

< L! ([z0,21] N{P : P € D}) +/ E(2) dL'z. (167)
[z0,21]N{P:PED}

Similarly
/ |Du (2) - ep| ALz
[z0,21]N{P: PEG\D}

<

T2 (2) - 62|dL1z+/ E(z)dL'z

/[zo,zl]ﬁ{P:PGG\]D} [z0,z1]N{P:PEG\D}

< |Hes| L' ([20, 1) N {P: P € G\D}) +/ E(z)dL'z. (168)
[z0,z1]N{P:PEG\D}

So using (160), (163), (164), (166), (167), (168) we have

(166),(167),(168)

|u(20) — u (21)] < L' ([z0,21]) N{P : P € D}) 4 |Hey| L' ([20, 21] N {P : P € G\D})
+2G L' ([20, 4] N{P: P ¢ G}) + / E(2)dL'z
[z0,z1]N{P:PEG}

(1 —|Hes|) L* ([20,21) N {P : P € DY) + |Hey| L* ([20,21] N {P : P € G})

+ " E (2)dL'z + 26 LY ([20, 1] N {P : P & G})

(160),(163),(164) (1—0-1) ;100 3

+o 2o — 2| + KT
Hence we have completed the proof of Step 1.3.

Step 1.4. We will show
mo

‘|u(21) —u(20)| = |21 — 20| RH - €3] < ek .
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Proof of Step 1.4. Now recall P, Py, € K;, UK;, UK;, UK,,. Assume without loss of generality P, € K;,,
P, € Ki,, see Figure 10.
Now from (151), (152) we know that

mq mq

/ ‘Du (2) — RH|dL?z < cxst ™0 Card (Kiy UK;,) + ck32 K2
R,

mg  mg
SC:‘Q“KQ

mq

3

So by a Fubini argument (using the fact that the width of f(: and f(: is bigger than > >-) we must be able
to find points yo € Py, y1 € P, such that

/ ‘Du (2) — EH‘ dL'z < crot .
(yo+{(H~2n2))NQ1(0)
And

/ ‘Du (2) — EH‘ dL'z < cro .
(y1+(H~2n1))NQ1(0)

Let g := {yo + (H ?n2)} N {y1 + (H?n1)}. So

Yo |H72TL2| g |H*2n1|

v H—2 Y1 H2
- / RH - T”QdleJr/ RH-—dr's
Yo |H 7'L2| i |H 7'L1|

-~ Y1
Du(z) — RH‘ ALtz + /
Y

g H—2 Y1 H—2
‘ ( Du (z) "2 4Ltz + Du (z) e dle>

Du(z) — EH‘ dLtz

no

g
S\/\
Yo

n

CK ©

< onE (169)
As
v H2n, Y1 H2n, Y1
/ RH'igdle-‘r/ RH'igdLl,Z:/ RH - e,
o |H2n4| g |H~2n2| Yo
= |y1 — y0| RH *€9.
And as

v HiQ’Ill v HiQ’IlQ

0

So (169) becomes

[ () = ()| = 1 — ol RE - ] < e (170)
By Lipschitzness this implies

10

‘|u(z1)fu(z0)|f|21720|EH~62‘ < ekt (171)

This completes the proof of Step 1.4.
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Proof of Part 1 continued.
So in particular, from (171)
lu(z1) —u(20)] > 0" |21 — 20| — crot (172)

Putting this together with (165) we have

—1 mog
+07 " |z0 — 21| + ek .

This implies

(071*1) mo 3 mo mo
TK/M}OU SCK,G‘l -+ cK 20

which is a contradiction for small enough . Hence we have shown Part 1.

Part 2. We will complete the proof of Theorem 2.1.
As we have noted before. B is made up of a union of G-lines in direction H ~2n;. Denote them K, , K,,... K

K,
where ny4 > %ﬁn_%. Formally {K,,, K,,, . "KSn4} = {KZ KW + @}. Let

Wy = {Ki : Card (K; ND) < gE0b 2 KiﬂW;é@}. (173)
Note that from (153) we have
Card ({K1, ... Kn,} \W1) < 5k20 k2" (174)
Let
Wy = {Ki e W, : Card (K\G) < kT8 k™ } (175)
So from (148) we know Card (Wi\Ws) k16 k= 2" < ck 3 k™™ s0
Card (W1 \W3) < c%zyéo KT (176)
mq

Let {q1,q2,...qns} € IN be such that Wa := {qu,qu . .ans}. Note that we of course have ns < k™72 .
Note that from (174), (176)

_ o
2

Card ({K,,, Koy, ... Ko, J\{Ky,Kqg,,... Kq,_}) < 6200 4

gy,

(177)

Now for any G-line K,, € W5 let Pq(il) be the “first” parallelopiped in K4, NB (i.e. the parallelopiped such that
C (P(})) H=2n; < C(P)-H 2n, for any P € K, NB). Let P2

X ) be the similarly defined “last” parallelopiped.
Note that by (150) we have

3
) (2) 7.
o (PPM) -c(P2)]|>5 (178)
Let 1 :=C (Pq(il)) and z9 :=C (Pq(?)). By arguing as we did to establish (170) in Part 1 we can show that
there exists Ry € SO (2) independent of ¢ such that

|(u (22) — u(x1)) — RoH (x9 — 11)| < ck'o% . (179)

Let Ry € SO (2) be such that
-1 = —U/( . 1
Ry (H 'ny) " (180)
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Now
u (@2) — w (@0)] — [RaH (52 — 21)| < |(u (3) — w (1)) — RaH (32 — 21)|
< ek (181)
Ag 2= H %n,
[z2—z1] = [H~?n1]
HiQ’Ill
|R2H (LL’Q - l’l)| = |l’2 — ﬂC1| H <m>‘
w2 — a1
_ , 182
|H7277,1| ( )
Sin(}:le from (69) we have H 2ny -n; = 1 so ‘g:—z:ﬁl ‘nyp = ﬁ so since \22:51\ = ‘Zizf&‘ using this on (182)
we have
H™2n
|RoH (w2 — x1)| = |z2 — a1 m ny = |(v2 —x1) . (183)
Applying this to (181) gives
lJu (22) — u (21)| = (22 — 21) - ]| < crsE . (184)
Using inequalities (179), (180) and the fact that ‘fci fcl‘ = ‘Z:EE‘
Hfl
Ju(22) = u (21)| Ry (H ') — |21 — 22| Ry (ﬁ)‘
180
U2 (@2) = (@1)) = RoH (a2 — 1)
A79) g
< ¢k, (185)
And as we have see |H‘2n1‘_ = % ny so “;? fol‘l = |(x2 — 1) - n1| and so using this in (184) and
inserting it into (185) we have
H_lnl H_1n1 mg
|ze — z1| R1 <m> — |zo — z1| R2 (m) ‘ < cK (186)
from (178) we know |1 — z2| > ‘%f and so (186) implies
IRy — Ry| < croi . (187)
By definition of W; and W (173) and (175) we know
Card (K,,\ (G\D)) < k16 5~ 2" 4 3005 2
< 202 (188)

— Mo

So setting po = 553, qo = 135 We see (188) and (178), (179), (187) gives us the necessary conditions to apply
Lemma 7.4. So by Lemma 7.4 we have the existence of a set M; C K, N (G\D) such that

mq mq

Card (Kg,\M;) < ck®0 g™ 2 (189)
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and every P € M, has the property

/ |Du (2) — RoH|dL?z < CHR00 0. (190)
P

Recall (see (179)) Ry is independent of i. Let

H:IB%\GMi.
=1

1=

So by (177) and (189) we have

Card(Il) < k% Card ({Kuy Koy, Ko, )\ {Eq Koy, Kq }) + > Card (Ky, \My,)
k=1

(177),(189) g -
< 6,200 50 L e T00 g0
< R0 KT, (191)

And note any P € B\II satisfies inequality (190) and so using (191) we have

/ |Du (z) — RyH|dL?z < 20g2m@+2/ |Du (z) — RyH|dL?
w P

PcB
(191) mg mo mo
< 20¢k2 + Card (B\II) ck 50 k™0 + ¢k 700
< ¢k §00
This completes the proof of the theorem. O
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