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BOUNDARY FEEDBACK STABILIZATION OF A THREE-LAYER SANDWICH
BEAM: RIESZ BASIS APPROACH*

JUN-MIN WANGY 2, BAO-ZHU GU0O%3 AND BOUMEDIENE CHENTOUF?

Abstract. In this paper, we consider the boundary stabilization of a sandwich beam which consists of
two outer stiff layers and a compliant middle layer. Using Riesz basis approach, we show that there is a
sequence of generalized eigenfunctions, which forms a Riesz basis in the state space. As a consequence,
the spectrum-determined growth condition as well as the exponential stability of the closed-loop system
are concluded. Finally, the well-posedness and regularity in the sense of Salamon-Weiss class as well
as the exact controllability are also addressed.
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1. INTRODUCTION AND MODEL FORMULATION

The vibration suppression of elastic structures has been studied extensively in many years due to its wide
range of applications. One widely used technique is to make use of laminated members such as beams which
consist of a compliant middle layer sandwiched between two stiff layers. The advantage of such a structure is to
make the compliant layer create relatively large shear deformation to promote the dissipation of the vibrational
energy of the system. In [5,8], several constrained three-layer sandwich beam models are developed based
on the assumptions that the middle layer resists shear but no bending, and the thickness is assumed to be
sufficiently small so that the mass may be neglected or included in the outer layers. The out layers are the usual
Euler-Bernoulli beams. For the damped model, it was indicated in [5] that the system can have an analytic
semigroup solution, and the optimal damping parameter is also derived in terms of the material parameters of
the structure. When the damping is included in the middle layer so that the shear motions are resisted by a
force proportional to the rate of shear, by the multiplier method, it is shown in [9], under some natural boundary
conditions, that the system associates with an analytic semigroup and the vibrational energy is exponentially
decay.
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In this paper, we shall focus on the following cantilevered laminated beam

mw (z,t) + AWggea(x,t) — Byse(z,t) =0, 0 < x <1, t > 0,
Cys(x,t) — Spo(x,t) + Bwygy (z,t) =0, O<z<1, t>0

with boundary conditions

w(0,t) =0, w;(0,¢t) =0, s(0,t) =0,

Wae(1,6) =0, $.(1,t) =0, Awger(1,t) — Bys(1,t) = u(t)
where w(x,t) stands for the transverse displacement at time ¢ and longitudinal spatial variable x and s(z,t) is
the proportion to the shear in the middle layer. The constant m > 0 is the density of the beam, A, B,C' > 0 the

stiff constants, v > 0 the stiffness of the middle layer, and u(t) € L? (0, 00) is the boundary damping control
force. The initial conditions prescribed for the system are

w(z,0) = wo(x), w(z,0) = wi(x). (1.2)

The conservative model (u = 0) of (1.1) is developed in [5], and is shown that the system admits a Cp-semigroup
solution. However, in this model, the vibrational energy is a constant. To suppress the vibration, a control
must be present in the system. In present paper, the control is imposed at the boundary z = 1 due to its easy
implementation in engineering practice. For mathematical modelling process and the other physical background
of the system, we refer to [5] for more details.

Suppose the output of the system (1.1) is y(¢) = w(1,t). We propose the boundary output feedback control
u(t) = ky(t) where k is the positive constant feedback gain. Then the boundary conditions of (1.1) become

{w(O,t) =0, ww(oa t) =0, S(O’ t) =0, (13)

Wz (1,8) =0, 55(1,8) =0, Awges(1,t) — Bys(1,t) = kw(1,¢t).
Let us introduce a second order differential operator 7 by ([5])
To=y¢",
{ ) ) (1.4)
D(T) ={p € H*(0,1) [ ¢(0) = ¢'(1) = 0}.

One can check that 7 is densely defined and negative definite in L2(0,1). Set o := C~y > 0. Then, it is easily
verified that (o — 7)~! exists and is compact on L?(0,1). Now, let

J=-IT+ala-T)" (1.5)
where I is the identity operator on L2(0,1). Obviously, J is a non-positive bounded operator on L?(0,1) and
Jo=(a—-T) Ty, VYyeD(T).

With the operator J at hand, the closed-loop laminated beam system (1.1)—(1.3) can be rewritten as s(z,t) =
—B(a — T) twypy(z,t) with w satisfying

mw (2, 1) + AWgpes (7, 1) + B>y (T wy) (2, t) = 0,
w(0,t) = w,(0,t) = wee(1,8) =0, (1.6)
AWy (1,1) + B2y Jw,(1,t) = kw(1,1).
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The total energy of the system (1.6) is given by
1 !
E(t) = 5/ mw?(x,t) + Aw? (z,t) — [B*yTw, (x, t)|w, (z, t)dz. (1.7)
0

One of the purposes of present paper is to show that the energy decay rate of the system (1.6) is determined
by its spectrum. To do this, we need an asymptotic behavior of the eigenpairs. However, compared with the
single beam equations studied before (e.g. [6]), a big obstacle in the computation of the eigenvalue for the
system (1.6) consists of solving of a system of ordinary differential equations (see (2.7)). In order to get the
eigenvalue distribution, there are two ways: one way is to substitute one equation into another in system (2.7)
which will make the computation much more complicated, and another way is to treat it as a matrix operator
pencil motivated by the works in [15,16]. In this paper, the second approach is adopted in investigation.

The main contribution of this paper are: a) to show that a set of generalized eigenfunctions of the closed
loop system (1.6) forms a Riesz basis for the state space; b) to get the spectrum-determined growth condition,
a hard problem in infinite-dimensional systems; ¢) to obtain the exponential stability of the system; d) to
conclude the exact controllability and observability of the system. For the last point, many papers contribute
to the exact controllability by nonharmonic analysis approach, see e.g. [1,13,14], name just a few.

Now let us briefly outline the content of this paper. In the next section, the well-posed of the system will be
established. Asymptotic expansion of the eigenfrequencies will be given in Section 3. Section 4 is devoted to
the asymptotic expansion of the corresponding eigenfunctions. In Section 5, we obtain a more profound result,
namely, the existence of a sequence of generalized eigenfunctions, which forms a Riesz basis for the state space.
Consequently, the spectrum-determined growth condition and the exponential stability are concluded. Finally,
as a consequence of the asymptotic expansion of eigenpairs and exponential stability of the system, we conclude
the exact controllability and observability in the last section.

2. WELL-POSEDNESS OF THE SYSTEM
We begin by formulating the problem (1.6) on the energy state Hilbert space H:
M= Hy(0,1) x L*(0,1),  HZ(0,1) := {p € H?(0,1) | p(0) = ¢(0) = 0} (2.1)

where and henceforth the primes above symbols representing functions denote differentiation with respect to
spatial variable z. Due to energy function (1.7), it is natural to define the following inner product induced
norm || - || on H as

1w, )] = /O m|z(x)? + Ajw" (2)|* = B2y (T (x)w'(z)dz, V(w,2) € H (2.2)

which makes sense because J is negative on L?(0,1). Next, define a linear operator A : D(A)(C H) — H by

1
A(w, z) = <Z,E[AU)/” +B2fy(jw')]') , V(w, z) € D(A) (2.3)
where
w' € D(T), z€ H2(0,1), Aw" + B?y(Jw') € H*(0,1),
D(A) =< (w,z) e H (2.4)
w”’(1) =0, Aw" (1) + B2y (Jw')(1) = kz(1)
Set Y (t) := (w(-,t), w(-,t)). Then the system (1.6) can be written as an evolution equation in H:
d
=Y (@) =AY (¢), t >0
SY(O = AY(), >0, (2.5

Y(O) = (w(',O), wt('vo))'
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Theorem 2.1. Let A be the operator defined by (2.3) and (2.4). Then A is dissipative in H. In addition,
A1 exists and is compact on H. Therefore, A generates a Cy-semigroup of contractions et on H and the
spectrum o(A) consists of isolated eigenvalues only.

Proof. Since J is negative on L? and

(w2, (w2 = { (22 (40”4 BT ) (w))

H
_ <[Aw/// +BQ’Y(\7UJI)T, Z>L2 n A(g//7 w”>L2 o BQ,y <jZI,wI>L2

~ [Aw"(@) + BA(Iw')@)] 2] + Au’ (@7 ()

1
L
—(Aw", 2") 2 + By (Jw', 2 e + A", W) e — By (T2 W) e

—k|z(1)|2 —(Aw”, 2") . + By (Jw', )2 + AE", W) s — By (T2 W) e s

it follows that
Re(A(w, 2), (w, 2))x = —k[2(1)|* < 0.

Hence A is dissipative. We accomplish the proof by showing that 0 € p(A) because from Theorem 4.6 of
[12], if A~! exists, A must be densely defined in H. Therefore, the Lumer-Phillips theorem can be applied to
conclude that A generates a Cp-semigroup of contractions on H.

To do so, given G := (g1, 92) € H, we seek F := (f1, f2) € D(A) such that

AF =G,

from which we obtain that fa(z) = ¢g1(z) with f; satisfying

[Af]" + BT )] (2) = —mga(z). (2.6)

The above is equivalent to
[A+ B*y(a—T)7']f"(2) = *mQ/ 92(7)d7 + kg1 (1) =: ¢(x) € L*(0,1).
1

So,
(@) = [A7" = B¥y(a+ AT B*y = T) 7 'é(x) == ¢(x) € L*(0,1).
Solve the above equation, to obtain

2

filz) = /195 ww(ﬂm’ - $/01 TP(T)dT + /01 %w(r)dr.

Therefore, there is a unique solution fi(z) to (2.6), which in return implies that A~! exists. Finally, by
the Sobolev embedding theorem, we see from above expression that A4~! is compact on H and hence the
spectrum o(A) consists of isolated eigenvalues only [10]. O

Let us formulate the eigenvalue problem for A. If A € o(A) and Y), := (w, 2) is a corresponding eigenfunction,
then it is routine to verify that z = Aw and w satisfies the following characteristic equation with supplement
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variable s:
m\2w(z) + Aw® (z) — Bys'(z) = 0,

Cvys(z) — s (z) + Bw" (x) =0,
w(0) =0, w'(0) =0, s(0) =0,
w”(1) =0, s'(1) =0,

Aw" (1) — Bys(1) = kAw(1).

For brevity in notation, from now on, we set

B .
r = {‘/E, dy = e dy:=B, d3:=Cv, k:

riIN2w(z) + w(z) — dis'(z) =0,
s"(z) — dow' (z) — d3s(z) = 0,
w(0) =0, w'(0) =0, s(0) =0,
w’(1) =0, §'(1) =0,

w" (1) — dys(1) = kEhw(1).

(2.7) then becomes

T

(2.7)

(2.8)

Clearly, (2.9) is a system of two ordinary differential equations. In order to solve this equation, one natural
way is to solve s from the second equation in (2.9) and substitute it into the first one. However, this makes the
problem quite complicated. To overcome this difficulty, we shall use the matrix operator pencil method. Let

/ " " !
Wy =W, Wy =W, w3 =W, wy =W, §1:=28, So:=3§

and
d = [U}la W2, W3, W4, S1, SQ]T
where the superscript “T” stands for the transpose; then (2.9) becomes

TP (x,\)®(z) := ®'(x) + M(\)®(x) = 0,
TEN)® := WO(\)®(0) + WI(N)®(1) =0

where
1 00000 0 0 0
010000 0 0 0
o 0000T10 L 0 0 0
WN=10 00000/ WN=|9 o1
000000 0 0 0
000000 —kXA 0 0O
and
M(X) == My + N2 My,
0 -1 0 0 0 0 0 0
0 0 -1 0 0 0 0 0
0 0 0 -1 0 0 0 0
Mo:=1g o o0 o o —al M= 0
o 0 0 0 0 -1 0 0
0 0 0 —dy —d3 0 0 0

The following result is a direct consequence of the above arguments.

_ O OO oo

SO O O OO

OO OO oo

OO O OO

|
S
=

OO OO oo

O RO O OO

SO O O OO

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)
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Theorem 2.2. )\ € o(A) if and only if (2.12) possesses a nonzero solution ®(z).

3. ASYMPTOTIC BEHAVIOR OF EIGENFREQUENCIES

In this section, we seek an asymptotic expansion of the eigenvalues of A. This would be accomplished
by expanding the characteristic determinant with asymptotic expression of the fundamental matrix solution
of (2.12). The technique used here is the modified standard one due to Birkhoff and Langer [2] (see also [15] or
[16]). A key step is to finding an invertible matrix transformation which is very powerful and useful in solving
coupled PDE problems.

Due to Theorem 2.1 and the fact that the eigenvalues are symmetric about the real axis, we consider only
those A which are located in the second quadrant of the complex plane:

= ip? = < <T .
A=ip°, peS {p€C|0_argp_4}
Note that for any p € S, we have

Re(—p) < Re(ip) < Re(—ip) < Re(p),

and
V2
Re(—p) = —lp| cos(arg p) < ——~|p| <0,
Re(ip) = —|p|sin(arg p) < 0.

As we have mentioned in the beginning of this section, a key step to solving the eigenvalue problem (2.12) is to
find an invertible matrix in p € S of the following:

[ rip rp TP TP 0 017
rip? —rip® irip®  —irtp* 0 0
o | 20 e
TPt TP TP iryp” 00
0 0 0 0 >0
Ldarip® dorip® —dorip® —dorip® 0 p° ]

So the matrix P(p) is a polynomial of degree 4 in p. Such a trick of finding the matrix P(p) is inspired by [16].
Now for any p # 0, a direct computation shows that

r_1 1 1 1

drip  4rip? 4r3ps arip* 0 0
11 1 1
drip  4r7p?  4Arjp3 4rip* 0 0
1 -1 1 -1
1 drip 7Z4’l“%ﬂ2 T 4rdp3 Z4r‘11p4 0 0
P(p) = 1 i 1 _ 1 —i 1 0 0 (32)
drip “4rip? 4r3p? arip*
0 0 0 0 30
p
0 0 —dyp=2 0 0 p=3]

Define
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and TP (z, p) :

where
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It is seen from above that M (p) can be written as

where

o O O o O

= P(p)~'TP(x,ip?)P(p). Then we have

0 -1 0 0
0 0 -1 0
0 0 0 -1
P(p) " M(ip*)P(p) = —P(p)~"
(p)™ M (ip") P (p) I R R
0 0 0 0
L0 0 0 —dy
r_1 1 1 1 0 _
4 4rip 4r?p? 4r3p3 dript
1 _ 1 1 0 _dr
4 drip  4rip? 4r3p3 arip*
.1 1 .1 1 d
U T Irp Z4rfp2 4rip3 0 4714?%;4 })( )
it~ —irrs s 0 ir% g
4 4drip 4rip2  4r3p3 dript
0 0 0 0 0 —p73
L0 0 0 0 -dp3 0 |
r dld dld dld dld
—np-— 4?“1/27 _47“1; le 47“1; 0
oy BV R v B T —§2 0
—ifE i Cmpigz agR o 0
i i —igi: e =g 0
——dgT? ——dgr% dgr% dQT% 0
L0 0 0 0 —d3
M(p) := pMi + Mo +p~ " M_4
0 0 0 0 07 [0 0 0
—-r; 0 0 0 0 0 0 0
0 irm 0 0 0 —~ 0 0 0
. , A4b =
0 0 —iry 0 O 0 0 0
0O 0 0 00 dord  dor?  —dor
0 0 0 0 0] 0 0 0

o O O O

o

__4T%ﬂ

dy
arip

—1
4T%p

. dq
4T%p

-1

o o O

3
‘*dQTl

QU

wn

o O O O O

S = O O O O

(3.4)
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and
r dids di1do _dido _dido 0 di 7
4rq 47y 4rq 4rq ard
_ dl d2 _ dl d2 dl d2 dl d2 0 _ d_l
4rq 4rq 4rq 4rq art
— cdido cdido _sdids _ rdido s dy
M_ = Y, Y, L= Ly 0 247"‘1‘ . (37)
_jdidy _ydidy - dido - dids 0 —j-du
dry dry dry dry 4rd
0 0 0 0 0 0
L O 0 0 0 0 0

Based on these transformations, we are now in a position to find an asymptotic expansion for the fundamental
matrix solution of the system (3.4) with respect to p € S.

Theorem 3.1. Let 0 # p € S, and let M\(p) be given by (3.5). For x € [0,1], set

[emre 0 0 0 0 0
0 e~ P 0 0 0 0
0 0 eirpT 0 0 0
E(z,p) = - 3.8
(=) 0 0 0 einr 0 (3.8)
0 0 0 0 1 0
| 0 0 0 0 0 1]
Then there ezists a fundamental matriz solution \Tl(:c,p) for system (3.4), and for large enough |p|,
~ ~ Uy(z) Wy(z) Oz,
W(a, ) i= [ To(a) + 20y 2oln) O ) ) (3.9)
p p p
where
1 0 0 O 0 0 i
01 0 0 0 0
~ 0 0 1 0 0 0
) = , 3.10
@=19 001 o0 0 (3.10)
0 0 0 0 eb= e~ dsw
[0 0 0 0 dge®® —dze dsv |
[dzz 0 0 0 0 0 ]
0 -4y o 0 0 0
1
~ 0 0 —itdy o 0 0
Uy (z) := ! , (3.11)
0 0 0 %%z 0 0
dor? —dor?  idor? —idyr? e®e® e~ dsT
0 0 0 0 d36d3x 7d3eid3m_

and all @2, (:)(:c,p) and éx(z, p) are uniformly bounded in x € [0, 1] for all sufficiently larger |p|.

Proof. By (3.4) and (3.5), the Assumption 2.1 of [15] on page 134 is satisfied and hence Theorem 2.2 of [15]
on p. 135 can be directly applied (see also [2]) to our problem, that is to say, a fundamental matrix solution
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of (3.4) is of the following form
U(x,p) = (@O(x) o Uy (2) + p 2y (a) + p_3é(x,p)> E(z,p).

Since M, given by (3.6) is a diagonal matrix, it follows that E(x,p) given by (3.8) is a fundamental matrix
solution to the equation (3.4) involving only the leading order terms, in other words,

E'(z,p) = pM1E(z, p).

Next, computing ¥'(z, p) and M\(p)\fl(x, p) yields

~

V(w,p) = (V@) + p 10 (@) + p2Th(2) + p~*Ou(a, ) ) Elw, p)

~

+p (Bo(a) + p~ 01 (@) + p~2Ws(w) + p~*(, p)) M E(w, p)

and

— o~ ~

M(p)¥(z,p) = (pMy + Mo+ p~ Mo ) (Bo(@) + o7 Ti(2) + p20a(@) + p~*8(x, ) ) Bz, ).

Inserting the last two equations in (3.4) and equating the corresponding coefficients of p’,i = 1,0, —1, it follows

To(z)M, — My To(z) =0, (3.12)
V() — MoWo(x) + Uy (2) My — My (2) =0, (3.13)
U (z) — Moy (z) — M_1To(z) + Wa(x)My — MyWs(z) = 0. (3.14)

It remains to show that the leading order term ‘/I}O(-) and the second order term ‘/1}1() are given by (3.10)

and (3.11), respectively. Let us denote cgj-] (x) the (i, j)-entry of the matrix \/I\/é(x) withi,7=1,2,...,6; s=0,1.
7 [0]

Since M is diagonal, it follows from (3.12) that the entries ¢;; () of the matrix function U satisfy

M@y=0, it i#j 1<ij<4,
May=0, if i=561<j<4,
@y=0, if j=561<i<4,

and the entries cl’ (x) (i=1,2,...,6), 0[5(2 (x) and cgg (x) can be found through (3.13) that

@)y =0, i=1,23,4,
0]’ 0 0]’ 0
2) = @), (@) = @), (3.15)

o)’ 0 o)’ 0
csd (2) = BBel(@), ) (@) = Bel(a).
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Hence (3.10) follows in terms of the initial date ¥o(0) = I. Similarly, all entries of ¥y (z), namely,

Cij () =0
cg-] (x)=0
e (2) = 0,
hi(@) = dar?, el

can be obtained from (3.13) except cg] () (@

from (3.14). These lead us to

1]’ dyds 1)’
i (@) =32

(1] (1)’

' N _ _
css (2) = cg5(x), co5 () =d

» Coag (x) =

(z) =

Thus (3.11) is concluded. The proof is complete.

L 1<ij<4,i#]
, 1<i<4,j=56
1<j<4, i=6,

1
dor?, ¢

=1,2,..
7d1d2 0[1]’
47“1 ’ 33
1
3

-a6)a Cs6

(x) = ider?, ¢

(1

() = —i

(2), ()

dids
47“1 ’

= chy (),

!
()

(1) = —idar?

() and 0%15] (x), which, in turn, can be found

.dids
= —=

47‘17

!
e (x) = dZeli ().

O

By virtue of transformation (3.3), we have immediately the following result which shows the relationship

between (2.12) and (3.4).

Corollary 3.1. Let 0 # p € S, and let (I\/(:L',p) given by (3.9) be a fundamental matriz solution to the sys-

tem (3.4). Then

~

B(x,p) = P(p)¥(z, p)

~

(3.16)

is a fundamental matriz solution to the first equation of (2.12) with respect to x.

We are now ready to estimate asymptotically the distribution of eigenvalues of A in the sector S. From (2.12),
A =ip? € o(A) if and only if it is a zero of the characteristic determinant A(p):

A(p) = det (TR(ip*)®), peS

(3.17)

where the operator T¥ is defined in (2.12) and ® is the fundamental matrix solution given by (3.16) [15]. Since

T (ip*)® = WO (ip®) P(p)¥(0, p) + W (ip*) P(p)¥(1, p),

it follows from (2.13) and (3.1) that

WO(ip*)P(p) =

o
rip?
0

0
0
0

Tp
—rip?
0

0
0
0

rp
irfp?
0

0
0
0

rp

2
—rp

0
0
0
0

0
20

(3.18)

p

w
o O O O O O

0
0
0
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and
i 0 0 0 0 0 07
0 0 0 0 0 0
W(ip2)P(p) = 5 0 0 0 0 0 o0
P pI=p r3 r3 —r$ —r3 0 0
dor3 dor3$ —dar?} —dar3 0 1
Lri(rip — zl::) 77’1(2‘1} +r3p)  —iry (l~€ +r3p) ir(r3p — l~€) —d; 0]
Once again for brevity in notations, we set
la]z == a+O(p™?).
Since E(0, p) = I, a direct computation gives
T1p rip rip T1p 0 0 i
rip®  —rip? e —irgp? 0 0
~ dorip?  —dorip? idorip®  —idarip® pP(1+p7h) pP(14p7h)
WO(ip*) P(p)¥(0, p) = +0(p~?
(ip") P(p)¥ (0, p) 0 0 0 0 0 0 (r=)
0 0 0 0 0
| 0 0 0 0 0 ]
and
I 0 0
0 0
0 0
W(ip?)P(p)B(1, p) = p° r (L B2 E —r (1 - $E2)E, —iry (1 — i f2) Ey
ritdy (1 + j;—f;) E —r tdy (1 — j;—f;) Ey,  —ir{'dy (1 — z%) Es
ol (8], - 8] o1 8 )
0 0 ]
0 0
0 0
i (1 +zjj—dp) By 0 0 + O ?)
idory ! (1 + zg;—d;) Ey  dze®(1+p7') —dze (14 p7")
p [1 +ig (z% + %)L By —die®(1+p~1) —dye=9(1+ p~1)
where

By :=rie"? By := —rfe " Bz := —irfe'? By :=irfe "7, (3.19)
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Thus
_ Tlp Tlp rlp
rip? —rip? irtp?
dor? p? —dor? p? idar? p?
TR = |y (1 + ZTd;) B 7l (1 - gTd;) PEy  —iry! (1 - ngd;) B
il (14 22) P il (1 B2) 0B —irg 'y (1- i) B
03 (5 o)), -3 (o) [ o w50, o
rip 0 0
—ir?p? 0 0
—idarip? P (L+p) pP(L+p7h)
it (14i22) pPEy 0 0
idory " (1 + ii;—‘f;‘;) pPE, dzp3eds(1+ p~ 1) —dzpPe=% (1 +p71)
[1 tip ! (2% n %)Lpﬁh —dypPets(1 4 p) —dypPe s (14 ph)
Therefore

A(p) = det(T"(ip*)®)

= d2r3p'% det

_ dido
4rip

(i
(i

[1+ipt (i +

_ dids
4rip

dida
47‘1

g—zrled3(1 +p7h

)L By —dip~le®(1+p7") —dip~te @ (1 +p71) |

0 -
0
mrl+p7h)
0

g—grle_dL" (1+p7h)

23

+0(p™?).
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0 1 1
0 -1 )
0 —p! ip~!
= 2d2r3p'C By det dd . did
2P ' (1+ 47"1;) 0 (_Z_ﬁ> Es
0 0 0
s, 0 bt
1 0 0 1
—1 0 0
—ip~* nzl+p7h) 0
(i - 22) By 0 0
0 g—zrled3(1 +p7h) —3—27“1 cosh(dz)(1+ p~1)
{1 tip! (zr% n ﬁ—fj)} By —dip~ e (1+ p~1) dysinh(ds)p~ (1 + p~ 1)
1 2 .

1 —1
= —2d%r3p10 E; det m(ler ) 0
TR SR a4 g1y b cosh(dy) (1 + p-!
rie®(l+p7t) —gricosh(ds)(1+p7)
[ 0 1 1 1 T
0 —1 7 —1
x det did . dd C4d
(1+%2) 0 (—i— 22 By (i-42)p
1 (did -k 1 (. k di1d - 1k did,
e (g —ik)], o [1oan ()], B i (i + 4|, B

= —2r2p'8ds3 cosh(ds)E1 (1 +2p7 1)

0 1+ 1—i

« det (1+%2) (=i - 42 By (i-22) B
o3 (5880, B8 0], o+ ),
= —2(1 —i)r?p'®dz cosh(ds)E1 (1 +2p™ 1)

[ (14 4e) (—i—8s) Byt (1+i22) By
[ T PR R

= —2(1 —4)r?p'®dz cosh(ds)Ey (1 + 2p™ 1)

. didy . NAR!
1 - 1 —a -
x { ' < 2r1 i Z)r?> p

x det

Es +
2

. didy k)1
—(+1)— |2 — 21— | =
( ) < 2r, 7’%) P
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k
i o1~
Z?‘? +t24+(1-9) 41

did
.121E3
p

(3.20)

Hence
Ey+0(p™?)

e

didy \ 1
p

(—2%d3 cosh(d3)r2p'®E1) 1 A(p) =
1+ | —i(1 ')£+2+('+1)
! ! r3 ! 4rq

where Fi, E5 and E4 are given by (3.19). With these preparations, we come to the proof of the asymptotic

behavior of the eigenvalues.
Theorem 3.2. Let A(p) be the characteristic determinant in the sector S of the system (2.12) with X = ip?

Then the following asymptotic expansion holds:
k didy \ 1|
10 16 .7 . o 2162 ir
riple 1‘){ 1+ <2E+2+(1Z) 1 ) ;]e 1P
k didy \ 1| _,
! 2) —] e~ ip +O(p2)} (3.21)

A(p) = i2%ds cosh(ds)
k +24+(+1)
r:f ar1 | p

+ 1+ <i(1 — i)

(3.22)

where 1, dv, do,ds and k are given by (2.8), respectively. Moreover, the eigenvalues {\,, \n} of the sys-
as n — oo

tem (2.12) have the following asymptotic expansion
ko dydy (% + n)?n? 1
)\n:_E—H%% +1 2 +0(n™")

(3.23)

- k
Re{\i, \n} > ——5 =—— as n— .
ri m

| T

where n are positive integers. Therefore

dq dg

Proof. Obviously, (3.21) is a direct consequence of (3.20). Using now (3.21), it follows that p € S satisfies
1 —ir -2
e+ O0(p ") =0 (3.24)

k Ldida \ 1| N ,
1—ie—2—(1— “lemr gy 1- [ +i) = —2—
l <’LT£13 (1—1) = ) p] e'r + (( +Z)7"? (i+1) e
which can also be rewritten as . .
&P TP L O(p7h) = 0. (3.25)
Since in the first quadrant, the solutions of the equation
eiTlp + e*’“"lp =0
are given by
1
= _l’_ n
prn = 2 m, n=0,1,2,...,
™
it follows from the Rouché’s theorem that the solutions to equation (3.25) have the form of
1 /1 _1
—+n|r+a, a,=00n""), n=NN+1,..., (3.26)

pn:ﬁn+an:_
1
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where N is a sufficiently large positive integer. Substitute p,, into (3.24) and use the fact that e/"1/» = —e~¥1/n
to obtain

k NCAREE N oydide ) 1| _2
1—liw—-2—(1—1 — e — 1| (14+i)=—-2—(i+1 — | e " + O(p,,*) =0.
(o) 2o [ (o) ]y

Expand the exponential function according to its Taylor series, to give

1 k| didy P
L= i O(n=2).
“ 2(3 +n)m lz o 2m +0(n™)
Substituting above into (3.26) produces
1 /1 1 ko didy P
=Lt I L . 2
p - <2+n)ﬂ+2(%+n)ﬂ lZTerQﬁ +0(n™ %) asn— o0 (3.27)

Since A\, = ip?, we get eventually

]:Z .didsy i (% + n)2772
Tz Tl Tt 2
T 2r] 5

+0(n™ Y  asn— oo.
The proof is complete. (I

4. ASYMPTOTIC BEHAVIOR OF EIGENFUNCTIONS

Theorem 4.1. Let o(A) = {\n, \u} be the eigenvalues of A and let X = ip® with \, and pn, being given
by (3.22) and (3.27) respectively. Then the corresponding eigenfunctions {(wn, ApwWy), (Wn, A\Wy)} have the
following asymptotics:

w;{(x) = e~ ripn(z+l) o (1 + i)e—impne—mpnw
+ieirlpn(zfl) o (Z o 1)er1pn(m71) + O(Tlil),

Anwp () = —irf%‘"lpn(“"“) + (i — 1)7“172e_"1””e_“p”‘”
+T1—2eir1pn(;c—1) + (’L T 1)7,,1—267'1/)7,,(3;—1) + (/)(n—l)7 (41)

Jw,(x) = sn(z) = O(n"),
wy(z) =O0(n™")

for sufficient large positive integer n. Moreover, (wp, \pwy,) are approzimately normalized in H in the sense
that there exist positive constants ¢y and co independent of n such that

c1 < flwpllz20,1), [Anwallz2(o,1) < 2 (4.2)

for all sufficient large positive integers n.

Proof. Since the characteristic determinant A(p) possesses only simple roots for sufficiently large modulus p,
the corresponding eigenfunctions ®(z) = [wy(z), w2 (x)ws(z), ws(z), 51(x), s2(x)]" (see (2.11)-(2.12)) can be

obtained by replacing one of the rows of T2® in (3.18) by ejT (CID(:E,p)), where e; is the jth column of the
identity matrix. Indeed, we know from (3.16) that ®(z, p) = P(p)¥(z, p) and hence

~ [‘,1;11(30,0) Ouxo ]

b= a1 (z, p) Poz(w, p) )
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where .
r1p[l]sen Tlp[lhe nerrp[l]ie Pt rpp[lfie e
- 20 mlew e S
(1)11($,p) = 3 T1pT —ripr  _ .33 iripr .3 —ir,pT
rip®[1]1e p*[1re rip°[lie rip*[1]ie
it et il intoie-
=R 0] ertr 0 —r1pT 0 i1 PT 0 —iripx
(1)21(%;)) — p3 [(]16 [(]16 [ ]{16 . [ ]{16 |
dor3[1]1€71P7 dor3[1]1e771P% —dorf[1]1ei1PT —dor$[1] e~ ir1re
and

B (. p) i e PR e
T,p) = .
B e N S

27

Thus the first component of ® = (w1 (z, p), wa(x, p), ws(x, p), wa(x, p), s1(x, p), s2(x, p)) is given by

rp Tp
2 2 2 2
rip —rip
2 2 22
dy'ry® darip —darip

wi (x, p) = E;p™ " det

2 cosh(ds) 1P Ey —r H1]1pR B
rtda[1)1p° By —ry tda[1])1p° By

| raplthens ripliie e

rip r1p 0
irtp?® —irfp? 0
idar?p? —idar?p? P31
—iry '[11p° B3 iry ' [11p°Ey 0
—iry ' da[11p° s idary (1197 Ey dgpe® 1)y
rip[1]1eP% oy p[l]eT AT 0

where E1, Es, E3 and Ey are given by (3.19). After a simple calculation, we obtain

0 1 1 1 0 0
0 -1 ) —1 0 0
1 0 0 0 0 1 1
= —————det 1 TP —eimP —emine 00 O(p~!
wl(x’p) 2COSh(d3) € € e e + (p )
0 0 0 0 eds —e=ds
erlp(x—l) e~ T1pT giripT  g—iripT () 0
0 1 1 1
0 -1 ) —1 L
= det 1 o—T1p _girip _g—irip | +O(p7)

erlp(mfl) e~ T1PT GiT1pT  o—iT1pT

, (14)
(4.5)
(4.6)
0 -
0
P11
0 )
—dzp*e[1];
0 .

_ (’L + 1){e—ir1px _ e T1p% + i(eirlpx _ e—rlpx) + erlp(x—l) (e—irlp + ,L-eirlp) + O(p_l)}.
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By (3.25), it follows that

wi(z,p) = (i + 1)e"w{e"w<m+1> — (14 d)e PPz 4 jeinp(@=1) 4 (j _ 1)errle—1) 4 O(pl)}. (4.7)

Similarly, we have

rp rip
i ~rp?
dg17,1—3 I dar? p? —dor? p?
ws(z, p) = m 1 p " det rf1[1]1p3E1 —rf1[1]1p3E2
rfldg[l]lpsEl frf1d2[1]1p3E2
o (thener P yees
rip TP 0
irip? —ir?p? 0
idyrp® —idyrip® p* (11
—ir ' [11p°Es  iry Y1]1p° By 0
firfldg[l]lp:‘Eg idgrf1[1]1p3E4 dzpieds[1]; —dzp3e=9[1];
e gl
and
i 0 1 1 1 0 0
0 -1 i —i 0 0
T%pQ 0 0 0 0 1 1 )
ws(z, p) = 9 cosh(da) cosh(ds) det 1 e~TIP  _giTip  _g—iTip ) 0 +0(p™)
0 0 0 0 el —ed
_erlp(mfl) e TIPT _giTipT _o—iripT () 0 ]
0 1 1 1
5 o 0 -1 ) —i .
=Tip det 1 e TP 7eir1p 7efir1p +O(p )

or1p(z=1) g=T1pT _giripr _g—ir1pu
=—(i+ 1)7‘%p2{e_"1’”‘ e TP (Pt oA
_erip(@—1) (e™imP + ieimP) 4+ O(pl)}.
This, together with (3.25), implies that
ws(x,p) = —(i + 1)r%p2e”'1p{e_"1”(”+1) +(1+ i)e_"lpe_“’m

+ieir1p(z71) o (Z . 1)er1p(zfl) + O(pl)}

p

0
0
3[1
0

0

Jh
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Also, along the same line, we can obtain

29

[ rip r1p
rip? —rip?
1 3 2 92 _ 2 2
wa(x, p) = ﬁ Tl det “arip iy
2 cosh(ds) ri 0P Er =i 110 By
ry ' do[11p3 By —ry M da[1]1p° B
| 22lhene a2
1P r1p 0 0
ir2p’ —irtp® 0 0
idar? p? —idyr?p? p°[1s Pl
—ir; "[11p3Es  iry ' [1]1p3Ey 0 0
—iry tdo[11p3 B3 idyry H[11p° By dsp®e®[1]1 —dgpe=%[1];
g lthe e —indpflihe e 0 0
and
T 1 1 1 0 0 ]
0 -1 i —i 0 0
0 0 0 0 1 1
rip -t
= P e 0
wa (2, p) 2 cosh(ds) ¢ 1 e~ TP  _giT1ip _g—irip () 0 o)
0 0 0 0 el —e
ehp(zil) e~ T1pT Z‘eihpz 71-671'7"1;71 0 0
0 1 1 1
0 -1 i —i -1
= rlpdet 1 e_,,.lp _ei7-1p _e—irlp + O(p )

erlp(zfl) _e~T1PT joiripz _jo—irip

=i+ 1)r1p{ —jeTirpT 4 oTrIPT 4 i(iem”x + e PT)

+erlp(zfl) (efirlp + ieirlp)

By (3.25), we get

o).

wo(x, p) = (i + 1)r1pe"1”{ —demimp(Etl) 4 (1 4 4)e 1PeTIPT

7eirlp(zfl) + (Z _ 1)erlp(zfl) + O(pl)}
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Furthermore, it has

rip rp
rip? —rip?
1 2 2 7.2 2
51(1' p) = ME—1p713 det d2’r1p d2’r1p
’ 2 cosh(ds) L 7”1_1 (1103 B _7°1_1 [1]1p°E»
Tl_ldg[l]lpSEl —Tl_ldg[l]lpsEQ
[ e e
r1p 1P 0 0 )
ir%p2 —ir%pQ 0 0
idorip® —idarip? PP p*[1
—ir[11p°Es  iry M [1)1p°Ey 0 0
firf1d2[1]1p3E3 idgrf1[1]1p3E4 dzpieds[1]; —dzp3e=9[1];
pS[O]leirlpx p3 [O]le—irlpx p3 [ed3w]1 pS[e—d3w]1
and
[0 1 1 1 0 0
0 -1 7 —1 0 0
rl_po 0 0 0 0 1 1 . .
s1(z,p) = 2 cosh(ds) det | | o=rip  _ginp  _g—itip 0 +O0(p~ ) =0(p). (4.10)
0 0 0 0 eds e ds
0 0 0 0 edsr  gmdaw

Based on above computations, (4.1) can then be deduced from (4.7)-(4.10) by setting

=i 5 5 —iripn

wp(x) = — 51 Pn wi (2, pn) (4.11)

in (4.7)—(4.10), respectively. Finally, it follows from (3.26) that

||efmp"(z+1)||2L2(o,1) =140(n™), ||eirlp7L(I71)||2L2(o,1) =1+0(m™), (4.12)
|e=T1Pne 2L2(071) =0(n1), ||empn(z*1)||2m(0,1) =0(n1).
These together with (4.1) yield (4.2). The proof is complete. O

5. RIESZ BASIS PROPERTY AND EXPONENTIAL STABILITY

Let us recall that for a closed operator A in a Hilbert space H, a nonzero element ¢ € H is called a
generalized eigenvector of A, corresponding to an eigenvalue A of A, if there is a nonnegative integer n such
that (A — A)"¢ = 0. A sequence {¢,}>2; in H is called a Riesz basis for H if there exists an orthonormal
basis {e,, }2°; in H and a linear bounded invertible operator T such that [18]

Ton =€, n=12,...
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Let {\,}52, = 0(A), the spectrum of A. Suppose each A, has finite algebraic multiplicity m.,, and let {1y, }1*"
be the set of generalized eigenvectors of A corresponding to A,,. Then if {¢,, | 1 <i<m,, n=1,2,...} form
a Riesz basis for H, then the Cy-semigroup generated by A can be represented as

o My o0 My
ety = Z etnt Zanjfnj(t)wnj, Ve = Z Zan]-z/}nj €H (5.1)
n=1 j=1 n=1j=1

where f,,;(t) are the polynomials of ¢ with order not greater than m,,. In particular, if m,, = 1 for all sufficiently
large n, then the spectrum determined growth condition holds, i.e., w(A) = s(A), where w(A) is the growth
bound of eA?, and s(A) is the spectral bound of A [6].

The following result from [6] provides a useful way to verify the Riesz basis property for the generalized
eigenvectors of linear operators with compact resolvents in Hilbert spaces.

Theorem 5.1. Let A be a densely defined discrete operator (i.e., there is a A € p(A), the resolvent set of A,
such that (A — A)~! is compact on H) in a Hilbert space H. Let {¢,}5° be a Riesz basis for H. If there are an
integer N > 0 and a sequence of generalized eigenvectors {1, }3%, | of A such that

Z ||¢n - %HQ < o9,

N+1

then

(1) there are integer M > N and generalized eigenvectors {ipn,}1! of A such that {1, }17 U{tn}37,1 form
a Riesz basis for H;

2) if {hn, MM U {0}, are the generalized eigenvectors corresponding to eigenvalues {o,}° of A, then

0J1 M+1 1

o(A) = {0,}5° where o, is accounted as many as times according to its algebraic multiplicity;

(3) if there is an integer My > 0 such that o, # o for all m,n > My, then there is an integer Noy > My
such that all o,, are algebraically simple for all n > Ny.

Now, we are ready to state the first main result.

Theorem 5.2. There is a sequence of generalized eigenfunctions of the operator A defined by (2.3) and (2.4),
which forms a Riesz basis for H. Moreover, all eigenvalues with sufficient large modulus are algebraically simple.

Proof. We show that {(wp, Anwy,), (Wn, AWy, )} obtained in Theorem 4.1 satisfies the hypotheses in Theorem 5.1
with respect to a suitably chosen reference Riesz basis of H. To do this, we define another operator Ay : D(Ag) (C
H) — H by

Ao(w, z) := (z, f%[Aw”' + B2’y(jw')]') (5.2)
with
(5.3)

w' € D(T), z€ H2(0,1), Aw"” + B?>y(Jw') € H*(0,1),
D(Ap) :=< (w,2) € H

w”(1) = Aw”' (1) + B2y(Jw')(1) =0
where m, A and B are the same as in (1.1), and the operators 7 and J are that in (1.4) and (1.5) respectively.
It is easy to verify that A is a skew-adjoint operator in H with compact resolvents and hence the generalized
eigenfunctions {(wno, AnowWno), (Wno, AnoWno)} of Ag form a Riesz basis for H. Moreover, from the arguments
in Sections 3 and 4, A\,0 and (wno, Anowno) have the same asymptotics (3.22) and (4.1) with & = k = 0,
respectively. Now,

o0 o0
> 1 (wn, Anwn) = (wno, Anowno)[|* = >~ O(n™?) < 0. (5.4)
n>N n>N
The same is true for their conjugates. Hence, all hypotheses of Theorem 5.1 are satisfied and the generalized
eigenfunctions of A form a Riesz basis in H. Finally, since for a skew-adjoint operator, the geometric multiplicity
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and algebraic multiplicity of each eigenvalue are the same, we see that all eigenvalues of Ay with sufficiently
large modulus are algebraically simple. Since {(wy,, Apwy,), (W, AW, )} form a Riesz basis for H, we also have
that all eigenvalues of A with sufficiently large modulus are algebraically simple. The proof is complete. (I

The second main result is:

Theorem 5.3. Let A be defined by (2.3) and (2.4). Then the spectrum-determined growth condition w(A) =
s(A) holds true for the Cy-semigroup generated by A. Moreover, the system (2.5) is exponentially stable, that
is to say, there exist two positive constants M and w such that the Cy-semigroup et generated by A satisfies

et < Met. (5.5)

Proof. The spectrum-determined growth condition follows from Theorem 5.2. By Theorem 2.1, A is dissipative
and hence there is no eigenvalue on the right half complex plane. Moreover, it is a simple task to check that the
operator A4 has no eigenvalue on the imaginary axis. This, together with (3.23) and the spectrum-determined
growth condition, shows that e’ is exponentially stable. The proof is complete. O

6. EXACT CONTROLLABILITY

Instead of (1.6), we consider the open loop system
mw (2,1) + AWgpea (7, 1) + B2y (T wy ). (2, t) = 0,
w(0,t) —wa(O t) = wye(1,8) =0,

Awgee (1,t) + B2y Jwy (1,t) = u(t),
y(t) = wy(1,¢)

(6.1)

where u € L2 (0,00) is the control input and y is the output. Suppose Ay is defined as in (5.2) and (5.3) that

is nothing but A with & = 0. Define an extension ./21\0 of Ay as

Ao(w, z) i= (2, =5 [Aw"” + B(Tw)]')

w' € D(T), z € Hy(0,1), (6.2)
Aw" + B*y(Jw') € HY(0,1),w"(1) =0, |

-~

D(Ay) = {(w,z) eH ‘

Then for any (w, z) € D(Ay), (¢,¢) € D(A%) = D(Ay),
(Ao(w, 2), (6,1)) = ((w, 2), Aj (¢, 9)) — [Aw"” + B2y(Jw'))(1)i(1). (6.3)
Next, define the natural extension Ag : H — H_; = [D(A)]’ of A as
(AoF,G) = (F, A5G), VG € D(AY), F € D(A) = H. (6.4)
Then for any F = (w, z) € D(Ay),
AF = AyF — [Aw" + B2y(J)w'|(1)b in H_y (6.5)

where
b:=6(- — 1) the Dirac delta. (6.6)

It is seen that Y (¢t) = (y(-,t),y:(-,t)) satisfies the first two equations of (6.1) = AgY(t).
Furthermore, if Y (t) also meets the third condition of (6.1), then AgY (t) = AgY () + bu(t) in H_;, where
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b := —(0,b)". In other words, the system (6.1) can be represented as
dY (¢ ~
% =AY (t) + bu(t) (6.7)

in H_1. Therefore, (6.1) is equivalent to

mwe (2,1) + AWggre(2,t) + B2y (T wy )z (2, t) + 6(x — Du(t) = 0,
w(0,t) = wy(0,1) = wge(1,8) =0,

(6.8)
Awwwx(la t) + B27ij(1,t) =0,
y(t) = b*we (-, t).
Or in the form of
mwe + Aw + bu(t) = 0,
(6.9)
y(t) = b*wy.

Since by the method of [11] on page 8, it is easily shown that D(A'/2) x L?(0,1) = H, where A is a positive
selfadjoint operator in L?(0,1) defined by

{Auﬁw::Aw“Nx)+lﬂvﬁ7wUT$% (6.10)

D(A) = {w € H*0,1) N H2|w"(1) = Aw"' (1) + B%y(Jw')(1) = 0}.
In this way, the system (6.9) is a typical second order collocated system studied in [7]. It is well-known that

the system is exactly controllable if and only if it is exactly observable [4].
Now we apply the abstract results of [7] to the system (6.1). Since

Ao = ((X é), (6.11)

Ao(Wno, AnoWno) = Ano(Wno, Anowno) if and only if

Ae,, = f)\ioen = (i)\no)Qen, Wy = iAno, €n = __Wno | (6.12)
lwnoll 2 (0,1
By (3.22) and (4.1), it follows that
dydy (3 +n)r?
Wy, = tAng = — 122 — (2 2) T +0(™Y)  as n— oo,
2r{ r{
- —2 —ir (z+1) . —2 —iT1Pn ,—T1PnT (613)
Anollwnol| L2(0,1y€n (%) = Anowno(x) = —iry “e”*1Pn + (i — 1)ry ‘™ Pne T 1Pn
+r1—26ihpn($*1) + (Z+ 1)7’1_267"1’0"(171) + O(Tlil).
Theorem 6.1.

(i). Let T > 0 be any constant and Cr be some positive constant depending on T. For any given initial
condition (w(-,0),w(+,0)) = (wo,w1) € H and control input u € L?(0,T), there exists a unique solution
to equation (6.1) such that (w,w;) € C(0,T;H) satisfying

1w, ), we (- TIZ + Nyl Z0m) < Ch‘[HOUO,HH)H%14’HUH%%0JU}~
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(i). System (6.1) is regular. Precisely, if the initial condition is zero that (w(-,0),w:(-,0)) = (0,0) and
u(t) = u is a step control input, then the corresponding output response y satisfies

1 (o2
— 1,¢)dt
U[;y(,)

2
lim =0.
o—0

(#ii). System (6.1) is exactly controllable and observable on some [0,T],T > 0.

Proof. By (4.2) and (6.13), it follows that |b,| = [(b, €n)[D(40))x[D(A))| = len(1)] < C for some constant C' > 0
and |wp11 — wp| > dg for some §p > 0 and all n > 1. By Proposition 2 of [7], b is admissible [3]. Moreover, since
|wn1 —wn| > 6w’ 41 for some constants 4, 3, the hypotheses of Theorem 4 of [7] is satisfied. This together with
the admissibility of b gives the (7). Moreover, the transfer function of (6.1) tends to zero along the positive axis,
which deduces (i) of Theorem 6.1 by equivalent condition proved in [17].

Furthermore, by virtue of Theorem 5.3 and Theorem 4 of [7], the system (6.1) is exactly observable on
some [0,T],T > 0. This is actually the Russell’s principle of “ezact controllability via exponential stability” for
hyperbolic systems. The proof is complete. (]
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