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ASYMPTOTIC ANALYSIS, EXISTENCE AND SENSITIVITY RESULTS
FOR A CLASS OF MULTIVALUED COMPLEMENTARITY PROBLEMS ∗

Fabián Flores-Bazán1 and Rubén López2

Abstract. In this work we study the multivalued complementarity problem on the non-negative
orthant. This is carried out by describing the asymptotic behavior of the sequence of approximate
solutions to its multivalued variational inequality formulation. By introducing new classes of multi-
functions we provide several existence (possibly allowing unbounded solution set), stability as well as
sensitivity results which extend and generalize most of the existing ones in the literature. We also
present some kind of robustness results regarding existence of solution with respect to certain pertur-
bations. Topological properties of the solution-set multifunction are established and some notions of
approximable multifunctions are also discussed. In addition, some estimates for the solution set and
its asymptotic cone are derived, as well as the existence of solutions for perturbed problems is studied.
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1. Introduction and notation

A great variety of problems arising in most applications in Sciences and Engineering have the same mathe-
matical formulation known as a multivalued complementarity problem which may be stated as follows: given a
set-valued mapping, or simply a multifunction, Φ : R

n
+ ↪→ R

n, and a vector q ∈ R
n, it is requested to

find x̄ ≥ 0, ȳ ∈ Φ(x̄) such that ȳ + q ≥ 0, 〈ȳ + q, x̄〉 = 0. (MCP)

This problem denoted by MCP(q, Φ) generalizes substantially the so-called linear complementarity problem
largely studied since 1958 (see [4], p. 218).

Problem (MCP) is known to be equivalent to the following multivalued variational inequality problem
MVIP(Rn

+, Φ + q):
find x̄ ≥ 0, ȳ ∈ Φ(x̄) such that 〈ȳ + q, x − x̄〉 ≥ 0 ∀x ≥ 0. (MVIP)

In this paper we present a method which allows us to develop a general theory yielding new existence and
sensitivity results and unifying the ones found in the literature. Our method is based on the asymptotic
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description of a sequence of approximate solutions to (MVIP). Thus, problems possibly allowing an unbounded
solution set are also treated. Another advantage of our approach is that all requirements needed in this paper
arise in a natural way. Several examples are discussed illustrating the wide applicability of our results. We
follow the line of reasoning carried out in [7–9].

We end this section by stating some basic notations. Section 2 is devoted to list some definitions and
preliminaries related to multifunctions. The asymptotic analysis of the approximate solutions to (MVIP) is
performed in Section 3 (basic lemma) and the abstract Gowda-Pang existence theorem is reformulated therein.
In Section 4, new classes of mappings are introduced and some of their properties are described. The main
specializations of the abstract existence theorem are discussed in Section 5, where also some kind of robustness
results are established. Section 6 is devoted to present some sensitivity and stability results by using the concept
of graphical convergence, developed in [23]. Finally, precise bounds-estimations for the solution set are obtained
in Section 7.

Throughout this paper, we will use the following notation: x ≥ 0 (resp. x > 0) whenever x ∈ R
n
+ (resp.

x ∈ R
n
++ = int R

n
+); |y| = (|y1|, . . . , |yn|) and ||y||d := 〈d, |y|〉 whenever y ∈ R

n and d > 0 (in particular
||y||d = 〈d, y〉 for y ≥ 0); S(q, Φ) stands for the solution set to MCP(q, Φ); coA is the convex hull of the set A;
riA is the relative interior of A; posA = {tx : t ≥ 0, x ∈ A} is the positive hull of A; pos+A = {tx : t > 0, x ∈ A}
is the strictly positive hull of A; A∗ is the positive polar cone of A; A# is the strictly positive polar cone of A;
given x ∈ R

n, the index set supp{x} := {i ∈ I : xi �= 0} is the support of x where I
.= {1, . . . , n}; given d > 0

we denote ∆d
.= {x ≥ 0 : 〈d, x〉 = 1} and if J ⊆ I, ∆J = ∆J(d) .= co

{
1
di

ei : i ∈ J
}

is an extreme face of ∆d,

where ei is the i-th column of the identity matrix in R
n×n. In particular, ∆I = ∆d. The set

D(Φ) .=
{
q ∈ R

n : q ∈ w − Φ(x), (x, w) ∈ R
n
+ × R

n
+, 〈w, x〉 = 0

}
is the set of vectors for which MCP(q, Φ) has solutions. More precisely,

q ∈ D(Φ) ⇐⇒ S(q, Φ) �= ∅ ⇐⇒ Φ ∈ D−1(q).

Here D−1 denotes the inverse multifunction of D defined as usual. Moreover, the sets

F(q, Φ) .= {x ≥ 0 : y ∈ Φ(x), y + q ≥ 0} , Fs(q, Φ) .= {x ≥ 0 : y ∈ Φ(x), y + q > 0}

are the feasible and strict feasible sets of MCP(q, Φ) respectively.

2. Definitions and preliminaries

Here and in the subsequent sections we will deal with multifunctions Φ defined in R
n
+ which associates to any

x ∈ R
n
+ a nonempty set Φ(x) of R

n, and denoted by Φ : R
n
+ ↪→ R

n. The set gph Φ .=
{
(x, y) ∈ R

n
+ × R

n : y ∈ Φ(x)
}

denotes the graph of Φ.
A multifunction Φ : R

n
+ ↪→ R

n is said to be:

• compact (resp. convex) valued if for each x ≥ 0, Φ(x) is compact (resp. convex);
• lower semicontinuous (lsc) if for any x ≥ 0, y ∈ Φ(x) and any sequence

{
xk

} ⊆ R
n
+ converging to x,

there exists a sequence
{
yk

}
such that yk ∈ Φ(xk) and yk → y;

• upper semicontinuous (usc) if for each x ≥ 0 and any open set V ⊆ R
n containing Φ(x), there is an

open set U ⊆ R
n containing x such that Φ(U ∩ R

n
+) ⊆ V ;

• a cusco if it is usc and compact convex valued;
• sequentially bounded if for any bounded sequence

{
xk

} ⊆ R
n
+, it follows that any sequence

{
yk

}
with

yk ∈ Φ(xk) for all k, is bounded;
• superadditive if Φ(x) + Φ(y) ⊆ Φ(x + y) for all x, y ≥ 0;
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• uniformly bounded if there exists a bounded set C ⊆ R
n such that Φ(x) ⊆ C for all x ≥ 0;

• graph-convex (resp. graph-closed) if its graph is convex (resp. closed);
• R

n
+-convex if λΦ(x) + (1 − λ)Φ(y) ⊆ Φ(λx + (1 − λ)y) + R

n
+ for all x, y ≥ 0, λ ∈ [0, 1].

Before introducing our main classes of multifunctions, we need the following notation:

X .=
{
Φ : R

n
+ ↪→ R

n : Φ is a cusco
}

.

C .=
{

c : R++ → R++, c(0) ≥ 0, lim
t→+∞ c(t) = +∞

}
.

Definition 2.1. For c ∈ C, d > 0, the mapping Φ : R
n
+ ↪→ R

n such that 0 ∈ Φ(0), is said to be
• c-homogeneous (on ∆d) if Φ(λx) = c(λ)Φ(x) for all x ∈ ∆d and λ > 0;
• c-subhomogeneous (on ∆d), if Φ(λx) ⊆ c(λ)Φ(x) for all x ∈ ∆d and λ > 0;
• zero-subhomogeneous (on ∆d), if Φ(λx) ⊆ Φ(x) for all x ∈ ∆d and λ > 0;
• c-Moré (on ∆d), if for all λ ≥ 1, x ∈ ∆d, and y ∈ Φ(λx) there exists z ∈ Φ(x) such that 〈y, x〉 ≥

c(λ) 〈z, x〉.
We have to point out that our notion of (sub)homogeneity lies on the compact set ∆d in place of the standard
requirement lying on R

n
+.

Example 2.2.
1. [13] An homogeneous multifunction Φ of degree γ > 0, i.e. such that

Φ(λx) = λγΦ(x) for all x ≥ 0 and λ > 0,
is λγ-homogeneous on ∆d for any d > 0 provided 0 ∈ Φ(0). For instance the mappings Φ1(x) = Mx, where
M ∈ R

n×n; Φ2(x) = (f1(x), . . . , fn(x))T , where fi(x) = max {〈wij , x〉 : j ∈ Λi} with wij ∈ R
n and Λi being a

finite index set; Φ3(x) = {My : Ax + Qy ≤ 0}, where M ∈ R
n×n and A, Q ∈ R

m×n, are all homogeneous of
degree 1. The mapping Φ4(x) = ||x||Mx is homogeneous of degree 2.
2. [25] A generalized homogeneous multifunction Φ, i.e. such that for some c ∈ C,

Φ(λx) = c(λ)Φ(x) for all x ≥ 0 and λ > 0,
is c-homogeneous on ∆d for any d > 0 provided 0 ∈ Φ(0).
3. The mappings Φ5(x) = [x + x2, 2x + 2x2] and Φ6(x) = [ex − 1, 2ex − 2] are c-homogeneous on ∆1 with
c(λ) = λ+λ2

2 and c(λ) = eλ−1
e−1 respectively, and if

Φ7(x) =

{
[0, 1], if 0 ≤ x ≤ 1;
[x − 1, x], if x > 1.

and c̄(λ) =

{
1, if 0 ≤ λ ≤ 1;
λ, if λ > 1,

then Φ7 is c̄-subhomogeneous on ∆1 but not c-homogeneous for any c ∈ C.
4. [18, 19, 25] Let f : R

n
+ → R

n and c ∈ C such that
〈x, f(λx) − f(0)〉 ≥ c(λ) 〈x, f(x) − f(0)〉 for all x ≥ 0 and λ ≥ 1.

The mapping Φ(x) = f(x) − f(0) is c-Moré on ∆d for any d > 0. In connection with this result see (d) of
Proposition 2.5.
5. The mapping Φ8(x) = [x, 2x] is λ

2 -Moré on ∆1.
6. The mapping Φ9(x) = [0, 1/||x||d] if ||x||d ≥ 1 and Φ9(x) = [0, ||x||d] if ||x||d ≤ 1 is zero-subhomogeneous on
∆d for d > 0.
7. [13] An homogeneous multifunction Φ of degree 0, i.e. such that

Φ(λx) = Φ(x) for all x ≥ 0 and λ > 0,
is zero-subhomogeneous on ∆d for any d > 0 provided 0 ∈ Φ(0). For instance, Φ10(x) = ∂h(x) where h(x) =
supy∈C 〈x, y〉 for C ⊆ R

n a nonempty compact convex set such that 0 ∈ C.
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Proposition 2.3. Let c ∈ C and Φ : R
n
+ ↪→ R

n be a multifunction.
(a) If Φ is usc with compact values, then it is sequentially bounded and graph-closed.
(b) If Φ is a zero-subhomogeneous cusco, then it is uniformly bounded.
(c) If Φ is either graph-convex or c-homogeneous with c(R+) = R+, Φ(0) = {0}, and superadditive, then

Φ(Rn
+) is convex.

Proof.
(a) It follows from Propositions 1.1.3 and 1.1.2 in [1].
(b) For 0 �= x ≥ 0, we have Φ(x) = Φ(||x||d x

||x||d ) ⊆ Φ( x
||x||d ) ⊆ Φ(∆d), which implies the desired result

since Φ(∆d) is compact [1], Proposition 1.1.3.
(c) It is obvious. �

Notice that within cuscos mappings, uniformly bounded does not imply zero-subhomogeneity as the function
Φ(x) = 1/(1 + x) shows.

The (nonlinear) multivalued version of the classes of mappings introduced in the study of linear complemen-
tarity problems (see [4, 9] for example) arise in a natural way in the present setting. We now recall some of
them. Let d > 0 and Φ : R

n
+ ↪→ R

n be a multifunction. We say that Φ is:
• copositive if 〈y, x〉 ≥ 0 ∀(x, y) ∈ gph Φ;
• strictly copositive if 〈y, x〉 > 0 ∀(x, y) ∈ gph Φ with x �= 0;
• strongly copositive if ∃α > 0 such that 〈y, x〉 ≥ α||x||2 ∀(x, y) ∈ gphΦ;
• semimonotone if S(p, Φ) = {0} ∀p > 0;
• a R(d)-mapping, or Φ ∈ R(d), if S(τd, Φ) = {0} ∀τ ≥ 0;
• a G(d)-mapping, or Φ ∈ G(d), if S(τd, Φ) = {0} ∀τ > 0;
• monotone if for any (x1, y1), (x2, y2) ∈ gph Φ,

〈
y1 − y2, x1 − x2

〉 ≥ 0;
• q-pseudomonotone if for any (x1, y1), (x2, y2) ∈ gph Φ,〈

y1 + q, x2 − x1
〉 ≥ 0 =⇒ 〈

y2 + q, x2 − x1
〉 ≥ 0.

The following definition generalizes that for linear mappings used in [14].

Definition 2.4. For d > 0 and Φ ∈ X . The d-numerical range of Φ is by definition, the set

ω(Φ) .= {〈y, x〉 : x ∈ ∆d, y ∈ Φ(x)} .

We set MΦ
.= sup ω(Φ) and mΦ

.= inf ω(Φ).

Proposition 2.5. Let d > 0, c ∈ C, and Φ ∈ X .
(a) If Φ is c-subhomogeneous and mΦ > 0 (in particular if Φ is strictly copositive), then Φ is c̄-Moré for

c̄(λ) = mΦ
MΦ

c(λ).
(b) If Φ is copositive c-subhomogeneous and the following implication holds:

(v ≥ 0, w ∈ Φ(v), 〈w, v〉 = 0 =⇒ v = 0), then Φ is c̄-Moré.
(c) If Φ is strongly copositive and 0 ∈ Φ(0), then it is c̃-Moré for c̃(λ) = αλ

MΦ||d||2 .
(d) If Φ is R

n
+-convex and 0 ∈ Φ(0), then it is ĉ-Moré for ĉ(λ) = λ.

Proof.
(a) Let λ ≥ 1, x ∈ ∆d, and y ∈ Φ(λx) be given, by hypothesis 1

c(λ)y ∈ Φ(x) and for any z ∈ Φ(x) we get〈
1

c(λ)y, x
〉
≥ mΦ ≥ mΦ

MΦ
〈z, x〉. Thus, setting c̄(λ) = mΦ

MΦ
c(λ) we obtain the desired result.

(b) Since Φ is copositive, mΦ ≥ 0. Suppose that mΦ = 0, then there exist x ∈ ∆d and y ∈ Φ(x) such that
mΦ = 〈y, x〉 = 0, contradicting the hypothesis. The result follows from (a).
(c) Let λ ≥ 1 and x ∈ ∆d, then ||x|| ≥ 1

||d|| and if y ∈ Φ(λx), then 〈y, λx〉 ≥ α||λx||2 for some α > 0, and thus
〈y, x〉 ≥ αλ

||d||2 . Clearly if z ∈ Φ(x) then 1
MΦ

〈z, x〉 ≤ 1. Therefore 〈y, x〉 ≥ αλ
||d||2 ≥ c̃(λ) 〈z, x〉.
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(d) Let λ ≥ 1 and x ∈ ∆d, by definition 1
λΦ(λx) + (1 − 1

λ)Φ(0) ⊆ Φ(x) + R
n
+, since 0 ∈ Φ(0) we conclude

that 1
λΦ(λx) ⊆ Φ(x) + R

n
+, thus, if y ∈ Φ(λx) then there exists z ∈ Φ(x) such that 1

λy ≥ z. Thus, 〈y, x〉 ≥
ĉ(λ) 〈z, x〉. �

3. Asymptotic analysis and the abstract existence theorem

We approximate problem (MVIP), which is the variational inequality formulation to (MCP), by the following
sequence of problems

find xk ∈ Dk, yk ∈ Φ(xk) : 〈yk + q, x − xk〉 ≥ 0 ∀x ∈ Dk (MVIPk)

where d > 0 , {σk} is an increasing sequence of positive numbers converging to +∞, and

Dk =
{
x ∈ R

n
+ : 〈d, x〉 ≤ σk

}
.

If Φ is usc with nonempty compact convex values, the existence of (xk, yk) ∈ gph Φ satisfying (MVIPk) is
guaranteed by the multivalued version of the classical Hartman-Stampacchia existence theorem (see [13] for
instance).

It is clear that (xk, yk) solves (MVIPk) if and only if xk is an optimal solution of the linear program

inf
x

[
〈
yk + q, x

〉
: x ≥ 0, 〈d, x〉 ≤ σk]. (P)

Applying the usual optimality conditions we conclude that (xk, yk) solves (MVIPk) if and only if there exists
θk ∈ R such that (xk, yk, θk) solves the so-called augmented multivalued complementarity problem

find xk ≥ 0, θk ≥ 0, yk ∈ Φ(xk) such that

yk + q + θkd ≥ 0,
〈
d, xk

〉 ≤ σk, (MCPk)〈
yk + q + θkd, xk

〉
= 0, θk(σk − 〈

d, xk
〉
) = 0.

In particular,
xk ∈ S(q + θkd, Φ) and xk ∈ S(q, Φ + θkd). (3.1)

Clearly, we observe that 〈
d, xk

〉
< σk =⇒ θk = 0 =⇒ xk ∈ S(q, Φ).

This line of reasoning was also applied in [22].
We introduce the following definition: a subset M of a metric space X is said to be closed at x, if whenever

a sequence {xk} ⊆ M converges to x, one has x ∈ M . Obviously, if M is closed then M is closed at every point
x ∈ M .

The next theorem was established in [13].

Theorem 3.1. Let d > 0, {σk} be an increasing sequence of positive numbers converging to +∞, Φ ∈ X ,
and

{
(xk, yk, θk)

}
be a sequence of solutions to problem (MCPk). Assume lim inf

k→+∞
θk = 0. Then, the following

assertions are equivalent:
(a) S(q, Φ) is nonempty;
(b) D(Φ) is closed at q.

Proof.
(a)⇒(b): it is obvious.
(b)⇒(a): without loss of generality we may assume that θk → 0. By (3.1), we conclude that S(q + θkd, Φ) is
nonempty, thus q + θkd ∈ D(Φ). By hypothesis q ∈ D(Φ), thus S(q, Φ) is nonempty. �
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An important class of multifunctions Φ for which D(Φ) is closed at every q is that of polyhedral ones (see for
instance [13]). However we look for new classes of multifunctions such that D(Φ) is closed at some particular q.
These classes are introduced in Section 4.

Remark 3.2. As pointed above, if θk = 0 for some k, then S(q, Φ) is nonempty. Theorem 3.1 yields existence
of solutions when θk > 0 for all k. Indeed, let Φ(x1, x2) = [−x1, x1] × [−x2, x2], d = (1, 1)T, σk = k, and
q = (0,−1)T. We have that

{
(xk, yk, θk)

}
solves (MCPk) for xk = (0, k)T, yk = (0, 1 − 1

k )T, and θk = 1
k > 0.

Since lim inf
k→+∞

θk = 0 and D(Φ) is closed being Φ polyhedral (see [13], Prop. 3), the above theorem asserts that

S(q, Φ) is nonempty. Indeed, S(q, Φ) = {(x1, x2)T : x1 ≥ 0, x2 ≥ 1}.
In our opinion, Theorem 3.1 was established only by taking xk ∈ S(q + θkd, Φ) into account in (3.1); in this

respect the closedness of D(Φ) at q plays a certain role since q + θkd ∈ D(Φ) and, S(q, Φ) �= ∅ ⇐⇒ q ∈ D(Φ).
However, if instead we look at xk ∈ S(q, Φ + θkd) in (3.1), we have to analize the closedness of D−1(q)
relative to some particular class of approximating mappings. Thus, we first need a good notion of convergence
for multifunctions, and secondly, to find the particular approximating mappings. Just to give an idea to be
developed presently, we observe that the c-subhomogeneity of Φ does not imply the c-subhomegeneity of Φ+θkd;
however, the multifunction Ψk given by Ψk(x) = θkd is copositive and uniformly bounded whenever θk → 0.
On the other hand, in order to discuss sensitivity and stability results we also substitute Φ by an approximating
mapping Φk. These considerations give rise to the notion of approximable mappings to be discussed in Section 6.

The next (basic) lemma describes the asymptotic behavior of the corresponding solutions to the problems
associated to the approximating mappings (see (PMVIPk) below). Existence of solutions will require further
assumptions on the original and/or the approximating mappings. The latter is also analyzed in Section 6.

We start by introducing the notion of convergence for multifunctions. To that end, we need the following
concepts (for more details see [23], Ch. 4). For a nonempty set C ⊆ R

n, dC(x) .= d(C, x) stands for the distance
from x to C. Let A, B ⊆ R

n be two nonempty sets, the integrated set distance between them is defined by

dI(A, B) .=

∞∫
0

dIρ(A, B)e−ρdρ

where for ρ ≥ 0,
dIρ(A, B) .= max

||x||≤ρ
|dA(x) − dB(x)|.

The expression dI gives a metric on cl − sets�=∅(Rn)-the space of all nonempty closed subsets of R
n, and char-

acterizes the ordinary set convergence in the sense of Painlevé-Kuratowski, i.e. Ck → C ⇐⇒ dI(Ck, C) → 0.
On X we consider the metric (we shall denote also by dI)

dI(Φ1, Φ2) .= dI(gph Φ1, gph Φ2),

which characterizes the graphical convergence “
g→”, i.e.

Φk g→ Φ ⇐⇒ dI(Φk, Φ) → 0,

and will be crucial in our analysis.
The following lemma, which is important on its own, will be repeatedly used in the subsequent sections. This

basic lemma will be extremely useful for deriving existence, sensitivity as well as stability results.

Lemma 3.3 (basic lemma). Let d > 0, {σk} be an increasing sequence of positive numbers converging to +∞;
q, qk ∈ R

n; Φ, Ψ, Φk, Ψk ∈ X be such that Φk g→ Φ, Ψk g→ Ψ, qk → q and
{
(xk, yk, rk)

}
be a sequence of

solutions to

find xk ∈ Dk : yk ∈ Φk(xk), rk ∈ Ψk(xk), 〈yk + rk + qk, x − xk〉 ≥ 0 ∀x ∈ Dk. (PMVIPk)
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such that
〈
d, xk

〉
= σk and xk

σk
→ v as k → +∞. Then, there exist subsequences {σkm} and {(xkm , ykm , rkm)},

numbers k0, m0 ∈ N, and an index set ∅ �= Jv ⊆ I such that
(a) for all k ≥ k0, xk − σk

2 v ≥ 0 and 0 < ||xk − σk

2 v||d < σk;
(b) for all m ≥ m0, 1

σkm
xkm ∈ ri(∆Jv ), thus supp{xkm} = Jv (hence supp{v} ⊆ Jv );

(c) for all m ≥ m0, z ∈ ∆Jv : 〈ykm + rkm + qkm , σkmz − xkm〉 = 0.
Moreover,

(d) if each Φk is c-subhomogeneous and each Ψk is uniformly bounded respect to the same set (resp. zero-
subhomogeneous), then the subsequences

{
ykm

}
,
{
rkm

}
, {σkm} may be chosen in such a way that there

are vectors w and r such that 1
c(σkm )y

km → w ∈ Φ(v), rkm → r (resp. and r ∈ Ψ(v)), 〈w, v〉 ≤ 0,
〈w, y〉 ≥ 〈d, y〉 〈w, v〉 for all y ≥ 0, and 〈w, z〉 = 〈w, v〉, for all z ∈ ∆Jv ;

(e) if each Φk is c-Moré and each Ψk is uniformly bounded respect to the same set, then there exist vectors
w, r and sequences

{
wkm

}
and

{
rkm

}
such that wkm ∈ Φkm(xkm

σkm
), wkm → w ∈ Φ(v), rkm → r, and

〈w, v〉 ≤ 0;
(f) if each Φk is qk-pseudomonotone and each Ψk = 0, then v ∈ R

n
+ ∩ [−Φ(Rn

+) − q]∗. Hence, 0 ≤ v ∈
−[Φ(Rn

+)]∗ and 〈q, v〉 ≤ 0 provided Φ is c-homogeneous and Φ(0) = {0} as well;
(g) if each Φk is monotone and each Ψk is copositive zero-subhomogeneous, then

v ∈ R
n
+ ∩ [−Φ(Rn

+) − q]∗.

Proof. By Theorems 5.19 and 5.51(b) from [23], Φk + Ψk ∈ X , and problem (PMVIPk) has solutions by the
multivalued version of Hartman-Stampacchia Theorem.

(a) As 1
σk

xk → v, for ε = min{ vi

2 : vi > 0} > 0 there exists k0 such that for all k ≥ k0,
∑n

i=1 |x
k
i

σk
− vi| < ε.

This implies vi

2 <
xk

i

σk
for i ∈ supp {v}. Thus 0 �= xk − σk

2 v ≥ 0, and then (a) holds.
(b) Clearly ∆d = ∆I = co{ 1

di
ei : i ∈ I} may be written as the disjoint union of the relative interior of its

extreme faces. More precisely, if we denote its extreme faces by ∆J1 , ∆J2 , . . . , ∆J2n−1 , then

∆d =
2n−1⋃
i=1

ri(∆Ji).

As 1
σk

xk ∈ ∆d, k ∈ N, there exist an i0 ∈ {1, 2, . . . , 2n − 1}, m0, and a subsequence
{
xkm

}
such that

1
σkm

xkm ∈ ri(∆Ji0
) for all m ≥ m0. By setting Jv

.= Ji0 , one obtains supp{xkm} = Jv and supp{v} ⊆ Jv.
(c) We analyze two cases, whether Jv is a singleton or not. In the first case, we have 1

σkm
xkm = v for all

m ≥ m0 because of ri(∆Jv ) = ∆Jv , and therefore (c) obviously holds. In the second case, for all z ∈ ∆Jv

and all m ≥ m0, by virtue of (b) there exists εz > 0 such that for all t, |t| < εz, one obtains

1
σkm

xkm + t

(
z − 1

σkm

xkm

)
∈ ∆Jv .

Because of the choice of xkm , we have

〈
ykm + rkm + qkm , σkm

(
xkm

σkm

+ t

(
z − xkm

σkm

))
− xkm

〉
≥ 0, ∀|t| < εz.

Then
〈ykm + rkm + qkm , t(σkmz − xkm )〉 ≥ 0, ∀|t| < εz.

Hence
〈ykm + rkm + qkm , σkmz − xkm〉 = 0, ∀z ∈ ∆Jv .
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(d) By assumption yk

c(σk) ∈ Φk(xk

σk
). Since

{
xk

σk

}
is bounded, by the uniformity in graphical convergence

Φk g→ Φ [23], Theorem 5.34, we may also assume that yk

c(σk) → w up to subsequences. From (a) of
Theorem 5.37 in [23], it follows in particular that w ∈ Φ(v).
Moreover, from rk ∈ Ψk(xk), if Ψk is zero-subhomogeneous, rk ∈ Ψk(xk

σk
), and reasoning as above (up

to subsequences) rk → r, and r ∈ Ψ(v). On the other hand, if Ψk is uniformly bounded respect to the
same set, the sequence

{
rk

}
is bounded and up to a subsequence rk → r.

For both cases, on dividing the inequality in (PMVIPk) by c(σk)σk and letting k → +∞ for x = 0 and
x = σk

y
||y||d with 0 �= y ≥ 0 respectively, we obtain 〈w, v〉 ≤ 0 and 〈w, y〉 ≥ 〈d, y〉 〈w, v〉 for all y ≥ 0.

Dividing (c) by c(σkm)σkm and letting m → +∞ we obtain the last part of (d).
(e) By assumption,

〈
yk, xk

σk

〉
≥ c(σk)

〈
wk, xk

σk

〉
for some wk ∈ Φk(xk

σk
). As in (d), we may suppose up to

subsequences that wk → w and w ∈ Φ(v). On dividing (PMVIPk) (for x = 0) by c(σk), we get

−
〈

rk + qk

c(σk)
,
xk

σk

〉
≥

〈
yk

c(σk)
,
xk

σk

〉
≥

〈
wk,

xk

σk

〉
.

Taking the limit we obtain 〈w, v〉 ≤ 0.
(f) Let us fix x ≥ 0 and y ∈ Φ(x). Since Φk, Φ are closed-valued and Φk g→ Φ, we invoke Theorem 5.37

in [23] to obtain x as the limit of a sequence
{
aj

} ⊆ R
n
+, corresponding to some choice of

{
bj

}
satisfying bj ∈ Φj(aj) and bj → y as j → +∞. Obviously there is j0 such that aj ∈ Dj0 for all j. In
particular, for j ≥ j0 we have that aj ∈ Dj0 ⊆ Dj. By qj-pseudomonotonicity of Φj , (PMVIPj) implies〈
bj + qj , aj − xj

〉 ≥ 0 for all j sufficiently large, dividing by σj and taking the limit we conclude that
〈y + q, v〉 ≤ 0. Thus v ∈ [−Φ(Rn

+) − q]∗. The remaining part is obvious.
(g) From rk ∈ Ψk(xk), if Ψk is zero-subhomogeneous rk ∈ Ψk(xk

σk
) and as in (d), up to subsequences rk → r

and r ∈ Ψ(v). By hypothesis 〈r, v〉 ≥ 0.
Let us fix x ≥ 0 and y ∈ Φ(x), as in (f) we obtain x as the limit of a sequence

{
aj

} ⊆ R
n
+, corresponding

to some choice of
{
bj

}
satisfying bj ∈ Φj(aj) and bj → y as j → +∞, and aj ∈ Dj0 ⊆ Dj for j ≥ j0. By

(rj + qj)-pseudomonotonicity of Φj , (PMVIPj) implies
〈
bj + rj + qj , aj − xj

〉 ≥ 0 for all j sufficiently
large; dividing by σj and taking the limit we conclude that 0 ≥ 〈y + r + q, v〉 ≥ 〈y + q, v〉. Thus
v ∈ [−Φ(Rn

+) − q]∗. �
Remark 3.4. Clearly 〈d, v〉 = 1. Moreover, when Φk are c-subhomogeneous, by choosing y = ei, i ∈ I in (d)
and setting τ = −〈w, v〉 ≥ 0, we obtain w + τd ≥ 0 and 〈w + τd, v〉 = 0. Thus 0 �= v ∈ S(τd, Φ).

We now exhibit an instance where our basic lemma is applicable. Let us consider Φk(x) = Mkx, Ψk(x) =
∂σCk(x), where Mk ∈ R

n×n converges to M ∈ R
n×n, and ∂σCk is the (Fenchel) subdifferential of the support

function of the nonempty compact convex set Ck, which converges (in the sense of Painlevé-Kuratowski) to the
nonempty compact convex C. It is known that Mk g→ M (see [23], p. 353), and by Corollaries 11.5 and 8.24,
and Theorem 12.35 of [23], one obtains, Ck → C ⇐⇒ ∂σCk

g→ ∂σC . Moreover, as mentioned in Example 2.2,
each ∂σCk and ∂σC is zero-subhomogeneous. In addition, if 0 ∈ Ck ∩ C (this is not a stringent assumption),
then ∂σCk and ∂σC are copositive.

Let {(xk, yk)} be a sequence of solutions to (MVIPk), if
〈
d, xk

〉
< σk for some k, then xk ∈ S(q, Φ). Thus,

we are interested in the case when
〈
d, xk

〉
= σk for all k. Therefore, the following set of sequences will play an

essential role in our analysis.

Definition 3.5. Let d > 0 and {σk} be an increasing sequence of positive numbers converging to +∞. Let W
be the set of sequences {(xk, yk)} in R

n
+ × R

n, satisfying for each k,

(xk, yk) solves problem (MVIPk) (3.2)〈
d, xk

〉
= σk. (3.3)
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We point out that the requirement (3.3) is verified if S(q, Φ) is either empty or unbounded. Indeed, if S(q, Φ) = ∅
then

〈
d, xk

〉
= σk for all k by the above reasoning. If S(q, Φ) is nonempty and unbounded, then for all k, there

exists xk ∈ S(q, Φ) such that
〈
d, xk

〉 ≥ k, and then we put σk =
〈
d, xk

〉
.

Under requirement (3.3), there exists a vector v such that, up to subsequences, xk

σk
→ v, and if {θk} is such

that (xk, yk, θk) solves (MCPk) for each k, by (c) of the basic lemma (for Φk = Φ, Ψk = 0 and qk = q for all k)
we get.

θkm = −
〈

ykm + q,
xkm

σkm

〉
= − 〈

ykm + q, v
〉
. (3.4)

4. New classes of mappings and estimates for [S(q, Φ)]∞

We introduce the following classes of mappings, which generalize those introduced in [9] for the linear com-
plementarity problem. Recall that ∆J = ∆J (d) .= co

{
1
di

ei : i ∈ J
}

.

Definition 4.1. Let d > 0, Φ : R
n
+ ↪→ R

n be a multifunction such that 0 ∈ Φ(0). We say that Φ is a
• T(d)-mapping, or Φ ∈ T(d), if for any index subset J ⊆ I, one has

v ≥ 0, w ≥ 0, w ∈ Φ(v)
wJ = 0, ∅ �= supp{v} ⊆ J

}
=⇒ v ∈ [

Φ(pos+∆J )
]∗

. (4.1)

• T̃(d)-mapping, or Φ ∈ T̃(d), if for any index subset J ⊆ I, one has

v ≥ 0, w ≥ 0, w ∈ Φ(v)
wJ = 0, ∅ �= supp{v} ⊆ J

}
=⇒ 〈y, x〉 ≥ 0,

∀x ∈ pos+∆J , y ∈ Φ(x). (4.2)

• GT(d) (resp. GT̃(d))-mapping if it is G(d) and T(d) (resp. T̃(d)).

Remark 4.2. We observe that if Φ is c-subhomogeneous for some c ∈ C, one obtains
Φ ∈ T(d) ⇐⇒ Φ ∈ T(d′) ∀d′ > 0;

Φ ∈ T̃(d) ⇐⇒ Φ ∈ T̃(d′) ∀d′ > 0.

Moreover, Φ ∈ T(d) (resp. Φ ∈ T̃(d)) if and only if (4.1) with ∆J instead of pos+∆J holds (resp. (4.2)).

Proposition 4.3. Let d > 0, c ∈ C, and Φ : R
n
+ ↪→ R

n be a multifunction. The following assertions hold:
(a) 0 ∈ S(p, Φ) for all p ≥ 0 provided 0 ∈ Φ(0);
(b) if Φ is copositive and 0 ∈ Φ(0), then it is semimonotone (hence G(p) for all p > 0) and T̃(p) for all

p > 0;
(c) if Φ is superadditive c-homogeneous (in particular if Φ is single-valued and linear) and T̃(d), then it

is T(d).

Proof.
(a) It is obvious.
(b) For p > 0 fixed, we take any x ∈ S(p, Φ). Then, y + p ≥ 0 and 〈y + p, x〉 = 0 for some y ∈ Φ(x). By

copositivity 〈p, x〉 ≤ 0, which implies x = 0, proving that Φ is semimonotone. The remaining assertion
is obvious.

(c) Let v, w be such that the left-hand side of (4.1) holds, then 〈y, x〉 ≥ 0 for all x ∈ pos+∆J and y ∈ Φ(x).
By hypothesis, y + c(t)w ∈ Φ(x + tv) for all t > 0 since w ∈ Φ(v). Thus 〈y + c(t)w, x + tv〉 ≥ 0 for all
t > 0. It follows that 〈y, v〉 ≥ 0 since 〈w, x〉 = 〈w, v〉 = 0, and therefore (4.1) holds. �
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Example 4.4.

• We must point to out that there is no relationship between G and T-mappings, even in the linear case
as shown in [FL]. Analogously, there is no relationship between G and T̃-mappings. Indeed, take

M1 =
( −1 0

0 1

)
, M2 =

(
0 −1
0 1

)
.

Then, the mappings Φi(x) = Mix, i = 1, 2, satisfy Φ1 ∈ T̃(d)\G(d) for any d > 0, and Φ2 ∈ G(d)\T̃(d)
for any d > 0.

• Let M3 =
(

0 −2
1 0

)
, M4 =

( −1 0
0 0

)
, and consider the mappings Φi(x) = Mix, i = 3, 4. Then Φ3

is not copositive but it is semimonotone (hence Φ3 ∈ G(p) for any p > 0) and T̃(p) for any p > 0;
whereas Φ4 ∈ T(p) \ T̃(p) for any p > 0. This shows that T and T̃ does not coincide even in the linear
case. The same properties hold for Φi(x) = ||x||Mix, i = 3, 4.

One can check directly that

F(q, Φ) �= ∅ =⇒ [v ≥ 0, v ∈ −[Φ(Rn
+)]∗, 〈q, v〉 ≤ 0 =⇒ 〈q, v〉 = 0]. (4.3)

The reverse implication holds whenever Φ is c-homogeneous for some c ∈ C, Φ(0) = {0}, and the set R
n
+−Φ(Rn

+)
is convex and closed. It should be notice that the right-hand side of (4.3) amounts to writing

v ≥ 0, v ∈ −[Φ(Rn
+)]∗ =⇒ 〈q, v〉 ≥ 0.

Proposition 4.5. Let d > 0, c ∈ C, q ∈ R
n, and Φ : R

n
+ ↪→ R

n be q-pseudomonotone c-homogeneous. Assume
that F(q, Φ) �= ∅. Then,

(a) Φ is copositive on R
n
++;

(b) Φ is copositive, if in addition it is either lsc or superadditive;
(c) if Φ is superadditive, then for all J ⊆ I

v ≥ 0, w ∈ Φ(v), wJ ≤ 0
∅ �= supp{v} ⊆ J

}
=⇒ v ∈ [Φ(∆J )]∗ . (4.4)

Proof.

(a) Let x0 ≥ 0 and y0 ∈ Φ(x0) such that y0 + q ≥ 0. For any x > 0 there exists tx > 0 such that for all
t > tx, t

||x||d x − x0 ≥ 0. Thus
〈
y0 + q, t

||x||d x − x0
〉
≥ 0 for all t > tx. If y ∈ Φ(x), by c-homogeneity

c(t)
c(||x||d)y ∈ Φ( t

||x||d x), and by q-pseudomonotonicity,

〈
c(t)

c(||x||d)
y + q, t

x

||x||d − x0

〉
≥ 0 ∀t > tx.

On dividing by c(t)t and taking the limit as t → +∞, we get 〈y, x〉 ≥ 0, proving (a).
(b) Let x be on the boundary of R

n
+ and y ∈ Φ(x). Then, there exists {xk} ⊆ R

n
++ such that xk → x.

Suppose first that Φ is lsc, then there exists {yk} such that yk ∈ Φ(xk) and yk → y. By (a),
〈
yk, xk

〉 ≥ 0
and then 〈y, x〉 ≥ 0. We now suppose that Φ is superadditive. If e > 0, tx + e > 0 for all t > 0. Let
y ∈ Φ(x) and u ∈ Φ(e). Clearly c(t)y + u ∈ Φ(tx + e), and by (a) 〈c(t)y + u, tx + e〉 ≥ 0 for all t > 0.
After dividing by c(t)t and taking the limit as t → +∞, we get 〈y, x〉 ≥ 0. This completes the proof
that Φ is copositive in either case.
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(c) Let v, w be satisfy the left-hand side of (4.4). For z ∈ ∆J and y ∈ Φ(z), we have y + c(t)w ∈ Φ(z + tv)
for all t > 0, and by (b) we get 〈y + c(t)w, z + tv〉 ≥ 0. Since 〈w, v〉 = 〈w, z〉 ≤ 0, we deduce that
〈y, v〉 ≥ 0, proving (4.4). �

The next result describes the asymptotic behavior of the normalized approximate solutions to problem (MCP),
for the mappings introduced recently.

Lemma 4.6. Let d > 0, c ∈ C; Φ, Ψ ∈ X , and {σk} be an increasing sequence of positive numbers converging
to +∞. Assume there exist a sequence

{
(xk, yk + rk)

} ∈ W for Φ + Ψ such that xk

σk
→ v. Then, in addition to

the existence of w, r, {wk} and subindex set ∅ �= Jv ⊆ I satisfying the properties established in the basic lemma
(for Φk = Φ, Ψk = Ψ, and qk = q for all k), we also obtain the following:

(a) for Φ to be c-subhomogeneous:
(a.1) Φ ∈ G(d) and Ψ uniformly bounded imply w ≥ 0, wJv = 0 (hence 〈w, v〉 = 0);
(a.2) Φ ∈ GT̃(d) and Ψ copositive uniformly bounded imply w ≥ 0, wJv = 0, 〈q, v〉 ≤ 0, and 〈y, x〉 ≥ 0

∀x ∈ pos+∆Jv and y ∈ Φ(x);
(a.3) Φ ∈ GT(d) and Ψ copositive zero-subhomogeneous imply w ≥ 0, wJv = 0, 〈q, v〉 ≤ 0, 〈r, v〉 ≥ 0,

and v ∈ [Φ(pos+∆Jv )]∗;
(b) for Φ to be a copositive c-Moré and Ψ copositive uniformly bounded: 〈w, v〉 = 0 and 〈q, v〉 ≤ 0.

Proof. We set Φk = Φ, Ψk = Ψ and qk = q for all k in the basic lemma.

(a.1) By (d) of the basic lemma, 〈w, v〉 ≤ 0. If, on the contrary 〈w, v〉 < 0, then from Remark 3.4, 0 �= v ∈
S(τd, Φ) with τ = −〈w, v〉 > 0. This contradicts the fact that Φ ∈ G(d). Hence 〈w, v〉 = 0. We then
apply again (d) to obtain the desired result.

(a.2) If Φ ∈ GT̃(d), then (a.1) holds, and by (4.2) we get 〈y, x〉 ≥ 0 for all x ∈ pos+∆Jv and y ∈ Φ(x), which
in turn implies

〈
ykm , xkm

〉 ≥ 0. From
〈
yk + rk + q, xk

〉 ≤ 0 for all k (set x = 0 in (MVIPk) for Φ + Ψ),
we deduce that

〈
q, xkm

〉 ≤ 0, thus 〈q, v〉 ≤ 0.
(a.3) If Φ ∈ GT(d), then (a.1) holds, and by (4.1) we get v ∈ [Φ(pos+∆Jv)]∗, which in turn implies

〈
ykm , v

〉 ≥
0. From (c) of the basic lemma (for z = v), and setting x = 0 in (MVIPk) for Φ+Ψ we get

〈
q + rkm , v

〉 ≤〈
ykm + rkm + q, v

〉
=

〈
ykm + rkm + q, xkm

σkm

〉
≤ 0, thus 〈r + q, v〉 ≤ 0. Since Ψ is copositive 〈r, v〉 ≥ 0

and then 〈q, v〉 ≤ 0.
(b) By copositivity of Φ and Ψ, and (e) of the basic lemma, 〈w, v〉 = 0 and setting x = 0 in (MVIPk) for

Φ + Ψ,
〈
q, xk

〉 ≤ 〈
yk + rk + q, xk

〉 ≤ 0. Thus 〈q, v〉 ≤ 0. �

Given a nonempty set C ⊆ R
n and a vector d > 0. We define the d-normalized asymptotic set of C as the set

C∞
d

.=
{

v ∈ R
n : ∃xk ∈ C, ||xk||d → +∞,

xk

||xk||d → v

}
,

and the asymptotic cone of C as the set

C∞ .=
{
v ∈ R

n : ∃xk ∈ C, tk ↓ 0, tkxk → v
}

.

We notice that C∞ = pos C∞
d (where by convention pos ∅ = {0}) and C is bounded if and only if C∞ = {0},

or equivalently, C∞
d = ∅ (see [3] for instance).

The following sets will be needed in our study:

Uq(Φ) .= {v ≥ 0 : w ∈ Φ(v), 〈w, v〉 = 0, 〈q, v〉 ≤ 0} , Vq(Φ) .= R
n
+ ∩ [−Φ(Rn

+) − q]∗;

Wq(Φ) .= {v ≥ 0 : w ∈ Φ(v), 〈w, v〉 = 0, w ≥ 0, 〈q, v〉 ≤ 0} .
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One immediately obtains

q ∈ [U0(Φ)]# ⇐⇒ Uq(Φ) = {0}; q ∈ [S(0, Φ)]# ⇐⇒ Wq(Φ) = {0}.

Proposition 4.7. Let d > 0, c ∈ C, q ∈ R
n, and Φ, Ψ ∈ X .

(a) If Φ is c-subhomogeneous and Ψ is uniformly bounded, [S(q, Φ+Ψ)]∞d ⊆ S(0, Φ)∩∆d. If, in addition, Φ is
either T̃(d) and Ψ is copositive uniformly bounded or Φ is T(d) and Ψ is copositive zero-subhomogeneous,
[S(q, Φ + Ψ)]∞d ⊆ Wq(Φ) ∩ ∆d;

(b) If Φ is copositive c-Moré and Ψ is copositive uniformly bounded, [S(q, Φ + Ψ)]∞d ⊆ Uq(Φ) ∩ ∆d;
(c) If Φ is monotone and Ψ is copositive zero-subhomogeneous, [S(q, Φ + Ψ)]∞d ⊆ Vq(Φ) ∩ ∆d. If, in

addition, Φ is q-pseudomonotone, [S(q, Φ)]∞ = Vq(Φ) provided S(q, Φ) is nonempty.

Proof.

(a) Let v ∈ [S(q, Φ + Ψ)]∞d . Then, there exists xk ∈ S(q, Φ + Ψ) such that ||xk||d → +∞ and xk

||xk||d → v.
Moreover, there exist yk ∈ Φ(xk) and rk ∈ Ψ(xk) such that yk + rk + q ≥ 0 and

〈
yk + rk + q, xk

〉
= 0

for all k. Clearly, σk =
〈
d, xk

〉 → +∞ and xk

σk
→ v as k → +∞. Consequently, the basic lemma (for

Φk = Φ, Ψk = Ψ, and qk = q for all k) implies the existence of w ∈ Φ(v) and ∅ �= Jv ⊆ I, such that (a)-
(d) of that lemma hold. Dividing yk + rk + q ≥ 0 (resp.

〈
yk + rk + q, xk

〉
= 0) by c(σk) (resp. c(σk)σk)

and taking the limit we obtain w ≥ 0, 〈w, v〉 = 0, and wJv = 0. Thus, in particular v ∈ S(0, Φ).
Let Φ be T(d) (resp. T̃(d)) and Ψ be zero-subhomogeneous (resp. uniformly bounded) copositive, by
proceeding exactly as in Lemma 4.6 we obtain that 〈q, v〉 ≤ 0. Thus, v ∈ Wq(Φ).

(b) By proceeding as above and in Lemma 4.6, we obtain that v ∈ Uq(Φ).
(c) If Φ is monotone and Ψ is zero-subhomogeneous, by proceeding as above, (g) of the basic lemma implies

that v ∈ Vq(Φ).
If Φ is q-pseudomonotone, it is well known that (see [5] for instance)

S(q, Φ) =
⋂
x≥0

⋂
y∈Φ(x)

{
x̄ ≥ 0 : 〈y + q, x − x̄〉 ≥ 0

}
.

Since the sets involved in the intersection are closed and convex and S(q, Φ) is nonempty, applying a
property of asymptotic cones we conclude that

[S(q, Φ)]∞ =
⋂
x≥0

⋂
y∈Φ(x)

{
x̄ ≥ 0 : 〈y + q, x − x̄〉 ≥ 0

}∞
= Vq(Φ),

since {x̄ ≥ 0 : 〈y + q, x − x̄〉 ≥ 0}∞ = {v ≥ 0 : 〈y + q, v〉 ≤ 0}.
�

Example 4.8. The inclusions in the preceding proposition may be strict.

• Let Φ(x1, x2) =
(

0 1
0 1

) (
x1

x2

)
be in T(d) ∩ T̃(d) (for all d > 0), Ψ = 0, and q = (− 1

2 ,−1)T. Since

S(q, Φ) = {(0, 1)T} and S(0, Φ) = Wq(Φ) = {(v1, 0)T : v1 ≥ 0}, the inclusions in (a) are strict.
• Let Φ(x1, x2) = [x1, 2x1] × {0} be copositive λ

2 -Moré on ∆d for d = (1, 1)T, Ψ = 0, and q = (−1, 1)T.
Since S(q, Φ) = [12 , 1] × {0} and U0(Φ) =

{
(0, v2)T : v2 ≥ 0

}
, the inclusion in (b) is strict.
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5. Main existence results

In this section we present new existence results, which generalize and unify several ones found in the literature.
This is carried out by using the classes of mappings introduced in Sections 2 and 4 applying mostly Theorem 3.1.
Actually, our main results of this section establishes sufficient conditions implying a kind of robustness property
for some classes mappings with respect to certain perturbation.

Lemma 5.1. Let d > 0, c ∈ C, q ∈ R
n, and Φ, Ψ ∈ X . The set D(Φ + Ψ) is closed at q under any of the

following circumstances:

(a) Φ is c-subhomogeneous GT(d), Ψ is copositive zero-subhomogeneous, and q ∈ [S(0, Φ)]#;
(b) Φ is c-subhomogeneous GT̃(d), Ψ is copositive uniformly bounded, and q ∈ [S(0, Φ)]#;
(c) Φ is copositive c-Moré, Ψ is copositive uniformly bounded, and q ∈ [U0(Φ)]#;
(d) Φ is monotone, Ψ is copositive zero-subhomogeneous, and Vq(Φ) = {0}.

Proof. Let
{
qk

} ⊆ D(Φ + Ψ) be a sequence converging to q. There exist xk ≥ 0, yk ∈ Φ(xk), and rk ∈ Ψ(xk)
such that yk + rk + qk ≥ 0 and

〈
yk + rk + qk, xk

〉
= 0. If the sequence

{
xk

}
is bounded, each of its limit points

is in S(q, Φ + Ψ) since Φ, Ψ ∈ X . Thus q ∈ D(Φ + Ψ).
If the sequence

{
xk

}
is unbounded, setting σk =

〈
d, xk

〉 → +∞, we may consider that there exists v such
that, up to subsequences, xk

σk
→ v and {(xk, yk, rk)} are solutions to (PMVIPk) for Φk = Φ, Ψk = Ψ for all k.

By the basic lemma (for Φk = Φ, Ψk = Ψ for all k) and proceeding as in Lemma 4.6 it follows that:

(a) there exist
{
xkm

}
, r, and ∅ �= Jv ⊆ I, such that 0 �= v ∈ S(0, Φ), wJv = 0, and by (4.1) v ∈

[Φ(pos+∆Jv)]∗, which in turn implies
〈
ykm , v

〉 ≥ 0. Moreover, from (c) of the basic lemma (for z = v)

we get
〈
ykm + rkm + qkm , v

〉
=

〈
ykm + rkm + qkm , xkm

σkm

〉
= 0, thus

〈
rkm + qkm , v

〉 ≤ 0, then 〈q, v〉 ≤
〈r + q, v〉 ≤ 0, contradicting the choice of q;

(b) there exist
{
xkm

}
and ∅ �= Jv ⊆ I, such that 0 �= v ∈ S(0, Φ), wJv = 0, and 〈y, x〉 ≥ 0 for all x ∈

pos+∆Jv , y ∈ Φ(x), which in turn implies
〈
ykm , xkm

〉 ≥ 0. Moreover, from
〈
ykm + rkm + qkm , xkm

〉
= 0,

we get
〈
qkm , xkm

〉 ≤ 0, then 〈q, v〉 ≤ 0, contradicting the choice of q;
(c) there exists wk ∈ Φ(xk

σk
) such that wk → w ∈ Φ(v) and 〈w, v〉 = 0, thus 0 �= v ∈ U0(Φ). Moreover, from

0 =
〈
yk + rk + qk, xk

〉 ≥ 〈
qk, xk

〉
, we get 〈q, v〉 ≤ 0, contradicting the choice of q;

(d) 0 �= v ∈ Vq(Φ) a contradiction. �

We first obtain existence theorems for problem (MCP) for mappings of the form Φ + Ψ, and Φ respectively. In
this way, we generalize some results from [13,20–22] as will be shown in the example below.

Theorem 5.2. Let d > 0, c ∈ C, Φ ∈ X be GT(d) (resp. GT̃(d)) c-subhomogeneous, and Ψ ∈ X be a
zero-subhomogeneous (resp. uniformly bounded) copositive mapping:

(a) if q ∈ [S(0, Φ)]∗ and D(Φ + Ψ) is closed at q, then S(q, Φ + Ψ) is nonempty;
(b) if q ∈ [S(0, Φ)]#, then S(q, Φ + Ψ) is nonempty and compact.
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Proof.
(a) Let {σk} be an increasing sequence of positive numbers converging to +∞, d > 0, and

{
(xk, yk + rk)

} ∈ W
for Φ + Ψ. Since

〈
d, xk

σk

〉
= 1, up to subsequences, there exists 0 �= v ≥ 0 such that xk

σk
→ v. Thus,

xk ∈ Dk, yk ∈ Φ(xk), rk ∈ Ψ(xk),
〈
yk + rk + q, x − xk

〉 ≥ 0 for all x ∈ Dk. (5.1)

By the basic lemma (for Φk = Φ, Ψk = Ψ and qk = q for all k), Lemma 4.6 for Φ in GT̃(d) (resp. in GT(d))
and the uniform boundedness (resp. zero-subhomogeneity) and the copositivity of Ψ, there exist w ∈ Φ(v), r,
∅ �= Jv ⊆ I, and {xkm} such that w ≥ 0, 〈w, v〉 = 0, wJv = 0, 〈q, v〉 ≤ 0, and 〈y, x〉 ≥ 0 for all x ∈ pos+∆Jv ,
y ∈ Φ(x) (resp. v ∈ [Φ(pos+∆Jv )]∗, r ∈ Ψ(v), and 〈r, v〉 ≥ 0), which in turn implies

〈
ykm , xkm

〉 ≥ 0 (resp.〈
ykm , v

〉 ≥ 0). Moreover, v ∈ S(0, Φ) implies 〈q, v〉 = 0. From (3.4) for Φ + Ψ, we get

θkm = −
〈

ykm + rkm + q,
xkm

σkm

〉
= − 〈

ykm + rkm + q, v
〉
. (5.2)

Then 0 ≤ θkm ≤ −
〈
q, xkm

σkm

〉
(resp. 0 ≤ θkm ≤ − 〈

rkm , v
〉
). Thus lim inf

k→+∞
θk = 0, and the result follows from

Theorem 3.1.
(b) By Lemma 5.1 the set D(Φ + Ψ) is closed at q and by (a) we conclude that S(q, Φ + Ψ) is nonempty. Its
boundedness follows from Proposition 4.7 since by the choice of q, Wq(Φ) = {0}. �

When Ψ = 0 in the previous theorem, the closedness of D(Φ) is not needed in some cases, as shown by the
next corollary.

Corollary 5.3. Let d > 0, c ∈ C, q ∈ R
n, and Φ ∈ X be c-subhomogeneous:

(a) if Φ ∈ GT(d) and q ∈ [S(0, Φ)]∗, then S(q, Φ) is nonempty;
(b) if Φ ∈ GT̃(d), D(Φ) is closed at q, and q ∈ [S(0, Φ)]∗, then S(q, Φ) is nonempty;
(c) if Φ is GT(d) or GT̃(d) and q ∈ [S(0, Φ)]#, then S(q, Φ) is nonempty and compact.

Proof. By setting Ψ = 0 in the above theorem we obtain (b) and (c).
By proceeding exactly as in the above theorem with Ψ = 0, from (5.2) we obtain that 0 ≤ θkm ≤

− 〈
ykm + q, v

〉 ≤ 0, thus θkm = 0 and xkm ∈ S(q, Φ). �

Remark 5.4. Since copositive mappings are GT̃(d) for each d > 0, the above result contains Corollary 2 of
[13].

The next two results do not require c-subhomogeneity.

Theorem 5.5. Let d > 0, c ∈ C, q ∈ R
n, Φ ∈ X be copositive c-Moré, and Ψ ∈ X be copositive uniformly

bounded:
(a) if q ∈ [U0(Φ)]∗ and D(Φ + Ψ) is closed at q, then S(q, Φ + Ψ) is nonempty;
(b) if q ∈ [U0(Φ)]#, then S(q, Φ + Ψ) is nonempty and compact.

Proof.
(a) Let {σk} be an increasing sequence of positive numbers converging to +∞, d > 0, and

{
(xk, yk)

} ∈ W
for Φ + Ψ. Since

〈
d, xk

σk

〉
= 1, up to subsequences, there exists 0 �= v ≥ 0 such that xk

σk
→ v. By the

basic lemma (for Φk = Φ, Ψk = Ψ, and qk = q for all k) and Lemma 4.6 there exist w, r,
{
xkm

}
,

and ∅ �= Jv ⊆ I such that w ∈ Φ(v) and 〈w, v〉 = 0, thus v ∈ U0(Φ), and then 〈q, v〉 ≥ 0. From
(5.2) and copositivity of Φ and Ψ we get that 0 ≤ θkm = −

〈
ykm + rkm + q, xkm

σkm

〉
≤ −

〈
q, xkm

σkm

〉
, thus

lim inf
k→∞

θk = 0 and the result follows from Theorem 3.1.
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(b) By Lemma 5.1 the set D(Φ + Ψ) is closed at q, and by (a) we conclude that S(q, Φ + Ψ) is nonempty.
Its boundedness follows from Proposition 4.7, since by the choice of q, Uq(Φ) = {0}. �

The previous theorem allows us to recover Theorem 3.1 from [24], where Φ is assumed to admit contractible
images.

Corollary 5.6. Let Φ ∈ X be such that 0 ∈ Φ(0). If Φ is strongly copositive, then S(q, Φ) is nonempty and
compact for all q ∈ R

n.

Proof. By Proposition 2.5, Φ is c-Moré for some c ∈ C, moreover U0(Φ) = {0}. The result follows from the
above theorem. �
Theorem 5.7. Let d > 0, q ∈ R

n, Φ ∈ X be monotone copositive, and Ψ ∈ X be copositive zero-subhomogeneous:
(a) if the following implication holds [v ∈ Vq(Φ) =⇒ 〈q, v〉 = 0] and D(Φ+Ψ) is closed at q, then S(q, Φ+Ψ)

is nonempty;
(b) if Vq(Φ) = {0}, then S(q, Φ + Ψ) is nonempty and compact.

Proof.
(a) Let {σk} be an increasing sequence of positive numbers converging to +∞, d > 0, and

{
(xk, yk + rk)

} ∈
W for Φ + Ψ. Since

〈
d, xk

σk

〉
= 1, up to subsequences, there exists 0 �= v ≥ 0 such that xk

σk
→ v. By (g)

of the basic lemma (for Φk = Φ, Ψk = Ψ, and qk = q for all k), v ∈ Vq(Φ) and by hypothesis 〈q, v〉 = 0.

From (5.2) since Φ and Ψ are copositive we get 0 ≤ θkm = −
〈
ykm + rkm + q, xkm

σkm

〉
≤ −

〈
q, xkm

σkm

〉
.

Therefore lim inf
k→+∞

θk = 0 and the result follows from Theorem 3.1.

(b) By Lemma 5.1 the set D(Φ + Ψ) is closed at q and by (a) we conclude that S(q, Φ + Ψ) is nonempty.
Its boundedness follows from Proposition 4.7, since Vq(Φ) = {0}. �

It is worth mentioning that a monotone mapping is copositive if Φ(0) ∩ R
n
+ �= ∅ (in particular if 0 ∈ Φ(0)).

We now revise the pseudomonotone case. Part of the next theorem was first observed in [5], see also [8].

Theorem 5.8. Let q ∈ R
n and Φ ∈ X be q-pseudomonotone. Consider the statements

(a) Fs(q, Φ) is nonempty;
(b) Vq(Φ) = {0};
(c) S(q, Φ) is nonempty and compact;
(d) There exists a compact convex set K ⊆ R

n
+ such that

∀x ∈ R
n
+ \ K ∀y ∈ Φ(x) ∃z ∈ K : 〈y + q, z − x〉 < 0.

The following implications hold: (a) =⇒ (b) ⇐⇒ (c) ⇐⇒ (d).
Moreover, if Φ(Rn

+) is convex, then all the statements are equivalent.

Proof. (a)⇒(b): Let x0 ≥ 0 and y0 ∈ Φ(x0) such that y0 + q > 0, and let v ∈ Vq(Φ), thus
〈
y0 + q, v

〉 ≤ 0 a
contradiction if v �= 0.
(b)⇒(c): Let {σk} be an increasing sequence of positive numbers converging to +∞, d > 0, and {(xk, yk, θk)}
a sequence which solves (MCPk) for all k. If there exists k such that

〈
d, xk

〉
< σk, then θk = 0 and therefore

xk ∈ S(q, Φ). If
〈
d, xk

〉
= σk for all k, then up to subsequences xk

σk
→ v �= 0. By (f) of the basic lemma (for

Φk = Φ, Ψk = 0, and qk = q for all k) we obtain 0 �= v ∈ Vq(Φ) a contradiction. The boundedness of the
solution set follows from Proposition 4.7.
(c)⇒(b): It follows from (c) of Proposition 4.7.
(c)⇒(d): See [6].
(d)⇒(c): See [5] (this implication holds without the q-pseudomonotonicity assumption).
(b)⇒(a): On the contrary suppose that (Φ(Rn

+)+ q)∩ int R
n
+ = ∅. By using standard separation arguments, we

obtain the existence of 0 �= v ∈ Vq(Φ) a contradiction. �
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Theorem 5.9. Let d > 0, c ∈ C, q ∈ R
n, and Φ ∈ X be q-pseudomonotone c-homogeneous and superadditive.

Consider the statements:

(a) F(q, Φ) �= ∅;
(b) v ≥ 0, v ∈ −[Φ(Rn

+)]∗ =⇒ 〈q, v〉 ≥ 0;
(c) S(q, Φ) �= ∅.

The following implications hold: (c) ⇐⇒ (a) =⇒ (b).
Moreover, if R

n
+−Φ(Rn

+) is convex and closed together with Φ(0) = {0}, then all the statements are equivalent.

Proof. (a)⇒(b): It follows from (4.3).
(a)⇒(c): Let {σk} be an increasing sequence of positive numbers converging to +∞, d > 0, and

{
(xk, yk)

} ∈ W .

Since
〈
d, xk

σk

〉
= 1, up to subsequences, there exists 0 �= v ≥ 0 such that xk

σk
→ v. By (f) of the basic lemma (for

Φk = Φ, Ψk = 0, and qk = q for all k) we get 0 ≤ v ∈ −[Φ(Rn
+)]∗ and 〈q, v〉 ≤ 0, which in turn imply 〈q, v〉 = 0

by the above implication. By (d) of the same lemma and (4.4) we conclude that v ∈ [Φ(∆Jv )]∗, which in turn
implies

〈
ykm , v

〉 ≥ 0, therefore by (3.4), 0 ≤ θkm = − 〈
ykm + q, v

〉
= − 〈

ykm , v
〉 ≤ 0, thus θkm = 0 and then

xkm ∈ S(q, Φ).
(c)⇒(a): It is obvious.
(b)⇒(a): It follows from the remark made after (4.3). �

In what follows we give a variety of results existing in the literature which are direct consequences of our
theorems.

Example 5.10.
1. [13], Corollary 4,5, let Φ(x) = Mx, where M ∈ R

n×n and Ψ(x) = ∂h(x), where h is a nonnegative on R
n
+

support function of a nonempty compact convex set C (see Ex. 2.2). By applying Theorem 5.2 we obtain that:
• if M is copositive, q ∈ [S(0, M)]∗, and D(M +∂h) is closed at q, then S(q, M +∂h) is nonempty. Moreover,

if C is a polyhedral set the closedness condition is clearly satisfied [13], Proposition 3;
• if M is copositive-star and there exists a vector x0 ≥ 0 such that Mx0 + q > 0, then S(q, M + ∂h) is

nonempty and compact. Since the existence of such an x0 implies that q ∈ [S(0, M)]#;
• if M is regular, then S(q, M + ∂h) is nonempty and compact for all q ∈ R

n.
2. Let Φ(x) = F (x), where F : R

n
+ → R

n is a continuous homogeneous of degree γ > 0 function. Let
Ψ : R

n
+ ↪→ R

n be a multifunction.
• [22], Theorem 7, if F is regular and Ψ be an usc convex-valued uniformly bounded multifunction, then

S(q, F + Ψ) is nonempty and compact for all q ∈ R
n. This follows from Theorem 5.2;

• [21], Theorem 3.3, if F is monotone, ∂h(x) as above, and there exist u ≥ 0, ỹ ∈ ∂h(u) such that F (u)+ỹ+q >
0, then S(q, F +∂h) is nonempty and compact. This follows from Theorem 5.8 since F +∂h is q-pseudomonotone
and Fs(q, F + ∂h) is nonempty.

Remark 5.11. The results of this section allow us to find Karush-Kuhn-Tucker stationary points for the
following mathematical programming problem:

minimize F (x) + h(x)
subject to x ≥ 0, g(x) ≥ 0

where F : R
n → R and g : R

n → R
m are differentiable functions and h is the support function of a nonempty

compact convex set in R
n, since its corresponding Karush-Kuhn-Tucker stationary point problem can be ex-

pressed as a multivalued complementarity problem [21].

Given d > 0, the system

v ≥ 0, 〈d, v〉 = 1, w ∈ Φ(v), 〈w, v〉 ≤ 0, w − 〈w, v〉 d ≥ 0, (5.3)
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found in the basic lemma (for Φk = Φ, Ψk = Ψ, and qk = q for all k), plays a fundamental role in characterizing
the nonemptiness and boundedness of S(q, Φ) for all q ∈ R

n. When Φ is c-subhomogeneous the inconsistency
of (5.3) is equivalent to the inconsistency of the following system

0 �= v ≥ 0, z ∈ Φ(v), τ ≥ 0, z + τd ≥ 0, 〈z + τd, v〉 = 0. (5.4)

This system has its origin in [15] where the case Φ(x) = Mx with M being a matrix and d to be the vector
of ones is treated. It was further developed in [16] for Φ having single-values and nonlinear. Afterwards, the
set-valued version was introduced in [13, 22].

The next theorem generalizes Corollary 2 of [13] and provides, in this setting, new characterizations of regular
mappings. In particular, it shows the existence of some kind of robustness property with respect to certain
classes of perturbations.

Theorem 5.12. Let d > 0, c ∈ C, and Φ ∈ X be c-subhomogeneous. Consider the statements
(a) the system (5.3) is inconsistent;
(b) Φ ∈ G(d) and S(q, Φ + Ψ) is nonempty and compact for all q ∈ R

n and all Ψ ∈ X copositive uniformly
bounded;

(c) Φ ∈ G(d) and S(q, Φ + Ψ) is nonempty and compact for all q ∈ R
n and all Ψ ∈ X copositive zero-

subhomogeneous;
(d) Φ ∈ G(d) and S(q, Φ) is nonempty and compact for all q ∈ R

n;
(e) Φ ∈ R(d).

The following implications hold: (e)⇐⇒(a)=⇒(b)=⇒ (c)=⇒(d). Moreover, if Φ is c-homogeneous, then all the
statements are equivalent.

Proof. (a)⇒(b): We first prove that Φ is G(d). Let τ > 0 and x ∈ S(τd, Φ). Then there is y ∈ Φ(x) such
that y + τd ≥ 0 and 〈y + τd, x〉 = 0. If 〈y, x〉 = 0 then 〈d, x〉 = 0, which implies x = 0. If 〈y, x〉 < 0 then for
v = x/||x||d we get w = y/c(||x||d) ∈ Φ(v) and since τ ||x||d = −〈y, x〉, clearly (5.3) holds, a contradiction. The
previous reasoning also shows that S(0, Φ) = {0}, and thus Φ ∈ T̃(d). Hence Φ ∈ GT̃(d), and by Theorem 5.2
we conclude that S(q, Φ + Ψ) is nonempty and compact for all q ∈ R

n and all Ψ ∈ X copositive uniformly
bounded.
(a)⇔(e): It follows from the equivalence between (5.3) and (5.4).
(b)⇒(c): It follows from Proposition 2.3(b).
(c)⇒(d): It is obvious.
(d)⇒(e): If there exists v ∈ S(0, Φ), v �= 0, then by c-homogeneity, tv ∈ S(0, Φ) for all t > 0, contradicting the
boundedness of S(0, Φ). �

We rewrite the previous theorem to get the next corollary which is new in the literature, even in the case
when Φ(x) = Mx with M being a real matrix. Our corollary gives more information than the existing ones,
e.g. [13].

Corollary 5.13. Let d > 0, c ∈ C, and Φ ∈ X be c-homogeneous. Assume in addition that Φ ∈ G(d). The
following assertions are equivalent:

(a) S(q, Φ) is nonempty and compact for all q ∈ R
n;

(b) S(q, Φ + Ψ) is nonempty and compact for all q ∈ R
n and all Ψ ∈ X copositive uniformly bounded;

(c) S(q, Φ + Ψ) is nonempty and compact for all q ∈ R
n and all Ψ ∈ X copositive zero-subhomogeneous;

(d) S(0, Φ) = {0}.

6. Sensitivity, stability results, and approximable mappings

In this section we give sensitivity results for problem (MCP), whose data are small perturbations of a given
pair (q0, Φ0); prove some continuity properties of its solution-set multifunction, and establish further existence
results for mappings which are approximable in some sense.
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Proposition 6.1. Let d > 0, c ∈ C, q0 ∈ R
n, and Φ0 ∈ X .

If q0 ∈ [S(0, Φ0)]# (resp. Vq0(Φ0) = {0}), then there exists ε > 0 such that for all q ∈ R
n and all Φ ∈ X

which are c-subhomogeneous (resp. simply cuscos) satisfying

‖q − q0‖ + dI(Φ, Φ0) < ε,

one has q ∈ [S(0, Φ)]# (resp. Vq(Φ) = {0}).
Proof. We first consider the case q0 ∈ [S(0, Φ0)]#. Suppose on the contrary, that there exist sequences
{qk, Φk, vk} satisfying qk → q0, dI(Φk, Φ0) → 0, 0 �= vk ∈ S(0, Φk), and

〈
qk, vk

〉 ≤ 0 with Φk ∈ X being
c-subhomogeneous. By c-subhomogeneity we may assume that ‖vk‖d = 1, therefore up to subsequences vk → v
and ||v||d = 1. Moreover, for all k, there exist wk ∈ Φk(vk) such that wk ≥ 0 and

〈
vk, wk

〉
= 0. By the

uniformity in graphical convergence Φk g→ Φ0 [23], Theorem 5.34, we may also assume that wk → w. From (a)
of Theorem 5.37 in [23], it follows in particular that w ∈ Φ0(v). Furthermore, w ≥ 0 and 〈w, v〉 = 0. Hence
0 �= v ∈ S(0, Φ0) and

〈
q0, v

〉 ≤ 0, contradicting the choice of q0.
We now consider the case Vq0(Φ0) = {0}. Suppose on the contrary that there exist sequences {qk, Φk, vk}

satisfying qk → q0, dI(Φk, Φ0) → 0, and 0 �= vk ∈ Vqk(Φk), with Φk ∈ X . We may assume that ‖vk‖d = 1,
therefore up to subsequences vk → v and ||v||d = 1. Let us fix x ≥ 0 and y ∈ Φ0(x). Since Φk, Φ0 are closed-
valued and Φk g→ Φ0, we invoke Theorem 5.37 in [23] to obtain x as the limit of a sequence

{
aj

}
, corresponding

to some
{
bj

}
satisfying bj ∈ Φj(aj) and bj → y. By the choice of vj , we obtain

〈
bj + qj , vj

〉 ≤ 0. Thus
〈y + q, v〉 ≤ 0, and therefore 0 �= v ∈ Vq0(Φ0) a contradiction. �

Theorem 6.2. Let d > 0, c ∈ C, q0 ∈ R
n, and Φ0 ∈ X .

If q0 ∈ [S(0, Φ0)]# (resp. Vq0 (Φ0) = {0}), then there exists ε > 0 such that for all q ∈ R
n and all

Φ ∈ X which are c-subhomogeneous and either GT(d) or GT̃(d) (resp. simply q-pseudomonotone) satisfying
‖q − q0‖ + dI(Φ, Φ0) < ε, the set S(q, Φ) is nonempty and compact.

Proof. This follows from the above proposition and Corollary 5.3 and Theorem 5.8. �

The following theorem may be considered as a stability result for MCP(q0, Φ0) under a copositivity and
c-subhomogeneous or q-pseudomonotone perturbation. Notice it is only required that Φ0 ∈ X . This theorem
extends Theorem 7.5.1 of [4], where only the copositive linear case is considered.

Theorem 6.3. Let d > 0, c ∈ C, q0 ∈ R
n and Φ0 ∈ X .

If q0 ∈ [S(0, Φ0)]# (resp. Vq0(Φ0) = {0}), then there exist ε > 0 and r > 0 such that for all q ∈ R
n and all

Φ ∈ X which are copositive c-subhomogeneous (resp. simply q-pseudomonotone) the following implication holds

‖q − q0‖ + dI(Φ, Φ0) < ε =⇒ ||x|| ≤ r for all x ∈ S(q, Φ).

Proof. By Theorem 6.2 for such q and Φ the set S(q, Φ) is nonempty and compact.
Suppose on the contrary that there exist sequences {qk, Φk, xk} satisfying qk → q0, dI(Φk, Φ0) → 0, xk ∈

S(qk, Φk), and
〈
d, xk

〉 → +∞. There exists a sequence
{
yk

}
such that for all k

yk ∈ Φk(xk), yk + qk ≥ 0, and
〈
yk + qk, xk

〉
= 0. (6.1)

Setting σk =
〈
d, xk

〉
, up to subsequences, xk

σk
→ v �= 0. Clearly (xk, yk) is a solution of problem (PMVIPk) for

Φ = Φ0, Ψk = 0, and q = q0 for each k, so we can apply the basic lemma (for Φ = Φ0, Ψk = 0, and q = q0 for
all k).

If Φk is copositive c-subhomogeneous for all k, by (d) of the basic lemma and (6.1) we obtain that 0 �= v ∈
S(0, Φ0) and

〈
qk, xk

〉 ≤ 0, thus
〈
q0, v

〉 ≤ 0 contradicting the choice of q0.
If Φk is qk-pseudomonotone for all k. By (f) of the basic lemma 0 �= v ∈ Vq0(Φ0) a contradiction. �
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In what follows, we recall another type of continuity for multifunctions. Let X, Y be two metric spaces. The
mapping F : X ↪→ Y is said to be outer semicontinuous (osc) at x̄ if,

lim sup
x→x̄

F(x) ⊆ F(x̄),

or equivalently lim supx→x̄ F(x) = F(x̄) where

lim sup
x→x̄

F(x) =
{
z : lim inf

x→x̄
dF(x)(z) = 0

}
.

On R
n ×X we introduce the metric

D((q1, Φ1)(q2, Φ2))
.= ||q1 − q2|| + dI(Φ1, Φ2).

Obviously (Rn × X , D) is a metric space. We now investigate continuity properties of the solution-set multi-
function S : R

n ×X ↪→ R
n.

Theorem 6.4. Let S be the solution-set multifunction associated to problem (MCP). Then S is osc at each
(q0, Φ0).

Proof. We have to prove
lim sup

(q,Φ)→(q0,Φ0)

S(q, Φ) ⊆ S(q0, Φ0). (6.2)

If the set in the left-hand of (6.2) is empty, the assertion is trivial. On the contrary, let x be in that set, then
there exist a sequence (qk, Φk) ∈ R

n × X such that qk → q0, dI(Φk, Φ0) → 0, and a sequence xk → x with
xk ∈ S(qk, Φk). Thus, xk ≥ 0 and there is yk ∈ Φk(xk) such that yk + qk ≥ 0 and

〈
yk + qk, xk

〉
= 0. By the

uniformity in graphical convergence, we conclude that {yk} is bounded, and so, up to subsequences, we may
assume yk → y. From Theorem 5.37 in [23], it follows that y ∈ Φ0(x). Taking the limit we obtain x ≥ 0,
y + q0 ≥ 0, and

〈
y + q0, x

〉
= 0, that is, x ∈ S(q0, Φ0). �

It is worth mentioning that by Theorem 6.2 we may ensure the nonemptiness of the left-hand side of (6.2)
by considering that q0 ∈ [S(0, Φ0)]# (resp. Vq0(Φ0) = {0}) and restricting Φ to be c-subhomogeneous and
either GT(d) or GT̃(d) for some c ∈ C and d > 0 (resp. q-pseudomonotone).

We now provide existence results for other classes of multifunctions, which admit some kind of approximating
mappings.

Definition 6.5. Let Y be any class of multifunctions, the mapping Φ ∈ X is said to be approximable by Y if
there exists a sequence {Φk} ⊆ Y ∩ X such that Φk g→ Φ.

Some properties of the approximating sequence {Φk} can be inherit by the approximable mapping Φ, as
shown in the next result.

Proposition 6.6. Let d > 0, c ∈ C and Φ, {Φk} in X such that Φk g→ Φ:
(a) if 0 ∈ Φk(0) for each k then 0 ∈ Φ(0);
(b) if {Φk} are monotone (resp. copositive) then Φ is monotone (resp. copositive);
(c) if {Φk} are c-subhomogeneous (resp. c-Moré) then Φ is c-subhomogeneous (resp. c-Moré) provided c is

continuous;
(d) if {Φk} are zero-subhomogeneous then Φ is zero-subhomogeneous;

Proof.
(a) It follows from Theorem 5.37 in [23].
(b) For the monotone case see [23], Theorem 12.32. For the copositive case is similar.
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(c) Let x ∈ ∆d, λ > 0 (resp. λ ≥ 1) and y ∈ Φ(λx). By Theorem 5.37(b) in [23] there exist sequences
{uk} ⊆ R

n
+ and {yk} such that uk → λx, yk ∈ Φk(uk), and yk → y (we may assume that uk �= 0).

Clearly, yk

c(||uk||d)
→ y

c(λ) and uk

||uk||d → x.

If {Φk} are c-subhomogeneous, Φk(uk) ⊆ c(||uk||d)Φk( uk

||uk||d ), thus yk

c(||uk||d) ∈ Φk( uk

||uk||d ). By taking
the limit and applying Theorem 5.37(a) in [23] we obtain y

c(λ) ∈ Φ(x), thus y ∈ c(λ)Φ(x).

If {Φk} are c-Moré, there exists zk ∈ Φk( uk

||uk||d ) such that
〈
yk, uk

〉 ≥ c(||uk||d)
〈
zk, uk

〉
. By the

uniformity in graphical convergence [23], Theorem 5.34, and Theorem 5.37 in [23], there exists z such
that (up to subsequences) zk → z ∈ Φ(x), and by taking the limit in the previous inequality we get
〈y, λx〉 ≥ c(λ) 〈z, x〉.

(d) It is similar as in (c). �
Example 6.7. It is worth pointing out that if {Φk} are q-pseudomonotone then Φ is not necessarily q-
pseudomonotone. To see this take Φk(x) = Mx + bk, Φ(x) = Mx and q = 0 where

M =
(

0 1
0 0

)
and bk =

(
1
k
0

)
,

each Φk is 0-pseudomonotone, Φk g→ Φ (see [23], p. 353), and Φ is not 0-pseudomonotone since
〈
Me1, e2 − e1

〉
=

0 and
〈
Me2, e2 − e1

〉
< 0.

Theorem 6.8. Let d > 0, c ∈ C, and q ∈ R
n.

(a) Let Φ = Φ0 + Ψ0 where Φ0, Ψ0 ∈ X the latter being copositive and zero-subhomogeneous:
(a.1) If Φ0 is approximable by copositive c-subhomogeneous mappings and q ∈ [S(0, Φ0)]# then S(q, Φ)

is nonempty;
(a.2) If Φ0 is approximable by copositive c-Moré mappings and q ∈ [U0(Φ0)]# then S(q, Φ) is nonempty;

(b) If Φ ∈ X is approximable by q-pseudomonotone mappings and Vq(Φ) = {0} then S(q, Φ) is nonempty.

Proof.
(a) Let {Φk} be the mappings that approximate Φ0, {σk} be an increasing sequence of positive numbers
converging to +∞, and {(xk, yk, rk)} be a sequence of solutions to (PMVIPk) for Φ = Φ0, Ψk = Ψ = Ψ0, and
qk = q for all k.

If {xk} is bounded, by the uniformity in graphical convergence [23], Theorem 5.34, and Theorem 5.37 in [23],
any limit point of such a sequence belongs to S(q, Φ).

Otherwise, we may consider (by redefining σk if necessary) that σk =
〈
d, xk

〉
. Since

〈
d, xk

σk

〉
= 1, up

to subsequences, there exists 0 �= v ≥ 0 such that xk

σk
→ v. By applying the basic lemma (for Φ = Φ0,

Ψk = Ψ = Ψ0, and qk = q for all k) we obtain that:
(a.1) there exist w ∈ Φ0(v), r ∈ Ψ0(v), and ∅ �= Jv ⊂ I, such that 0 �= v ∈ S(−〈w, v〉 d, Φ0) and 〈w, v〉 ≤ 0.

As Φ0 is copositive (Proposition 6.6(b)) we conclude that 〈w, v〉 = 0 and 0 �= v ∈ S(0, Φ0). By the
copositivity of Φk and Ψ0 we obtain

〈
ykm , xkm

〉 ≥ 0 and
〈
rkm , xkm

〉 ≥ 0 respectively. By setting x = 0
in (PMVIPk) we get 〈

q,
xkm

σkm

〉
≤

〈
ykm + rkm + q,

xkm

σkm

〉
≤ 0, (6.3)

then 〈q, v〉 ≤ 0 contradicting the choice of q;
(a.2) there exist w and wkm ∈ Φkm(xkm

σkm
) such that wkm → w ∈ Φ0(v) and 〈w, v〉 ≤ 0. Since Φ0 is copositive

(Prop. 6.6(b)) we get 〈w, v〉 = 0, thus 0 �= v ∈ U0(Φ0). As above we get (6.3) and thus 〈q, v〉 ≤ 0
contradicting the choice of q.

(b) The result follows from Theorem 6.3 and the uniformity in graphical convergence [23], Theorems 5.34
and 5.37(a). �
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Remark 6.9.
1. If we set Ψ0 = 0 in (a.1), then the result follows from Theorem 6.3 (similarly as in the proof of (b)).
2. In Theorem 6.8 (b) the solution set may be unbounded as shown by Example 6.7 where S(q, Φ) = {(x1, 0)T :
x1 ≥ 0}. For this example we can use neither Theorem 5.8 nor Theorem 5.9, but by using (b) we get the
existence of solutions. 3. If in (a) we additionally assume that c is continuous, then by Proposition 6.6(b)− (c)
and Theorem 5.2 or 5.5 respectively, the set S(q, Φ) is also compact. Similarly, if in (b) we assume that Φ is
approximable by monotone mappings, instead of q-pseudomonotone, by Proposition 6.6(b) and Theorem 5.8 the
set S(q, Φ) is also compact.
4. Notice that under the assumptions of Theorem 6.8 we actually prove that any limit point of every approximate
sequence {xk} constructed through (PMVIPk) (which is bounded) is a solution to (MCP).

7. Estimates for the solution set

In this section we extend and generalize some results from [17], where the monotone linear complementarity
problem is studied; [14], where the numerical range of an operator is used to obtain bounds for the linear
complementarity problem in Hilbert spaces; and [21], where a bound for the solution set of a quasidifferentiable
convex programming problem is obtained. Indeed, we consider the set-valued case and obtain bounds for the
solution set to problem (MCP) mainly under the subhomogeneity property.

If Φ ∈ X is c-subhomogeneous (on ∆d), we infer that

mΦ||x||d c(||x||d) ≤ 〈y, x〉 ≤ MΦ||x||d c(||x||d) for all x ≥ 0, y ∈ Φ(x). (7.1)

In the following || · || and || · ||1 denote the Euclidean norm and the sum-norm in R
n respectively, and d0

.=
min1≤i≤n di > 0. We point out that Ψ is uniformly bounded if and only if ||Ψ|| < +∞, where ||Ψ|| .=
sup {||y|| : y ∈ Ψ(x), x ≥ 0} .

Theorem 7.1. Let d > 0, c ∈ C, q ∈ R
n, and Φ, Ψ ∈ X .

(a) Assume Φ is c-subhomogeneous and Ψ is uniformly bounded:
• if MΦ < 0, then S(q, Φ + Ψ) ⊆

{
x ≥ 0 : c(||x||d) ≤ max

(
c(0), ||Ψ||+||q||

d0|MΦ|
)}

;

• if mΦ > 0, then S(q, Φ + Ψ) ⊆
{

x ≥ 0 : c(||x||d) ≤ max
(
c(0), ||Ψ||+||q||

d0 mΦ

)}
.

(b) Assume Φ is monotone, Ψ is copositive zero-subhomogeneous, and there exist 0 �= x0 ≥ 0, y0 ∈ Φ(x0)
such that y0 + q > 0, then

S(q, Φ + Ψ) ⊆
⎧⎨
⎩x ≥ 0 : ||x||1 ≤

〈
y0 + q, x0

〉
+ ||Ψ|| ‖x0‖

min
1≤i≤n

(y0 + q)i

⎫⎬
⎭ .

Proof.
(a) First we notice that for x ≥ 0 and r ∈ Ψ(x), ||r|| ≤ ||Ψ||. Assume MΦ < 0, and let 0 �= x ≥ 0, y ∈ Φ(x),
and r ∈ Ψ(x). By (7.1)

〈y + r + q, x〉 ≤ MΦ||x||d c(||x||d) + (||r|| + ||q||)||x|| ≤ ||x||d
(

MΦ c(||x||d) +
1
d0

(||Ψ|| + ||q||)
)

.

It follows that MΦ c(||x||d) + 1
d0

(||Ψ|| + ||q||) ≥ 0 if 0 �= x ∈ S(q, Φ + Ψ).
Let mΦ > 0, 0 �= x ≥ 0, y ∈ Φ(x), and r ∈ Ψ(x). By (7.1) again

〈y + r + q, x〉 ≥ mΦ||x||d c(||x||d) − (||r|| + ||q||)||x|| ≥ ||x||d
(

mΦ c(||x||d) − 1
d0

(||Ψ|| + ||q||)
)

.

It follows that mΦ c(||x||d) − 1
d0

(||Ψ|| + ||q||) ≤ 0 if 0 �= x ∈ S(q, Φ + Ψ).
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(b) Let x ∈ S(q, Φ + Ψ), there exist y ∈ Φ(x) and r ∈ Ψ(x) such that 〈y + r + q, u − x〉 ≥ 0 for all u ≥ 0, since
Φ is (r + q)-pseudomonotone we get

〈
y0 + r + q, x0 − x

〉 ≥ 0 and since Ψ is copositive

〈
y0 + r + q, x0

〉 ≥ 〈
y0 + r + q, x

〉 ≥ 〈
y0 + q, x

〉 ≥ min
1≤i≤n

(y0 + q)i||x||1.

By Proposition 2.3(b) Ψ is uniformly bounded and
〈
r, x0

〉 ≤ ||Ψ|| ||x0||. Thus

〈
y0 + q, x0

〉
+ ||Ψ|| ||x0|| ≥ min

1≤i≤n
(y0 + q)i||x||1. �

Remark 7.2. One can check that hypothesis mΦ > 0 in (a) implies that Φ ∈ GT̃(d) and S(0, Φ) = {0}, which
in turn implies that S(q, Φ + Ψ) is nonempty and compact for all q ∈ R

n provided Ψ is copositive (Th. 5.2).
Similarly, the hypothesis in (b) implies that S(q, Φ + Ψ) is nonempty and compact provided Φ is copositive as
well (Th. 5.8 implication (a) ⇒ (b) and Th. 5.7).

Corollary 7.3. Let d > 0, c ∈ C, q ∈ R
n, and Φ ∈ X .

(a) Assume Φ is c-subhomogeneous:
• if MΦ < 0, then S(q, Φ) ⊆

{
x ≥ 0 : c(||x||d) ≤ max

(
c(0), ||q||

d0|MΦ|
)}

;

• if mΦ > 0, then S(q, Φ) ⊆
{

x ≥ 0 : c(||x||d) ≤ max
(
c(0), ||q||

d0 mΦ

)}
.

(b) Assume Φ is q-pseudomonotone, and there exist 0 �= x0 ≥ 0, y0 ∈ Φ(x0) such that y0 + q > 0, then

S(q, Φ) ⊆
{

x ≥ 0 : ||x||1 ≤ 〈y0+q,x0〉
min

1≤i≤n
(y0+q)i

}
.

Proof.
(a) We set Ψ = 0 in (a) of the above theorem.
(b) We proceed as in (b) of the above theorem with Ψ = 0, and taking into account that Φ is q-pseudomonotone.

�

Remark 7.4. We point out that mΦ > 0 in (a) implies that Φ ∈ GT̃(d) and S(0, Φ) = {0}, which in turn
implies that S(q, Φ) is nonempty and compact for all q ∈ R

n (Cor. 5.3). Similarly, the hypothesis in (b) implies
that S(q, Φ) is nonempty and compact (Th. 5.8).
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