ESAIM: COCV ESAIM: Control, Optimisation and Calculus of Variations
Vol. 13, N° 1, 2007, pp. 72-92 www.edpsciences.org/cocv
DOI: 10.1051/cocv:2007003

ON A VARIATIONAL PROBLEM ARISING IN CRYSTALLOGRAPHY

ALEXANDER J. ZASLAVSKI!

Abstract. We study a variational problem which was introduced by Hannon, Marcus and Mizel
[ESAIM: COCV 9 (2003) 145-149] to describe step-terraces on surfaces of so-called “unorthodox”
crystals. We show that there is no nondegenerate intervals on which the absolute value of a minimizer
is 7/2 identically.
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1. INTRODUCTION

For the understanding of crystalline growth processes, the form of step-terraces on the crystalline surface
plays an important role [5]. The edges of these steps usually form oscillations in space that become larger
when the equilibrium temperature rises. This behavior is called “orthodox” and had been explained by Herring,
Mullins and others (see e.g. [6]) by thermodynamical effects. The classical model is given by

S
Ti(y) = / B(6)ds

where s is arclength and y is a function defined on a fixed interval [0, L] whose graph is the locus under
consideration:

y € ngl(o’L), 0 = arctany’ € [~-7m/2,7/2],

while § is a positive m-periodic function which satisfies certain properties. Minimization of J; subject to
appropriate boundary data is a parametric variational problem. It is closely related to the variational problem
defining the Wulff crystal shape as that shape for a domain of prescribed area such that the boundary integral
with respect to arclength involving the integrand in J; [referred to as the surface tension] attains its minimum
value [1,2]. Recently crystals have been studied which are “unorthodox” in the sense that lower temperatures
lead to larger oscillations and the step profile takes a saw-tooth structure for low temperatures and not a straight
line as the classical theory would predict [3]. To describe this situation, Hannon, Marcus and Mizel [4] suggested
a refined model which will be stated below.
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Suppose that a function 8 € C(R) satisfies the following assumption:
A
“ B(t) >0 for all t € R, (1.1)
B(t) = p(—t) for all t € R, (1.2)
B(m/2) < B(t) < B(0) for all t € R, (1.3)
Bt + ) = p(t) for all t € R. (1.4)
Let L >0, p > 0, 0 > 0. We study the following variational problem introduced in [4]:

S
Jpo(0,y) = /O [0(0/(5))* + B(0(s)) + oy(s)*]ds — inf, (1.5)

y(s) = y(0) + /Os sin(0(7))dr, s € [0, 9], (1.6)

where S > L, € Wh2(0, S) is subject to the following constraints:

s
0(r) € [-n/2,7/2], T €0, 5], /0 cos(8(7))dr = L, (1.7)

s
/ sin(0(7))dr = 0.
0

Here 6 describes the angle of the step profile relative to a straight line profile. The first constraint in (1.7)
expresses the condition that the curve

(@(s).9(6)) = ([ costotrar. 50+ [ sinfo(ryar )

does not “reverse”, the second is the condition that the z-interval is [0, L], while the third condition in (1.7) is
the condition that y(0) = y(95).

It was shown in [4] that problem (1.5)—(1.7) has a solution. Actually in [4] it was assumed that 8 € C%(R)
and that 5(0) + 8”(0) < 0 but the existence result of [4] holds without these two additional assumptions and
with the same proof. Hannon, Marcus and Mizel [4] noted that their theorem does not exclude the possibility
that a minimizer (S, 6,y) satisfies |§] = m/2 on one or more nondegenerate intervals. If this occurs, then the
locus of the curve s — (z(s),y(s)), s € [0,.5] is not the graph of a function defined on [0, L]. This fact leads to
difficulties in calculating a solution.

Our main result stated below establishes that if a parameter o is small enough, then the locus of the curve
s — (x(s),y(s)), s € [0, 5] associated with a minimizer (S, 6,y) is necessarily a graph of a function defined on
[0, L]. Tt should be mentioned that the smallness of ¢ is a natural assumption for the model.

Theorem 1.1. Let p1,L; > 0. Then there is o1 > 0 such that for each p > p1, each L € (0,L1] and each
o € (0,01] the following assertion holds:

Assume that (S,0,y) is a solution of the problem (1.5)—(1.7). Then there is no interval [a,b] C [0,5] such
that a < b and |0(t)| = 7/2 for all t € [a,b].

The proof of Theorem 1.1 is long and technical. It is based on a number of auxiliary results. Here we explain
the main ideas of the proof.

In the proof of Theorem 1.1 we use two procedures applied to triples (S, 0,y): a reduction of a triplet and a
restriction of a triplet.

Let S > L, 0 WhH2(0,9) and y : [0, 5] — R satisfy (1.6) and (1.7).
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Assume that ¢, € [0,S] and § > 0. An extension of the triplet (S, 6,y) is a triplet (S, 0, ) defined by

S=S+46,0(t)=0(t), t €[0,t0], O(t) = 0(to), t € (to, to + 6],

0(t) = 0(t —0), t € (to+6,85], (1) = y(0) + /T sin(4(t))dt, T € [0, 5].

Let us now describe a reduction of the triplet (S,6,y). Assume that A = [a,b] C [0,5] and that one of the
following cases holds:

1)a=0;(2)b=25;3)0<a, b< S and 0(a) =06(b).

Put S =S5 — b+ a. In the case (1) set O(t) = (t +b—a), t € [0, 5], in the case (2) set O(t) = 6(t), t € [0, 5]
and in the case (3) set 8(t) = 6(t), t € [0,a], O(t) = 6(t + b — a), t € (a, S]. Finally we define

g(1) = y(0) + /OT sin(f(t))dt, T € [0, S].

The triplet (5, 0,7) is called a reduction of the triplet (S,0,y).

We prove Theorem 1.1 by negation. We assume that a triplet (Sp, 6o, yo) is a solution of the variational
problem and that |6y(t)] = 7/2 for all ¢ belonging to a subinterval of [0, Sp] with a positive length. Using the
extension of triples and the reduction of triples we will construct a new admissible triplet (51,61, y1) such that
J5(01,91) < JE(60,50). In order to meet this goal we will choose a small positive constant ro and consider
separately two cases:

inf{0o(t): t €10,50]} < —m/24ro and inf{f(t) : ¢t € [0,S0]} > —7/2 + 0.

2. AUXILIARY RESULTS

For each function f : X — R, where X is nonempty, set inf(f) = inf{f(z) : = € X}. Denote by meas(E)
the Lebesgue measure of a Lebesgue measurable set £ C R.

Lemma 2.1. Let L,p,0 > 0. Then inf(J%) < L5(0).

Proof. Set S =1L, 6(t) =0,t € [0,5] and y(t) =0, ¢t € [0,5]. Clearly (5,0,y) satisfies (1.6) and (1.7). Then
inf(JpLU) < JpLU(H,y) = LB3(0). Lemma 2.1 is proved. O

Lemma 2.2. Let L,p,0 >0 and let S > L, § € W12(0,9), y:[0,S] — R satisfy (1.6) and (1.7). Then
S < [LB0) + J5, (8. y) — inf(J5,)](B(x/2)) " (2.1)
Proof. It follows from (1.5), (1.3) and Lemma 2.1 that
SB(n/2) < Jp(0,y) = inf(J5,) + [T (6, y) — inf(J5,)]
< LB(0) + [ 55 (6, y) — inf(J3)].
This inequality implies (2.1). O

Corollary 2.1. Let L, p,o > 0 and let (S, 0,y) be a solution of the problem (1.5)—(1.7). Then S < LB(0)(B(r/2))~ L.

Corollary 2.2. Let L,p,o > 0 and let S > L, § € W42(0,9), y : [0,5] satisfy (1.6) and (1.7). Assume that
JL(0,y) <inf(JL )+ L3(0). Then

S < 2L(0)(B(r/2)7".
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Lemma 2.3. Let L,p,0 >0 and let S > L, § € W12(0,5), y:[0,S] — R satisfy (1.6) and (1.7). Assume that

J5 (0, y) < inf(J%) + min{LB(0), 0 L*}. (2.2)
Then
ly(t)| < 8LB(0)(B(m/2))~" for all t € [0,5]. (2:3)
Proof. By (2.2) and Corollary 2.2
S < 2LA(0)(B(r/2)) . (2.4)
Relations (1.6) and (2.4) imply that for each ¢ € [0, 5]
ly(t) = y(0)] <t < S < 2LB(0)(B(n/2))~". (2.5)
Set B
S1=05,00=0, y1(r) = / sin(6(¢))dt, T € [0, S]. (2.6)
0
Clearly
ly1(t)] <t for all t € [0, 5] (2.7)

and (1.6), (1.7) hold with (S,0,y) = (S1,61,y1). It follows from (2.2), (2.6) and (1.5) that

S S
T 0.9) < I 00m) +0L° = I 09) + o | [ ni)ae— [ o)ar] +or?
0 0
and
S S
[ woras [ wopas s
0 0
Combined with (2.7) this implies that
S 5
/ (y(t))*dt < L3 + §3 < 283, (2.8)
0

We show that |y(0)] < 3S. Let us assume the converse. Then |y(0)| > 35 and by (2.5) |y(t)] > 2S5 for all ¢t €
[0, S]. This inequality implies that fOS(y(t))th > 453. This inequality contradicts (2.8). The contradiction we
have reached proves that |y(0)| < 3S. Combined with (2.5) and (2.4) this inequality implies that for all ¢ € [0, 5]

[yl < [y(0)] + S < 48 < 8LA(0)(B(r/2))~".

Lemma 2.3 is proved. O

Lemma 2.4. Let L,p,0 >0, S > L, § € WH2(0,5), y : [0,S] — R satisfy (1.6) and (1.7). Suppose that
(S,0,y) is a solution of the problem (1.5)—(1.7). Then

s
[ @@ra <o) (29)
0
and for each t1,ts € [0, 5] satisfying t1 < ta the following inequality holds:

10(t2) — 0(t1)] < (p~"LB(0)(t2 — t1))"/>. (2.10)
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Proof. By Corollary 2.1 L < S < LB(0)3(n/2)~ L. It follows from (1.5) and Lemma 2.1 that

S
| @0 <53k 0) = 5t k() < 07 L5O)

Inequality (2.10) follows from (2.9) by the Cauchy-Schwarz inequality.

Lemma 2.5. Let Ly > 0, p > 0 and let a positive number v satisfy

v < aresin(271(3(0)) 1 B(x/2) min{1, (x2/16)p L7 2(B(0)) 1 ).

(2.11)

Suppose that o > 0, L € (0, L1] and that S > L, 0 € W12(0,S) and y : [0,S] — R are a solution of the problem

(1.5)—(1.7) such that

max{0(t) : t€[0,5]} =x/2.
Then

min{6(¢) : t € [0,5]} < —~.

Proof. By (2.12) there is ¢y € [0, S] such that
H(to) = 7T/2.

Set
E =10,8] N to — (m/4)*pL™1(8(0)) ™!, to + (w/4)*pL ™ (5(0)) 1.
Assume that t € E. By (2.15) and Lemma 2.4

16(t) — 0(to)| < (p " LBO)|t — to])'/? < m/4.
Combined with (2.14) this inequality implies that 6(t) > w/4. Thus we have shown that
O(t) >n/4 forallt € E.

Clearly
meas(E) > min{(7/4)2pL " p(0)", S}.
Relations (2.15), (2.16), (2.17) and (1.7) imply that

/Esin(e(t))dt > sin(7r/4) meas (E) > 27  min{(n/4)%pL~(3(0))*, S}.
By (2.18) and (1.7)
/ sin(0(t))dt = — / sin(0(8))dt < —2-" min{ (r/4)2pL~(3(0))"1, S}.
[0,SN\E E
Since inf(d) < 0 (see (1.7)) the relation (2.19) implies that

2 min{ (r/4)2pL "1 (3(0)) "1, S} > /[ GO

> sin(inf (#))meas([0, S| \ E) > sin(inf(4))S.

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)
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It follows from (2.20), Corollary 2.1 and the inequality L < L; that

and in view of (2.11)

inf() < — arcsin(271(3(0)) "' B(r/2) min{1, (7r/4)2pL172(ﬂ(0))*1} < —.

sin(inf(0))

< —27!
< —27!

(8(0)™" B(m/2) min{1, (m/4)*pL7*(6(0)) "}

This completes the proof of Lemma 2.5.

It is easy to see that the following lemma holds.

min{(m/4)%pL=1(5(0) ™", LYL™1(8(0)) ™" B(r/2)

7

Lemma 2.6. Let S > 0, 6 : [0,S] — R be a continuous function, M > 0, § € (0,5) and let y : [0,S] — R

satisfy

and

Suppose that

Then

and

y(T) =y(0) + /OT sin(6(t))dt, T € [0, 5]

ly(T)| < M for all T € [0, S].

S=8-600t)=0(t+46),te]0,5],

§(r) = y(0) + /OT sin((t))dt, T € [0, S].

[5(t)| < M 46 for all T € [0, 5]

S S
/ (y(t))th—/ (5(t)%dt| < M35 +6S(2M + 6).

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

(2.26)

Lemma 2.7. Let S >0, 6:[0,S] — R be a continuous function, M >0,0<a <b< S and lety:[0,5] — R
satisfy (2.21) and (2.22). Suppose that

Then

and

S S
2 N2
/0 (1)) / (5(1))2dt

0(a) = 0(b),
S=S5—b+a,

0(t) =0(t), t €[0,a], O(t) =0t +b—a), t € (a, 9],

g(1) = y(0) + /OT sin(f(t))dt, T € [0, S].

[5(T)| < M +b—a for all T €0, 5]

<(b—a)M*+ (b—a)2M +b—a)S.

(2.27)
(2.28)

(2.29)

(2.30)

(2.31)

(2.32)
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Proof. Relations (2.21), (2.29), (2.30) imply that
y(t) =y(t), t €0, q. (2.33)

Assume that 7 € (a, ). It follows from (2.30), (2.29) and (2.21) that

T

g(1) = y(0) + /Oa sin(6(¢))dt + / sin(6(t + b — a))dt
T+b—a b
= y(0) +/O sin(6(t))d¢ —/ sin(6(t))d¢

b
=y(r+b—a)— / sin(6(t))dt.

This equality implies that

|g(T) —y(r+b—a)| <b—aforall T € (a,S). (2.34)
Combined with (2.22) the inequality (2.34) implies that

[5(7)| < M +b—a for all T € (a,5). (2.35)

Relations (2.22), (2.33), (2.35) imply (2.31). It follows from (2.33), (2.22), (2.28), (2.31) that

S S
29, N2
/0 (y(t))*dt / (5(6))2dt

S S
[ b=y [y

a

b
< / (y(t))2dt +

i
S(U*®M2+/‘w&+b*@4ﬁ@WWQ+b*aﬂ+M@mﬁ
a
< (b—a)M?+ (b—a)S(2M +b— a).
Thus (2.32) is true and Lemma 2.7 is proved. O
The following auxiliary result is proved analogously to Lemma 2.7.

Lemma 2.8. Let S >0, 0:[0,5] — R be a continuous function, M >0,0<a<S5,6>0andlety:[0,5] — R
satisfy (2.21) and (2.22). Suppose that

S =5+,
0(t) = 0(t), t €[0,a], O(t) = 6(a), t € (a,a+ 9],
O(t) =0(t—0), t € (a+9,9),
g(1) = y(0) +/O sin(4(t))dt, T € [0, 5].
Then .
15(7)] < M+ for all 7 € [0, 5]
and

S S
”/(mwfm>:/(ﬂnﬁdt§5m1+®2+&ﬂmw+5y
0 0
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3. A WEAKENED VERSION OF THEOREM 1.1

In this section we establish the following result.

Theorem 3.1. There exists ro € (0,7/8) such that for each Ly > 0 there is o9 > 0 for which the following
assertion holds:
Suppose that L € (0, Lo], p > 0, 0 € (0,00], (S,0,y) is a solution of the problem (1.5)—(1.7) and

[-7/2+ 1, 7/2 — 10) C 6(]0,5]). (3.1)

Then there is no interval [a,b] C [0, 5] such that a < b and |0(t)| = 7/2 for all t € [a,b].

Proof. Choose a positive number r; such that

r1 € (0,7/16), 5(0)cos(m/2 —r1) < B(w/2)/16 (3.2)
and choose
ro € (O, 7“1/2). (33)
Let Ly > 0. Put
Ao = 16LoB(0)(B(r/2)) (3.4)
and choose a positive number oy such that
00AZ < B(m/2)107297 L, (3.5)
Let
Le (O,LQ]7 p>0,0¢€ (0,0‘0]. (36)

Suppose that S > L, § € W12(0, S) satisfies (3.1) and (1.7), y : [0,.5] — R satisfies (1.6) and

S
/O [p(6'(1))? + B(0(1)) + o (y(t))?]dt = J (6, y) = inf(J5,). (3.7)

In order to prove Theorem 3.1 it is sufficient to show that there is no interval [a, b] C [0, S] such that a < b and
|0(t)| = w/2 for all ¢ € [a, b].

Let us assume the converse. Then there is an interval [a,b] C [0, S] such that 0 < a < b < S and [0(t)| = 7/2
for all ¢ € [a,b]. We may assume without loss of generality that

0(t) =7/2 for all t € [a,b]. (3.8)
There is 79 € [0, S] such that

O(r0) = inf{6(¢) : t €10, 5]}. (3.9)
By (3.9) and (3.1)

0(ro) < —m/2 + 0. (3.10)

Corollary 2.1 implies that

L <8< LBO0)(B(r/2)”" (3.11)
By Lemma 2.3, (3.6) and (3.4)

ly(t)] < Ag for all ¢ € [0, 5]. (3.12)

By continuity it follows from (3.10) and (3.3) that there is a positive number ¢; such that
9 < (b—a)/16, (3.13)

0(t) < —m/2+ ry for all ¢ € [0, S]N]T0 — 2d1, 70 + 201]. (3.14)
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It follows from (3.13) that
51 < meas([0, 5] N [ro — 01, 70 + 1]) < 263.
There are three cases: (1) 79 < d01; (2) 79 > S — 01 > 467 (see (3.13)); (3) 01 <70 < S — 01.
In the case (1) set
a=0,b=19+61, S1=5—b+a,
01(t) = 0(t+b—a), t €[0,51].

In the case (2) put

b=S a=1—061, S1=5—b+a,

01(t) = 0(t), t € [0, 51].

Consider the case (3). Since 6 is continuous and 7y satisfies (3.9), there exists a closed interval [a,b] C

such that R R
01 <b—a <261, 10 € [a,b] C [ro— 01,70 + 1],
0(a) = 0(b).
We set ~
Si=8—-b+a,
01(t) = 0(t), t €[0,a], 0:(t) = 0(t +b—a), t € (a,S]
It is not difficult to see that in the all three cases #; € W2(0,.5),

Relations (3.23), (3.24) and (3.14) imply that
0(t) < —m/2 4 ry for all ¢ € [a, D).
Clearly one of the following conditions holds:
a=0;b=25;a>0,b<S and (a)=6(b).
Define y; : [0,51] — R by B
(1) = y(0) +/O sin(6y(t))dt, ¢ € [0, 54].

(3.15)
(3.16)
(3.17)

(3.18)
(3.19)
[0, S]

(3.20)

(3.26)

(3.27)

It follows from the definition of y; (see (3.27)), 61 (see (3.17), (3.19), (3.22)), Lemmas 2.6 and 2.7, (3.12), (3.11),

(3.23), (3.6) and (3.4) that

S S1 - - ~
/0 (u(t))?dt — / (11 (0)2dt] < (b — @) A2 + (b— 6) (200 + b — 2)S

< (b—a)[A2 + (280 + b — @) LoB0)(B(r/2)) 7Y
< 201 [A2 + (200 + 261) Ao /16).

Combined with (3.13), (3.11), (3.6) and (3.4) this inequality implies that

S S1
/ (y(t))2dt — / (y1(t))2dt| < 261[A2 +1671A¢(240 + 9)]
0 0

< 201[AF + 167" Ag(240 + LoB(0)(B(r/2)) )]
<261 [A2 +1671A0(3A0)] < 36, A2
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Therefore we have shown that

S S1
| / (y(t))?d — / (y1(0)2dt| < 36, A2,
0 0

81

(3.28)

It follows from the definition of ; (see (3.17), (3.19), (3.22)), (3.25) and (3.8) that there are numbers aq, by

such that
al,bl S [O,Sl], a1 < b < Sl, by —a1 = b—a,
01(t) = /2 for all t € [ay, b1].
Set

09 = — [b sin(6(t))dt.

Relations (3.31) and (3.23) imply that

5y < b—a<28.

IN

By (3.25) and (3.2) for each t € [a, ]
—sinf(t) > sin(n/2 — 1) > sin(n/2 — 7/16) > 1/2.

In view of (3.33), (3.31) and (3.23)
6y >274b—a) >, /2.
Together with (3.32) this implies that
01/2 < 62 < 207.
Set
Sg = 51 — 2.
Relations (3.35), (3.34), (3.16), (3.18), (3.21), (3.23) and (3.13) imply that

Sy > 81 —20, =8 —b+a—20 >S5 —46, > S/2.

Define 02 € W12(0, S3) by

O2(t) = 01(t), t € [0,b1 — d2], O2(t) = 01(t + 02), t € (b1 — b2, So]

(see (3.30), (3.29), (3.13) and (3.34)).
Define ys : [0,.52] — R as follows:

y2(7) = y1(0) + /OT sin(f2(t))dt, 7 € [0, Sa].

Relations (3.38) and (3.27) imply that
y2(0) = y1(0) = y(0).
Combined with (3.12) this equality implies that

y2(0)] = [y1(0)] = [y(0)] < Ao.

By (3.40), (3.27), (3.11), (3.6) and (3.4) for each ¢ € [0, S4]

lyr(t)] < Ao+t < Ag+ 5 < Ag + LoB(0)(8(m/2)) 7" < 2A,.

It follows from (3.38), (3.40), (3.35), (3.11), (3.6) and (3.4) that for each t € [0, S2]

ly2(8)] < Ao+ S < Ag + LoB(0)(B(r/2)) " < 24

(3.29)
(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)
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In view of (3.29), (3.13), (3.34) and (3.30)
0<a1 <by—d<b < Sl, 91(()1 — 52) = 91(()1) = 7T/2 (343)

It follows from the definition of yo (see (3.38)), 02 (see (3.37)), (3.27), (3.41), (3.43), (3.35) and Lemma 2.7
(Wlth a = b1 — 52, b= bl, 0= 91) that

S1 Sa
/ (52 ()2t — / (2 (£))2t| < 62(2000)% + 5251 (420 + 5).

Combined with (3.34), (3.13), (3.11), (3.6) and (3.4) this inequality implies that

S1 Sa
/ (41 (1))t / (y(6)2dt| < 26,[4A2 + S(4Ag + 261)

< 201 [4AF + LoB(0)(B(m/2)) ™1 (440 + LoB(0)(B(/2)) )]
< 201[4A2 + (5/16)AZ] < 106, A3. (3.44)

Relations (3.44) and (3.28) imply that

S Sa
/ (y(t))2dt—/ (y2())2dt| < 135, A2. (3.45)
0 0

By (3.37), (3.35), (3.43), (3.30) and (3.31),

S2 b1—32 51 A
/0 sm(t%(t))dtz/o sm(é’l(t))dt—i—/b1 51n(91(t))dt=/0 sin(6y(t))dt

b1 S1 S1 b
f/b 51n(91(t))dt:/0 sm(@l(t))dtfég:/o sm(@l(t))dtJr/a sin(6(t))dt.

1—02
It follows from this equality, the definition of 6; (see (3.17), (3.19), (3.22)) and (1.7) that

Ss s
/ sin(0a (1))t / sin(6(1))dt = 0. (3.46)
0 0
By (3.29), (3.30), (3.43), (3.34), (3.13) and (3.37)
sup{f2(t) : t € 0,52} = w/2. (3.47)
Combined with (3.46) and the mean-value theorem this equality implies that there is 7. € [0, S2] such that
92(7'*) =0. (348)

Set

5 = / " cos(B())dt. (3.49)

By (3.49) and (3.23)
63 <b—a < 26;. (3.50)
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Set
S3 = S5 + I3 (3.51)
and define 03 € W2(0, S3) by
93(t) = eg(t), t e [O,T*], Hg(t) =0,te (T*,T* +(53], (352)

93(t) = Hg(t — (53), te (T* + J3, 53]
(see (3.48)). Define

y3(1) = y2(0) + /OT sin(f3(t))dt, 7 € [0, S3). (3.53)
In view of (3.52), (3.51) and (3.46)

Sg T S2
/ sin(0s(1))dt = / sin(62 (1))t + / sin (65 (1))dt = 0. (3.54)
0 0 T
It follows from (3.52) and (3.51) that

Sg S2
/ cos(03(t))dt = 05 + / cos(fz(t))dt. (3.55)
0 0

By (3.37), (3.35), (3.43), (3.30) and the definition of ¢; (see (3.17), (3.19), (3.22))

Sa b1—02 S1 S1
/0 cos(eg(t))dtz/o cos(é’l(t))dt—i—/b1 cos(@l(t))dt:/o cos(f;(t))dt

by S s b
—/b cos(@l(t))dtz/o cos(@l(t))dt:/o cos(@(?ﬁ))dﬁ—/(1 cos(6(t))dt.

1—02

Combined with (3.55), (3.49) and (1.7) this equality implies that
S3
/ cos(0s())dt = L. (3.56)
0
It follows from Lemma 2.8 (with 6 = 65, § = 65), (3.42), (3.50)(3.53), (3.13), (3.11) and (3.6) that

S3 So
/0 (ys(1))2dt — / (va(0))%l

< 261[(200 + 261)% + S(4A0 + 201)] < 261[(2A0 + S)% + S(40¢ + S)]
< 261[(280 + LoB(0)(B(m/2))~")? + LoB(0)(B(m/2)) " (420 + LoB(0)(B(w/2) )]

< 63(2A0 + 83)2 + 0352(4A¢ + 63)

Combined with (3.4) this inequality implies that

Sg S2
/ (y3(t))2dt — / (ya(t))2dt| < 201[(2A0 + Ag/16)? + 167 15A2] < 26,(9A2) < 185, A2.
0 0

Together with (3.45) this implies that

S3 S
/O (yg(t))th—/O (y(1))?dt| < 1361 A2% 4+ 1851 A2 = 315, A2. (3.57)
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We will estimate J% (0, y) — JL (03,y3). It follows from the definition of 6y, 2, 03 (see (3.17), (3.19), (3.22),
(3.37) and (3.52)) that

/ " oa0)at = / " o0)at < / " oL0)at < / ") (3.58)

In view of (3.52) and (3.51)

S3

Sa Sa
B(62(t))dt = 635(0) + ; B(62(t))dt. (3.59)

B(6a()dt = /0 " B(0a(1))dt + 858(0) +

0 T.

By (3.37), (3.35), (3.43) and (3.30)

S2 b1752 Sl
B(0a(t))dt = / B )+ [ 56 ()t
0 b1
Sl b1 Sl

— [ B ))a — / B )t = [ BO1()dt — 628(r/2). (3.60)

0 b1 —d2 0

0

It follows from the definition of 8; (see (3.17), (3.19) and (3.22)) that

S1 S b
[ sonar = /O B(O(t))dt — / B(0(t))dt. (3.61)
Equalitites (3.59)—(3.61) imply that
Sy s b
8(6a(t))dt = 825(0) ~ 5a0(r/2) + [ p6O) ~ [ o)L, (3.62)
0 0 a

Relations (3.49), (3.25), (3.22) and (3.2) imply that
b3 < (b—a)cos(m/2 — 1) < 26 cos(m/2 — 11). (3.63)

By (3.62), (3.63), (3.34) and (3.2)

Ss3 S
B(03(t))dt — /O BO(t))dt < 858(0) — 628(m/2) < 281 cos(m/2 — 11)3(0) — 27161 8(n/2) < —471615(n/2).
(3.64)

0
In view of (1.5), (3.64), (3.58), (3.57), (3.6) and (3.5)
S3 S
L O3s) — JE0.p) = [ Bl6s()dt — / B(6(1))dt
0 0

+p +o

S3 S Ss3 S
/0 (04(1))%dt / (0 ()2t / (ys(1))*dt / (y(t»?dt]

< —4716,8(7/2) 4+ 3106, A2 < —4716,8(7/2) 4 310061 A2 < 0,

a contradiction. The contradiction we have reached proves Theorem 3.1. 0
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4. PROOF OF THEOREM 1.1

By Theorem 3.1 there are
ro € (0,7/8), oo >0 (4.1)
such that the following assertion holds:
(A1)If L € (0,L4], p >0, 0 € (0,00] and if (S,0,y) is a solution of the problem (1.5)—(1.7) satisfying

[—7/2 4+ 7o, m/2 — 1] C 6([0,S]) (4.2)

then there is no interval [a, b] C [0, S] such that a < b and |0(¢)| = 7/2 for all ¢ € [a, ]].
Choose a positive number 7y such that

v < aresin(271(3(0)) ' 3(w/2) min{1, 16 172 py L7 %(B3(0))~1}) (4.3)
and choose a number oy such that
0 <oy <oy, (4'4)
o1(1 + (cos(m/2 — 7"0))71)(16L16(0)(6(7r/2))71 + 4)3 < sin(y)B(7/2)/3200. (4.5)
Let
Le (OaLl]a p=p1, 0€ (0,0’1]. (46)

Suppose that S > L, § € W12(0, S) satisfies (1.7) and y : [0, S] — R satisfies (1.6) and

S
/0 (0 (1))* + BUO®) + o(y(1)2)dt = TE (0,9) = inf(J5,). (4.7)

In order to prove Theorem 1.1 it is sufficient to show that there is no interval [a, b] C [0,5] such that a < b and
|0(t)| = w/2 for all ¢ € [a, b].

Let us assume the converse. Then there is an interval [a,b] C [0, S] such that 0 < a < b < S and [0(t)| = 7/2
for all ¢ € [a, b].

We may assume without loss of generality that

0(t) = x/2 for all ¢ € [a,b]. (4.8)
It follows from Lemma 2.5, (4.3), (4.6) and (4.8) that
min{d(t) : t €[0,5]} < —. (4.9)

Corollary 2.1 implies that
L <8< LBO0)(B(r/2)~" (4.10)
In view of (4.8), assertion (Al), (4.4) and (4.6) the inclusion (4.2) does not hold. Together with (4.8) this
implies that
min{6(t) : t €[0,5]} > —7/2 + ro. (4.11)
Choose a positive number € such that

€ < v/4 and €(B(0) cos(m/2 —ro) "t + 1) < B(m/2) sin(y) /4. (4.12)
There is a positive number § such that
§ < min{1/8,L/16,327 (b — a) cos(7/2 — r0)}, (4.13)

§(1 +cos(m/2 —rg) ') < 1/8 (4.14)
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and
if t1,t2 € [0, S] satisfies |t; — ta] < 24, then
10(t1) — 0(t2)| <€, [B(O(t1)) — B(O(t2))] < e.
There is to € [0, 5] such that
O(tp) = inf{0(t) : ¢t €[0,S5]}.

There are three cases: (1) to < d; (2) to > S —6; (3) 6 <ty <.S—4. In the case (1) set

c=0,d=ty+6, S1=S—d,

61(t) =0(t+d), t € [0, 51].
In the case (2) put
d:S, C:tof(s, Sl :to—é,
61(t) = 6(¢), t € [0, 51].

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)
(4.20)

Consider the case (3). Since 6 is continuous and t¢ satisfies (4.16), there exists a closed interval [c, d] C [0, 5]

such that
0 <d-—c<26,
to € [¢,d] C [to — 6,10 + 9],
0(c) = 6(d).
We set
S1=85—-d+ec,

61(t) =0(t), t €[0,¢], 0:1(t) =0(t +d—¢], t € (c,S1].

(4.21)
(4.22)
(4.23)

(4.24)
(4.25)

It is not difficult to see that in all three cases 6; € W12(0, S1), (4.21), (4.22) are true and one of the following

conditions holds:
c=0;d=25; ¢>0,d< S and (c) = 6(d).
In view of (4.22) and the choice of § (see (4.15)) for each t € [¢, d]

10(2) — 0(to)| < &, [B(6(1)) — B(0(t))| < e.

By (4.16), (4.27), (4.9) and (4.12) for each t € [c, d]

0(to) < O(t) < O(to) +€ < —7 + ¢ < —(3/4)7.

Inequality (4.28) implies that

d
/ cos(A(t))dt > (d — ¢) cos(0(to)).
In view of (4.16), (4.11) and (4.9) cos(0(to)) # 0. Set

Ao = ( / cos(H(t))dt) (cos(0(to))) .

By (4.30), (4.29), (4.9), (4.11) and (4.16)

d—c<Ag < (d—c)(cos(B(tg))) ™" < (d—c)(cos(m/2 — 1)) .

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

It follows from (4.8), (4.28), and the construction of 6; (see (4.18), (4.20), (4.25)) that there is an interval

[a1,b1] C [0, S1] such that

b1 <Sl, bl—al :b—a, 91(15) :’/T/Q, te [al,bl].

(4.32)
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In view of (4.28) and the definition of 6, (see (4.18), (4.20), (4.25))
inf{6:1(¢) : ¢t €[0,5]} < —(3/4)7. (4.33)

By (4.32), (4.33) and (4.28) there is t; € [0, S1] such that

0 (t)) = —0(ts). (4.34)
Set
So =851+ A (435)
and define
eg(t) = Hl(t), te [O,tl], Hg(t) = 91(751), te (tl,tl + AQ], (436)

og(t) = 91(t — Ao), te (tl + AO,SQ].

Clearly 02 € W12(0, S2).
It follows from (4.36), (4.35), (4.34), (1,7), (4.30) and the definition of 6; (see (4.18), (4.20), (4.25)) that

Sg Sl
/ m@@wz/ cos(01 (£))dt + Ao cos(B(to))
0 0
S1 d S
:/0 cos(@l(t))dtJr/c cos(@(t))dt:/o cos(0(t))dt = L. (4.37)

By (4.36), (4.34), (4.35), the definition of 6; (see (4.18), (4.20), (4.25)) and (1.7)

Sa S1 d
/ sin(f2(t))dt = / sin(f(t))dt — Agsin(f(ty)) = — / sin(0(t))dt — Agsin(6(to)). (4.38)
0 0 c

Set
d
A= f/ sin(0(t))dt — Ag sin(6(to)). (4.39)
In view of (4.39), (4.28) and (4.30)
0< A1 <d—c+ Ag. (440)

It follows from (4.32) and the construction of 62 (see (4.35), (4.36)) that there is an interval [ag, ba] C [0, S2]
such that

by < SQ, bo—as =by —a; =b— a, eg(t) = 7T/2, te [ag,bg]. (441)
Relations (4.39), (4.31), (4.21) and (4.13) imply that

A <d—c—Ngsin(f(tg)) < d—c+A¢ < 2(d—c)(cos(m/2—10)) " < 45(cos(n/2—70)) "t <8 L (b—a). (4.42)

Set
Sz = Sy — Aq. (4.43)
Combined with (4.43), (4.35), (4.24), (4.21) and (4.13) the inequality (4.42) implies that

S3>8—A1=8S—A1—d+c>S—A1—-25>b—a—8'(b—a)—16" (b—a) > (3/4)(b—a). (4.44)

Define
03(t) = O2(t), t € [0,b2 — Aq], 03(t) = O2(t + A1), t € [ba — A1, Ss] (4.45)
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(see (4.41)). Clearly 03 € W12(0,S3). In view of (4.45), (4.43), (4.41), (4.42) and (4.37)

S3 ba—Ay Sa
/0 cos(93(t))dt:/0 cos(Hg(t))dt+/b2 cos(fz(t))dt

So ba Sa
:/0 cos(Hg(t))dtf/b cos(f2(t))dt /0 cos(f2(t))dt = L.

2—A1

By (4.45), (4.43), (4.41), (4.42), (4.38) and (4.39)

S3 ba—Aq Sa
/0 51n(93(t))dt=/0 5111(492(1f))d1f—|—/b2 sin(fy(t))dt
Sa
- / sin(6a(1))dt — Ay = 0.
0

It follows from the definition of 61, 62, 03 (see (4.18), (4.20), (4.25), (4.36), (4.45)) that

Ss Sa S1 S
/0 (64(1))%dt < / (03(t))%dt = / (0,(1))%dt < / (0 (1))%t.

We estimate
S3 S
B(ea(0)dt ~ [ po®),
0 0
By (4.45) and (4.43)

Sa

S3 b2_A1
/ B(8s(1))dt = / Bt + [ Bloa(0))dt
0 0

b2
b2

S
= [ Bos(t)at - / B(0s())d.

0 ba—Ay
Combined with (4.41), (4.42), (4.36), (4.34), (4.35) and (1.2) this equality implies that

S3

Sa
B(Os(t))dt = B(02(t))dt — A1 5(m/2)

0 0

ty S1
= —A16(7/2) + Do B((t0)) + ; B(61(t))dt + t B(01(t))dt
S1

= A1B(m/2) + Do B(O(t0)) + ; B(01(t))dt.

Together with the definition of 61 (see (4.18), (4.20), (4.25)) this equality implies that
S3 S d

[ Blos0)at = —248(r/2) + 20B(0(10)) + /O B(0(t))dt — / B(0(t))dt.

Thus s < .
B~ [ B0 = ~Aus(r/2) + AoB(60) — [ B0

0

(4.46)

(4.47)

(4.48)

(4.49)
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In view of (1.3) and (4.27)

203(0(0) ~ [ 300) = 300030 @ —0)
-/ "[8(0(t0)) — OOt < HO)Ao — d + + e(d— o). (1.50)
By (4.30), (4.27), (4.16), (4.9) and (4.11)
Ao —d+c = (cos(B(to))) /Cd[cos(é’(t)) — cos(6(to))]dt
< (cos(otto)) " [ lo(e) - oteo)lar

< (cos(6(to))) te(d — ¢) < e(d — ¢)(cos(m/2 —10))) 1. (4.51)

Combined with (4.50) the relation (4.51) implies that

AoB(6(to)) / B(O(t))dt < B(0)(d—c)(cos(m/2—10)) tet+e(d—c) = (d—c)[B(0)e(cos(m/2—10)) "  +e]. (4.52)
Relations (4.39), (4.28), (4.31), (4.16) and (4.9) imply that
Ay > —Agsin(f(tg)) > —sin(f(to))(d — ¢) > (d — ¢) sin(y).

Together with (4.49), (4.52) and (4.12) this inequality implies that

Ss3 S
CONE / BO(t))dt

< (d — ¢)[=B(r/2) sin(7) + e(B(0)(cos(m/2 — o))"+ + 1)]
< —(d —c¢)sin(y)B(n/2)/2. (4.53)

For ¢ =1,2,3 set

yi(T) = y(0) + /OT sin(6;(¢))dt, T € [0, 5,]. (4.54)
We estimate fo ))2dt — [5 ( 3(t))?dt. Lemma 2.3 implies that
ly(t)] < 8LB(0)(B(m/2)~", t € [0, S]. (4.55)

It follows from (4.55), (4.54), the definition of 6y (see (4.18), (4.20), (4.25)), Lemmas 2.6 and 2.7 and (4.10)
that
S s
| = [Cwora < @ aeLso)em)

+(d = ¢)SA6LA(0)(5 (W/Q))_ +d—o)
< (d = )[64(LA(0)(B(m/2)) ™) + 17(LBO0)(B(r/2)) )]
= (d — )8L(LB(0)(B(r/2))~")*. (4.56)
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Relations (4.54), (4.55), (4.24), (4.10) and (4.13) imply that for all ¢ € [0, S4]

(O] < ly(0)] +t < [y(0)| + Sy < 8LA(0)(B(w/2)) " + 8 < 9LB(0)(B(r/2)) ™"

Combined with (4.54), (4.36), Lemma 2.8, (4.31), (4.22), (4.10) and (4.13) this inequality implies that

So S1
/0 (yalt))?dt — / (12 (6))2dt] < Ao(OLA(0)(B(m/2)) " + Ao)?

+ AoS1(Ag + 18LB(0)(B(r/2)) ™Y
< Ag[(10LA(0)(B(m/2)) )% + 19(LB(0)(B(m/2))~")?]

< 29(d — ¢)(cos(m/2 — 1)) T (LBA(0)(B(r/2)) ") (4.57)
In view of (4.35), (4.31), (4.21) and (4.13)
So =81+ Ag < S+ (d—c)(cos(m/2 — o))
< S +26(cos(m/2 —7g)) P < S+ b—a<28S. (4.58)
By (4.54), (4.55), (4.58) and (4.10) for each t € [0, Ss]
[y2()] < [y(0)] +t < |y(0)| + S2 < BLA(0)(B(m/2)) " + 28 < 10LB(0)(B(m/2)) ™" (4.59)

It follows from (4.54), (4.58), (4.59), (4.45), (4.40)—(4.42), Lemma 2.7 and (4.10) that

So S3
/0 (ya(1))2dt — / (y3(1))*dt| < Ay (10LB(0) (B(r/2)) )

+8155(20LB3(0)(B(m/2) " + Ad)
< AL[103(LB(0)(B(w/2)) 1) + 25(20LB(0)(B(x/2)) ™ + S))
< 14204[LB(0)(B(m/2)) 1)

Together with (4.42) this implies that

So Ss
/O (ya(1))2dt — / (y(£))2dt] < 142(LBO)(A(w/2))1)2(d — ) (cos(m/2 — 7))\,

Combined with (4.57) and (4.56) this inequality implies that

S S3
/0 (y(t))?dt — / (ys())2dt| < 81(d — &) (LB(O) (B(m/2)) )2

+29(d — ¢)(cos(m/2 — 10)) T (LB(0)(B(/2)) ")
+284(d — ¢)(cos(m/2 — o)) TH(LB(0)(B(m/2))1)?
< 400(d — ¢)(LB(0)(B(m/2)) ") (cos(m/2 — 10)) " (4.60)
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By (1.5), (4.60), (4.6), (4.48), (4.53) and (4.5)
S3 S
TE (B5,ys) — T5 (6,) = 0 [ / (ys(1))?dt — / (y(t»th]

S3 S
o + [ Bles )t - / B0(1))at

0

S3 S
/0 (604(1))2dt — / (O ()%t

S3 S
< 40001 ((d — ¢)(LA(0)(B(m/2)) ) *(cos(m/2 = o)) ™" + [ B(Bs(t))dt — /O B(0(t))dt

0
< 400(d — ¢)o1 (L1B(0)(B(r/2)) ") (cos(m/2 = 10)) ™" — (d — ¢) sin(v)B(r/2)/2 < 0,

a contradiction. The contradiction we have reached proves Theorem 1.1.

5. THE PARAMETER 07 AS A FUNCTION OF (3, L; AND p;

Let p1, L1 > 0. We proved the existence of a positive number o; which depends on 3, L1, p; such that the
assertion of Theorem 1.1 holds. In this section we obtain an explicit expression for ¢; which is a function of j3,
Ly, p1. We assume that

Ly >1and 16 7%, LT2(B(0)) 7! < 1, (5.1)
set
ri = B(r/2)(8(0)) 116! (5.2)
and observe that ry satisfies (3.2). Clearly
0<r; <m/16, (5.3)
so that
r1/2 <cos(m/2 —r1) <7T1. (5.4)

Relations (5.4) and (5.2) imply that
B(0) cos(m/2 —r1) = r18(0) < B(m/2)167L.
Together with (5.3) this implies that (3.2) holds. Put
ro=r1/3. (5.5)

Then (3.3) is valid. Set
o0 = 1073B(m/2)[16 L1 3(0)(B(r/2)) '] 2. (5.6)
Clearly (3.5) is true with Lo = L; and Ag = 16718(0)3(7/2)~!. We showed that the assertion of Theorem 3.1
holds with Ly = Ly. Thus (A1) holds (see Sect. 4). Now we need to choose positive numbers v, o1. Set
v = aresin(271(3(0)) ! 3(/2)) min{1,16~'x%p; L73(8(0))'}. (5.7)

Clearly (4.3) holds.
Finally we need to choose o1 > 0 which satisfies (4.4) and (4.5). Set

o1 = (6(0))768(x/2) L7 p1 (17 - 400 - 16 - 20%) 1. (5.8)
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It follows from (5.7), (5.5), (5.3), (5.2), (5.1) and (5.8) that
8~ sin(7)B(m/2)[1 + (cos(m/2 —ro)) '] (4 + 16L1 B(0)(B(r/2)) 1) ~°

=271B(0)) 7' B(n/2) min{1, 16" x%p1 LT2(B(0)) "1 }87 1 B(m/2)[1
+(cos(m/2 = 7)) T4 + 16 L1 B0) (B(w/2)) ) °
>271(6(0)) ! B(r/2) min{1,7*16 " p1 L *(8(0)) "}
X8 B(m/2)[1 + 2rg '] (4 + 16L15(0)(B(m/2)) ) 7
>271(53(0)) " B(r/2) min{1,16 "7 p1 L1 *(8(0)) " 18 B(w/2)[1
+6-166(0)(B(r/2)) "1~ (4 + 16 L1 (0)(B(w/2)) ") *
>271(6(0)) " B(r/2) min{1, (x%/16)p1 L7 *(5(0)) "'}
~1B(r/2)(17 - 6) 71 (8(0)) " B(m/2)(20L1) 72 (8(0)) * B(/2)°
= (8(0))7°B(7/2)°(20L1) = min{1, (w?/16)p1 L1 *(8(0)) " }(17-6) 116"
= (B(0)~°(B(r/2))° LT °p1(20% - 17 - 162 - 6) '
> (8(0))75(B(r/2)) LT p1(20% - 16%) ™! = 4000, .

Thus (4.5) holds.
By (5.8), (5.6) and (5.1)

o1 = 1074(/2)[16L15(0)(B(r/2) )28 - 17)H(B(0))~*(B(m/2))* Ly 1
= 00(8 - 17)71(8(0))~*(B(r/2))* L p1
00(8-17)71(B(0) " (B(n/2))* LT '28(0) < 0o (4 - 17) 7

Thus (4.4) is true and the assertion of Theorem 1.1 holds with oy defined by (5.8).
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