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LOCAL MINIMIZERS WITH VORTEX FILAMENTS
FOR A GROSS-PITAEVSKY FUNCTIONAL

ROBERT L. JERRARD"®

Abstract. This paper gives a rigorous derivation of a functional proposed by Aftalion and Riviere
[Phys. Rev. A 64, 043611 (2001)] to characterize the energy of vortex filaments in a rotationally
forced Bose-Einstein condensate. This functional is derived as a I'-limit of scaled versions of the
Gross-Pitaevsky functional for the wave function of such a condensate. In most situations, the vortex
filament energy functional is either unbounded below or has only trivial minimizers, but we establish
the existence of large numbers of nontrivial local minimizers and we prove that, given any such local
minimizer, the Gross-Pitaevsky functional has a local minimizer that is nearby (in a suitable sense)
whenever a scaling parameter is sufficiently small.
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1. INTRODUCTION

This paper presents a rigorous derivation of a reduced energy proposed in the physics literature to explain the
geometry of vortex filaments in rotationally forced Bose-Einstein condensates as observed in recent experiments,
see for example [17], [19]. A condensate is described by a wave function, and the wave function in the zero-
temperature limit is expected to be a critical point of the Gross-Pitaevsky energy

o) = [T — oo + W@l + ot (11)

in a set of the form {yp € H(R%C) : |¢[2, = m}. Here a,b are positive constants, W : R® — [0, 00)
represents a confining potential, V' represents the forcing, and jv is the momentum density of the condensate,
defined in (3.2). The term —a(V, ji) is small (i.e., negative with large absolute value) if roughly speaking the
momentum density of the condensate is parallel to with the velocity field imposed on the condensate by the
rotational forcing; the notation denotes the dual pairing between a vector and a 1-form.

Various physical attributes of a Bose-Einstein condensate are encoded in the wave function : for example,
|| represents the density. A vortex filament may be thought of as a 1-dimensional curve in D along which the
complex-valued wave function ¢ has a phase singularity.

In this paper I will always consider a model case, in which W is a paraboloid and V' is generated by rotation
around one of the axes, a situation studied in a recent paper of Aftalion and Riviere [3]. These authors argue
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that minimizers of F with the constraint |[¢[|2, = m will be exponentially small away from a set of the form

D:={zxecR® : p(zx) >0} (1.2)

where
p(x) =1 — (a2x? + a3a3 + a3x2), for certain constants a; > 0. (1.3)
Moreover, in D the wave function is expected to be close to a critical point in the space H}(D;C) := {u €

HY(D;C) : u =0 on 9D} of a functional that can be written

E 1 ‘ 1
G, (w) = [ 51Vl = 0uV.gu) + 5o uf)? do (1.4)

after a suitable nondimensionalization. Here 2. is a real parameter corresponding to the rate of rotation and
V(z) := —x0e1 + 169 (1.5)

where e; denotes the standard unit vector in the ¢th direction. The value of € in the experiments cited above is
on the order of 1072 or smaller.

Aftalion and Riviere in [3] give a formal derivation, taking G¢,_ as their starting point, of a functional Eq that
describes the energy of a vortex filament when ¢ < 1 and &~ Q./|Ine|. Such a filament can be represented by
an oriented curve, i.e. a Lipschitz function X : (a,b) C R — D. With this notation,

b
Eo(X) = [ p(X(DIX ()]~ 9P (X (5))es - X (o) ds. (16)
a
For topological reasons vortex lines have no boundary in D, which means that
either X(a) = X(b) or X(a),X(b) € 0D (1.7)

where for example X (a) denotes the limit limy\ , X (¢).

The goal of this paper is to make precise the relationship between Gg,_ and Eg, and to demonstrate some
ways in which the simpler functional Eq captures the behavior of vortex lines in certain critical points of G§g,_
when ¢ < 1 and 2 and ). are related in a suitable way. I define a critical value

Qp :=inf{Q > 0: 3X satisfying (1.7), and such that Eq(X) < 0} (1.8)

such that for Q < i, the global minimizer of Eq is vortex-free. It will follow from Lemma 7 that Q; > 0.
One of the main results shows that for corresponding values 2. — more precisely for Q. = Q|Ine|(1 + (%)2)
— the global minizers of Gg,_ are asymptotically vortex free as € — 0. The other main results identify another
critical value Qo < €2y, defined in (4.16), such that for Q > Qo, both Eq and G§,_,e < 1 have nontrivial local
minimizers, with the corresponding vortex filaments in some sense close to each other. Here and throughout
this paper, 2 and €. are related as above. Note that for © € (£, ;) there exist stable vortex filaments with
positive energy, for both Eq and Gg,_, e < 1.

In all these results, “vorticity” is identified as follows: as in [3], I will write a wave function u. as a product
7:ve, where 7). is a nearly optimal vortex-free profile (constructed at the beginning of Sect. 6) and |v.| =~ 1.
To say that 7. is vortex-free means that it has the form 7. = feeisf, where f. > 0 in D and S. is real-valued.
Consequently, u. and v. have exactly the same phase singularities, and because |v;| & 1, the asymptotic phase
singularities of v, can be identified by finding limits of the Jacobians Ju,, see for example [12]. Thus theorems
about the vorticity of u. will be stated as results about Jacobians of the auxiliary functions ve = ug /7.

The language of geometric measure theory is needed to make precise for example the sense in which E has
local minimizers, or the sense in which the vorticity Jv. associated with a wave function wu. is close to a limiting
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vortex filament. The relevant material is summarized in Section 3, where I review some general background and
then reformulate Fq as a functional on certain weighted spaces of rectifiable currents. I also introduce some
weighted norms and seminorms and develop some facts about these spaces of currents, including compactness
and density properties.

Section 4 contains the proofs of Theorem 1 and Corollary 1, guaranteeing the existence for £ > Qg of large
numbers of local minimizers of Eq, with respect to the seminorms introduced in Section 3.

Section 5 recalls some estimates relating the Jacobian and the Ginzburg-Landau energy and proves a new
estimate in a similar vein, see Lemma 9. Although this estimate is an easy reformulation of known results, it is
useful and may be of independent interest. Section 6 uses this Jacobian estimate to prove (see Th. 2) that Eq
arises as the I'-limit of the functionals

1

U —
[Inel

(G, (u) = GG, (1))

under certain scaling assumptions, where as above 7. is a vortex-free profile and Q. = Q|Ine|(1 + (3—2)2) The
same theorem also contains some compactness assertions connected to the I'-limit. These are quite delicate,
owing to the degeneracy of p near 0D and the formation of boundary layers.

Section 7 contains the proof of Theorem 3, in which it is shown that if  is such that the minimizer of Fgq
is trivial, then minimizers of Gg, are asymptotically vortex-free as ¢ — 0. Section 8 presents the proof of 4,
which shows roughly speaking that if X is a local minimizer of Eq in the sense of Section 4, then for sufficiently
small ¢ there exist local minimizers u. of G?ZE with vorticity close to X in the sense that Jv. — X is small with
respect to the appropriate seminorms. Finally, Section 9 contains the proofs of some technical facts, mainly
auxiliary results about the spaces of integral currents used in this paper.

It is not hard to see that the limiting energy Eq is either nonnegative or unbounded below, depending on the
value of §2. This reflects the fact that in the derivation of Eq, lower-order terms that vanish in the limit € — 0
include quadratic interaction terms that, for small but finite €, make it energetically unfavorable to increase the
number of vortex lines arbitrarily. These terms can safely be neglected when studying suitable local minimizers
of G§,_, as is done in Theorem 4, since these local minimizers can be sought in subsets of Hg(D; C) in which the
vorticity is controlled. A more careful accounting of these interaction terms would be required for a description
of global minimizers of Gg,_ in the parameter range {2 > in which Eq is unbounded below.

Related works include the pioneering book of Bethuel, Brezis and Hélein [7] on Ginzburg-Landau vortices
in two dimensions, and subsequent work by Andre and Shafrir [6] and Lassoued and Mironescu [15] among
others, on the corresponding weighted problem; the analysis of asymptotics of Ginzburg-Landau minimizers in
3 and higher dimensions, initiated by Riviére [18] and subsequently explored in great depth by a large number
of researchers; work of Kohn and Sternberg [14] that developed the use of I'-convergence results to prove the
existence of local minimizers of functionals containing a small parameter, and recent papers [13,16] that carry
out this sort of argument for the Ginzburg-Landau functional on certain bounded domains in 3 dimensions,
with and without magnetic field.

2. NOTATION AND PRELIMINARIES

2.1. General notation

Recall that the domain D and the function p are defined in (1.2) and (1.3) respectively. I always assume that
a1 < az and a3 < ao, where a1, as,as are the parameters in the definitions of p, D. The first assumption does
not entail any loss of generality, but the second does, since the x3 axis is distinguished as the axis of rotation
(recall (1.5)). The assumption as < as, which is needed only for Lemma 7, could almost surely be removed, but
in any case it is consistent with most physical experiments, in which the condensates are cigar-shaped, rather
than pancake-shaped.
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It is useful to define
Dy:={x €D : x; =0}, (2.1)
Dyt i={x €Dy : w3 >0}. (2.2)
Since a; < ag, Dy is the thinnest cross-section of D that contains the distinguished x3 axis. I will often need
the function p : D — Dy defined by

a2 1/2 )
p(x) = p(x1, 22, 23) = (0, (a—éz§+z§> ,x3> = (p'(2),p*(x),p*(x)). (2.3)

Note that p(p(z)) = p(z) for all x € D.
Throughout this paper I use the convention that repeated indices are summed over.
W cC U means that W is a compact subset of U.
The characteristic function of a set W is denoted by xw, so that xw(z) = 1 if and only if z € W.

For v,w € C, I write (v, w) := (v + tw) for the real inner product. Note that

) Rev Rew
(v, w) = det ( Tmu Smaw ) . (2.4)
The Ginzburg-Landau energy density will be denoted by
eo(t) = |Vl + = (juf2 = 1)2, (2.5)
2 4e2

Notation relating to currents and differential forms is introduced in Section 3.

2.2. A lemma

The following easy lemma shows that individual terms in Gg,_ are bounded above and below. It will be used
a number of times.

Lemma 1. There exists C. depending only on € e and the parameters in the definitions of p, D, such that
1 1 .
[ 31Vl + o PP e + 0 [ ljulde < €02+ G (o)

for every u. € HY(D;C) and every ¢ € (0,1].

Throughout this paper the product (). will always be uniformly bounded, so that in effect C. will be
independent of €.

Proof. First note that
|Q€V ]u€| § C QE |ju€|
1
< Z|VU5|2 + CQEQ(|UE|2 —p)+ CQ€2P

1 2 1 2 2 2 2 2
< %|Vu€| Jr?(WH —p) +CQ(p+ Q%)
S ZlVU;E'Q + @(|ua|2 — p)2 + 05952.

Thus the bound on Q. [ |ju.| follows from the bound on the other term. The above inequality also implies that

1 . 1 1/1 1
§|VUE|2 - QaV “JUe + 4_52(/) - |U’E|2)2 + CaQa2 > 5 (§|VUE|2 + 4_52(/) - |U’E|2)2) .

The conclusion now follows by integrating this inequality over D. (I
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3. FORMS AND CURRENTS

It is convenient to reformulate Fq as a functional acting on a weighted space of rectifiable 1-currents in D.
All the currents that occur in this paper admit simple representations, in terms of vector-valued measures or
skew-gradients of functions of bounded variation, and readers unfamiliar with geometric measure theory are
encouraged to consult Subsection 3.4, where these simple representations are discussed.

3.1. Basic definitions

I write A¥R™ to denote the space of k-covectors on R", a vector space with basis {dz®* A ... Ada® : 1 <
a; < ... < ap < n}. I define an inner product on A*R™ by requiring that this basis be orthonormal, and I
write ¢ - w for the inner product of k-covectors ¢ and w. I also use the notation |¢| = (¢, $)'/2.

Similarly, AzR™ denotes the space of k-vectors, with the basis {eq; A...Aeq, 11 <ag <...<ay <n}. The
dual pairing between vectors and covectors is denoted by (-, - ), and the bases for A¥R™ and A,R" are assumed
to be dual, so that for example (¢'dz?, Tje;) = > @' T; when k = 1. The Hodge operator  : AFR™ — A,,_;R"
is defined by stipulating that

(xp,w) = Aw for all ¢ € A¥R™ w e A"FR", (3.1)

A differential k-form on an open set U C R™ is a map ¢ : U — AFR"™. I define exterior differentiation
and pullback as usual, so that for example if ¢ = ¢’da’ is a one-form, then d¢ = (Z);j dzd A dz'. And for

n=m,. ...,n"): W CR™ — U and ¢ a 1-form on U as above, the pullback n#¢ is a 1-form on W defined by
o = ¢ (n(y)) gi-dy’.

8yj
A k-dimensional current 7" on an open set U C R™ is a bounded linear functional on the space of smooth

k-forms with compact support in U. The boundary of a k-dimensional current 7' is the k—1 dimensional current
OT defined by 0T (¢) = T'(dp). The image of a current T' under a mapping 7 is defined by 74T (¢) = T'(n% ¢).
A current T is said to have locally finite mass in U C R" if it can be represented in the form

T(¢) = /U (6,7 d|IT| for ¢ € C2°(U; AFR™)

where |T|| is a nonnegative Radon measure, locally finite in U, and T is a ||T|| measurable function taking
values in AxR"™, normalized by requiring that || = 1 almost everywhere. I use the notation

M (U) := { k-dimensional currents with locally finite mass in U}.

A current T € My,(U) is integer multiplicity rectifiable if there exists a k rectifiable! set I' and a H*-measurable
function m : T' — Z* such that for H* almost every x, |T(z)| = 1 and T'() orients the approximate tangent
space apT,I', and if
/w a|r| = /w(x)m(x)Hk(dac) for all € CL(U; R).
r
I will write
Ri(U) :={T € My(U) : T is rectifiable}.
For currents defined on the domain D, we will often need the spaces

My, (D) :={T € My(D): /p d||T|| < oo}, Ri,p(D) :=Ri(D) N My (D).

1Recall that a set T C R™ is k rectifiable if there exists a set My such that Hk(Mo) =0 and C! k-dimensional submanifolds
M; CR™,i=1,2,... such that I" C U2 M;. In particular if T" is k rectifiable, then I" has an approximate tangent space apTyI" at
HF a.e. © €T, see for example [11] Vol. 1, Section 2.1.4.
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In particular we will often work with R ,(D). Currents in this space have a fairly simple description as a sum
of oriented Lipschitz curves, see Lemma 3. Finally, a circle * will be used to denote spaces of currents with no
boundary, for example

My ,(D)={T € My ,(D): 0T =0in D}, Ry ,(D)=R1,(D)NM,,(D).

3.2. Jacobians

Given an open subset U C R™, m > 2 and a function u € H*(U;C), we define the 1-form
ju = (iu,u,,) da’. (3.2)

If u is a wave function then ju corresponds to its momentum density. Note that if u is written locally in the
form u = pe'®, then ju = p>d¢. we also define the Jacobian

Ju = Z(zu%,u%) da? A dz®. (3.3)
i<k

From (2.4) one easily sees that Ju is just the pullback by u of the standard area form dz on C, that is
Ju = u¥ (dz).
It is convenient to associate with ju and Ju a m — 1-current and m — 2-current respectively, defined by

*ju(w) = / w A ju, *Ju(p) = / o N Ju. (3.4)
D D
One easily verifies that Ju = %dju, and this implies that *Ju = %8(*ju).

3.3. Some norms and seminorms

The mass of a current T € M (U) is given by
My (T) == |T[|(U) = sup{T(¢) : ¢ € C(U; AR, [|¢]loc <1} (3.5)

According to my conventions, My (T') can be infinite for T € My(U). For currents T € My (D) I will often
need the weighted mass M, (T"), defined by

M) = [ palrl = s {7(0) 5 o e cE@aE. ) <1} (36)

Here (and throughout this paper) p is the function defined in (1.3).

I next define several seminorms on currents in /\;llyp. The first, denoted F,, is a weighted analog of the flat
norm from geometric measure theory and will be used chiefly for currents in the two-dimensional cross-section
Dy. For these it has a simple form, given in Lemma 4. We will also need a more complicated seminorm Fy, , %
As the subscripts indicate, the definition depends on the functions p and p defined in (1.3) and (2.3) and on a
compact K C D. The usefulness of these norms is based largely on the following compactness lemmas:

Lemma 2. If {Ry} C My (Do) is a sequence of currents for which M,(Ry) < C, then there exists some
R € My ,(Do) such that, after passing to a subsequence,

F,(R.—R)—0 as k — oo.
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And if {T}} C /\;ll,p(D) is a sequence of currents for which M,(T},) < C, then for every compact K C D there
exists some T € My , such that after passing to a subsequence,

Fo,x(Tx—T)—0 as k — oo.

The proof is deferred to Section 9; for now I only give the definitions. For a compact subset K C D and currents
T € M1(D), I define the flat norm

Fr(T) =inf{Mg(S) : S € My(D),05 =T in K}.
(This differs somewhat from the usual definition.) I also define, for T' € M (D)
F,(T):= inf{M,(S5): S € My ,(D),05 =T in D} (3.7)

and

Fpo(T) = Fp(pxT). (3.8)
Observe that if Tx is the current associated with integration along a Lipschitz curve X as in (3.10) below, then
pxTx is just the current T}, x associated with p o X, which is a Lipschitz curve in the two dimensional ellipse
Dy, indeed in the half-ellipse Dy*. Finally I define, for a given compact K C D

Fppix(T) = Fpp(T) + Fr(T). (3.9)

All facts stated about the F), , x seminorm are valid as well for the F, , seminorm, which is just the F, , x
seminorm for K = ().

For the arguments in Section 4 on local minimizers of Eq, it is natural to work with the F, , seminorm, which
amounts to using the F, norm (in the simple form given in Lemma 4) in the two-dimensional cross-section Dy.
A drawback of the F,, , seminorm is that it is extremely degenerate: it is clear that F, ,(Th — T2) = 0 whenever
pxT1 = puT. This degeneracy makes it hard to find isolated local minimizers of Eq. The F, , x seminorms
are introduced because they are less degenerate, and therefore support isolated local minimizers.

3.4. Representations of currents

It is helpful to reformulate Eq as a functional on 7031, »(D). If X : (a,b) — D is a parametrized curve then
one can define a current Tx € R1(D) corresponding to integration along X:

Tx (¢'da’) = /b L (X (1) X (t)dt, ¢ = ¢'dx’ € C°(D; A'R?). (3.10)

In addition, T = 0 in D if and only if X has no boundary in the sense of (1.7).
I will regard the functional Eq defined in (1.6) as a special case of a functional, still denoted Egq, defined on
currents T € R4 ,(D):

Eq(T) == /p IT)|(dz) — QT(p*dz?), T € Ry, (D). (3.11)

If X is a parametrized curve without boundary in D and Tx € R (D) is defined as in (3.10) then Eq(Tx) =
Eq(X), where the right-hand side is understood in the sense of (1.6). I will henceforth always take Eq to be as
defined in (3.11). Note that the critical value €y defined in (1.8) in terms of Lipschitz curves can be equivalently
defined by

Q= inf{Q > 0: 3T € Ry ,(D) such that Eq(T) < 0}. (3.12)



42 R.L. JERRARD

I will also sometimes use the notation Fq = Eg — 2L, where
Eo(T) = [ o dI7] = M,(T), L(T) = T(p*da?). (3.13)

The following decomposition is useful:

Lemma 3. If U C R", T € R1(U) and 0T has locally finite mass in U, then there exists a family of at most
countably many Lipschitz curves {X;} such that T =3, Tx,, with

Tl =>"|7x,

In particular, if T € Ry ,(D) then there exist X; such that Tx, € R1,(D), T = Y.Tx,, and Eq(T) =
> i Ea(Tx,). (Here Tx, is as in (3.10).)

The proof is given in Section 9.
I will later reduce the problem of finding F,, , x-local minimizers of Eq in RL,,(D) to the study of F,-local

as measures. (3.14)

and 0T] = 3 9T,

minimizers in 7D€17 »(Do). This is useful because in the 2-dimensional domain Dy one can work with BV functions
instead of currents:

Lemma 4. IfT € 7021,,,(1)0) then there exists u € BViye(Do; Z) such that

T(¢p) = / udg = / ¢ Ndu for all ¢ € C3°(Dy; A'R?). (3.15)
D() DO
When this holds I will write T = xdu. In addition,
F,(T)= inf/ plu— ¢, Ey(T) = / p|Vul. (3.16)
ceR Do Do

Conversely, given u € BV,.(Do;Z) such that f'Do p|Vu| < oo, the current T = *du defined by (3.15) belongs to

70317P(D0), and (3.16) holds. Finally, if T is supported in Do" then u can be taken to be supported in Do", and
when this is done, F,(T) = [1, plul.

Proof. For T € 7021, »(Do), since 0T = 0, there exists an integer multiplicity locally normal 2-current S on Dy
such that S = T'. In general, n-dimensional locally normal currents in n-dimensional domains can be identified
with functions of locally bounded variation, so that there exists some u € BWjo.(Dyg) such that S(y) = f'Do Yy for
all compactly supported 2-forms 1, and hence (3.15) holds. Since S is integer multiplicity, u is integer-valued.

The claim that F,(T) = inf.cr f'Do plu — ¢| follows from two observations. First, if S is a 2-current in Dy
represented by integration against a function v, then M,(S) = fDo plv| by definition. Second, if 95 = 95" =T,
then (S —S") = 0 in Dy, and so the current S — S’ is represented by integration against a constant function c.

The identity Eo(T) = fDo plVu| is a direct consequence of the definitions. Conversely, if u € BVioc(Do; Z)
with [ p|Vu| < oo, then it follows from standard properties of BV functions? that xdu € 7031,,)(2)0; Z) and (3.16)
holds.

If T is supported in Dy and (3.15) holds, then Vu = 0 in the sense of distributions in Dy \ Dy *. Thus u = ¢
almost everywhere in this set, and so by adding a constant we can arrange that the support of u is contained
in Dot. Finally, if suppu C Dot and ¢ is any constant, then |u| — |u — ¢/| = —|¢/| a.e. in Dy \ Do", and
lu| — Ju—¢'| <|¢| in DoT, and so

[ eliul = pu=el) <o
Do

2That is, the fact that the gradient of a function in BV, is carried by an (n — 1) rectifiable set.
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for every ¢. Thus [}, plu| = infeer [ plu—c'| =Fy(T). O
The following lemma shows that L is continuous with respect to the F), , x seminorms.

Lemma 5. There exists a constant C such that for any currentT € /\;ll,p(D)
IL(T)| = |T(p*da®)]| < CF,,(T). (3.17)

As a result, |L(T)| < Fp p.x(T) for all compact K C D.

Proof. First, one easily checks from the definitions (2.3), (1.3) of p and p that p¥(p?daz3) = p?da®, and so
T(p*da?) = pxT(p*daz?). Also, by definition, F,, ,(T) = F,(pxT), so to prove (3.17), it suffices to check that

T(p*da®)| < CF,(T)

for all T € /\;117,,(7)0) with support in Dy, Given such a current T, write T' = xdu and using Lemma 4,

T(a) — [

2ppz,da? Adad < C/ plul =F,(T). O
Do

Do
4. LOCAL MINIMIZERS FOR THE REDUCED ENERGY

The main result of this section provides a description of large numbers of nontrivial local minimizers of the
line energy Eq. The proof relies heavily on earlier joint work with A. Aftalion, including [1], which shows
among other results that the energy of a vortex filament in D can be lowered by pushing it forward via the
map p, see (2.3), into the two-dimensional cross-section Dy of the ellipsoid D; and [2], which constructs certain
constrained minimizers of Eq in the space of Lipschitz curves in Dy. The relevant results are described more
precisely below. The point here is to show that these constrained minimizers in Dy can be used to construct
large families of local (but unconstrained) minimizers of Eq in spaces of integral currents on D, with respect to
the norms on these spaces introduced in Section 3.

First we give:

Definition 1. For compact K C D, a set M C 7021,,,(1)) is said to be a F), , x-local minimizing set of Eq if M
is compact with respect to the F), , x seminorm, and if there exists o > 0 such that for

0, := {T € R1,(D) : min ¥y, (T = ) < a} : (4.1)

the functional Fq attains its minimum in O,, and in addition, for T' € O,,

Eq(T) = Spélgl Eq(S) if and ounly if T € M.

A current T € Ry ,(D) is said to be a F, , x -local minimizer of Eq if M = {T} is a F, ,, k-local minimizing
set.

A F,-local minimizing set is defined in a strictly analogous way.

It is clear that if K1 C K3 are two compact sets, then any F, , i, -local minimizing set is also a F, , x,-local
minimizing set.

In the statement of the theorem below, ai,as refer to parameters in the definitions of p, D; the condition
a1 = ag means that D is rotationally symmetric about the x3 axis, and when this holds, the symmetry leads to a
large number of local minimizers. Recall that Q; is defined in (3.12) and that we have assumed for concreteness
that 0 < a1 < as.
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Theorem 1. There exists Qg < 1 such that for every 2 > Qq, there exists a set Mg C 7021,,,(1)) of multiplicity
1 currents, compact with respect to the F), , seminorm, such that for every positive integer k,

M = {zk:Ti:TiEMQ} (4.2)

i=1

is a Fp p x-local minimizing set. Moreover, if ay < ap then for a.e. £ > €y, Mq contains exactly one element,
denoted Ty, supported in {x € Dy : x2 > 0}, and ezactly one element T, supported in {x € Dy : x2 < 0}, and
nothing else. FEither T;{ and T(, have disjoint support, or they are equal and supported on the xz-axis. In the
latter case, ME consists of a single ¥y, i -local minimizer.

One can think of M{ as the set of local minimizers that have k vortex lines (generally not all distinct). Note
that the sum on the right-hand side of (4.2) may include terms repeated according to multiplicity.

In physical terms, the fact that ¢ < €1 shows the existence of stable vortex filaments in some parameter
range where the energy of a vortex line is necessarily positive.

The above theorem is true for any compact K C D, and in particular for the highly degenerate F;, , seminorm,
corresponding to K = ). If K is chosen more carefully we generically obtain isolated local minimizers rather
than locally minimizing sets.

Corollary 1. For a1 < ag and for a.e. § > Qq, for every pair of nonnegative integers ki, ko, there exists a
compact set K C D such that To.p, i, = le;{ + kT, is a Fp i -local minimizer for Eq.

Proof. For a1 < as and a.e. Q > Qy, Mg contains either one or two elements. In the former case, the
conclusion follows directly from the definition of local minimizer, so we assume that Mg contains exactly two
distinct currents Ta' # T, . Then Mg’% ={Touk, ks : k1 + k2 =k, ki,ks > 0} is a finite set. As a result, if the
compact set K is sufficiently large and o is sufficiently small, then

Fr(Tom ke — Tou 1) > 20

whenever k1 + ko =l + lo = k and ky # [;. Consequently Osk),g (defined as in (4.1), with M replaced by ME)
consists of k + 1 pairwise disjoint components, each of the form

{T € ﬁl,ﬂ(p) : prpyK(T - TQ;kl,kz) < 0}7

and from this and the previous theorem, it is easy to see that each Tqk, i, is a F} , x-local minimizer. Il

I will prove Theorem 1 by first proving an analogous result for a class of currents in the two-dimensional
ellipse Dy, and then showing that the theorem reduces to this special situation. The key point in this reduction
is supplied by the following lemma, which shows that a general current in D can be pushed forward into Dy in
a way that reduces its energy.

Lemma 6. IfT € R ,(D), then (for p: D — Dy as defined in (2.3)),
LpxT)=L(T) and Eo(pxT) < Eo(T).
If equality holds in the latter then T can be written in the form T =Y Tx, as in (3.14), where each Tx, satisfies:
ifay <az: supp Tx, C Do; or Tx,(x) = +es for |Tx,| ae. . (4.3)

ifai =ag:  after a rotation about the x3 axis, supp Tx, C {x : 1 = 0}. (4.4)
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Recall that if T'x is a current associated with integration along a Lipschitz curve X : R D [a,b] — D, then
p#TX = TpoX~

The proof is given in Section 9. The point is that it reduces, via Lemma 3, to the case of a current of the
form T'x, where X is a Lipschitz curve. In this case the lemma is easy and has already been proved in [1], apart
from the conditions for equality, which are not hard to deduce.

The next lemma, whose proof also appears in Section 9, is similarly proved by combining analogous results
from [1] in the context of Lipschitz curves with Lemma 3.

Lemma 7. There exists a constant C > 0 such that
|L(T)| < CE(T)*/?

for every T € 79317,,(7)).

Theorem 1 will be deduced from the following proposition. I use the notation
i, =A{T € R1,(Do) : supp(T) C Dy }.

Proposition 1. There exists Qg < 1 such that for every Q@ > Qq, there exists a set Mg C 793’{7/) of multiplicity
1 currents such that for every positive integer k

k
MGF = {ZT; T, € M;g} (4.5)

=1

is a F,-local minimizing set in 7031,,)(7)0). Moreover for almost every Q0 > Qq, M contains exactly one element,
and its support is either the xs axis or is bounded away from the xs3 axis.

Proof. T will first show that the conclusions of the proposition hold for £ > ; as defined in (3.12). In the final
step I will show how to modify the argument to obtain the same conclusions for Q > g, for 0y < 1 as defined
in (4.16).

A couple of times during the proof I will need the elementary facts that, if u*,v* denote the positive and
negative parts of functions u,v € BV, then

lu—v|=ut —v|+|u” —v7, (4.6)
|Vu| = |[VuT |+ |Vu~| as measures.

1. In view of Lemma 4, there is a one-to-one correspondence between currents T € 70317 »(Do) with support in
Do and functions u € BViee(Do; Z) supported in Dyt and satisfying fDo p|Vu| < oco. Throughout this proof I

will work with BVi,. functions supported in Do, so that F,(T) = fDo plul when T' = xdu.
First note that if T'= *du as in (3.15), then

Eq(T) = /D p|Vul| — QQ/D PPz udrodrs = Eq*(u). (4.8)
0 0

Note also that if u € BVioe(Do;Z), u > 0, and suppu C Do then Eq*(u) > 0, as ppz, < 0 in Do". For the
same reason, Ey(xdu) = M, (xdu) is bounded for any Fqo-minimizing sequence in

A= {u € BVioc(Do; Z) : suppu C Dot ,u > —1 a.e.}

It therefore follows from a standard lowersemicontinuity argument using the compactness Lemma 2 that Eq*
attains its minimum in A. A proof with more details can be found in [2], Proposition 1.1, where it is also shown
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that the support of any minimizer is either compactly contained in {z € Dy : 25 > 0} or else is all of Dy™. (In
the latter case, the associated current xdu is supported on the x3 axis.) It is clear that any minimizing function
is nonpositive for a.e. x. Moreover, the definition (3.12) of €y implies that inf,c 4 Fq"(v) < 0 for Q > Qy, and
so for such €2 any minimizer is nontrivial. Define

Mg = {xdu:u e A Eq*(u) = HélJIAl E&(v)} (4.9)

and let M;;k be as in (4.5). It follows from [2], Theorem 1.3 that for a.e. Q, Mg contains exactly one element.
Furthermore, the same compactness and lowersemicontinuity argument that proves existence of minimizers of
Eq" in A also shows that the set Mg, of such minimizers is F,-compact, and the F,-compactness of M;;k for
arbitrary k follows easily.

2. Now fix k> 1and T = xdv € O;l’f,, where

05k ={T € R1,,(Do) : min F,(T - 8) < o}. (4.10)
' Semyt

I will show that if ¢ is taken to be sufficiently small, then v can be written in the form v = vy + - - - + vg, with

Eqo*(v) =) Eq*(vj), wvjeAforj=1...,k  and Eq*(vg) > 0, (4.11)

<.
i Mx-
o

and moreover Eq(vg) > 0 if vg # 0. This will prove that Mé’k is F,-local minimizing, because (4.11) implies
that

k
Eq*(v) > Eo*(v;) > in Eo* 4.12
Q(U)—; Q(UJ)_kglElg 0" (w) (4.12)

with equality iff vg = 0 and xdv; € M, for j =1...,k, in other words, if and only if v € Mé’k.
3. To decompose v, first define v/ = max{v, —k} = (v + k)T — k and vg = v — v = —(v + k). Then clearly
v =19+, and v' > —k almost everywhere, and in addition |Vv| = |Vuvg| + |Vv'| as measures (by (4.7) applied
to v + k), which implies that
EQ*('U) = EQ*('UO) +EQ*(UI). (413)
I claim that Eq*(vg) > 0, with strict inequality unless vg = 0. To prove this, note that by the definition (4.10)
of Oa’z, there exists some S = xdu € Mg" such that

/p|u—v| = F,(xdu —+dv) < o. (4.14)

By the definition of M*, u > —k a.e., so (4.6) applied to v+ k, u+ k implies that [vo| < |vo|+ |u—v'| = [u—w|.
Thus

|L(*dwo)| = ‘/ 200,00
Do

It follows from this and Lemma 7 that

< C/ plvol SC’/ plu—v| < Co. (4.15)
Do Do

Eq(xduvg) = Eo(xduvg) — QL(xdvg) > ¢|L(xdvg)|?/® — QL(xdwvg) > 0

for a suitably small choice of o.
4. In view of (4.13), it now suffices to show that v’ can be written as a sum v/ = v1 + ... 4+ v, with v; € A

forallj=1,...,k and Eq*(¢v') = Zle Eq*(vj). In fact, by an induction argument, it is enough to show that
we can write v/ = vy +v”, where v; € A,v”" > —k+1 a.e., and Eq*(v') = Eq™(v1) + Eq*(v"”). To achieve this,
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simply let v" = max{—k+ 1,0’} and v, = v’ —v"; the verification that Fq*(v') = Eq*(v1) + Eq*(v") is exactly
like the proof of (4.13) above.

This completes the proof of the proposition for € > Q.

5. I now show that for sufficiently large there is a number £y < 21 such that the conclusions of the proposition
remain valid for all Q > Q.

Define L*(u) = L(xdu) = 2 fDo PPz U, and, for 0 < € < lpax := maxyea L*(u), define

Ap:={ue A: L*(u) = ¢},
Asp={ue A: L*(u) > £},
Asp:={ue A: L*(u) > ¢},

and
eg() :=min{Ej(u) : u € Ag}
and finally
e eol) —ep(f)
The definition of 2 can be rewritten as 1 = infp ¢ esé,e/) = infpsg W. Lemma 7 implies that for all

¢ sufficiently close to 0, efy(¢) > c£?/3, and it follows that Qy < Q.
Now fix Q > Qg and ¢ < ¢’ such that

QU —0) > ei(0) — ei(0). (4.17)

Since Axy is F,-closed, by Lemma 5, familiar compactness and lowersemicontinuity arguments yield at least
one minimizer of Eq in A>y. Define

Mg = {*du cu € Ay, EqQ™(u) = min Eé(v)} . (4.18)

7J€.A24

Note that if u € Mg then

E¢ < inf E§ = (0 - QU < ef(f)— QU = inf E
bu) < inf Byl) = ei(t) 5(0) inf B3(v)

using the definition of ef and (4.17). Thus in fact {u : xdu € Mg} C As. Note also that every minimizer is
nontrivial, since 0 & A~,.

Now define Mg and OS*)]Z Given v such that xdv € Og’; and xdu € My" such that F,(xdu — xdv) < o,
it follows exactly as in step 3 above that if o is sufficiently small then v = vy + v/, where v > —k almost
everywhere, and Eq(v) = Eq(vo) + Eq(v') > Eq(v") with strict inequality unless vy = 0.

As in step 4, define v" = max{v’,k — 1} and v; =v' —v”" = —(v"+ k —1)7. Also define uy = —(u+k—1)"
for u € M;;’k satisfying (4.14). The proof® of Theorem 1.2, [1], shows that if u, % € Mg then either u < @ or
@ < u almost everywhere, and it follows that u; € M. In addition, (4.6) implies that

/p|u1—v1|§/p|u—v|<a.

L*(v1) = L*(uy) + L*(v1 —uy1) > L*(uy) — Co

As a result,

3The theorem cited is proved for Mg as defined in (4.9), but the proof works without change for Mg, as defined in (4.18).
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as in (4.15). The compactness of Mg, implies that there exists o9 > 0 such that L*(uy) > £ + o¢ for uy € M.
It follows that v; € Asy if o is sufficiently small. The remainder of the proof follows as in step 4 above. (The
results cited in step 1 above from [2] remain valid for Q € (Qo, 24].) O

Theorem 1 is an easy consequence of Proposition 1:

Proof of Theorem 1. 1. Fix Q > Qg and define M, as in (4.18). Let m* = E&(u) for xdu € Mg,. Define
Mg = {T € Ry ,(D) : pxT € My, Eq(p4T) = Eq(T) = m*}.

Given T € Mg]?l, write T' =T + - - - T}, with T € Mgq for all j. Then using the triangle inequality, the definition
of Mq, and the case of equality in (4.12),

Bo(T) < 3" Eo(Th) = Y BapsTi) = Ea (3 psTi) = Eo(peT).

Comparing this with Lemma 6, we find that Eq(T) = Eq(pxT). It follows that the set M£ defined in (4.2) can
be written

ME ={T € Ry ,(D) : p4T € My*, Eq(p4T) = Eq(T) = km*}.
Define O, , :={T € R1,(D) : minge pzx Fp o (T —5) < o}. The definition (3.8) of the F}, , seminorm implies
that T € O?Z,o’ if and only if p4T € OS’IZ. Thus if T € Oéya, then

EQ (T) Z EQ(p#T) Z km*,

and at least one of the inequalities is strict unless T € Mg. So ME is F, , = F, ;¢ local minimizing, and hence
also a local minimizing set with respect to the (stronger) F,, , x seminorm for any nonempty compact K C D.

2. Recall that for almost every 2 > g, Mg contains a unique element, and that the support of this current
is either the z3 axis or is bounded away from the z3 axis. Identifying 7021,,,(1)0) as a subset of 70317P(D) in the
natural way, this implies that there is a unique current Ta' € Mg with support in Dy™ € D. When a1 < as, the
conditions for equality in Lemma 6 imply that any other element of M must have its support in Dy~ . But the
problem of finding minimizers of Fq with support in Dy~ is identical to the minimization problem for currents
supported in Dy T, and so there is a unique T, € Mg with support in Dy~ . O

5. THE JACOBIAN AND THE GINZBURG-LANDAU ENERGY

This section collects some results that make precise, in various ways, the principle that the scaled Ginzburg-
Landau energy ‘Tlglea (u) defined in (2.5) controls the Jacobian Ju. The first results are refinements of estimates

from [12]. The 3-dimensional version of this refined estimate (see Lem. 9) is vital for the proof of Theorem 2.

Lemma 8. For any A > 1 there exist C,a > 0 (depending only on \) such that for any open set U C R? and

u € HY(U;R?),
gA/|¢|

‘/Uwu

for all 0-forms (i.e. functions) ¢ € COH(U).

Proof. 1. In [12], Theorem 2.1, it is proved that given A > 1 there exist C,«a > 0 (depending on ) such that
for any u, ¢ as above,

/UQSJU

es(u)
[Inel

L O (1t | Bwr) (||¢>|oo fe [ {61+ 1)es) dx) (5.1)

< Mol [ D4 e oo (1+ / ¢e€<u>><1+£2<supp¢». (5.2)

upp [Inel
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I will deduce the lemma from this estimate. The constants « in (5.1) and in (5.2) will end up not being the
same. Note also that the right-hand side of (5.1) can remain finite even when £?(supp ¢) = +o0.

2. By considering the positive and negative parts of ¢, it suffices to prove the lemma for ¢ > 0. Fix such a
function ¢, and for every s € R define

1 if0<s < ¢(x)
Xs(T) = Xo<s<o(@) = { 0 if not.

dw = 17
o) = [~ s = L[ [ vurowias ao

[|#]] oo
::[7x4>d::[7 (@) ds. (5.3)

)

Next, for s € R and § > 0 define

Note that

In the last line I have used the fact that x% = 0 when s < —§ or s > ||X||e0, Which is an obvious consequence of
the definition. I also claim that

1
X3 < Xmax{s,0} Vxsleo < 51V (5.4)

The first of these follows from the fact that xs1o < Xmax{s,0} for every s € R and o > 0. To prove the second,
fix z,y € U. Then

() — X)) = 5/ IXo (2) — X0 (y)|do

<5 [ el - xeldo
= 516(z) - 6(»)
< SIVOlucle — y

establishing (5.4).
3. Now combine (5.3) and (5.2) and use (5.4) as follows:

oJudz| = ol o Judz ) ds
Jormael <[/

16l o
< / A ce(v) dx

5 supp x¢ |1I’1€|

+ Ce® (1+ Vol )/Wlx (1 +/ ( )) (14 £%( %)) d
3 s o) e U su s S.
0 - supp X} X

Using the first inequality of (5.4), the first integral on the right is bounded by

ll#lloc
6)\/ +>\/ /
supp ¢ |1n€|

e(u)

|1n€|

d:cds = )\/ (¢5+5)
supp ¢
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after using Fubini’s Theorem as in (5.3). The second term is similarly estimated by

cer (1431900 ) (Il + 0+ [ 0+ ec(w)) 1+ Leuppo)) (5:5)

Now we take § = €*/2 and rename a to deduce (5.1), with a constant C depending on the support of ¢. To

eliminate this dependence, let {1} be a partition of unity on R? such that each v satisfies £2(supp ) < C,
[Vrlloo < C,0 < ¢ < 1. Then given an arbitrary ¢, clearly | [ ¢Ju| < >, |[(¢Yr¢) Ju|. Taking § = g/2
and renaming « as above, after summing the error terms (5.5) over k one gets an error term of the desired form:

ce 1+ falhwe) (Mol 41+ [ (16l Decw) 0

Lemma 9. There exist universal constants C,« > 0 such that, given any U C R3, and v € H'(U;R?),

/U(Z)/\Ju

for all ¢ € COY(U; A'R?) and ¢ € (0, 1].

< [l s [0 ivel) (= +lolet [ gel+em)] 6o

Generalizations of this lemma hold in arbitrary dimensions, by essentially the same proof as given here.
It would be interesting to know whether one can take the constant C in front of [ |4 TTIEZ? to be arbitrarily
close to 1, at the expense of making the constant in from of the error term larger. The proof here is not
sharp enough to establish such an estimate; rather, it supplies a constant that can be arbitrarily close to 2 in 3

dimensions, with a worse constant in higher dimensions.

Proof. Tt suffices to prove that (5.6) holds for 1-forms ¢ = wda?, for i = 1,2,3. For i = 1 for example, the
estimate follows by writing

/(wdxl) ANJu = / / Y Uy, A Uugydradas | day
R {(z2,23):(z1,x2,23)EU}

and for each fixed x1, applying the previous lemma (with some fixed value of A\, say A = 2) to the inner
integral. (I

Remark 1. The above two lemmas as stated are not invariant under the scaling ¢ — k¢, for K > 0. One
can obtain a scale-invariant estimate by writing down the estimate obtained upon replacing ¢ by k¢, and then
optimizing over k.

The next lemma assembles known results due to a variety of authors.

Lemma 10. Suppose that K is a compact subset of D, and let {uc}oe(o,1] C HY(D;R?) be a sequence of
functions such that

1
M/Kee(ug) dz < Cm, (5.7)

for some sequence of numbers {m.} such that 1 < m. < C|Ine|. Then {%} is precompact in the dual

norm CO%(K)* for every a > 0. Moreover, if J is any limit in the above sense of a convergent subsequence
(still denoted xJu./m.), then J has finite mass in K. If in addition p is a nonnegative measure such that

mee(ug) dz — p weakly as measures, then

d
1] < e, and % <1 almost everywhere (5.8)
W
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where ||J|| denotes the total variation measure associated with J. Also, if m: = 1, and xJu. is a subsequence
and J a limiting current on K such that xJu. — J in the above sense, then %J is l-rectifiable and without
boundary in K. Finally, for any J such that %J € Ry (D) and with finite mass in D, there exists a sequence of
functions u. € HY(D;R?) such that xJu. — J in UasoC2%(K)* and

1

——e(uc)de — ||J|| weakly as measures, as € — 0. (5.9)
7| lnel

It is known that (5.8) is sharp — in other words, that a statement like (5.9) holds — when m. < |Ine| and not
sharp when m. > ¢ |Ine[; see [20].

Proof. Most of these results were proven first in [12] in the case m. = 1 and, in the generality stated here
(indeed in considerably greater generality) in [20]. The construction of a sequence satisfying (5.9) is given in
[4,5]. The last two papers also include for example new proofs of the other results in the case m. = 1, valid for
more general energies than considered in [12]. For early results in similar spirit, see also [8]. (I

6. ASYPMTOTICS OF THE GROSS-PITAEVSKY ENERGY

In this section I prove I'-convergence results characterizing the asymptotic behavior of the functional Gg, .

Following [3], I will write ue = 7.v., where 7. is a nearly optimal vortex-free profile that will be defined in
a moment. This leads to a nice splitting of the energy, see Lemma 11. The vortex-free profile n. will have the
form n. = f.e*?<% for functions f., Sy that I now define. First, let f. : D — R minimize Gg, in H}(D;R).
Note from the definition (3.2) that j f = 0 for real-valued f, so that

Ga, (1) = [ 5IVIP + flo~ Fde for f € HY(DIE)

Since Gg,_(f) = Gg_(|f|) for real-valued f, we may assume that fo > 0 in D. Using the Euler-Lagrange equation

ALt (2 P =0 (61)

and the strong maximum principle one can deduce that in fact f. is positive in D. Next, define

a% — a12
SO(LL’) = Cpl'll'Q, CD = o 9
a; + ay

where aj,as are the parameters occurring in the definitions of p and D. As noted in [3], Sy satisfies*
V-(p(VSy—=V))=0 in D. (6.2)

From (6.2) we see that p(VSy — V) can be written in the form V x E, and Aftalion and Riviére [3] observe that
one can explicitly find Z. It is convenient to write the resulting equation in the form

1
VSy— V)= e xd(p?da? 6.3
P( 0 ) 2(1 + (%)2) (p €z ) ( )
where * is defined in (3.1). Define .
Ne = feezQESO- (6.4)

4The definition of Sy is motivated by noting that f2 ~ p and that the Euler-Lagrange equation associated with the functional
S Gg_ (fee®¥S) is V- (f2(VS —V)) = 0.
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Given u € H} (D), I will often write v. = u/n.. Finally, I define

4
H.(v.) = /%fﬂweﬁ + Ié(l — Jue?)2. (6.5)

The main result of this section is the following. The statement is clearest in the case m. =1 (see (6.7)) which
is also the case of most interest for us.

Theorem 2. Assume that

Q
£ < 2 € . .
G§, (us) < Cllnel?,  and At (arjan))|ne] —Q ase—0 (6.6)

Assume also that m. is a sequence of numbers such that

1
mHE(vE) <Cm., 1<m.<C|lneg|. (6.7)

Then there exist g > 0 and o > 0 such that for every € € (0,eq), there exists a current jeve such that

a(Jv.) = 0, M, (‘7“) <C (6.8)

and J.v. = xJuv. in the sense that for |T| x. := sup{T(¢) : ||%Ho<> + ||%Hoo <1},

| Jove — *Jve|| x, < Ce® for some o > 0. (6.9)

(The constants C' in (6.9), (6.8) depend only on C from (6.7).) In particular, by Lemma 2, {‘75”5} is precompact

me
*Jv

in the Fp, , k seminorm for every compact K C D, and in addition {£=} is precompact as a sequence of

Mme
distributions. And if J is any limit of a convergent subsequence *;77:5 , then
1
lim inf ———— (G§_ (ue) — G§_ (1)) = Ea(J). (6.10)

me|Ine|

In addition, if me =1 for all e, then 2J € 79317,,(7)). Moreover, for any J such that *J € 70317,,(7)) there exists
a sequence of functions ue such that xJv. — J in the above sense (where ve = ue/n.) and such that

i o (G, (uc) = G, (1)) = Eall), (6.11)

Jue

me
a smoothing kernel ws. This is necessary because |Ine|~te.(v.) does not control Jv. in L', but does control
|ws * Ju|. Secondly, ws * Ju. is modified near dD. This is needed because (using the L'-type control mentioned
above)

The current jeve is obtained from by modifying it in two ways. First, Jv. is regularized by convolution with

HE (UE) - 1 2 - 2
o) = |Ingjm. ~ |Ine|m. /D feec(ve) dw ~ /D Je
One can check that f2/p — 0 at 9D, so the above estimate (even when carried out rigorously) cannot possibly
provide uniform bounds over M, (ws * ﬁ’j) = [ plws * ‘{n—”:| due to the lack of control near 9D.
The starting point for the proof of the theorem is the following decomposition of the energy. A slightly
different decomposition was the basis for the argument in [3]. Both this lemma and its counterpart in [3] rely
on very useful ideas from [15].

dz.

ws *

€
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Lemma 11. For any u. € H}(D;C), Sy and v,

Go. (ue) — GG, (ne) = He(ve) + 5

2
& /fﬁ(lvel2 —1)(|VSo|* — 2V - VSp)
+ Qe /<f§(vso — V), jve)

= Ho(ve) + I (ve) + Je(ve).

The proof is essentially the same as that of the corresponding point in [3]. I present it here for the reader’s
convenience.

Proof. Note that ju. = f2jv. + f2|ve|?QdSo, and
(p—ul?)? = (p— 2+ f2(1 — o))
= (p— 2% + fA1— [oel?)? + 21— o) (o — f2) 12,
and that
Ve | = f2|V0e 2 + [V £ 2 + (Joe? — 1)V 1]
FO2 LIV + S9(2) - VIol? +20.£2(V S0, juc).

Using these it is easy to check that
Go. (ue) — Go. () = He(ve) + Ie(ve) + Je(ve) (6.12)

+ %/ [(|v5|2 1) <|st|2 - S0~ ff)ff) V() Vel | de.

So we only need to verify that the final term vanishes. To see this, use the identity |V f.|? = %A(ff) — feAfe
and the Euler-Lagrange equation (6.1) of f. to find that

VAP + (2~ 0)f2 = SA(2).

Now the lemma follows upon substituting and by integrating by parts; the boundary terms vanish because
f e HL. O

In order to prove that f. converges uniformly to ,/p, I need a preliminary.
Lemma 12. G5, (f:) < C(1+|lng|).

Proof. Tt suffices to exhibit any function g. € H(D) such that G§,_(ge) < C(14|Ing[). Look for g. of the form
ge = 7e(p) for

(s) = 7% when s < 2@
Ve\8) = NG when s > g2¢

where o« > 0 will be selected below. Then

llolloo
[0l = [Pvor <o [rermi=c [T e 1 e)as
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by the coarea formula. Clearly the level sets p~1(s) have uniformly bounded H? measure, so

c
/|Vga|2 < C/ 1L(s)?ds = 1+ In(Ce™2%).
0

To estimate the other term, note that |[Vp| > C~! > 0 in the region where p — 2 # 0, and so using the coarea
formula as above,

2a

/4%:2@—%(/))2)2 < C/r;(p—va(p)Q)QIVpl = 5—02/0 (5 —7e(s)2)? = Ceba?

after explicitly evaluating the integral. Taking ov = 1/3 gives the desired estimate. (I

Lemma 13. There exists a constant C' > 0 such that

VAl@) — CV0 < fu(x) < /p(a)

for allx € D and ¢ € (0,1].
Proof. 1. Multiply the Euler-Lagrange equation (6.1) by 2f. and rewrite to find that

2
AR AV + S - f2 = 0,
Define v = f2 — p. From the explicit formula for p we find that Ap < 0, and so
9 2
—Av < —A(f2) < —E—Qv(’u +p).

Also, v =0 on 9D, and so the strong maximum principle implies that v < 0 in D.
2. To prove the other inequality, note that since 0 < f. < ,/p, the Euler-Lagrange equation (6.1) implies
that f. is superharmonic in D. Now fix « € D, and write 6 := \/p(z) — f-(z). T assert that if we define

1
r = min {adist (z,0D),C~ 5 dist (x, 6@)1/2}

for some suitable constant C, then \/p(y) > \/p(x) — /2 for y € B,(x). Here is the proof: from the explicit
form of p one computes that

VVAE) = SValeY2 < Cp V2 < Calist(a, D)

Since r < idist(z, 9D), clearly |V/p(y)| < Cdist (z,0D)~ /2 for all y € B, () , and so the mean value theorem
and the definition of  (with a suitable choice of the constant C') imply that /p(y) > \/p(z) —0/2 for all y € B,,
which establishes the assertion.

Since f. is superharmonic, it follows that

1
— fe) dy.
|BT| /Br(x)(\/ﬁ f) Y

5/2 = \/p(x) — 62— fola) <

Thus using Jensen’s inequality and the fact that f. > 0,

5)4 1 / . 1 . £2
5 < p—[fe)dy < / p—f)*dy < C=|lnel.
(2 |BT| B,(z)(\/_ ) |Br| B,.(z)( r3 | |
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The last inequality uses Lemma 12. Clearly 6 < \/p(z) < Cdist (z, D)2, and thus 62 < Cr. Combining this
with the above inequality yields

510 < or?st < Ce¥lne,

which implies the desired inequality. (]
I now present the

Proof of Theorem 2. First, v denotes a constant that will be specified during the course of the proof. I start by
requiring that 0 < 4 < 1/6. Throughout this proof I will write ¢ := €7.

All constants C' in this proof are taken to be uniform for 0 < £ < 1/2 unless mentioned otherwise; they may
however depend on the constants in (6.7).
Step 1 (construction of java). In this step I modify Juv. as described following the statement of the theorem.
In order to satisfy 0(&761)6) = 0, the modification near D mentioned there cannot be carried out by simple
multiplication by a cutoff function; instead a more geometrically natural construction is used.

For o > 0, let D, := {x € D : p(z) > ||Vp|lewo}. Note that if x € D, and y € B,(z) for 7 < o, then
y € Dy_r. Since v < 1/6, Lemma 13 implies that

1= f[ < Ce/%7 — 0 in Ds. (6.13)

Let ¢ be a diffeomorphism from Dss onto D with the following properties:

C(x) =z for x € Dys, (6.14)
V¢l < C, p(z)|V¢(x)] < C for all @ € Dys (6.15)
and
p(x) >c sup p(C(y)) for all z € Ds. (6.16)
yEBs(x)

(All the constants above are independent of €.) Since p(az) = 1—a*+a?p(x) for all a > 0, such a diffeomorphism
can be constructed by defining {(z) = zq(p(x)), where ¢ satisfies

oo if 5 > 4] V|,
V7 (=281 Vpllo) 2 when s = 26 V] .

and
0>4q'(s)>—-C, |¢"(s)] <CJ/s.

Such a function is easily seen to satisfy (6.14) and (6.15). To verify (6.16), note that if z € Ds and y € Bs(x)

then p(¢(y)) < p(y) < p(z) +[|Vpllocd < 2p(x).
Now let ws(x) = 6 3w(z/8) be a nonnegative symmetric smoothing kernel supported in B;s(0), and for

¢ € C°(D; A'R3) define

oL = ws x (.
For purposes of defining the convolution, set (#¢ = 0 in R? \ D. Note that ¢! is supported in Ds. Finally,
define Jove = (pws * (%), that is,

Jove(9) 1= *xJve(ws % Cpd) = *Jue() Vo € C°(D; A'R). (6.17)

Step 2 (estimates of ¢!). I state these as
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Lemma 14. There exists a constant C independent of €, ¢, such that

z ¢
% remwett < ef2] 619

In addition, ¢ — ¢ can be decomposed as a sum of terms ¢ — ¢ = ¢ + @2, such that

2
£l e so(\

|71,

9 Vo

2

e

+\

OO) , (6.19)

<C’Y/4<

I give the proof at the end of this section. For now, I assume the lemma and continue with proof of Theorem 2.
Step 3 (proof of (6.8)). By construction of the map ¢ — ¢! and the fact that d(xJv.) = 0 in D,

> . (6.20)

0Jv:(9) = Jv=(09) = *Jv-((09)1) = xJv=(9¢}) = O(*Jv)(dL) = 0

for all compactly supported 1-forms ¢. Next I claim that (once « is taken to be sufficiently small) if ¢ is any
smooth 1-form with support in Dg, then

V“’A o “lI7z

For future reference I record that the constants C' above have the form

He(ve) 2|VUE|2 2
_ 0l? = 1)? da, 22
Cm5|ln5| ¢ m€|1n5|/ Je 45 (| | ) da (6.22)

Y

+C (1 +[VYllo) (T + Il ) - (6.21)

o

where C’ is an absolute constant. This implies (6.8), since for any smooth, compactly supported 1-form with
llo/plloe < 1, (6.21) and (6.18) imply that

Jv8 /¢E J’UE ‘

and by (3.6) this implies a uniform bound on M (‘]5”5 ).

To prove (6.21), first define & := ce?~(7/2) where ¢ is chosen so that 2 < f2/? on Ds; this is possible due
0 (6.13). The choice of & implies that

o:

)
€

+ 07 (14 Vo) L+ le:ll.) = ¢

feea ve) / 2|Vv5|2 L (I vel? = 1) = H.(v2). (6.23)

For + with support in Dj, use (5.6) u replaced by v. and with ¢ replaced by ¢ to find that [ A ‘7;—”; < A+ B,
with

a=c [ el

Ds me|Inél|’

C
B= Lo @ Vel (22 + ol + |

Ds

(o] + 1>ee<va>) |
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The constant o comes from Lemma 9. In view of (6.23) and (6.7),
Y ez(ve Y
2l [ ol Y
fs oo v Ds mE| 1n E| fE

As for the other term, (6.13) and the argument of (6.24) imply that

Y

4] < ‘ IE

H_(ve)
o Me|lngl =

(6.24)

oo

1
/ (91-+ Des(o) < Comef I H "“;

. H < Ce Vme| Ine|([[]|oo + 1).

As a result, recalling the definition of &,
B < Ce*M 01 4 [ Vihllao)e™ [Tl (1 4+ [[1h]|oo)-

So if ¥ < /4. then B < Ce"(1 + ||V¥|loo)(1 + ||¢]|o). With (6.24), this proves (6.21).
Step 4 (proof of (6.9)).
First, using Lemma 14,

i(*JUE—LUE)(qb):/(qb—(Z);)/\%Z/(bg/\%—i—/(f)g’/\JUE LI

me Mme

From (6.21) and (6.19), it follows that

L] < Ce” (‘

V¢
+Hf_3

¢
I . (6.25)
To control I3, I need the estimate
/2 jvellas < C(|ne| +1). (6.26)

This is proved by first noting that f2 jv. = jue + Qc|uc|>dSy — this is a short calculation — and using Holder’s
inequality ||juclla/s < [Juella]|Vue||2 and bounds that follow easily from (6.6) and Lemma 1. For future reference
I record the fact that the constant C' in (6.26) depends only on the assumed bounds in (6.6), and not on the
assumption H.(v:) < C|lne|.

Now recalling that xJv. = %8(*]’05) or, equivalently, using the identity Jv. = %d jvs and integrating by

12

parts, we obtain (since m. > 1)

by (6.20) and (6.26). With (6.25) this proves (6.9).

Step 5 (properties of limiting currents). In this step I establish properties of any limit J of a convergent
subsequence, still denoted mis * JUe.

\%

¢ ¢
/2

felloo

1 )
s = 5 ‘/dqﬁ? N Jve

dg?
€

2 dullyp < 02

4

First, it is clear from (6.9), (6.8), and the compactness Lemma 2 that if mia * Ju, — J in the sense of

distributions, then
Jov
Fpp.x ( ;E - J) —0 (6.27)

€

for all compact K C D, and in addition misjeva — J in the sense of distributions. Since Mp(misjeve) < C and

aiva = 0, these properties are inherited by J, and so J € /\;117,,(7)).
The final property to be proved is that if m. < C and J is a limit of xJv,, then J € R4 ,. This however is a
direct consequence of Lemma 10.
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Step 6 (proof of (6.10)). I continue to assume that mia * Ju. — J along a subsequence, in the sense of
distributions, and hence that (6.27) holds. In view of the decomposition of the energy given in Lemma 11, it is
natural to break the proof of the lower bound (6.10) into three parts:

Step 6a (lower bound for H.(v.)). I will prove that

1
liminf ——— H.(ve) > / p d|l.J]- (6.28)
D

e—0 mg|lneg]|

Note that the right-hand side is finite as a result of Step 5. B
Fix any W CC D, and define d = min{f.(z) : 0 < ¢ < 1,2 € W}. Lemma 13 implies that d > 0. Given
e > 0, define € = ¢/d. Then for z € W,

1
me|Ine|

2 [Voe* | f2
fe( 2 +4€2

es(ve)

|Iné|
me|Iné|’

pe = f?

2_12 > 5
(|U€| ) ) Z pe €|1n€|

Writing v := v. and similarly mes = m., this yields

CZ;H(%) > /Wpﬂ

m|Ine| " ° émg|lné|.

Since ps is bounded away from zero on W for e sufficiently small, this implies that that meg(’f]g) is
uniformly bounded as a sequence on measures on W. Upon passing to a subsequence we may thus assume that

—Lez(7z) converges weakly as measures to a limit p. Then (5.8) implies that ||.J| < u, with d||J||/du <1

z] In 2]

almost everywhere. Rewriting the above inequality yields

—_H.(0.) > pL(ﬁé) +/W(pe—p)7eé(ﬁé)

me|Ing| w me|Iné e Iné|

Since p. — p uniformly, it follows that

1
liminfiHE(ve)z/ pd,uZ/ pd|lJ].
€ m€|ln€| W w

Since this holds for all W CC D, this implies that (6.28) holds.
Step 6b (lower bound for I.(v.)). Since Sy and V are fixed, smooth functions and f2 < p for all ¢,

2
Lv) = / F2(uel? — 1)(VSof? — 2V - VSo)

< Q2 f2(Joe* = D2
< Ce2(H(v)V2 (6.29)

And the right-hand side tends to zero as ¢ — 0 as a result of the assumed bounds (6.6), (6.7) on H.(v.) and {2..

Step 6¢ (limit of J.(ve)). I will finish Step 6 by proving that

L (ve) = _l g /(fg(vso — V), jve) — —QJ(p*dz®). (6.30)

me|lne|”° me|lne|” *

By assumption Q./|Ine| — (1 + (a1/a2)?)$, so I only need to prove that

/<f§(vso —V), j”5> L jray. (6.31)

me 1+ (a1/a2)?
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Let x. € C§°(D) be a function such that 0 < x <1,

1 ifzeD
e ={ o feepr Ivdscp (632

where I continue to write § = 7. The definition of x also implies that p|Vx.| < C.
I decompose the left-hand side of (6.31) as

Jlreso-n.2) = [xe (av-m )

[ (2= s, 1) (683

g

+ fa-xa (s - v L),

The last two terms are error terms and are easily estimated. For example, (6.13) readily implies that ||x:(1 —
£)lla < Ce(1/6=7 and so by Holder’s inequality and (6.26),

| Ve Ve
/xa <(f€2—p)(VSO—V),‘Zn > < C/ XE”_f?lfnlj |<c /67| 1ng].

€ g

And similarly one can use (6.26) and the support properties of x. to find that
jv C , C
/(1 — Xe) <f3(V50 -V ‘7—6> < — 1t = Xellal 2 jvellags < ——€7/*|Ine].
me me me

To estimate the first term in (6.33), use (6.3) to write

/ Xe <p(d50 _V)’i::> = m/xe <*d(P2dx3),%>
:m(/<*d(>(ap2d$ ), i:::> - /< (p*dx. A dz?), ?n::>)

The second term is an error term and is handled like the error terms above.  This leaves only
m [ (xd(xep?da?), ]”5). On account of (3.4) and the fact that xJu = 10(xju), our estimate so far

can be expressed as

/ <f€2(VSQ V), i:::> — - (a_ll/a2)2 *;T]:E (XaPQdIS) + O(ga) (6.34)

for some o > 0. To estimate the right-hand side, note that (6.13) implies that there exists a constant C, as
always independent of €, such that

FiRCTRE
Then (6.9) implies that
1 ~
p— (*JUE — JEUE) (xep?da®) < Ce® (6.35)

for some C,« > 0. And using properties of the support of 1 — x.,

~ 1
— | Jeve ((1 - Xa)deIB) < —

me

~ J.
p*d|| Jove|| < CéMp< E”5> <6
{p<26(Vplloo} Me
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in view of (6.8). Finally, the fact (6.27) that misjg(ve) — J in F, , k and Lemma 5 combine to show that
Jove(p2da®) — J(p?da?) as e — 0.

The previous inequality and (6.35) therefore show that %(XEdexs) — J(p*dx?), and with (6.34) this
proves (6.31) and completes Step 6.

Now (6.10) follows immediately from combining Steps 6a through 6¢ and using the decomposition of Go,
from Lemma 11.

For future use I remark that the estimates given in this step combine to show that

Q. ~ ,
Jove(p?da®)| < Ce® (6.36)

Je(’l)g) + W

for some « > 0, and an inspection of the proof shows that « is independent of u., while C' depends only on the
bounds in (6.6).
Step 7 (proof of (6.11)). To complete the proof I need to establish the existence of sequences for which the
lower bound is attained in the case when the limiting measure J is rectifiable and H.(ve) < C|lneg|.
Step 7a (the case of finite mass). First consider J such that %J € 7021,;, and J has finite mass in D. For such
J, let v. be a sequence such that xJv. — J in the sense of Lemma 10 and such that (5.9) holds, and define
ue = Nve. We have already seen that {*J’UE}EE(OJ] is precompact in the sense of distributions and (up to an
error term that vanishes as in (6.9)) in the F,, , x seminorm for all K CC D, and in view of the construction
of v, the only possible limit in any of these topologies is J. Thus *Jv. — J in the desired sense.

To establish (6.11), note that for m. = 1 and xJv. — J as above, since || f2]|oo < ||pllec < 1.

1 ee(ve)
—HE € S d
T ) /Df’|1ng| H/Dp 1]

by (5.9), and combining this with (6.29), (6.30) yields

lim sup L(Ggs (ue) — Gg, (ne)) = limsup (He(ve) + I (ve) + Je(ve))

1
[Inel |Ine|

< Eq(J).
The opposite inequality (6.10) has already been established in step 6.
Step 7b (the general case).

By a standard diagonalization argument, the general case follows from the case of currents with finite mass
once it is verified that

1 o
F:={T: =T € R1,(D), T has finite mass}
m

is dense in 7770317,, (D):={T:1iT ¢ 7D€17p(7))} in the sense that for every T' € 7770317,,(7)), there exists a sequence
of currents {75 },¢(0,1) C F such that

F,, x(Ts —T)— 0, forevery compact K C D, and Eq(T,) — Eq(T)

as ¢ — 0. This is proved in Lemma 15 in Section 9. (]
I conclude this section by establishing the lemma used in step 2 of the proof of Theorem 2:

Proof of Lemma 1j. Recall that ¢! = ws * (¥ ¢, where ¢ satisfies (6.14), (6.15), and (6.16), and ws is a
smoothing kernel. I continue to write = ¢7, and I define

¢2 = C*p—ws x (o, P2 = —(*o,

so that ¢ = ¢! + ¢2 + ¢2.
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Note that ¢! and ¢? are supported in Ds, and that (6.13) and (6.16) imply that

f2(x) > Cp(x) >C™' sup p(¢(y)) for x € Ds. (6.37)
yEBs(x)

3. To estimate ||¢L/f2| «, note that

|6:(2)] < wsx[CTol(z) < sup [(Fo(y)l < C sup [o(¢(y))].
7l =[]
p

y€Bs(x) yEBs(x)
|7l =

To finish the proof of (6.18), note that [|(#¢|/oc < C||¢]loc < Cl¢/pll L (D), and so

With (6.37) this implies that

IVeell. = l[(Vws) « (Fo, < IVwslly [[¢Fo],, <o

4. To estimate ¢Z, note that by the mean value theorem,

|92](2) < Co sup [V(¢*o)|(y)-

yEBs(x)

Recall that if ¢ = ¢'dz? then (#é(y) = ¢*(((y))(E (y )da?, where (' is a component of . Thus ((#¢),, =
[, (Q)¢E, Ch, + @' (C)Ch, 4, Jdx7. Using this and the bounds (6.15) on the derivatives of ¢,

z

V(C*6)|(w) < (IVCIVH) +19%C]1]) (W) (|v¢| T '(‘)') (W),

B e

IVeZl(z) <|V(CFo)l()+ sup [V(CFO)l(y) <2 sup [V(C*o)l(y)

Again using (6.37), it follows that
[V¢H# gl

90y < o5 sp Y < (‘
12 - yeBs(z) P

In addition,

yE€B;s(x) yEBs(z)
and so the estimate S v
1962 < € || X2 gc(‘% +H—¢’H )
P s P P oo

follows from the last inequality in (6.38), thereby establishing (6.19).
5. Finally, note that ¢? is supported in D \ Dys, a set whose Lebesgue measure is bounded by C§, so

3
192 14 < C8Y/4|%% | And

The last estimate is obtained as above: using the fact that d(#¢ = C#dqb is supported in Dys and (6.13)
and (6.16),

|%]. -

R

CHdo, 0l _ a0l A
8wy < oD <0H H

p(x

€

at every x in the support of ¢2. O
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7. VORTEX-FREE GLOBAL MINIMIZERS

The main result of this section proves that minimizers of G§g,_ are asymptotically vortex-free when for the
corresponding values of €2, the minimizer of Fq is vortex-free. It would be interesting to know whether for fixed,
small £, a minimizer u. is vortex-free (i.e., can be written in the form u. = fe*® with f, S real-valued).

The proof is more or less a routine application of the I'-limit result established in the previous section, with
the one difficulty that one does not know at the outset the scale of the energy, which in this case is encoded in
the constants m..

Theorem 3. Assume that Q < Q; (as defined in (3.12)) and that Q. is related to Q as in (6.6). Let u. minimize
Gg. in Hy(D;C), and define ve = uc/n., where 1. is the vortex-free profile defined in (6.4). Then xJv. — 0 in
the sense of distributions as € — 0.

Proof. First, it follows from Lemma 1 that G§_ is bounded below and that for fixed e, G§g_ is coercive n
H', and so standard arguments show that a minimizer u. exists. Clearly Gg_(uc) < G§_(1:), so we can use
Lemma 11, (6.29), Lemma 13 and Lemma 1 to estimate

He(ve) < [T (ve)| + [ Je(ve)]
< Ce2H(0) + Ol e | v
< CeQH (v)? + C|Inel?.
It follows that H.(v.) < C|Ine¢|?, so that the hypotheses of Theorem 2 are satisfied if m. is defined by m. :=

max{1, H.(v:)/|Ine|}. Thus there exists J € /\;llyp(D) such that, after passing to a subsequence if necessary,
*% — J in the sense of distributions, and

0 > liminf (GG, (ue) — G (n:)) = Eq(J).

me|Inel
This implies that J = 0, since if J is nontrivial, it would follow from the above that Fq/(J) < 0 for all ' > Q,
which is impossible in view of the assumption that 2 < €y and the definition (3.12) of €.

To finish the proof it is only necessary to demonstrate that m. = 1 for all € sufficiently small. If this is not
the case, then m.|Ine| = H(ve), leading to a contradiction:

1
0 > liminf ——— (G§_(u:) — G§_(1:))

me|Ine|
1
= liminf o] (He(ve) + Ic(ve) + Je(ve)) by Lemma 11
=1 by (6.29) and (6.30), since J = 0. O

8. LOCAL MINIMIZERS OF THE GROSS-PITAEVSKY ENERGY

The main result of this section is
Theorem 4. Suppose that M C 7779317,, is a Fp , i-local minimizing set for Eq, for some compact K C D and
some @ > 0. Assume that Q. is a sequence such that lim._q % = Q(1 + (a1/az2)?), as in the hypotheses of
Theorem 2.

Then there exists o,eq > 0 (depending on M, Q@ and D) such that for every e < eo, O, altains its minimum
in the set®

A = {u € H}(D;C) : SI%iAI}Fp,p,K(S — Jve) < a} , (8.1)

5The proof of the upper bound (6.11) shows that A, is nonempty for small €.
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for B
Ve 1= u/1e, Jeve 1= Cpws * (xJve)

as in (6.17), with § = €7 and ~y as in Theorem 2. Moreover, A. is open in Hy(D;C), so the minimizer of G§,_
in A. is a local minimizer of Gg,_ and a solution of the Euler-Lagrange equations. Finally, if u? denotes a local
minimizer of Gg,_ in Ae and v.* = ue/ne, then mingen Fp , k(S — java*) — 0 as € — 0. In particular, if M
consists of a single, Fp, , ic-local minimizing current S, then xJv.* — S is the sense of distributions as e — 0.

In view of Theorem 1, this immediately implies the existence, for every ellipsoidal domain D, all Q > Q4 (D),
and sufficiently small ¢, of large numbers of local minimizers of Fq. In addition, when the domain D satisfies
the nondegeneracy condition a; # az, then for a.e. Q > Qg and every pair of positive nonnegative integers
k1, k2, it shows the existence (for € < eq(€2, k1, k2, D)) of a local minimizer u* of Eq whose vorticity is near the
current T, k, constructed in Corollary 1.

The proof is essentially an application of the well-known Kohn-Sternberg scheme [14] for proving the existence
of local minimizers using I'-convergence, see also for example [16]. To verify that their argument is available
here, it is necessary to check that the map u. +— J ve is continuous from H' into M1 (D) with the F ,

seminorm, and roughly speaking that u. — F, , K(Java) is weakly lowersemicontinuous in H'. These are
carried out in Steps 1 and 2 respectively of the proof.

Proof of Theorem 4. Throughout this proof, § = €7, where 7 is as in Theorem 2, and ( = (5 and w; are as
defined in Step 1 of the proof of Theorem 2.
1. T first assert that for every ¢ > 0 there exists a constant C. > 0 such that for every u, @ € H}(D),

Fppic(Jove = Jiz) < Cellu—allan (ullas + [|@]an) (8.2)

where v. = u/n. and v = @/n.. This will use the following fact, which is proved in Lemma 16 in Section 9: for
every compact K C D, there exists C'x such that

Fp7p7K(T) < CKFp(T) = CK inf{Mp(S) : Se M27p(D), 0S8 = T} (83)
Since 1 1
Jove — Jou. = 5 Cws * (O(xjve —%j02) = 50 (Cpws * (xjve — *jic))
we can use (8.3) to estimate
| (J Ve — EU}) < CM,, (Cpws * (*jve — *jUz))

< Csup {C#w5 % (kjve — *jU:) (@) : H%H < 1}

- [ =)

using the notation ¢! := ws * (¥ ¢ of Section 6. And

“(jve — ) (6Y) < /D 161] [joe — 72|
¢1
720,

Note that f2 ju. = j(fove) = j(e™®%u) = ju — |u|?Q.dSp, and similarly for ji.. Also, in view of (6.18),
6L/ 21|00 < Cll¢o/pllso- Thus the above inequalities yield

S ‘

(| £2 (Gve — 50) || 1o -

Fppic(Jeve = Joic) < Ce (lju = jallos + | lul® = |al?||s)
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and from this one can easily deduce (8.2).

It follows from (8.2) that for every ¢, A. is open in H}(D;C).
2. In this step I will show that for every fixed € > 0

Ne

A* = {u € H}(D;C) : géij\r}Fp,p,K(S — Jov.) < 0,0, = 4 } (8.4)

is weakly closed in H}(D;C). To do this, suppose that uy € A.* and up — us weakly in H}. I must show that
Uoo € Ac™. To do this, I first claim there exists C. such that for any u € Hj(D)

2
/ f2'v§€' +42<| vel? = 1)’de < Co(1+ Julfn),  ve = u/ne as usual. (8:5)
Ds

Since v, = ue‘leSO/fE, with Sp a fixed, smooth function

[ < oo [ (R vup v up) a

By elliptic regularity, |V f.| < C. on Ds, and Lemma 13 implies that f. > C-! on Ds, and so

PVel? < C. / (u? + [Vul) dz < Celjull2.
Ds Ds 0

Similarly

FoP - 0? <O [ (uaft+1)de <1+ ully)
Ds Ds ’
using the Sobolev embedding. The two inequalities establish (8.5).
For any smooth 1-form ¢ with compact support, (8.5) together with (6.21), (6.22) shows that

¢z

©Junl6h) < Co(1 + ully) (

(L4 Vel (1 + ||¢|oo>) |

Now the weak convergence ux — w implies that [|u|| g1 is uniformly bounded. Thus, writing vk,. := uk/7., (6.18)
allows us to deduce that if ||¢/pl|ec < 1, then

js’Uk,s (¢) = *Jvk,E(d);)

¢1
< C(1+ Jurlmy) (\ "
<C..

£ [V )1+ |¢||oo>)

oo

Thus Mp(jgvk,g) = sup{ivkﬁ(qb) |6/ plloo < 1} is bounded independent of k, and so Lemma 2 implies that
there exists some current J € M, ,(D) such that, after passing to a subsequence

Fp7p7K(<’]\:Evk’E — J) — 0

as k — oo. Since uy € A.* for all k, it follows that

Sr’réi]\r} F,, k(S—J) <o (8.6)
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I now claim that B

J = JeVso e Voo,e 1= Uoo/Me- (8.7)
To establish this, it suffices to prove that jgv;m — jguoo,s in the sense of distributions. This follows by
observing that, since Sy and f. are fixed functions, smooth on Ds, vk — Voo := Uoo/Ne Weakly in HI(D(;),
and so standard facts about weak convergence of determinants imply that Jvp. — Jvs . in the sense of
distributions on Ds. Because the map Jv. — jgvg = (yws * Jue is linear and depends only on the behavior of

Ju. in Dg, this shows that javkﬁ — jevoo,a in the sense of distributions as desired, and hence proves (8.7).

Combining (8.6) and (8.7), one finds that us, € A.*, and so A.* is weakly closed.

3. Now let ue minimize Gg,_ in A."; indeed, Gg, is bounded below, as a result of Lemma 1, and it is standard
that such a functional is weakly lower semicontinuous in H!, and so the existence of a minimizer in A.* follows
from the previous step.

In this step I show that H.(v.) < C|Ine| with a uniform constant C for ¢ € (0,1/2). According to Theorem 2,
this will imply that {jeve} is precompact with respect to the F), , x seminorms for all compact K C D.

To do this, first note from Lemma 11 that

H(ve) < (ngs (ue) — G?zs (775)) + e (ve)| + | Je(ve)] (8-8)

we can select J € M and, by Theorem 2, construct a sequence 4. such that for lim, |T1€‘ (G4 (1) = GG (ne)) =
Eq(J), and
Fp,, x(Jeve —J) — 0, U = G /7.

Thus . € A. for all e sufficiently small, and because Gg¢,_ (ue) < Go, (e ), it follows that

it (G, (ue) = G, (1) < Fal) (8.9)
Next, use (6.29) to estimate
|I.(v.)| < Ce|lnel®\/H.(v.) < Cy/eH.(v.) < C + eH.(v.). (8.10)
And using (6.36) ¢ and Lemma 5,
Q.

Je(ve) = 3 jeUE(dex3) +0(e") < 1n5|(Fp,p,K(jaUa) +1)

1+ (a1/a2)
for some o > 0. But the definition of A, and the fact that M, as a locally minimizing set, is F, , x-compact,
together imply that F, , x(J-v.) < C for all u. € A.. Thus |J.(ve)| < C|lnel, and this with (8.9) and (8.10)
shows that H.(ve) < C|lneg|.
4. T now claim that for ¢, o sufficiently small, u. belongs to A..
Suppose toward a contradiction that this does not hold. Then there exists a subsequence, which for conve-
nience I continue to write as v., such that
inF, , x(S — Juv.) 4
min — v = 0 Ve = —-
Sent p,p, K ele ) € e
Upon passing to a further subsequence if necessary, we can also assume that there exists some limiting current
J' € R4, such that Jv. — J' in the sense of distributions, and F), , x (J' — J-v:) — 0. It follows that

. _ ’ —
gélj\r}Fp,p,K(S J)=o. (8.11)

6Note that (6.36) does not require any assumed bounds such as (6.7) on Hc(ve), and uses only the assumption (6.6), so the
argument is not circular here.



66 R.L. JERRARD

And (6.10), (8.9) imply that

Eq(J) > hm%lf ﬁ(GEE (ue) — Go_(ne)) = Eq(J'). (8.12)

However, in view of the definition of a F), , x-local minimizing set, if o is small enough then (8.11) implies that
Eq(J) < Eq(J’), contradicting (8.12).

5. To see that mingenr Fy , k(S — Jov.) — 0, it suffices to note that one can replace o by any 0 < o’ < & in
the above arguments.

And in the case when M contains a single current S, the above arguments show that ¥, , (S — J~'Ev€) — 0 as
e — 0, for every compact K C D. In view of (6.9), this shows that xJv. — S in the sense of distributions. O

9. APPENDIX: SOME TECHNICAL LEMMAS

In this appendix I collect the proofs of some technical results that are not central to the main argument.
First I give the

Proof of Lemma 2.

1. Given {Ry} C /\;ll,p(Do) such that M,(Rg) < C, let {ur} C BVioc(Do) be functions such that xduy = Ry,
using notation of Lemma 4. I normalize uj by requiring that fv ur dz = 0 for all k, where V C Dy is an open
subset that will be specified later. From (3.15) I deduce that

/D p|lVug| < C  for all k. (9.1)

I will show that there exists a function v € BV.(Dy) with *xdu € /\;ll,p(Do) such that after passing to a
subsequence,

/ pluy —u|l — 0 ask — occ. (9.2)
Do

In view of (3.15), this will prove that F,(Ry — R) — 0 for R = *du.
2. To prove (9.2), I first claim that there exists a constant C' such that

/ ] < C / PVl (9.3)
Do Do

for all w € BVioc(Do) such that fv w = 0. To do this, first note that since p = 0 and Vp # 0 on 0Dy, there
exists a constant C such that, if o¢ is chosen to be sufficiently small, then

V - (pVp) = pAp + |Vp[? > C~* whenever p < 20y.

Thus for every o € (09, 200),
/ wf <C V- (0Vp) lul
{z€Do:p(z)<c} {z€Do:p(z)<o}

=-C pVp - Vo2 4 C |w|pVp - v.
{zeDo:p(z)<o} |w] {zeDo:p(z)=0}
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Averaging over o € (09, 20¢) yields

1 20’0
/ lw| < — / |w| da do
{z€Do:p(z)<o0} 90 Joyg z€Do:p(z)<o}

SC/ p|Vw|+C/ |w].
{z€Do:p(x)<200} {zx€Do:00<p(x) <200}

Thus to prove (9.3) it suffices to show that

/ wl < ¢ [ pivul
{z€Do:p(x)>00} Do

To do this, let V = {x € Dy : p(z) > 0o} Then since [, w = 0, Poincaré’s inequality yields

[ 1wl < ¢ [ vl < ¢ [ ovul
1% 1% 1%
establishing (9.3).

3. From (9.3) and (9.1) it follows that fDo |lug| < C, and from this and (9.1) it follows that

IN

[ ol + 9l < c
Do

Then Rellich’s theorem implies that {pu} is precompact in L', and so after passing to a subsequence there
exists a function w such that uy — w in L}, (Do) and puy, — pu in L*(Dy), that is, such that (9.2) holds. To
verify that xdu € M ,(Dy), note that

/ plVu| = sup /p|Vu|§ sup liminf/ plVug| < C
Do w w

WCCDg WCCDo

using the lower semicontinuity of the BV seminorm with respect to L' convergence (see for example [9], Chap. 5).

4. The second claim of the lemma, i.e. the F, , x compactmess of M,-bounded sequences in /\;ll,p(D),
follows from the first. Let {T}}3>, C /\;117,,(7)) be a sequence of currents such that M,(Ty) < C. First, the
currents Tj, have uniformly bounded mass on every compact subset of D and satisfy 0T} = 0, so compactness
in the F x seminorm for compact K C D is a consequence of a classical result of Federer and Fleming, see [10]
4.2.17. By a diagonal argument, one can find a subsequence (still labelled T}) and a limiting current 7" such
that Fg (T, —T) — 0 for every compact K C D.

I claim that M,(T") < oco. To see this, let K, := {# € D : 27""! < p(z) < 27"}. Then using the lower
semicontinuity of mass with respect to Fx convergence,

k—o0

[ oI < 302 M, (1) < timin 372 "M, (71
D n n
§hminf2/ pd|| Tkl < C.
k—o0 D

Finally, as is verified in the proof of Lemma 6, M, (p4S) < M,(S) for all S € M, ,(D), so M, (px (T, —T)) < C.
It therefore follows the first part of the lemma that {px(Tx — T)}s is F,-precompact, or equivalently that
{T — T}y is Fyp ,-precompact. However, since T, — T in Fg for every compact K, it must be that T, — T
converges in the F,, , seminorm to 0. This completes the proof. 0



68 R.L. JERRARD

The next lemma provides a decomposition of a 1-current 7" into a sum of Lipschitz curves. This is known if
T has finite mass, and so the point is to prove that such a decomposition remains possible when 7" has infinite
mass (but ||T||, ||0T| are locally finite.)

Proof of Lemma 3.

1. In Federer [10] 4.2.25 it is shown that, if U is any open subset of some Euclidean space and T' € R1(U) is a
integral 1-current such that M(T"), M(9T') < oo, then there exist Lipschitz curves X; in U such that T = " T,
and

My (T) + My (0T) = > My(Ty) + Y My (9Ts). (9.4)

This implies (3.14). To see this, note that the identity 7" = » T, easily implies that ||T'|| — 3, |Tx,|| is a
nonpositive measure, and similarly ||[0T'|| — >, ||0Tx,|| is a nonpositive measure. So to prove (3.14), it suffices
show that My (T) — > My (T;) > 0 and My (0T) — My (97;) > 0, and both of these follow from (9.4).

2. Now fix T such that the ||T||, ||0T|| are only locally finite. Let U; be an increasing sequence of open
subsets of U such that U; C Us;y1, OU; is smooth, and O(T|U;) is a O-current of finite mass for every i, where
T'|U; denotes the restriction of T to U;. This is possible because ||0T|| has locally finite mass. Applying the
decomposition of step 1 on Uy, we can write the result as T'[Uy = 3, Tx; + >, Ty, , where the analog of (3.14)
holds, each T, is compactly supported within U; and each Ty, has support that intersects U;. Now let

T =T — > Tx,, and decompose T™ on Uy, separating the currents thereby obtained into ones with compact
and non-compact support in Us. Proceeding inductively, we obtain a decomposition T'=T" + 3" Tx,, with

1T = |7 + 2 Tx, |l and  [OT] = |977] + 3 9T, || as measures .

each Tx, has compact support in U, and there do not exist any integral currents 77,73 such that |[T| =
|77 + [|T5]] and || 0T"|| = ||0T1]| + ||0T4|| as measures, with T} having compact support in U.
J(2)

Now apply the decomposition procedure of step 1 to write 7} := T"|U; in the form > =1 S}, where each Sji» is

the current associated with integration over a Lipschitz curve Xj’:, and (3.14) holds for each i. The construction

of T implies that 05’;- # 0 for every 4, j, and so for each ¢, the number J (i) of current in the decomposition of
T! is bounded by

> My (95)) = My (9T}) < oo

by the choice of U;. Now relabel the currents inductively, as follows:
First, let T} = S}, j =1,...,.J(1). Suppose we are given given {T;}jz(f),

Ti-‘rl

. . J@)+1 . ) ;

Tj +---+ 1T with j; <--+ < jm. When this holds, relabel S;H =: T;;rl and set T;:l =0fork=2,...,m.

Then continue inductively, relabelling S;+1, j=2,...J@+1).

I will define {T;H}. Starting with

§ =1, if ST U; equals zero, then set = S otherwise, S| U; can be written as a sum of currents

The construction implies that for each fixed j, the sequence {Tf}fi1 of currents is either increasing (in the
obvious sense) or else equals zero after a finite number of steps. In addition, for every fixed J the sequence
{ijl T;}f& is increasing. It follows that R; = lim; . Tj exists for every j, and each R; is the current
associated with integration over a (possibly infinite) Lipschitz curve. One can also pass to limits to find that

7' =D IRl 19T =) 0Kl
i

as measures, since this holds in every compact subset. Thus the decomposition T'= > T, + > R; satisfies the
conclusions of the lemma. )
3. The conclusions about currents T' € R , follow immediately from the earlier conclusions. d
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I now present the

Proof of Lemma 6. First,
L(pyT) = p4T(p*dz®) = T(p* (p*dz®)).
But since p?(x1,z2,73) = 23 and p(p(z)) = p(z) for all z, p¥ (p?dx®) = p?dz?, proving the first claim.
If X : (a,b) — D is a Lipschitz curve,

b b
EulpaTs) = EnTyc) = [ o) | oo x| = [ ox)9p(x0 %1,

One can check by direct calculation that for 2 € D and v € R3,

x1 =0o0rv=(0,0,u3) ifa <as

(—x2,21,0)-v=0 if a1 = as. (9-5)

|[Vp(z)v| < |v|, with equality iff {

It follows that Eo(pxT) < Eo(T'). The conditions for equality (4.3) in the case a1 < ag follow easily from (9.5).
In the case a; = ap, (9.5) shows that equality holds if and only if (—Xa, X1,) - (X1, Xo, X3) = 0 almost
everywhere, which implies that £ (X1/X5) = 0. Thus there exist constants v1, v, with v + 13 = 1, such that
X1(t)v1 + Xa(t)ve = 0 for all ¢, and this is equivalent to (4.4).

For general T € 70217P(D), we use Lemma 3 to write 7" in the form 7' = ), Tx,, where each T, € 70217p
corresponds to integration along a Lipschitz curve X;, and such that Eq(T) =Y, Eq(Tx,). From this and the
case of a single Lipschitz curve it follows that

Eo(T) = Z Eo(Tx,) > ZEO(P#TXJ > Ey (Z P#Txi) = Eo(p#T). (9.6)

O
I now give the

Proof of Lemma 7. In [1], Theorem 4, this is proved for indecomposable currents T of the form T’x in 7021,,)(1)0).

If T is an arbitrary current in 7021, »(Do), then the result follows by using the decomposition T'= ) T’x, and
arguing as in the proof of the previous lemma.
Finally, for a current T' € Ry ,(D),

|L(T)| = |L(p4T)| < CEo(pxT)*? < CEy(T)>?

using the previous lemma and the fact that pyT € 70317P(D0). O
Next I present the proof of a lemma used in establishing the I'-limit upper bound:
Lemma 15.

1 °
F:={T:=T € Rip, T has finite mass}
71'

is dense in 7r7°317p =A{T: %T € 7021,;,} in the sense that for for every T € 7r70317p, there exists a sequence of
currents {T5}sc(0,1) C F such that

F,, x(T5—T)—0, for all compact K C D, (9.7)

and
Eq(Ts) — Eq(T). (9.8)
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Proof. As in the proof of Theorem 2, for ¢ > 0 let D, := {z € D : p(z) > ||Vp|lx0c}, and for § > 0, let
(s : Das — D be a diffeomorphism satisfying (6.14), (6.15), and (6.16). Given J € R4 ,, define Js := ({5)xJ,
so that Js(¢) = J(¢F ¢). In view of (6.14),

_ # 7\ _ 7\ # 7\
T5(8) = /D (ol = /D @ al + /D o oD (9.9)

I first verify that Js has finite mass for every § > 0. Indeed, for every ¢ such that ||¢||cc < 1, the definition
of ¢; implies that [|(¥¢|le < C, and so using (9.9),

1¢F lloc / C
< =2 = < — .
Js(p) < 55 - 26 d||lJ| < 25M,,(J) < 00

Because M(Js) = sup{Js(¢) : ¢ € C=(D; A'R3),|p(z)| <1 Vz}, this shows that J; has finite mass.
Next I claim that M,(J5) — M,(J) as § — 0. Note that

M,(Js) = sup{Jg(d)) : ¢€C§°(D;A1R3),H%Hm < 1}. (9.10)

Also, for any ¢, arguments from the proof of Lemma 14, using (6.16) and (6.15), show that HCfd)/pHoo <
Cl|¢/plloo, With a constant independent of 6. Thus (9.9) and (9.10) imply that

M) < [ pdlalee [ pdla) - M)

Das D25\Das

as § — 0, by the dominated convergence Theorem.

In particular, M,(Js) < C, and so it follows from Lemma 2 that {Js}sc(0,1) is precompact in the F, , i
seminorm for all compact K C D. It is easy to see that Js — J in the sense of distributions, and so it follows
that (9.7) holds.

To verify (9.8), note that we have already checked that Eo(Js) — Eo(J), and so it suffices to show that
Js(p?dx?) — J(p?>dx?). However this can be easily deduced from (9.9). O

Finally,
Lemma 16. IfT € /\;ll,p(D) then for every compact K C D there exists a constant C'i such that

Fp7p7K(T) S CKFp(T) = CK inf{Mp(S) : 08 = T}

Proof. 1. First I claim that M,(pxS) < M,(S) for all S € MQ’p(,D) 7. Recall that p : D — Dy is Lipschitz
with Lipschitz constant 1, and p(p(x)) = p(z) for all 2 € D. Thus for any k-form ¢ on Dy,

lp* ()| < lo((2))|
p(x)  — p(p(x))

Y

and so |[p* ¢/pllec < ||#/plloe- The claim follows from this and the expression for the weighted mass M, given
in (3.6). Note also that for T € M ,(D), if T' = 95 then pxT = 9pxS. Thus

F,,(T) <inf{M,(pxS) : 0S5 =T} <inf{M,(S) : 9S =T} <F,(T).

"The same fact was proved (along with conditions for equality) in Lemma 6 for 7031,p; the proof we give here is easy and general,
but it is harder to extract from it the conditions for equality.
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2. For compact K C D, there exists some C such that p > C~! on K, which implies that Mg (S) < CM,(S)
all currents T'. This immediately implies that

Fr(T) = inf{Mg(S) : 0S=Tin K} < Cinf{M,(S) : 0S =T} < CF,(T). O
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