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SCATTERED HOMOCLINICS TO A CLASS OF TIME-RECURRENT
HAMILTONIAN SYSTEMS
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Abstract. A second-order Hamiltonian system with time recurrence is studied. The recurrence con-
dition is weaker than almost periodicity. The existence is proven of an infinite family of solutions
homoclinic to zero whose support is spread out over the real line.
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1. INTRODUCTION

In this paper we study a second-order Hamiltonian system with a time recurrence property that is weaker
than almost periodicity. The zero function is a hyperbolic fixed point solution. We prove the existence of
infinitely many solutions homoclinic to zero, that is, solutions v with v(t) — 0 and v'(t) — 0 as t — +oo. The
solutions are scattered infinitely far to the left and to the right along the real line.

The Hamiltonian system has the form

—u" +u=W'(tu), (1.1)

where u : R — RN, W € CY(R x RN R), W'(t,u) = V,W(t,q) =< ZTVT""’&_V}/V >, and W (t,u) is a “su-
perquadratic” function of u, and satisfies a time recurrence property in ¢ that is weaker than almost periodicity.
To be precise, let N € NT and let W satisfy

(W) W e CYR x RV, R) and W'(t,-) is locally Lipschitz, uniformly in ¢.

(Wa) W(t,0) =0 for all t € R. |W'(t, q)|/|g| — 0 as |¢| — 0, uniformly in ¢.

(W3) There exists u > 2 with W/(¢,q) - ¢ > uW(t,q) > 0 for all (t,q) € R x RY. There exists (£,q) €

R x (RV\ {0}) such that 3|g|*> — W(Z,q) < 0.

(W,) There exists a sequence (t,,) C Rt such that W’(t —t,,,q) — W'(t,q) asm — oo for all t € R, g € RV.
These assumptions are the same as in [2]. The reader is referred to that paper for more background on the
equation. Both [2] and this paper prove that (1.1) has infinitely many solutions homoclinic to zero. Both papers
prove a stronger result than [5]. In [5], W is assumed to be in “factored” form «(t)G(q), with a almost periodic
in ¢, which is a stronger assumption than (Wy). Also, [5] proves the existence of only one nontrivial solution
homoclinic to zero.
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In [2], it is proven that the set of solutions of (1.1) homoclinic to zero is uncountable, or there exists an
infinite familty of “multibump” solutions, which resemble the sums of translates of a particular homoclinic
solution. This is done by assuming the set of solutions homoclinic to zero to be countable, then finding one
critical point of the corresponding functional with local “mountain-pass” geometry, then “gluing” that critical
point to translates of itself. This paper also proves that (1.1) has infinitely many solutions homoclinic to zero,
relying on the recurrence property of W rather than a multibump construction. We obtain the following result,
which is independent of the very strong result of [2].

Theorem 1.1. If W satisfies (W1)-(Wy), then there exist ro > 0, sequences (t;}) and (t,,) with t}}, — oo and
t,, — —oo as m — 0o, and sequences of solutions (v}%), (v,.) of (1.1) homoclinic to zero with |v} (tF)| > 1o
and |v,, (t.)| > ro for all m.

The proof of the theorem is shorter and simpler than that of [2], but does not describe the structure of
solutions in such detail.

This paper is organized as follows: In Section 2 the variational setting of the problem is set up, the theorem
is proved for a special case, and some technical lemmas are proven. Section 3 completes the proof for the more
difficult case.

2. VARIATIONAL SETTING AND PRELIMINARY LEMMAS

Define E = WH2(R,RY). Let (-,-) be the standard inner product on E, that is, (u,w) = [ /- w' +u-wdt,
with corresponding norm |ul|? = (u,u). Define the functional I : E — R by I(u) = |ul? — [5 W(t,u)dt.
By (W1)-(W2), I is Fréchet differentiable, with I'(u)w = (u,w) — [p W(t,u) - wdt, and I’ is locally Lipschitz.
Critical points of I correspond exactly to solutions of (1.1) homoclinic to zero. By (W2), I(u) = 3 ||ul[*—o(||ul?)
as |lu|| — 0. By (W3), there exists ug € E with I(ug) < 0. Therefore, I satisfies the geometric conditions of the

Mountain Pass Theorem of Ambrosetti and Rabinowitz [3]. That is, the set of “mountain-pass curves”
I'={y e (0,1}, E) | 7(0) = 0, I(r(1)) < 0} (2.1)
is nonempty, and the mountain-pass value

= inf max I(y(¢ 2.2
¢ = nf maxI(v(9)) (2:2)

is positive. I does not satisfy the Palais-Smale condition, however, so the Mountain Pass Theorem cannot be
applied. The Palais-Smale condition holds if any sequence (u,,) C E with I(u,) convergent and I’ (u,,) — 0 has
a convergent subsequence. I does not satisfy the Palais-Smale condition, because the domain R is unbounded.
Even if, for example, W is periodic in ¢, the Palais-Smale condition fails even modulo the periodicity: suppose
W is 1-periodic in ¢, and v is a nontrivial solution of (1.1) homoclinic to zero. Define the translation operator 7
as follows: for a function u defined on R and real a, let 7,u be u shifted a units to the right; that is, (r,u)(t) =
u(t — a). Then the sequence (v + 7,v) satisfies I(v + 7,v) — 2I(v) and I'(v 4+ 7,,v) — 0 as n — oo, but the
sequence has no convergent subsequence, even if we are allowed to shift functions by integer multiples of a
period.
With g as in (W3), define

200c
B=1 . 2.3
Ml (2.3)
Let r9 > 0 be small enough that
1
W(t.q)l < 11l (2.4)
for all (t,q) € R x R with |¢| < ro. This is possible by (Ws). Finally, let M be an integer with
4B?
M > —-- (2.5)

To
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Define 7 : R — R by
T(t) = inf{|I'(w)| | llu]l < B, lull Lo t— 421y = 70} (2.6)
Then one of the following alternatives holds:

CaseI: 7(t) =0 for all t € R, or

. . (2.7)
Case II: 7(t) > 0 for some ¢t € R.

Suppose Case I holds. The precise values of ryg, B, and M are unimportant in this case, only that they are
positive. Let tg € R be arbitrary. There exists a sequence (u,,) with ||I’(uy)|| — 0 as m — oo, ||un| < B for
all m, and |[u| o (ty—ns,t94+a1) = 70 for all m. Along a subsequence (also denoted (um)), () converges weakly
and in L{S (R, RY) to @ with ||a|| < B and ||@| g (ty—n,t9+0) = To. By arguments of [1], or arguments from
Lemma 2.1 of this paper, @ is a critical point of I, hence a solution of (1.1). ¢y was arbitrary, so Theorem 1.1
holds.

The rest of this paper is devoted to Case II. First, if 7 is positive somewhere, it is bounded away from zero

on a sequence of t’s that approaches infinity:
Lemma 2.1. If T(t) > 0, then there exist § > 0 and K € N withm > K = T(t +t,,) > 4.

Proof. Suppose otherwise, that there exist £ € R with 7(f) > 0 and a subsequence of (¢,,) (also denoted (t,,))
with 7(f + t,,) — 0. Pick a sequence (u,,) C E with ||u,,| < B and

||um||L°°(f+tm—M,f+tm+M) > T (2.8)

for all m, and || I'(up)|| — 0. (7—¢,, um) converges weakly and in L (R, RY) along a subsequence (also denoted

m loc

(T—t,,um)) to & € E with ||| < B and
||a||L°°(f—M,E+M) > To- (2.9)

We will show that I'(a) = 0, contradicting the fact that 7 (¢) > 0. Let w € E be arbitrary with ||w|| = 1. Then
I' () (1, w) — 0. Now,

I () (11, w) — I'(W)w = (wpm, 7, w) — (4, w) + /R W'(t, u)w(t)dt — /RW’(t,um)Ttmw(t) dt
= (T4, Um,w) — (U, w) +/RW’(t,a)w(t) — W't + by um (t 4 t))w(t)dt  (2.10)
= (1—¢,, Um — G, w) + /(W’(t, ) — W't + tmy um (t + t)))w(t) dt.
R

T_¢, Um — U weakly, so the inner product at the end of (2.10) goes to 0 as m — co. Now let e > 0. Let R > 0
with

/ lw|* dt < €2 (2.11)
[t|>R
Since 7_¢,, Uy — @ in L=°(R,RY), (W) and (Wy) imply that
(W', a(t)) — Wt + tom, um(t + tm)))w(t) — 0 (2.12)
as m — oo for all t € R. Since (u,,) is bounded in L>(R,R") and w is continuous, there exists Cy > 0 with
(W' (t,a(t)) — W't + tm, um(t + tm)))w(t)| < Co (2.13)

for all t € R, m € N. By the Dominated Convergence Theorem,

/R (W, @(t)) — Wt + ts tm (t + tm)))w(t) — 0 (2.14)
-R
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as m — oo. By (W2), since (u,,) is bounded in L= (R, RY), there exists C' > 0 with
(W' (t,a(t)| < Clu(®)] and [W'(t, um(1))] < Clum(t)] (2.15)

for all £ € R and m € N. By the Cauchy-Schwarz Inequality, for all m,

/ (W' (t,u(t)) — W (t+ tom, U (t + tm)))w(t) dt
[t >R

1
2

< (/ W' (t,a(t)) — W (t+ tum, um(t + tm))|? dt)
tI>R

</t|>R l dt)

2 (2.16)
<e / |Cu(t) + Cup (t + tm)|* dt
>R
%
< 20¢ ([ 0P +unt+ 1))
R
< 4BC(Ce.
Thus, by (2.14) and (2.16),
limsup,, oo |1 (um ) (7, w) — I'(@)w| < 4BCe. (2.17)
€ > 0 was arbitrary, so
lim |I'(wp,) (72, w) — I'(@)w| = 0. (2.18)

Since I’ (U ) (1, w) — 0, I'(@)w = 0. w € E was arbitrary with |w|| = 1, so I’(a) = 0. This contradicts the

assumption that 7(¢) > 0. Lemma 2.1 is proven. O

For uw € E, define VI(u) to be the gradient of w, satisfying (VI(u),w) = I'(uv)w for all w € E. Let
¢ : E — [0,1] be locally Lipschitz continuous with ¢(u) = 1 if I(u) > —1 and ¢(u) = 0 if I(u) < —2. Define
the gradient vector flow 1 to be the solution of the initial value problem

dn _

s = —p(u)VI(u), n(0,u) = u. (2.19)

n is well-defined on RT x E (see [4]). We will need several lemmas about 7. First, for the functions u that we
will be most interested in, there is an a priori bound on 7(s,u) for s > 0:

Lemma 2.2. Ifu € E with I(u) < 2¢ and lims_,o I(n(s,u)) > 0, then ||u|| < B, where B is from (2.3).
Proof. For all w € E with I(w) < 2c and ||w|| > B/2,

)z L@ _ ol Wt
| [[wll
el + g fy Wt w) At —[w]? + &lJw]2 — I (w) (220)
- [[wll [[wll
1% 2ep 1 p
>(E -1 -t >_(E-1)B
= (2 )”w| Jw] = 4 (2 )

by (W3) and the definition of B ((2.3)). Now let v € E with I(u) < 2¢, lims_,o0 I(s,u) > 0, and ||u|| > B.
We will arrive at a contradiction. Define n(s) = n(s,u). If ||n(s)| > B/2 for all s > 0, then by (2.20),
LIm(s)) = —[I'(n(s)|* < —L(& —1)2B? for all s > 0, so I(n(s)) — —oc as s — oo, contradicting our
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assumption on u. Therefore there exists s > 0 with ||n(s)]| < B/2, and we may pick 0 < s1 < sy with
[n(s1)ll = Bu, [[n(s2)ll = B1/2, and |[n(s)|| € (B/2, B) for all s € (s1, s3). Then

d

26> Tals0) ~ 1n(s2) = — [ =1

. (2.21)
= [TIr@iPas -0 (5-1) 5
o “167 V2 '
On the other hand, the Cauchy-Schwarz Inequality yields
52 dn S2 d,r]
B/2 < _ _ D4l < an
2= sy = atoo)l = | [ Ghas| < [7] 5] s
ot \? (2.22)
<83 — 81 / s ds §\/%\/52751.
S1 S
Therefore ) )
128¢ B 1024c
T > sy — 5 > — B* < 2.23
B(u-2) = 77T 8 (n—2)% (223)
contradicting the definition of B ((2.3)). Lemma 2.2 is proven. O
Lemma 2.2 is needed for the following;:
Lemma 2.3. There exists a > 0 such that if I(u) < 2¢ and lims_.o I(n(s,u)) > 0, then
1 (s, u)) | < a(I(w) = lim I(n(s, u))) (2.24)

5—00

for all s > 0.

Proof. Tf I'(u) = 0, then both sides of the inequality (2.24) are zero, so assume I'(u) # 0. Define n = n(s) =
(s,u). By Lemma 2.2, ||n(s)|| < B for all s > 0. I’ is Lipschitz on bounded subsets of E, so there exists 3 > 0
with [|[I'(w) — I'(y)|| < Bllw — y|| for all w,y € E with ||w]],|ly|| < B. Since I'(0) = 0, ||I'(w)| < BB for all
w € E with |jw|| < B. Suppose that for some s* > 0,

1 (n(s" )] > A1 = 3%/352(1(16) = lim I(n(s, u)))- (2.25)
This will lead to a contradiction. Let
e (2.26)
>7 2B '
Then for all s € [s*, s* + A3,
* * dn * dn * /
Ins) = n(s = | | Fas| < [ | Z)ds= [ Irmlds < 5B, (227)

So for all s € [s*,s* + As],
17N = I s = 1 () = ' n(s"))]
> 17Dl = Blln(s") = ns)| (2.25)
> 1) - B A 2 S s,
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So
I(n(s™ + A2)) = I(n(s*)) + (I(n(s" + A2)) — I(n(s"))

s*+As
— 1)+ [ ) s

s*+As
=1(n(s")) */ 17" (n(s))II” ds

o *

s +As
< I(u) / (A1/2)2ds (2.29)

- p
~ 8Bf?

< I(u) = 2(I(u) = lim I(n(s)))

<I(u) = (I(uw) = lim I(n(s))) = lim I(1(s))-

=1I(u) — EA%AQ = I(u)

This is impossible. The assumption is false, and the lemma is proven, with a = 27B32. (I

Several more lemmas are needed. First, two simple lemmas regarding cutoff functions:

Lemma 2.4. Let u € E and ¢ € WH®(R,R) with 0 < p(t) < 1 for all t € R and |¢'| < d almost everywhere.
Then |[ul| < (1 + d)l[ul].

Proof.
loul? = [ @Hul? + I¢u+ o e
< / ul? + |/ [Pluf? + 21 [olullu'| + ¢ ' 2 dt
< [ Il Pl 2o+ o
< [ bl Pl df? i o
< (1+d+d2)/ fuf2 + [P dt < (1+ d)?|Jul. 0
R

Lemma 2.5. Letu,w € E and p € WH>(R,R) with 0 < ¢(t) < 1 for allt € R and |¢'| < d almost everywhere,
then |(pu, w) — (u, pw)| < dull[w]-

Proof.

|(pu, w) = (u, pw)| =

)

(pu) - w' —u- (gaw)'dt‘

= /(cp’u +ou') - w —u - (P + pu') dt‘
R

= /(p/(u cw' —u' - w) dt‘ < d/ lul|w'| + |u'||w| dt < d||ul|||w]]
R R

by the Cauchy-Schwarz Inequality. ([l
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The next lemma, on the properties of VI, is needed for Lemma 2.7. Define W : E — E by
W), w) = / Wt ) - w(t) dt
R

for all u,w € E. VI has the form VI(u) = u — W(u). Now
Lemma 2.6. If u € E with ||u|| p-®) < 7o, then [W(u)|| Lo m®) < 70/2.
Proof. Let u € E with ||u pe®) < ro. Define ¢y € R by

IV () lw22 (b~ i +4) = AW (W) w120 —a40) [ T € RY

and define
Wmax = ||W(u)||W1’2(tmax—4,tmax+4)'
Define the piecewise linear cutoff function ¢ by

t < tmax — 8
2- i(tmax _t)§ tmax — 8 <t < tmax — 4
tmax — 4 <t <tmax +4
tmax +4 <t <tpax +8
0; t 2 tmax + 8.

Now
Winax < [[pW(u)|| = sup (@W(u),w).

[lw]l=1

By Lemmas 2.4 and 2.5,

1
Wmax < ”S]~|]|-p (W(U’)a @w) + Z||W(u)||W1'2(tn]ax787tn]ax+8)'
wl|=1

By the definition of Wiyax,

IV 312 (18t t8) = IV @ 12000 8.0000) F IV 1200 bt 8) < 2Winane (2.30)
So
2
Wnax < sup / W' (t,u) - pw + £I/Vmax,
lwli=1Jr 4
and by (2.4),
1 1 tmax+8 o tmax+8
_Wm x < sup —— |(p||w| dt < sup — |’LU| dt
20" T =1 64 S s fwli=1 64 1, s
N (2.31)
TO( 16) (/trrlax+8| |2d ) 2 1
< sup —(V w|” dt < —ry.
lwl=1 64 b —8 16
So
w, < L
max > ST
g"o

and for all ¢t € R,
1
||W(U)||le2(t—4,t+4) < 57”0- (2.32)
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By the embedding W1'2(0,8) C L*(0,8), with embedding constant

1

j”unlg(O,S) S 2HU’HW1*2(0,8) (233)

oo <
lullz~os < 7

for all u € W12(0,8) (equality achieved when u(t) = e~*a, for any nonzero vector a € RY), |W(t)| < ro/4 for
all t € R. (]

The next lemma is essential to our variational argument. It enables us to conclude that trajectories of the
gradient vector flow that are localized along the real line converge to nonzero critical points of I.

Lemma 2.7. If u € E with n(s,u) 7 0 as s — oo, then ||ul|f®) > ro.

Proof. We will prove the contrapositive. Let u € E with [Jul[f«®) < 0. Then for all s > 0, |[1(s, u)|| Lo @) < 70:
the proof is indirect — otherwise, let s’ = min{s > 0 | ||n(s,u)|[z®) = ro}. There exists ¢’ € R with
In(s’,u)(t)| = ro and L{n(s’,u)(t')|?> > 0. But then, by (2.32)-(2.33),

0 < —n(s",u)(t)* = =2n(s", w) (') - VI(n(s',u)) ()
: (s, w) (") = Win(s', u) ()]
< =2n(s",w) ()2 + 2[n(s", w) ()W (n(s', w) ()]

I
|

[\~
3
—

o,

<
~—
—~

X
~

(2.34)

This is a contradiction. So [n(s,w)||pm®) < 70 for all s > 0. Now define ¢(s) = [[n(s,u)||?. For all s > 0,
Lemma 2.6 and (2.4) imply

<0(s) = ~2n(s,u), VI(n(s,u))) = =21 (n(s, w)) s, )

= =2t )| +2 [ Wtn(s, ) n(s.0) (2.35)
< 2| n(s,uw)]* + —/ (s, u)|* dt < —[In(s,w)||* = —¢(s),
so ¢(s) < e ® for all s > 0, and ¢(s) — 0 as s — oo. O

3. PrROOF OF THEOREM 1.1

Theorem 1.1 follows from the following proposition:
Proposition 3.1. Let ro be as in (2.4), and A > 0. There exist t* > A, t— < —A, and homoclinic solutions
vt and v~ to (1.1) with
lot ()| > ro and [v™ (t7)] > 70. (3.1)
Proof. we will prove the existence of v*. The proof for v~ is similar. Either Case I or Case II of (2.7) holds.

The existence of vT in Case I is proven in the argument following (2.7), so assume Case II holds. Let ¢ and §
be as in Case II and Lemma 2.1. Taking a subsequence of (¢,,) if necessary, assume that for all m € N;

(lull < B and ull oo (44, ~ a2,y = 70) = I (w)]] > 6. (3.2)

Let m™* be large enough so that
t 4ty — M > A. (3.3)
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Let a be as in Lemma 2.3. Define

. (& ¢ rS
€= mm (% 3’ 8OOOB3a) ' (34)
Let 79 € T with
max [(v(0)) < c+¢€/2. (3.5)
0€0,1]
Let m be large enough so that
t+tm — M >t 4ty + M, (3.6)
I(7¢,,70)(1) <0, (3.7)
I(1¢,,v0(0)) < c+ € for all § € [0,1], (3.8)
and
|Tt,,70(t)| < 7o for all t <+t + M, 0 € [0,1]. (3.9)

Let m’ > m be large enough so that
t4+tm — M >t+tm+ M,

and
I7e ,0(0)(t)] <ro for all t >t +t,, — M, 6 € [0,1]. (3.10)
There exists § € [0, 1] with )
lim I(n(s, 7, v(0))) > c. (3.11)
§—00
Define B
a = TmY0(0). (3.12)
Now
I(a) < c+e€, lim I(n(s,a)) > ¢, and |a(t)| < ro
s - 3.13
forallt <t+t,« + M and allt >t +t,, — M. ( )
By Lemma 2.3 and the definition of e,
-2
I (n(s, )| < 16—OB for all s > 0 and ||[I'(n(s,u))|| — 0 as s — oo. (3.14)
By Lemma 2.7, [|n(s, @)| o ®) > o for all s > 0. We will show that
In(s,u)(t)] < 1o for all s >0, t <t+ty — M and t >t + t, + M. (3.15)
Thus
”77(57a)||L°°(f+tm*—M,f+t,,L/+M) 270 (3.16)
for all s > 0. Defining uw, = n(n,u), we obtain a Palais-Smale sequence (u,) with ||u,|| < B and

lwnll Loo #4t, ,—n,ite, 401y = To- (un) converges along a subsequence weakly and in L (R,RY) to a criti-
cal point vT of I with
||U+||L°°(A,oo) 2 HU+||L°°(f+tm*fM,ertm/JrM) > 7o, (3.17)
proving Proposition 3.1 and Theorem 1.1.
Let us now prove that |n(s, @)(t)| < ro for all s > 0, t < t+t,,« — M. The proof for ¢ > t+t,,, + M is similar
and is omitted. Suppose to the contrary, that |n(s’,@)(t)| > ro for some s’ > 0, t < £ + t,,« — M. Define

o = mins > 0 | 5105, 8) | = (oo e, ) = 0} (318)
s0 is well-defined by (3.9). Let £ € [t + tp-,t + ty- + M — 1] with

||77(80,U)||124/1,2(5,g+1) < B2/M < T3/47 (3'19)
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using (2.5). Define

1; t<t
pt)=t+1—t; t<t<t+1
0; t>1+1.

Define
ug = 1(s0, 1), w = pug.
lp] <1 and |¢'| <1, so by Lemma 2.4, |w|| < 2|lug|| < 2B. Now, using (2.4),
I’ (uo)w = / ug - w +ug - w — Wt uo) w(t)dt
R

Tty —M
- / i+ uaof2 — W (¢, u0) o () i
— 00

-+ / |’U,l|2 —+ |U0|2 — W’(t, ’u,o) uo(t) dt
[
f+1

+ / - (pun) + (8)|uol? — W (¢, puo) guo dt
t

1 Tty —M 1 i

>3 o +adt by [l e

oo Tty —M

t+1
1
+/ ug - (pug + ¢'uo) + puf — 5 @Pug dt
t
1 2 trl 2, .2 Lo 15 15,
> §||uo||Loo(_oo,t~+tm*_M) */f Jug|® + ug dt > 370770 = 170

537

(3.20)

(3.21)

(3.22)

Thus ||I'(uo)|| > |I'(uo)w|/||w]|| > r3/(8B), contradicting (3.14). Proposition 3.1, and hence Theorem 1.1, is

proven.
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