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ON THE MOBILITY AND EFFICIENCY OF MECHANICAL SYSTEMS*

GERSHON WOLANSKY!

Abstract. It is shown that self-locomotion is possible for a body in Euclidian space, provided its
dynamics corresponds to a non-quadratic Hamiltonian, and that the body contains at least 3 particles.
The efficiency of the driver of such a system is defined. The existence of an optimal (most efficient)
driver is proved.
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1. INTRODUCTION

This paper is motivated by a series of publications on the subject of self-locomotion, such as molecular motors
and the flashing rachet. See [2-4] and references therein.

An appealing geometric theory of self-locomotion was recently developed. Of particular interest is the “Baron
Munchausen effect”: In this classical book [8], the Baron lift himself (and his horse) out of the swamp by pulling
his own hair. This, however, is possible only for the Baron. We all know that the center of mass of a system
cannot be changed unless a force is applied from the outside. In [10], Wisdom argued that self locomotion
is possible in a curved space. In [1] the authors expanded the geometrical theory behind self-locomotion (see
also [6]). Their assumption is that a body (or system of mass points) is embedded in a homogeneous space
equipped with a Riemannian metric. On such a space, self locomotion (or “swimming”) is understood as a
non-trivial isometry acting on the body as a result of a strain induced by a periodic deformation which the
body apply upon itself. In other words, after the completion of a “swimming stroke” the body regains its
original shape at a different location. A mecessary condition for the self locomotion is the existence of non-
trivial curvature associated with the underlying group of isometries. This implies that the Baron is lying, since
he lives in Euclidian space where the group of translations is curvature free. On the other hand, a cat can
turn itself upside down while falling in Euclidian space since the group of rotations is not curvature free. As
argued by the authors of [1], this corresponds to the non-existence of a unique center of mass of the body in
the underlying space.

The Riemannian structure is essential for the argument of [1]. The authors used it to separate the action of
the isometry group from this of the deformations. It implies that the dynamics is determined by a Lagrangian
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induced by the metric — in particular, a quadratic Lagrangian. See Section 4 below for further discussion of this
point.

In this paper I consider self-locomotion form a somewhat different (perhaps more general) point of view and
remove the limitation of quadratic Lagrangians. On the other hand, we stay in Euclidian space, where the
group of translations acts transitively and the center of mass is defined in a unique way.

A mechanical system is represented by a shift-invariant Lagrangian which is symmetric under permutation of
its coordinates. Some of the degrees of freedom are constrained to preserve their relative positions. The motion
of the system is determined by its constant momentum vector. The rest state corresponds to a zero momentum
vector.

By a deformation we mean a change in the relative positions which preserves their center of mass. A time
periodic deformation is called a driver. The shift invariance of the system, along with the momentum vector, are
still preserved, but the averaged velocity of the system may change. If such a change takes place then the driver
is said to be a mobilizing driver for the prescribed momentum. Self-locomotion corresponds to a mobilizing
driver which is initially at rest. The motion of such mobilizing driver corresponds to zero momentum.

There is a natural way to define the efficiency of a mobilizing driver in terms of the relation between the
relative shift due the presence of the driver and the rate of energy invested in this driver. The question of
existence of the best (most efficient) driver is a very natural one.

In Section 2 we pose the main assumptions and definitions — in particular, the definition of efficiency. The
main theorem of this paper is presented and proved in Section 3. Here we specializes in homogeneous Lagrangian
and prove the existence of a best (most efficient) driver. Finally, in Section 4 we discuss the relation between
the assumptions of this paper and the geometrical theory of self-locomotion, as presented in [1].

2. DESCRIPTION OF THE MODEL

2.1. Mechanical systems and drivers

Consider the Lagrangian function L(&) on R™ where

L:R™ —R"U{0} is strictly convex and L(0) = 0, (2.1)

and, for any permutation 7 : {1,...,n} — {1,...,n}
L(vi,ve,...,v,) =1L (%(1), Vr(2)s -+ vw(n)) . (2.2)
Let p; = 0y, L the momentum associated with the v; and p := (p1,...,pn) € R™ any fixed momentum vector.

The unconstrained orbit is just
:B(t) = :B(t — t()) + o,

where g € R" and z is uniquely determined by inverting
V;'BL = p.

The corresponding Hamiltonian function is defined, as usual, by the Legendre transform

H(p) := sup [&-p— L(z)]. (2.3)
&ER™
Now, we introduce a constraint on this system as follows: The set {1,...,n} is decomposed into N disjoint

subsets (clusters) Iy ..., Iy so UNI; = {1,...,n} and I; N I; = () if i # j. We further assume that each cluster
contains at least 2 elements.
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The position of the system at time ¢ can, thus, be represented by the N vectors xy, = (2; ; i € I;) € R’ for
j=1,...,N. The Lagrangian system can, in turn, be written as

L:L(a’jha"wib\r)'

In each cluster I;, the particles are constrained to move along a prescribed periodic orbit with respect to some
point (say, the center of mass of the particles in this cluster). Let y; (t) = (vi(t),i € I;) € R% be such a
periodic orbit associated with the driver j, so

y,(t) =y, ,(t+T) VteR, 1 <j<N.
In addition we may assume that the “center of mass” of the each driver is at rest, that is

> yi=0,1<j<n. (2.4)
il

We call such constraint y I the j-driver. The position of xj, at time ¢ is, thus, determined by the single R
valued function X; via

wp, (t) = yp, (1) + X;(1)1;, (255)
where 1; := (1,...,1) € R, Let X := (X1,...,Xy). Similarly, let Y := (yIl,...,yIN) € H;VZI R’ . The

constrained Lagrangian is now the function L:RN x H;vzl R’ — R given by
LX,Y) ;:L(thl +y,1...XN11N+ny) (2.6)
and the associated momentum P € RY defined by
P=(P,....,Py) , P;=04 L(X,Y).

Using the Hamiltonian formulation we set the Hamiltonian H (P, Y) associated with the constrained system as

N
A:RVx[[RY ~R ; HPY)= swp [W-P— ﬁ(W,Y)} . (2.7)
j=1 WEeRN

The solution of the constrained system is now determined by any constant momentum vector P € R via

X(t):X(O)—i—/Ot %dt,

and the displacement of the system after one period is given by

ToH(P,Y)

P dt.

Ay X = X(T) - X(0) :/
0
If all drivers ¥ I; are “turned off”, so Y = 0, then the respective displacement is given by

_ ,OH(P,0)
AOX.fTiap - (2.8)
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The difference
Ay X — N X (2.9)

is some measure of the mobility of the driver Y.

Example. If P = 0 and the driver is turned off (Y = 0) then the system is at rest (X = 0). In particular,
there is no displacement after a period T' (A X = 0). If the driver is “turned on” at the same value P = 0, the
displacement may be nonzero. In this case

T 9H(0,Y)
AYX|P:0—/O Tdt;«é(),

and the system is self-locomotive.

Definition 2.1. The rate of energy spent by the drivers Y for a prescribed P € RY is
1 (Tr. . .
S(P,Y) := _T/ [H(P, Y) - H(P,0)| dt.
0

Remark 2.1. Definition 2.1 is rater natural since the Hamiltonian H (P, Y) is, physically, the energy state of
the constrained system. If we reduce the energy state of the “free” system H(P,0), then what is left is the
energy executed by the constrains themselves. The minus sign applies for the energy spent on the constrains.

Lemma 2.1. The energy rate S(P,Y) is always non-negative.

Proof. By definition R _
H(P,Y)<H(1,P,...,1xPn)
where 1, is defined as in (2.5). Indeed,

H(P,Y)= sup {X-P— L (11)'(1 F gy, InXy +yN>}
X EeRN

XeRN | =1 jEL

N
sup Z ij P, — L(wy,...,wy)

Wi=(wi,...,wn) ; w;€RY =1 \ jer,

IN

= H(Pi14,...,Pyly) (2.10)

where the second equality in (2.10) follows from (2.4). Finally, the definition of H(P,0) implied by (2.7) and
the symmetry of L under permutations (2.2) yields

H(Pi1,,...,Pyly) = H(P,0). O

In order to obtain a good notion of efficiency, the mobility vector (2.9) should be scaled against the energy
rate S(P,Y’). However, (2.9) represents a vector while S(P,Y) is a scalar. In order to compare the two, we
replace (2.9) by an equivalent, scalar measure which have the same scaling as the energy rate (see Sect. 3):

Definition 2.2. The driver Y is said to be P—mobilized if

AP)Y):=L <A’;X,o> -L <A°TX,0) —T7'P. [Ay X — AoX].
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In particular, it is self locomotive if A(0,Y") > 0.

Lemma 2.2. For any P € RN, A(P,Y) > 0. Moreover, A(P,Y) > 0 if and only if
Ay X — AgX #0.

Proof. By (2.8) it follows that

T—IP.AOX_fJ(AOTXp) :P.w _ﬁ<w,0> = H(P,0).

oP oP

By (2.7) it follows that

. Ay X . [Ay X
HP,0)>P - =X —L( ’% ,0),
and the inequality is strict unless Ay X = Ay X since Lis strictly convex. O

Definition 2.3. The efficiency of a driver Y for a prescribed momentum vector P € RY is

A(P,Y)

e(P,Y) = SPY)

In particular, the efficiency of a self-locomotive driver is

A(0,Y)
0,Y): =—"+-

6( I ) S(O, Y)

Lemma 2.3. For any mechanical system L, mobilizing driver Y and momentum vector P,

0<e(P,Y)<1

Proof. By (2.8) and Definition 2.2 it follows that

Ay X Ay X .
APY)=L(Z20)-P - 2X2 4 A(P,0).
T T
We prove now that
1 [T, . .~ (A Ay X
—— | HP,Y)dt > L( Y ,0) -p. == (2.11)

The left of (2.11) is nothing but

—/ LX,V) - PX}dt —/ (X, V)dt - p. XX

where X is the optimal solution corresponding to the driver Y. So, we only have to prove that
1 [T

Ay X
— LXYdtL 0].
7], )>(T’)

The above is nothing but Jensen’s inequality, which can we written as

[ (3 [ o [ va) <o (30)
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where we used the definition of Ay X and (2.4) in the last step. Finally, since Lis strictly convex, the equality
above holds if and only if Y = 0 and X = Ay X /T, which is possible only if Y is not mobilizing for the
given P. (I

Definition 2.4. Given a convex Lagrangian L satisfying (2.1, 2.2) and P € RV,

e(P) :=supe(P,Y). (2.12)
Y

where the supremum is taken over all T—periodic, mobilizing Y satisfying (2.4).

3. SPECIAL CASE: HOMOGENEOUS LAGRANGIANS

We now pose the following problem:
(1) Ise(P) =17
(2) If e(P) < 1, is the supremum in (2.12) achieved?
To handle these problems we find it convenient to pose some assumptions on the Lagrangian function.

3.1. Basic definitions

Let us concentrate on the special case where the Lagrangian corresponds to a set of mutually independent n
particles. The Lagrangian function we consider is

L(d1, - dn) = > 1dil” (3.1)

where o > 1. X
We further restrict ourselves to a single driver, so N = 1 and L : R! x R™ given by

LX,Y) = Zn: |X +Yi|, (3.2)

where we use the convention of immovable center of mass

The associated Hamiltonian is, accordingly,

HPY):= sup {PW —Lw, Y)} , (3.4)

so, for the “neutral” driver, the Hamiltonian is
H(P,0) = 0/ (1= g=1) po/e=D),

We shall further assume a unit period T = 1 and the case P = 0. In that case, AgX = 0 by (2.8) and
Definition 2.4 yields
A(0,Y) = L(Ay X,0) = |Ay X|°. (3.5)

Analogously
1
S0,Y) = — / A(0,V)dt. (3.6)
0
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For later convenience define
OH

UY):= 3p

0,Y).
We observe that
1
Ay X = / U(Y)dt.
0

In terms of U, (3.5) and (3.6) take the form

A(0,Y) = /01 U(Y)dt‘g; S(O,Y)/Olﬁ<U(Y),Y) dt. (3.7)

The first question to be asked is the mobility of this system. Is there a driver Y which mobilizes this Lagrangian
at P =07

Lemma 3.1. There exists a driver Y which mobilizes the Lagrangian (3.1) if and only if U is not a linear
function.

Proof. Tf U is a linear function, then for any 1—periodic Y, (3.3) implies fol U (Y) dt = 0. Conversely, assume

U is not linear. Then there exists a function ¢ : R® — R* satisfying

Y(v)dv =1, / v(v)dv = 0, / U(v)y(v)dv £ 0.

n n

R

By the argument below (3.16) there exists Y : [0,1] — R™ so that

/o1 U(¥)dt = / U(v)y(v)dv. .

In addition, the following property holds for U:

Lemma 3.2. For any « € R* and A € R and 1 = (1,...,1) € R", the function U satisfies the following
mvariance properties:
Vo e R", U(aw) =aU(v); U(v+ A1) =U(v)+ A

Proof. Follows immediately from (3.2) and (3.4) since L(aV, aw) = |a|” L(V, v) as well as
LV +Av+ A1) = L(V,v). O

Corollary 3.1. If either 0 =2 or n = 2 then L is not self-locomotive at P =0 for any driver Y .

Proof. If 0 = 2 then Lisa quadratic function of X and H is also quadratic with respect to P, with coefficients
which are linear in Y. This implies the result by Lemma 3.1. If n = 2 then the shift-homogeneity in Lemma 3.2
implies that U(q1,q2) = f(q1 — g2) + ¢1 for some function f of a single variable. From the scale-homogeneity it
follows that

fla(yr —y2)) +ayr = af(y1 — y2) + ayr = af(() = f()

for any oo € RT and ¢ € R. Hence, either f(¢) = ¢ or f(¢) = || for some v € R. It is easily shown that f
must change sign on R, so it is linear and so is U. O
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3.2. Main result

Let us define the set of all drivers Y corresponding to the homogeneous mechanical system (3.2):

1, n
Ag:{Y:[O,l]HR"; / ‘Y‘ < oo , ZKO}
0 1

Theorem 1. If the homogeneous mechanical system (3.2) is mobilized at P = 0 then there exists a maximizer
of €(0) = sup e(0,Y) in the set A,.

In particular, by Lemma 2.3:
Corollary 3.2. Under the condition of Theorem 1, €(0) < 1.

Remark: Corollary 3.1 implies that n > 2 and o # 2 are necessary for the condition of Theorem 1. We
conjecture that these conditions are also sufficient. In any case, it is not difficult to construct examples for
P = 0 mobilized homogeneous systems. For example, take 0 = 3, n = 3. The function U = U(Y1, Y, Ys)
can be readily calculated as the root of a quadratic equation whose coefficients are linear functions of Y;. The
discriminant, however, is not a complete square, so U is not linear.

From Lemma 3.2, (3.7) and the homogeneity of L it follows by Definition 2.3 that
e(0,aY) =¢(0,Y). (3.8)

In addition, e(0,Y") is clearly invariant under diagonal shifts Y — Y (¢) + 5(¢)1 where
1=(1,...1) € R". Define now

A ={Y =(Y1,...Yn) €Ay ; Y1 =01}

g

and

S, = {YeAg; /Ol‘Y(t)) Jdt:l}; B, = {YeAg; /;‘(Y(t)) “dt < 1}. (3.9)

It follows that

g(0):= sup e(0,Y)= sup e(0,Y)= sup €(0,Y). (3.10)
YeA,—{0} YeSs YeB,—{0}
Let now Y'; be a maximizing sequence of ¢(0) in S,. There is a weak limit Y o, € B, of this sequence. The
inequality
lim A(0,Y;) <A(0,Y )

j—oo
holds since A(0,Y) is upper-semi-continuous, but we do not have the same claim for S(0,Y’). So, we cannot
prove that Y . is a maximizer of e in B,.

Another problem is that we may have Yo, = 0, s0 ¢(0,Y ) is not defined at all. As an example, let Y € A,
and assume that fol U(Y) # 0. This, in particular, implies that X (¢) := ft U (Y) = X(t) + M\t where X is a
periodic function and A # 0. If we replace Y (t) by Y; = Y ;(t) := 'Y (jt) for j € N, using the periodicity of
Y to define Y on (0, 1), the following claims are straightforward:

(1) Y; € A, for any j € N.
(2) 5(0,Y;) =S5(0,Y).
(3) AYjX = AyX, SO A(O,Yj) = A(O,Y)

(4) lim;_ Y ; = 0 weakly.
In particular, we find out that e(0,Y ;) = e(0,Y), while (0, -) is not defined for the weak limit lim; ., ¥; = 0.
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3.3. Relaxation

To overcome the last difficulty we shall extend Definition 2.3 as follows: Let

P™ := {Probability Borel measures on R"}.

/
o

Given v € P, let

p(dV).

The relaxation of Definition 2.3 for P = 0 is given b

AXP _ JUWm@v)]T
FO0)y  Jon SH Vi + UV w(dV)

We shall further extend the definitions of A, and AY as follows:

{e(0) =~

Ay = {u =v(dV)eP" ; / [VIou(dV) < oo ;
n R‘VL

Kg ={v e, ; v=>20y, ®@pu(ds,...,dV,) where upeP" '},

Vir(dV)=0,1<:i < n}

665

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

Lemma 3.3. For any Y € A, (res. Y € AY) there exists v € A, (res. v € K(;) so that (e(0)), = ¢e(0,Y).

Conversely, for any v € Ay (res. v € Kg) there exists Y € A, (res. Y € AY) so that (e(0)), = e(Y,0).

Remark: The measure v associated with Y is related to Young measure. In general, however, Young measures

are used to study the oscillatory behavior of a weak limit of L sequences (see, e.g., [5]).

Proof. For the first part, define v(dV') = fol I; (5‘,1_4-/1_@). To elaborate, the measure v corresponding to Y is

obtained by its application on test functions ¢ € Cy (R™):

- P(V)v(dV) = /0 b (Y(t)) dt.

The above equality extend to ¢(s) = s;, ¢ =1...n and ¢(s) =|s|?. In particular

1
Vz/(dV):/ Y(t)dt =0 ; / VI7v(aV /‘Y‘ #)dt < oo.
R™ 0 R™

As a result

(0)), = / 0, Y)dt ; (U), = / U(Y)dt

and (e(0)), = e(Y,0).
For the second part we use Theorem 2 of [7] to observe the following:

(3.16)

For any such v there exists a Borel function T : [0,1] — R™ which push forward the Lebesgue measure dt

on [0,1] to v. That is, for any test function ¢ € Cp (R™),

| emanar= [ ovmav),
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So, set Y (t) := ft T(s)ds. It is absolutely continuous function satisfying ¥ = T a.e. The definition (3.14)

implies also that fol ‘Y‘a = [|v]7v(dV) < oo, as well as fol Ydt = [ Vu(dV) = 0, which yields the periodicity

of Y. The equality (3.16) holds under this identification as well. O
From Lemma 3.3 and the definition (3.10) of €(0) we obtain:

Corollary 3.3.
€(0) = sup (e(0)), = sup (e(0)),.

VEKG ueK2
3.4. Proof of Theorem 1
Define now
N
V) = UV + DIV + UV, V = (0,Va,..., Vi) (3.17)
i=2

We shall summertime some properties of ¥ which will be needed later:

Lemma 3.4. There exists A > 0 so that
ATV < [p(V)| < AIV] YV = (0,Va,..., V). (3.18)

In addition, for any v € KS,

At [ evrvav) < @), < A [ ev)Pvav) (3.19)
Proof. The estimate (3.18) follows from the homogeneity of U, namely U(aV') = aU(V), as well as from the
evident property U(0,V,...,V) =0<«<=V = 0. The estimate (3.19) follows from (3.12), as well as (3.18). O

Given 1 < ¢ < o, let S be the unit sphere (resp. B the unit ball) defined by

?Z{yer,;/ |V|qz/(dV)1} : EZ{VGKS;/ |V|qz/(dV)§1}. (3.20)
RN-1 RN-1

Next,
Lemma 3.5. &(0) = sup, g2 (e(0)).-

Proof. By Corollary 3.3 we only have to show that any v € A, (resp. v € Kﬂ) can be transformed into 7 € S,
(resp. U € ?S) so that (e(0)), = (e(0)). Let 2(dV) = fNv(3dV) for 3 > 0. The homogeneity properties (3.8)
imply that, indeed, (€(0)), = (e(0))5. In addition, [V(dV) = 3~! [Vv(dV) = 0 if v € A,. Moreover,

JIVI1(aV) = 57 [ [V|1(dV), s0 5 € 8, if 5= ([ [V|1(dV))"/". -

Let v; € ?‘f, be a maximizing sequence of €(0), according to Lemma 3.5. Since the ¢ > 1 moments of v; are
uniformly bounded, this sequence is compact (tight) in the weak topology of measures. Let v be the weak
limit of v;. Since |U(V')| < A|V| for some A > 0 it follows that the sequence of (signed) measures U(V')v;(dV')
is tight as well, and that

lim U(V)y,;(dV) = U(V)ve (dV). (3.21)

Jj—oo
q

o

On the other hand, it is not a-priori evident that ve, € S
tight, so we only know v, € EZ, namely

since the sequence |V'|7v;(dV) is not necessarily

/|V|qz/oo(dV) <1. (3.22)
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We claim, however, that, in fact, the ¢ moments of v; are uniformly bounded. For, if [ |V]7v;(dV) — oo, then
by (3.18, 3.19) and (3.12) also —(H(0)),, — co. Since we also know that (U),, are uniformly bounded, then

J

w0,

O =~ H0).,

— 0,

contradicting the assumption that v; is a maximum sequence for €(0).
Since ¢ < ¢ by assumption it follows that the sequence |V |%v;(dV') is tight as well, so there is, in fact, an
equality in (3.22) and
Voo € SL. (3.23)
In addition, for any non-negative continuous function ¢ on R™

liminf [ ¢(V)i(dV) > [ $(V)vee(dV).
RW, ]Rn

J—0o0

In particular

lijrgirolf{ (H(0)),, fhjrggjlf/ ZW +U(V)[7v;(dV) > —(H(0)),..
As a result
n?igp@(o»yj < (e(0)vee - (3.24)

Since v; is a maximizing sequence of €(0) and (3.23) holds, there must be an equality in (3.24) and Theorem 1
follows. g

4. CONCLUSIONS

We proved the existence of a mobilizing driver (in particular, of self locomotion) for some mechanical systems
in an Euclidian space. This seems to contradict the geometrical theory of self locomotion as developed in [1].
The later requires the existence of curvature in the ambient space.

Let us counsider the role of self locomotion played by the geometry. A shift (isometry) of a body is generated
by a Killing vector field £. A Killing vector filed satisfies the Killing equation

Viry) = V& + Vi =0,

which means that it generates no strain [9]. A deformation field 1, on the other hand, generates a strain

2(77) = V(ﬂ?k)- (4.1)

A body (swimmer) may control the strain but not directly the deformation filed on its own body. But, for a
given strain X, the deformation is determined (and (4.1) can be solved) only up to an arbitrary Killing vector
field £. At this point the Riemannian structure marshes in: The deformation is uniquely defined by the condition
that it is perpendicular (with respect to the underlying inner product), to the space of all Killing vector fields
on the manifold

(n,§) =0 (4.2)
where (, ) is the inner product. The infinitesimal shift of the body d7 due to a deformation ndo subjected to
(4.2) is given by (see (4.7) in [1])

(6,657 = —3 (d&, nam)do do.

Thus, a necessary condition for self locomotion is that the curvature 2-form d¢ of the Killing field is non zero.
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In our case, there is no Riemannian structure, as we assume a non-quadratic Lagrangian. However, we utilize
the Euclidian structure, which allow a unique center of mass, to separate the shift from the deformation. We
do it by the gauge assumption (2.4), which impose a rest state for the center of mass of the drivers. The result
shows that self locomotion is possible if the Lagrangian is non-quadratic (i.e, the geometry is non-Riemannian).
Another necessary condition for self-locomotion is that the system contains at least 3 particles. This is, again,
in contrast to the geometric theory, which allows “swimmers” of only 2 particles (Sect. A of [1]).

In addition to the generalized notion of drivers and self locomotion discussed in this paper, we also introduced
a natural definition of efficiency. This is a measure for the relation between the shift made by driver per cycle
and the energy applied to execute this shift. We showed that, under the stated conditions, a “best driver”,
which realizes the maximal possible efficiency, does exist.
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