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OSCILLATIONS AND CONCENTRATIONS IN SEQUENCES OF GRADIENTS*

AGNIESZKA KAEAMAJSKA! AND MARTIN KRUZIK?3

Abstract. We use DiPerna’s and Majda’s generalization of Young measures to describe oscillations
and concentrations in sequences of gradients, {Vuy}, bounded in LP(Q;R™*™) if p > 1 and Q C R" is
a bounded domain with the extension property in W?. Our main result is a characterization of those
DiPerna-Majda measures which are generated by gradients of Sobolev maps satisfying the same fixed
Dirichlet boundary condition. Cases where no boundary conditions nor regularity of {2 are required
and links with lower semicontinuity results by Meyers and by Acerbi and Fusco are also discussed.
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1. INTRODUCTION

Oscillations and/or concentrations appear in many problems in the calculus of variations, partial differential
equations, or optimal control theory, which admit only LP but not L apriori estimates; c¢f. [17,27]. While
Young measures [43] successfully capture oscillatory behavior of sequences they completely miss concentrations.
There are several tools how to deal with concentrations. They can be considered as generalization of Young
measures, see for example DiPerna’s and Majda’s treatment of concentrations [9], Alibert’s and Bouchitté’s
approach [2] or Fonseca’s method described in [13]. An overview can be found in [36,40]. In many cases we are
interested in oscillation/concentration effects generated by sequences of gradients. A characterization of Young
measures generated by gradients was completely given by Kinderlehrer and Pedregal [21,22], ¢f. also [32,33]. To
our knowledge, the first attempt to characterize both oscillations and concentrations in sequences of gradients
is due to Fonseca, Miiller, and Pedregal [14]. They describe concentrations by means of a varifold while
oscillations by gradient Young measures, following the works [3,4,13,35]. The authors give necessary and
sufficient conditions on the varifold, so that they can fully describe effects of concentrations and oscillations on
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sequences of integrands {g(z)v(Vug(x)) }reny where 1 < p < 0o, {ug}ren C WHP(Q;R™) (where WHP(Q; R™) is
the classical Sobolev space of R™-valued functions), v/(1+ |- |?) is a real-valued function and has a continuous
extension on the compactification of R™*"™ by the sphere, and g : £ — R is continuous and vanishes on the
boundary of a bounded domain 2 C R".

In this paper we deal with general DiPerna-Majda measures generated by gradients of functions commonly
bounded in W1P(Q;R™). They encode oscillation and concentration effects in sequences of compositions like
{9(z)v(Vug(z))} in a general case when the function v(s)/(1+ |s|?) has a continuous extension on an arbitrary
metrizable compactification of R™*" and g : & — R is continuous and does not necessarily vanish on the
boundary of Q. This allows to study concentrations and oscillation effects for the more general class of functions v
admitted to the compositions with sequences {Vuy }ren. For example the function vg(\) = sin(|A]) is continuous
on R™ but it cannot be continuously extended to the compactification of R™*™ by the sphere (considered
in [14]) as the limits lim;_, o vo(t0) where 6 belongs to the unit sphere in R™*" do not exist. Here we study the
oscillations and concentrations of sequences like {g(x)vo(Vug (2))(1+|Vur|?) tren as well. Also, the assumption
that g does not need to vanish on the boundary of 2 allows us to study concentrations of sequences on the
boundary of Q.

Our main result is the characterization of those DiPerna-Majda measures which are generated by gradients
of Sobolev functions (bounded in W1?(2;R™)), where 1 < p < oo, with the same Dirichlet boundary data on
the boundary of Q, provided that € is a bounded domain with an extension property in W'P. Here we solve
the case 1 < p < +00. Meanwhile p = +o0 excludes concentrations and is completely described by gradient
Young measures [21]. The case p = 1 seems to be much more involved because of the loss of reflexivity. We
also derive the necessary conditions (for 1 < p < oo) for those DiPerna-Majda measures which are generated by
gradients of Sobolev mappings with no prescribed boundary conditions for an arbitrary bounded domain 2. As
an application of our techniques we derive new lower semicontinuity results (Th. 2.9) for variational functionals,
generalizing some variants of Acerbi and Fusco theorem (see e.g. [1,18,28] and references therein). We also
obtain some variants of the lower semicontinuity results obtained previously by Meyers, [30]; ¢f. Theorem 2.10.

Let us mention that a few of our results seem to be of an independent interest. Particularly, it is Lemma 3.5
and Lemma 4.1 showing local and averaging properties of DiPerna-Majda measures, respectively.

Our methods are based on powerful techniques introduced in [21] and [22] to obtain the explicit characteri-
zation of Young measures generated by gradients. We also benefit from the characterization of DiPerna-Majda
measures generated by unconstrained sequences given in [25], see also [26] where numerical issues are discussed
in detail.

2. PRELIMINARIES AND RESULT STATEMENTS

2.1. Basic notation

Let us start with a few definitions and with the explanation of our notation. Having a bounded domain
Q C R™ we denote by C(£2) the space of continuous functions defined on Q. In the sequel, M, means the
continuity modulus of g € C(2). In what follows rca(S) denotes the set of regular countably additive set
functions on the Borel o-algebra on a metrizable set S (cf. [10]), its subset, rca] (S), denotes regular probability
measures on a set S. We write “y-almost all” or “y-a.e.” if we mean “up to a set with the -measure zero”.
If v is the n-dimensional Lebesgue measure we omit writing ~ in the notation. The support of a measure
o € rca(f) is the smallest closed set S such that o(A) = 0if SNA = 0. If o € rca() we write o5 and d,
for the singular part and density of o defined by the Lebesgue decomposition (with respect to the Lebesgue
measure), respectively. We denote by ‘w-lim’ or by — the weak limit. Analogously we indicate weak* limits.

If Q is a Borel subset of R”, i € rcat(Q) and u € L*(Q, 1) by L£F we denote the set of all Lebesgue points
of u with respect to p. If p is the Lebesgue measure we simply write L.

If not said otherwise, we will suppose in the sequel that  C R” is a bounded domain with a Lipschitz
boundary (however, generalizations to less regular domains are possible).



OSCILLATIONS AND CONCENTRATIONS IN SEQUENCES OF GRADIENTS 73

By LP(92, ) we denote the usual Lebesgue space equipped with the measure p. We omit p if it is the
Lebesgue measure. Further, W1P(Q; R™) where 1 < p < 400 denotes the usual Sobolev space (of R™-valued
functions) and W, (Q; R™) denotes the completion of C°(Q, R™) (smooth functions with bounded support)
in WhP(Q; R™) (see e.g. [29]). If m = 1 then R™ is omitted from the notation. We say that  has the extension
property in W1P if every function u € W1P(Q) can be extended outside Q to @ € WP(R") and the extension
operator is linear and bounded. If  is an arbitrary domain and u,w € WHP(Q,R™) we say that u = w on 99
if u—w e W, P(Q;R™).

2.2. Quasiconvex functions

Let £ C R™ be a bounded regular domain. We say that a function v : R™*"

50 € R™*™ and any ¢ € W, ' (Q;R™)

— R is quasiconvex if for any

v(s0)|9] < /Qv(so + Vop(x))de.

If v : R™*"™ — R is not quasiconvex we define its quasiconvex envelope Qv : R™*"™ — R as
Qu(s) =sup{h(s); h <wv; h:R™*"™ — R quasiconvex} (2.1)

and we put Qu = —oo if the set on the right-hand side of (2.1) is empty. If v is locally bounded and Borel
measurable then for any sg € R™*" (see [8])

1
Qu(sg) = inf — / v(so + V(x))dz. (2.2)
pewl=(rm) Q] Jo

If |o(s)| < C(1+ |s|P) for some C > 0 and all s € R™*™ then equivalently
. 1
Qu(sg) = inf —/ v(so + Vp(x)) dz,
pewlr@orm) Q| Jo

as pointed out in [14]. We refer to [6] for the notion of W!P-quasiconvexity.
Let us point out that

. 1
Qu(sg) = inf )W/QU(V@(I))dx,

PEWLP(QR™

where WP (Q;R™) = {p € W'P(QR™); (z) = sox on 9Q}.

We will also need the following elementary result. It can be found in a more general form e.g. in [8], Chapter 4,
Lemma 2.2, or in [31].

Lemma 2.1. Let v : R™*™ — R be quasiconvex with |v(s)] < C(1+ |s|?), 1 < p < +o0, C > 0, for all
s € R™ ™ Then there is a constant o > 0 such that for every s1, sy € R™*™ it holds

[o(s1) = v(s2)] < a1+ [s1[P~" + |s2P71)|s1 — sa. (2.3)
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2.3. Young measures

For p > 0 we define the following subspace of the space C(R™*™) of all continuous functions on R™*":
Cp(R™™) = {v e C(R™*™);v(s) = o(|s|P) for |s| — oo}.

The Young measures on a bounded domain Q C R™ are weakly* measurable mappings x — v, :  —
rca(R™*™) with values in probability measures; and the adjective “weakly™ measurable” means that, for any
v € Co(R™*™) the mapping @ — R : z — (v,,v) = meXn v(A)vz(dA) is measurable in the usual sense. Let us
remind that, by the Riesz theorem the space rca(R™*"), normed by the total variation, is a Banach space which
is isometrically isomorphic with Co(R™*™)*, where Cy(R™*™) stands for the space of all continuous functions
R™*™ — R vanishing at infinity. Let us denote the set of all Young measures by Y(€; R™*™). It is known that
Y(Q;R™*™) is a convex subset of L2 (;rca(R™*™)) = LY(Q; Co(R™*™))*, where the subscript “w” indicates
the property “weakly™ measurable”. A classical result [39,42] is that, for every sequence {yi}reny bounded in
Lo (Q; R™*™), there exists its subsequence (denoted by the same indices for notational simplicity) and a Young
measure v = {V; }zeq € Y(;R™*™) such that

Yo € Co(R™*™) klim voyr =1, weakly* in L*°(), (2.4)
—00
where [vo yi](z) = v(yr(z)) and

vy () = /]Rann V(A) v (dA). (2.5)

Let us denote by Y°°(€; R™*™) the set of all Young measures which are created by this way, i.e. by taking all
bounded sequences in L>(Q; R™*™). Note that (2.4) actually holds for any v : R™*™ — R continuous.

A generalization of this result was formulated by Schonbek [37] (¢f. also [5]): if 1 < p < 4o0: for every
sequence {yg}ren bounded in LP(Q; R™*™) there exists its subsequence (denoted by the same indices) and a
Young measure v = {v; }zeq € Y(; R™*™) such that

Vo € Cp(R™*™) klim voyr =1, weakly in L'(€Q). (2.6)

We say that {yx} generates v if (2.6) holds.

Let us denote by YP(; R™*™) the set of all Young measures which are created by this way, i.e. by taking
all bounded sequences in LP(2; R™*™). The subset of YP(; R™*™) containing Young measures generated by
gradients of W1P(Q; R™) maps will be denoted by GV (£2; R™*").

We will use the following lemma from [14] concerning Young measures from Y?(2; R™*") which are generated
by sequences of gradients. A similar result was also proved by Kristensen [23].

Lemma 2.2. Let 1 < p < +oo and Q C R"™ be an open bounded set and let {uy }ren C WHP(Q;R™) be bounded.
Then there is a subsequence {u;}jen and a sequence {z;};en C WHP(Q;R™) such that

]lirgo {z € Q; zj(z) # uj(z) or Vz;j(z) # Vu;(z)}| =0 (2.7)

and {|Vz;|P}jen is relatively weakly compact in LY(Q). In particular, {Vu;} and {Vz;} generate the same
Young measure.



OSCILLATIONS AND CONCENTRATIONS IN SEQUENCES OF GRADIENTS 75

2.4. DiPerna-Majda measures

2.4.1. Definition and basic properties

Let R be a complete (i.e. containing constants, separating points from closed subsets and closed with re-
spect to the Chebyshev norm) separable ring of continuous bounded functions R™*"™ — R. It is known [11]
Section 3.12.21, that there is a one-to-one correspondence R < SrR™*™ between such rings and metrizable
compactifications of R”*™; by a compactification we mean here a compact set, denoted by SrR™*™, into which
R™*™ is embedded homeomorphically and densely. For simplicity, we will not distinguish between R™*" and
its image in BrR™*™. Similarly, we will not distinguish between elements of R and their unique continuous
extensions defined on SrR™*™. This means that if i : R™*"™ — GrR™*"™ is the homeomorphic embedding and
vo € R then the same notation is used also for vy oi~! : i(R™*") — R and for its unique continuous extension
to BRRan.

Let o € rca(Q) be a positive Radon measure on a bounded domain Q C R™. A mapping # : x + ©, belongs
to the space L°(€, o;rca(BrR™*™)) if it is weakly* o-measurable (i.e., for any vy € Co(R™*™), the mapping
Q—-R:z+— fﬁRRmm vo(8)P(ds) is o-measurable in the usual sense). If additionally 7, € rcal (g R™*™) for
o-a.a. x € §) the collection {7, },cq is the so-called Young measure on (9, o) ([43], see also [5,36,39,41,42]).

DiPerna and Majda [9] shown that having a bounded sequence in LP(2;R™*") with 1 < p < 400 defined
on an open domain  C R”  there exists its subsequence (denoted by the same indices) a positive Radon
measure o € rca((2) and a Young measure » : z +— 1, on (€, o) such that (o,7) is attainable by a sequence
{yr}ren C LP(Q; R™*™) in the sense that Vg€ C(Q) Vvg €R:

kli»ngo Qg(ac)v(yk(x)) dz = /Qg(ac) /ﬁanX" vo(8)0z(ds)o(dx), (2.8)
where
v E TR(R™") := {vo(L+]- "); vo € R} (2.9)

In particular, putting vop = 1 € R in (2.8) we can see that

klim (1+ |ykl?) = ¢ weakly* in rca(Q). (2.10)
—00

If (2.8) holds, we say that {yi}en generates (o,0). Let us denote by DM (Q;R™*™) the set of all pairs
(0,0) € rca() x L(Q, o;rca(BrR™*™)) attainable by sequences from LP(£2; R™*™); note that, taking vy = 1
in (2.8), one can see that these sequences must be inevitably bounded in LP(£2; R™*™). The explicit description
of the elements from DM, (Q;R™*"), called DiPerna-Majda measures, for unconstrained sequences was done
in [25], Theorem 2.

Alternatively, DiPerna and Majda [9] worked with measures from rca(Q x SgrR™*"); let us put here

DMZ (2 R™*") = {1 € rea(@ x BrR™*"); H{yn}ren € LP(QGR™T)
Vho € C(Q x BrR™ ")+ {nho) = lim | ho(a, ye(@))(1 + Jye(@)|?)d }
- Q
Let n € DM (; R™*"™) be generated by {yx }ken C LP(Q; R™*™), i.e.

(n, ho) = limp—oo [ ho(z, yk(2))(1 + |yk(x)|P)dz whenever hy € C(€2 x BgR™*™). Then there is a uniquely
defined (o,7) € DML (Q;R™*") such that

meARMﬂMM@mmmx (2.11)
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if hg € C(Q x BrR™*™). Indeed, let at first hg € V := {g(z)vo(s) : g € C(2),v9 € R}. For each subsequence of
{yr}ren which generates some DiPerna-Majda measure the limit of limy oo [o, ho(z, yr(2))(1 + |yx(z)|P)dx is
the same and equal (n, hg). Therefore the whole sequence must generate some DiPerna Majda measure which
we denote by (o,7) and (2.11) is true for all hg € V. By the Stone-Weierstrass theorem the set V' is linearly
dense in C(Q x BrR™*™) (it forms an algebra and separates points). Therefore (2.11) holds true for every
ho € C(Q x BrR™*™). On the other hand if {yx}ren generates some (o,2) € DML (Q; R™*™) then it also
generates some 7 € DME, (Q; R™*™) and moreover, n fulfills the identity (2.11). The proof of this fact follows
from (2.8) and the density of the linear hull of V in C(Q x SgR™*"). Therefore, (2.8) can be generalized to

hm/mw%mm+mmm=44Wmm@wwmwmx (2.12)

k—o0 QO

whenever {yx }ren generates (o,0) and hg € C(Q x frR™X™).

Without causing any misunderstanding, the elements of DM, (Q; R™*"™) will be addressed as DiPerna-Majda
measures too and we write n & (o,0) for n € DML (Q; R™*"™) and (o, 0) € DM% (;R™*™) if (2.11) holds for
any ho € C(Q x BrR™*™). 1t is sufficient to verify it for hg € V.

It is known (see [36]) that DM, (€; R™>™) is a convex, closed, non-compact but locally compact and locally
sequentially compact subset of the locally convex space rca(Q x BrR™*™) considered in its weak* topology.

Note that for (o7, 07), (0,0) € DMY (; R™*™) the sequence {(07,07)} ey converges weakly* to (o, D) if

L) s = [ o apasoan (2.13)

for every hy € C(Q2 x BrR™*™). We denote this convergence by (07,77) — (o, 7). By the density argument it
suffices to verify (2.13) for each h of the form h(z,s) = g(x)vo(s) where g € C(Q2) and vy € R.

2.4.2. Some special subsets

We say that (o,0) € DMY (Q; R™*™) is homogeneous if © +— 0, is constant. This implies that o is absolutely
continuous with respect to the Lebesgue measure with a constant density d,. See formula (2.17) below.

The central question which we are about to answer in this contribution is which (o,?) € DM (§; R™*™)
are generated by gradients, i.e., by yr 1= Vug, for {ur}ren C WHP(Q;R™) bounded. We denote the set of
DiPerna-Majda measures from DM, (Q; R™*™) which are generated by gradients GDMY, (Q; R™>™).

2.4.3. Nonconcentrating modifications
Let us recall that for any (o,0) € DML (Q; R™*™) there is precisely one (6°,0°) € DML (Q; R™*™) such

that
//R 8)V2(ds)g(z)o(dz) //R Uy (ds)g(x)o” (dz) (2.14)

for any vy € Co(R™*™) and any g € C(2) and (0°,7°) is attainable by a sequence {yx }ren such that the set
{lyx|P; k € N} is relatively weakly compact in L(Q); see [25,36] for details. We call (¢°,7°) the nonconcen-
trating modification of (o, ). In general we call (o,7) € DMY% (; R™*™) nonconcentratmg if

/ / Uy (ds)o(dx) =0, (2.15)
Q BrRmMXn\RmMXn

and property (2.15) completely describes all measures (o, ) which can be generated by such a sequence {yx }ren
that {|yk|P}ren is relatively weakly compact in L' (Q). In particular if (¢°, 2°) the nonconcentrating modification
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of (o,7) then PO(BrR™*™ \ R™*") = 0 for o almost all z. Note also that o¥ is absolutely continuous with
respect to the Lebesgue measure (because the generating sequence is relatively weakly compact in L(£2)).

We wish to emphasize the following fact: if {y} € LP(€; R™*™) generates (o, ) € DMY (;R™*™) and o is
absolutely continuous with respect to the Lebesgue measure it generally does not mean that {|yx|"} is weakly
relatively compact in L*(£2). Simple examples can be found e.g. in [26, 36].

The following lemma recalls some facts about of the p-nonconcentrating modification. Proofs can be found
in [25], Lemma 1, Theorems 1, 2 and [36], Proposition 3.2.17.

Lemma 2.3. Let (0,0) € DM%L (4 R™ ™) and let (6°,0°) € DML (Q; R™*™) be its p-nonconcentrating modi-

fication. Then for almost all © € Q
dyo(x) = (/ Dz(ds)> ds(x)
]R‘m,Xn

[ZA/;C Ran](dS)
fR'lan ﬁa(ds) ’
where dyo and d, are densities (with respect to the Lebesque measure) of o° and o, respectively.

and

vo(ds) =

x

Having a sequence bounded in LP(£; R"™*™) generating a DiPerna-Majda measure (o, ) € DM (; R™*™)
it also generates an LP-Young measure v € YP(2; R™*"). Tt easily follows from [36], Theorem 3.2.13, that

v2(ds)
1+ |slP

Vg (ds) = dyo () =2 for a.a. x € Q. (2.16)

This means that for every v € T% (R™*") (defined by (2.9)) we have

BrRmxn 1+ |S|p x mxn 1+ |S|p z

As pointed out in [25], Remark 2, for almost all 2 € Q

d,(z) = (/Rm fﬂjfTSS'L)_l. (2.17)

Observe that (2.14) can be improved to

//R 5)7z(ds)g(z)o(dz) //R )0z (ds)g(z)o® (dz) (2.18)

for any vy € R and any g € C(Q). Indeed, for any j € N we define a; € Co(R™) such that 0 < a; < 1, a;(s) =1
if |s| < j. Then vpa; is admissible for (2.14) and the Lebesgue dominated convergence theorem for j — oo
applied to both sides in (2.14) implies (2.18). There is a one-to-one correspondence between nonconcentrating
DiPerna-Majda measures and Young measures; cf. [36]. In particular (see (2.16), (2.18)) we deduce that for

almost all x € Q2
/ v(s)vz(ds) = da(ﬂf)/ vo(8)Vz(ds)
Rmxn Rmxn

whenever v € T (R™*™). This finally yields that Vg€ C(£2) Vg € R:

lim ( Yo(yr(x dx—// s)v.(ds)g dx—l—// vo(8)0z(ds)g(z)o(dz), (2.19)
k—oo ]R’”X" BrRmMmXn\RmXn
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where v € YP(Q;R™*") and (0,7) € DMR (Q;R™*") are Young and DiPerna-Majda measures generated by
{yx} ken, respectively.

2.4.4. Characterization of DiPerna-Majda measures

The following proposition from [25] explicitly characterizes elements of DM, (Q; R™*™).

Proposition 2.4. Let Q C R™ be a bounded open domain such that |0 = 0, R be a separable complete subring
of the ring of all continuous bounded functions on R™*™ and (o,0) € rca(2) x L2(Q, o;rca(frR™*™)) and
1 < p < +oo. Then the following two statements are equivalent with each other:
(i) the pair (o,0) is the DiPerna-Majda measure, i.e. (o,0) € DMb (Q;R™*™);
(i) the following properties are satisfied simultaneously:
(1) o is positive;
(2) 0p € rca(Q) defined by 0p(dx) = ([gmxn Va(ds))o(dz) is absolutely
continuous with respect to the Lebesque measure (d,, will denote its density);
(3) for a.a. x € it holds

(4) for o-a.a. x € Q it holds

Remark 2.5. As pointed out to us by M. Husek and T. Roubi¢ek having a metrizable compactification of
R™*™ we can construct a finer one as follows

Consider a metrizable compactification SrR™*™ of R™*™ and the corresponding separable complete closed
ring R with its dense subset {vj }ren. We take a bounded continuous function ¢ : R™*™ — R, ¢ € R and take
a closure (in the Chebyshev norm) of {17 };enuoy U {wjvk}igiu{o}. As {47} U {¢pIv;} is again countable the

corresponding compactification is metrizable but strictly finer than Sz R™*™,

We will also use the following result, whose proof can be found in several places in various contexts (see [25],
Lem. 1, Ths. 1,2 [36], Prop. 3.2.17), [2], Proposition 4.1, part (iii) and [19], Lemma 3.1, part (ii).

Lemma 2.6. Let Q C R™ be a bounded open domain such that |0Q2] = 0, R be a separable complete subring of
the ring of all continuous bounded functions on R™*™ and (o,7) € DML (G R™* ™). Then for os- almost all
x € ) we have

Dy (R7X7) = 0. (2.20)

2.5. The results statement

Our main results can be summarized to the following four theorems. The first one explicitly characterizes
DiPerna-Majda measures generated by gradients of maps with the same trace.
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Theorem 2.7. Let 8 C R™ be a bounded domain with the extension property in WP, 1 < p < +oo and
(0,0) € DML (Q;R™*™). Then then there is a bounded sequence {uy}ren C WHP(Q;R™) such that uy = u;
on I for any j, k € N and {Vuy}ren generates (o,0) if and only if the following three conditions hold

S

Ju e WHP(Q:R™) : for a.a. x € Q: Vu(z) = dg(ac)/ 7, (ds), (2.21)

BrRmxn ]. + |S|p

for almost all x € Q and for all v € Th (R™*™) the following inequality is fulfilled

Qu(Vu()) < dy (x) / o), (ds), (2.22)

BrRmxn 1 + |S|p

for o-almost all x € Q and all v € T, (R™*™) with Qv > —oo it holds that
R

0< / 28 ds). (2.23)
5

RRMXn\RMXn 1 + |S|p

Our next theorem addresses an arbitrary domain and DiPerna-Majda measures generated by gradients of maps
with possibly different traces.

Theorem 2.8. Let Q be an arbitrary bounded domain such that |02 = 0, 1 < p < 400 and (0,0) €
GDME, (G R™ ™) be generated by {Vug}tren such that w-limy_.oo up = u in WHP(Q;R™). Then the condi-
tions (2.21), (2.22) hold, and (2.23) is satisfied for o-a.a. x € Q.

Condition (2.23) does not hold at the boundary of 2, in general. For otherwise, consider a bounded sequence
{urtren C WHP(Q; R™) converging weakly to u € WHP(Q;R™). Let further {Vuy} generate a gradient Young
measure v € YP(Q;R™*") and a DiPerna-Majda measure (0,2) € GDMY, (Q;R™*™). The characterization of
gradient Young measures by Kinderlehrer and Pedregal [22] implies that for 0 < g € C(Q)

/Qg(ac)v(Vu(:c))d:cg/Q/Rmm v(s)g(z)vy(ds) da (2.24)

for any v € Y (R™*") and quasiconvex. If (2.23) always held for o-a.a.z € 2, we would obtain

v(s)

/Qg(x)v(Vu(ac))dx < /Q/]Rvnxu g(x)v(s)vy(ds) da + /Q /gRRan\]Rmx” g(ac)1 ISP Uy (ds)o(dx).  (2.25)

However, by (2.18) the right-hand side equals limy . [, 9(z)v(Vug(z)) dz and thus

/ g@)w(Vu(z))de < lim [ g(z)v(Vug(x))dz. (2.26)

Q k—oo Jo

On the other hand, there are examples that (2.26) does not hold if v(s) = det s and g = 1; ¢f. [6,8].
Nevertheless, our Theorem 2.8 illustrates the fact that the failure of sequential weak lower semicontinuity

only relates to the behavior of {Vuy} near the boundary of §2. Some other related results can be found in the

paper [15] and references therein.

As a corollary we obtain the following variants of theorems by Meyers [30] and Acerbi and Fusco (see
e.g. [1,18,28]).
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Theorem 2.9. Let 0 < g € C(Q), v € C(R™™), |v| < C(1+]-|P), C >0, quasiconver, and 1 < p < +00.
Let further {ur} C WHP(Q;R™), up — u weakly in WHP(Q; R™) and at least one of the following conditions be
satisfied:
(i) for any subsequence of {uy} (not relabeled) such that 1 + |Vug|P — o weakly* in rca(Q) it holds
o(0Q) =0,
(ii) limyg oo % =0 where v~ := max{0, —v},
(ili) ur = u on O for any k € N and Q is Lipschitz.
Then I(u) < liminfy_,o I(ug), where

I(u):/ﬂg(m)v(Vu(x))d:c. (2.27)

Remark 2.1.

(i) If v > 0 then the assumption (ii) in Theorem 2.9 is satisfied and we retrieve the variant of Acerbi and
Fusco theorem (it deals with nonnegative functions). On the other hand, in Acerbi Fusco’s theorem
one can relax the continuity assumptions on g and even consider Caratheodory functions instead of
(z,s) — g(x)v(s). Therefore our theorem can be considered as a variant of Acerbi Fusco’s theorem
which deals with some class of continuous functions where the nonnegativity assumptions can be relaxed.
To our best knowledge such an extension is missing in the literature.

(ii) In fact, the assertion in the case of (iii) in Theorem 2.9 can be deduced from the result by Meyer [30],
Theorems 4 and 5. The use of Meyers’ theorem would allow for simpler but less constructive proofs of
necessity in our Theorems 2.7 and 2.8.

(iii) The condition (ii) in the theorem is satisfied if, for example, v~ < C(1 + |- |9) for some 1 < ¢ < p in
which case —C(1 4+ |s]?) < v(s) < C(1+s[?), C > 0. This result can be found e.g. in [8].

(iv) Using the formulae (2.12) one can obtain a more general variant of the above theorem. Here we present
its simplest possible formulation illustrating our result.

Some other applications of our results to the lower semicontinuity theory and their links with the results by
Acerbi, Fusco and Meyers will be discussed in our forthcoming paper [20].

Our next theorem characterizes sequential weak lower semicontinuity.
Theorem 2.10. Let 0 < g € C(Q), v € C(R™™), |v| < C(1+|-|P), C > 0, quasiconvez, and 1 < p < +00.

Then the functional T defined by (2.27) is sequentially weakly lower semicontinuous in W1P(Q; R™) if and only if
for any bounded sequence {wy} C WHP(Q; R™) such that Vwy, — 0 in measure we have lim infy_, o I(wy) > 1(0).

3. NECESSARY CONDITIONS

This section is devoted to the analysis of necessary conditions on the measure (o,0) € DMY (Q;R™*™) to
be generated by gradients. We start with an easy lemma whose proof is left to the reader.

Lemma 3.1. Let M C R™ be a bounded Borel measurable set and o ,~v € rca(M) be nonnegative and such that
for any nonnegative function g € C(M) we have [,, g(x)o(dx) > [,, g(x)~y(dx). Then o(A) > ~(A) for any
measurable set A C M.

The following lemma shows in what cases the restriction of a DiPerna-Majda measure to a given subdomain
w C ) can be generated by its generating sequence restricted to w.
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Lemma 3.2. Let (0,7) € DM% (4 R™™) and an open domain w C Q be such that o(0w) = 0. Let {yx}ren
generate (o,0) in the sense (2.8). Then for all vg € R and all g € C(2)

lim (yk) () xw(z dx—//[j . $)0(ds)g(x)xw () o(dx), (3.1)

k—o0

where X 15 the characteristic function of w in 2.

Proof. Let n € Cp(R™) be supported in w (so that n € Cy(w)). We may choose a subsequence (denoted by the
same expression) such that the restrictions of yx to w, {yk|w}ken, generate the measure (7, 1) € DMP (w; R™*™).
We have for any g € C(Q) and any v € T (R™*"™)

lim [ o(m)g(e “‘/Awm MM$(W@WWZLAwﬁWM@WWWWw@@ﬂ

k—o00 QO

and also
gglvmqu@MmA[%memﬂmmuM@wmw. (3.3)

We construct a sequence 1; € Cy(w) such that 0 < n; < 1 and n;(x) — xw(z) for every € w, as j — oc.
Comparing the right hand sides in (3.2) and (3.3) with n = 7;, letting j — oo, and using the Lebesgue dominated
convergence theorem yield

L] wemans@etn = [ [ wei@nge e = [ [ @@ ). 64

The last equality holds because by Lemma 3.1 7 is dominated by o, so that 7(0w) = 0. As (3.4) holds for an
arbitrary subsequence of {yx} such that {yx|, }ren generate some DiPerna-Majda measure, we see that it holds
for the whole sequence {y;} generating (o, 7). O

The following lemma explains the diagonal procedure which will be used in the sequel.

Lemma 3.3. Let1 < p < 0o and A C LP(Q, R™*™) be an arbitrary bounded subset. Denote by DM%A(Q; Rm>m)
the subset of DM (; R™*™) consisting of all DiPerna-Majda measures that are generated by such sequences
{yr tren that yi € A for every k € N. Then DM%’A(Q; R™*™) is a closed subset of DM (; R™*™) (with respect
to the weak™ convergence, see (2.13)). Moreover, if n" = (o7, 0"),n = (0,0) € DMy 4 (Q;R™*™) are such that
(o7, 07) = (0,0) and (07,0") are generated by {y} }ren, then there exist sequences {ri}ien, {ki}ien C N such
that (o,0) is generated by {y;! }ien-

Proof. Let (o",0") € DMY (; R™*™) be generated by sequences {yj }ren such that yj € A for every k and r.
Let D = {h}} en be an arbitrary countable dense subset in C'(Q x BrR™*"). For every given [ € N and r € N
we find k = k(l,r) such that

JREC T B, sy (ds )| < 3, for j=1,...,1,
Q ’ ﬁxﬁRRme l

where R))(x,s) € C(Q x frR™ ") is identified with h7(z, s)/(1 + |s|’) defined on Q x R™*",



82 A. KALAMAJSKA AND M. KRUZIK

For every | € N we find r = r(I) such that

. ‘ . 1
/7 k) (x, s)n" (dsdx) — [ R} (x, s)n(dsdz)| < 7 forj=1,...,1
QX BrRmM X" Qx BrRmxn
Now it is easy to see that the sequence {v; };en where v = ylzg)r(l)) € A generates n & (o, D). O

We are now going to show that if (0,0) € DML (Q;R™*™) is generated by gradients and o is absolutely
continuous with respect to the Lebesgue measure then its generating sequence of gradients may be chosen to
satisfy the uniform boundary conditions.

Lemma 3.4. Let 1 < p < o0, (0,0) € DML (ER™ ™) and o be absolutely continuous with respect to
the Lebesque measure. Assume further that (o,0) is generated by a sequence {Vuy}ren where {ur}ren C
WEP(Q;R™) and w-limg_ oo up = u in WHP(Q;R™). Then there is the sequence {hy}ren C WHP(Q,R™X™)
such that {hy — u}ren C WoP (4 R™*") and {Vhy}ren generates (o, D).

Proof. Let Q; := {z € Q; dist(z,0Q) > 1/j} and {n;};en be a sequence of smooth functions defined on R"
such that for any j € N we have n; = 0 outside Q, n; = 1 on Q; |Vn;| < ¢j with ¢ > 0 independent of j and
0 <n; <1. In particular n;(z) — xa(z) for all z € Q.

Consider f;1, = njur+(1—n;)u. Then {fiz—u} C WP (Q;R™) and V fi1 = 1;V (u,—u) + Vu+ (up—u) @ Vn;.
Let us fix j and let (07, 77) be a DiPerna-Majda measures generated by a subsequence in k of {V f;i } ren denoted
by the same expression. By an easy computation we have

1+ |VfilP) < CA+ |Vugl? + | VulP + |(ur — u) @ Vn,|P),

with some C' > 0 independent of u, j, k, . Therefore for any nonnegative g € C(Q)

| a@ @) = Jm [0+ 9@ d

Q

< Clim [ (14 |Vup(@)P +[Vu(z)[P)g(z)de +C lim | [(ug(2) - u(z)) © Va;(x)[Pg(z) do
—oo Jo —oo Jo

and the first term on the right-hand side is the same as C [, g(z)r(dz) where 7 = o + [Vu|Pdz. The second
term is 0 because by the assumption u; — w strongly in LP(2; R™). According to Lemma 3.1 we we see that
o) < m. Since 7 is absolutely continuous with respect to the Lebesgue measure, so is ¢7. Let us denote its
density by d;.

Lemma 3.2 applied to §2; and to 2\ ©; says that for any v € T% (R™*"), g € C(Q)

klln;o/glv(ijk(x))g(x)dx:klln;o/QU(Vuk(ac))XQj(ac)g(ac)dx + lim (Vfie)xa\q, (v)g(r)dz

v
k—oo (9]

-/ 26, (ds)g(@)xe, (1) (@) e+ lim [ v(Vfix())xare, (@)9(@) do.
Q JBrRmxn 1+|5| k—oo Q

Then

i | [ o900, (o) do

k—oo

o(s) o
/Q/ﬁRRmm 1+ |sp l‘(ds)g(x)XQ\Qj (2)dys (x)d

IN

lolle leollosngmmn / xeng, (@)dy (z) de.
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The Lebesgue dominated convergence theorem yields

tin i | [ o(9 (o)) xone, (g (o) | =0

j—o0 k—oo

and finally, for vo(s) = v(s)/(1 + |s|P)

lim lim U(ijk(m))g(m) dz = /Q/BRRMM vo(8)z(ds)g(z)o(dx).

j—00 k—oo

Now it suffices to apply Lemma 3.3 with A = {V f;i; j,k € N}. O
The following lemma shows that gradient DiPerna-Majda measures are “collected” from homogeneous ones.

Lemma 3.5. Let (0,0) € GDMEL(Q;R™ ™), 1 < p < 4+o00. Then for almost all a € Q, the couple (, 1),
where fip = Uy for a.a. x € Q and 7(dx) = dy(a)dz, is a gradient DiPerna-Majda measure, i.e. (m,fi) €
GDMZ (S R™ ™) and by the formula (2.17) we have

() = ( /R f(jr((?;)p)_ldx. (3.5)

Proof. Notice that (m,[1) € DM%(;R™ ™) by Proposition 2.4. Let {Vui} be a generating sequence of
(0,0) € DML (Q; R™*") with {uy} bounded in W7 (; R™). We look for a sequence {ug ;}ren, j>o0 uniformly
bounded in W1P(Q; R™) such that

Vuj, () = Vug(a+j'x), j>0, z€Q. (3.6)

We proceed similarly as in [33],7Theorem 7.2 and apply Lemma, 3.2 for any w := a + j~'Q with j large enough.
First we choose a € Q. Define V(y) = ds(y) fﬁRRmm v§(s)Dy (ds) where {vf}sen is a dense subset of R. Then

we take a € Q, a € L, N Ly, N2, Ly, (see Sect. 2.1) for any £ € N. The set of such points has the full Lebesgue
measure.
We know that {Vug} is bounded in LP(£2; R™*™). Moreover, w* — limg_,o0 1 + |Vug [P = 0. In other words,

for any £ € C(Q)

Jim [ @)1+ V@) do = [ @) oldn
We take &, ; € Co(§2) such that

0 < Xatj-10(T) <& j(®) < Xapa2j-10(r), € Q.

Then for some constant C' > 0 one gets

lim sup lim sup 5" /(1 + |Vur(2)|P)Xa+j-10(x) de < limsup lim sup 5" / (14 |Vug(z)P)Eq (x) dz
Q

= limsupj” /«fa] o(dz) < limsup j" /Xa+2j*19(x) o(dz) < Cdy(a).

j—o0 j—o00
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This and the Lebesgue differentiation theorem in the form

lim j /+Q/j |[V(z) —V(a)|dz = 0, (3.7)

Jj—o0

whenever V' € L*(€2) and for almost all a (see e.g. [12] p. 9, [16] p. 9, or [33] p. 120), give

1imsuplimsupj”/ [Vug (2)[PXaqj-10(x) dz = limsuplimsup/ |Vug(a + 5 2)|P doe < +oo0. (3.8)
Q Q

j—oo k—oo Jj—o0 k—o0

Suppose that W-limk_,o<> up = u in WHP(Q;R™), u, : Q@ — R™ is given by u,(z) = Vu(a)z and denote
C. = 19| 1fQ uq(x) dz. Take

uje 5 (2) = j(ur(a+ @) — Mak,), (3.9)
where M, ; is a constant chosen so that fQ uzyj(m)dg; = (,. By the Poincaré inequality {U%,j}keN,po is

uniformly bounded in W1P(Q;R™). )
Taking v € Y% (R™*") and g € C(Q) we have

/Q“W“Za(f))g(w) dr = /Qquk(a +57 2)g(x) do = j" /Q o(Vitk (4)) Xa+j-10(0)9 <y ) dy.

j-1
Using Lemma 3.2 we get for all v/ = v§(1 + |- |P) and all g € C(Q) that
: (. ,a -7 (/ Yy—a
lim [ v"(u ;(2))g(z)dz = j / Vo) Xati—12)g ( = ) dy
y—a
+ 5" ) ()7 (ds)Xatj-10(¥)g = os(dy) (3.10)
R mXmn

k—oo Jq
except a countable number of j € R. Passing to the limit for j — oo we get by the Lebesgue differentiation
theorem (3.7)

lim lim UZ(VuZJ(x))g(x)dac— lim I_/g(a—i—j*lx)g( ydz = Vy(a )/ g(z)dz

j—oo k—oo Jq j—o0

/ /gRRW Pa(ds)g(x)ds (a) dz = / /ﬁ ey 0()a(d)g () ().

Indeed the second term on the right-hand side of (3.10) is in the absolute value bounded as follows (recall that
g, ”0 are bounded)

lim j" //
J—o0 BrRmxn

with some C' > 0 because the density of o with respect to the Lebesgue measure is zero and we supposed that
os({a}) = 0. The proof is finished using Lemma 3.3 where we deal with the set A = {Vuy ;; k,j € N}. O

(s)y(ds)Xa+j-10(y)g (yj_la)

ou(dy) < Jim O [ oufdy) =0
+j71Q

J—00

The following result will be useful when we deal with concentrations.

Lemma 3.6. Let o € rca(Q) and w C Q be an arbitrary subdomain. Let us further denote for every r € R the
set wy == {x € w : dist(x, dw) > r}. Then o(Ow,) # 0 for at most a countable number of r.
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Proof. Obviously we can assume that o is the nonnegative measure by substituting the total variation of o
instead of 0. We define the function F': R — [0, 00) by the formulae

F(r) :=o(w,).

As F is nondecreasing and bounded, therefore it cannot have an infinitely many jumps (this simple fact is often
used in the probability theory where one deals with the distribution function, see e.g. [7], Th. 14.1, p. 188). By
the monotonicity property of the (regular) measure we have

t_g}fq F(t) = U(tgr wi) = o(w,) and tJ1$>TF(t) = U(t.gr wt) = o(wy).

Therefore the jump of F at r equals —o (0w, ) and the lemma follows. O

Our next lemma gives a Jensen-like inequality characterizing behavior of © on the remainder S R™>™ \ R™*",

Lemma 3.7. Let (0,0) € GDM% (;R™*™), 1 < p < +00. Then for o-almost all z € Q

/ _U8)_, (ds) > 0. (3.11)
6

RRMmXn\RMXn 1 + |5|p

for all v € Y (R™*™) with Qu > —oc.

Proof. Let {Vuy} generate (o, 7) and let {2z} be the sequence constructed in Lemma 2.2. Denoting wy, = uj —2j
for any k € N we set Ry = {z € ; Vwy(z) # 0}. Lemma 2.2 asserts that [Ry| — 0 as k — co. We get from
Lemma 2.1 that for any v € T% (R™*"™) quasiconvex with v(0) = 0 and any g € C(2)

/ g(x)v(Vwg (x)) da — / g(x)(v(Vug(z)) —v(Vze(x))) de
Q

Q

<laleg [ 10(Vana) = V(o) ~ o(Tuelao + [

Ry, Ry

[v(Vzi ()| dx)

< Cllgllc@) /R (1 + [Vur(z) = Vag(@)P~F + [Vur[P )| Var(@)] + (1 +[Vel?)] da
k

< <</Rk |V z(2)|? d:c) v + /Rk 1+ |Vzg(x)|P dz + /Rk |Vzk(:£)|d:£> (3.12)

for constants C, C' > 0 (which may depend also on supy||Vug||Lr(o) and sup||Vz| (o) ). The last term goes
to zero as k — oo because {|Vz;|P} is relatively weakly compact in L'(Q2) and |Rg| — 0 as k — oo. This
calculation shows that for v € T% (R™*"™) quasiconvex we can separate oscillation and concentration effects of
{Vuy} independently of the used compactification of R™*". Indeed, due to (2.12) we have for any g € C(Q)
and any v € T, (R™*"™) quasiconvex that

) B v(s) .
i [ o(Vur@a@dz=o0) [ g@ars [ @, e1)

k—o00

Let zp € Q and let ¢ € C§°(B(zo,7)), 0 < ¢ < 1. We have for any fixed v € T4 (R™*") with Qv > —oc that
|Qu(s)| < (14 |s|P), for all s € R™*™ with a constant ¢ > 0, ¢f. [24], Lemma 2.5. Therefore if v € Y%, (R™*"™)
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with Qv > —oo we get by Lemma 2.1

B QO < [ Qv e = [ Qucw) Vi) +un(e) & V() de

IN

/ Qu(¢(z) Vg (2)) dz + 04/ (14 [¢(2) Vg (z) + wi(2) @ V()P 1) |wg(2) @ V()| da

B(zo,r) B(zo,r)

" a/ (¢ (@) Vg (2) P~ 1) |wye () @ V()| dz < / Qu(¢(z)Vuwg(x)) dx (3.14)
B(zo,r) B(zo,r)

* O‘/ (1+ 27 1)[¢(2) Vg (2) [P~ ok (2) @ V¢ ()] da
B(zo,r)

" a/ (2w () @ V¢(@) [P ) w (x) @ V()| da
B(=zo,r)

< /( )Qv(((x)Vwk(x))dx + a1+ 22 V)|V | e s 1105 © V| o ()
B(xo,r

+ 2" laflu ® VCHI[)})(Q;]R")'

Since wy, — 0 strongly in LP(Q; R™) and {Vwy }ren is bounded in LP(£2; R™*™) the last two terms tend to zero
if k — oo. Therefore we have

| B(zg,r)|Qu(0) < likminf/ Qu(¢(z)Vwy (z)) da. (3.15)
—° JB(zo,r)
Let us choose such r > 0 that o(0B(zg,r)) = 0. This is possible due to Lemma 3.6. We continue with the

following estimate for a suitable subsequence of {Vwy} (not relabeled). Note that we use Lemma 3.2 with
w = B(xg,r).

lim Qu(¢(z)Vwg(z))dz < lim Qu(Vwy(x)) dz (3.16)
k—oo B(a:g,r) k—oo B(a:g,r)
+ a lim (1—¢(2))(1 + ¢PH2))|Vwg (2)|P do + o lim (1 —<¢(x)|Vwg (z)| dx
k—oo B(zo,r) k—oo B(zo,r)
|s[” _
= [ Quvm@)dr o / . /ﬁ o T AL = ()14 ¢ ) ()

i / B(zo,r) /R]Ran 1 —+ | |P Az(ds)(]‘ - C(m))a(dl’)

Taking into account (3.15) and (3.16) and a sequence {(;}jen C C5°(B(x0,7)), 0 < {; < 1 pointwise tending to
XB(zo,r) 0-a.¢. we have by Lebesgue’s dominated convergence theorem

|B(zg,7)|Qu(0) < lim Qu(Vwyg(x)) dz.

k—o0 B(zo,r)

The right-hand side is not greater than

o)
BroQuoys [ [ e (317)

€ S aswell

Indeed we can consider a complete separable ring S of bounded continuous functions such that ; +| E

as € §. The metrizable compactification SsR™*™ may be possibly finer than SrR™*"; ¢f. Remark 2.5

1+\ B
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for the construction. Then we have (perhaps up to a subsequence; ¢f. (3.13))

lim Qu(Vwy(x)) dz = |B(zo,7)|Qu(0) / / 7162”(5)10 Uy (ds) o(dz)
k—oo JB(zg,r) B(zo,r) J BsRmXn\Rmxn +|s|

for (0,7) € GDMEL(; R™*™). Notice that by (2.10) o is independent of the used ring S. Since Qu < v we have

lim Qu(Vwyg(x))dz < |B(zo,r)|Qu(0) /B( )/ S 1+(|)|p »(ds) o(dz).

k=00 J B(x0o,r)

Asvg=v/(1+4]|-|P) € S, too, we have using (2.19)

lim v(Vug(z)) do =/ / v(s)vz(ds)
k=00 JB(w0,r) Bl(zo,r) JRmxn
v(s)
+/ / U, (ds) o(dz)
B(zo,r) JBsRmXn\RmXxn 1+ |S|p 1( ) (
=/ / v(8)vy(ds)da
B(JCO,”') RmXn
+/ / LS)f/ (ds) o(dx)
B(wo,r) J BrRmXn\RmXxn 14+ |S|p v ’

where v € YP(Q2; R™*") is the Young measure generated by {Vuy}ren. Therefore,

/ / v(8) , (ds)o(ds) = / / v(s)
B(wo,r) J BrRMXn\RmXn 1+ |S|p B(zo,r) JBsRmxn\Rmxn 14 |5|p

Combining (3.18) and (3.18) we arrive at (3.17).

Thus it yields
0< / / v(8) 5 (ds) o(de).
B(zo,r) JBrRmXn\RmXn 1+ |5|p

Therefore, by Lebesgue Besicovitch differentiation theorem [12], p. 43 for any o-Lebesgue point zg of z —
U, (ds) and any sequence {r; } jen such that B(zg,7;) C Q, 0(0B(zo,7;)) =0, and lim;_ o r; =

U, (ds) o(dz).

fﬁRR’"X"\R’"X" 1+‘ |p
0 (its existence follows from Lemma 3.6) we get

. 1 v(s)
lim —— / / )5 (ds) o(de)
j—oo O'(B(QL'(),TJ')) B(zo,r;) J BrRMXn\Rmxn 1+ |S|p “
V(S .
= / 1(7)pl/x0 (ds)
BrRmMXn\RMm X7 + |S|

We continue similarly as in [14]. The previous calculation yields the existence of a o-null set E, C © such that

0< / o), (ds)
ﬁR]Ran\]Ran ]. + |S|p

if v € E,. Let {v§}ren be a dense subset of R, so that {vF}ren = {0§(1 + |- |P)}ren C T (R™*™). We define

E=J U ok (1/5)1+1-17)-

k {jeN; Q(v*+(1/5)(1+]-[P))>—o0}

o
IN
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Clearly o(E) = 0. Fix x € (Q\ E), v € T%(R™*™) such that Qu > —oco and choose a subsequence (not
relabeled) {v&}en such that

. 1
vf — vp in C(BrR™™) and ||Jvf — vollogrrm*n) < =

j(k)

where j(k) — oo if & — co. We have

1
() + (L [sP) > 0P (s) + (14 [sIP) lof — vollcqsammnn)

J(k)
> 0" (s) +[ug (s) — vo(9)|(1 4 [s[) = v(s).

Thus, Q(v* + ﬁ(l + [s[P))+ > —o0, as well, and because x ¢ E then x & Eyk 1 (1/j(k))(14-») and

1
0 < [lim <U§(5) + —> Uy (ds) = / vo(8)0x(ds)
k—o0 BrRMXn\RmXn j(k’) BrRMXn\RMX"N

- / v(s) 5 (ds). O
BrRMXn\RmXn 1 + |5|p

We are now ready to formulate necessary conditions for a gradient DiPerna-Majda measure.

Proposition 3.8. Let Q C R™ be an arbitrary bounded domain. Let {ux} C WHP(Q;R™*") 1 < p < +o0 be
bounded. Let further {Vuy} generate (o,0) € DML (Q;R™*™) Let d, be the density of o with respect to the
Lebesgue measure.

Then the following three conditions hold:

S

Jue WP R™) : Vu(z) = dy () / Pe(ds) (3.18)

BrRmxn ]. —+ |S|p

for a.a. x € Q,
for a.a. x € Q and all v € T4 (R™*™) the following Jensen inequality is valid

Qu(Vu()) < dy (x) / v) 5 (as) (3.19)

BrRmxn 1 + |S|p

and for o-almost all x € Q)

v(s) .
0< / ) 5 (ds 3.20)
BrRmxn\Rmxn 1+ |sp 1( ) (
for all v € Y4 (R™*™) with Qv > —oc.
Moreover, if Q has extension property in W' and additionally {ux —u}ren C Wy P(Q; R™) then (3.20) holds
for g-almost all x € Q.

Proof. We start with the proof of the first part of the proposition deriving conditions (3.18), (3.19), (3.20).
(i) Suppose first that €2 is Lipschitz. As p > 1 we assume that {uy}x converges weakly to u € Whp(Q; Rm*n),
Thus for any g € C(Q)

s
lim Vur(x)g(x dm:// —— U, (ds)g(z)ds (x) d,
[ vu@g@ar= | [ @ @)

k—oo
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which gives (3.18) by the density argument.

Let us take a fixed a € Q, a Lebesgue point of Vu and d, and denote YV := Vu(a). By Lemma 3.5
(7, fig) € DME(Q;R™ ™), i, = Dy and 7w(dz) = dy(a)dz is a homogeneous DiPerna-Majda measure with a
generating sequence {Vy}, where {w,} C WHP(Q;R™). Using Lemma 3.4 we can suppose that @y (z) = Yz
if x € 9Q and k € N. We have for any v € Th (R™*")

/U(Vu?k(x))dac > 19Qu(Y). (3.21)
Q
Hence, we calculate for any v € T% (R™>") with the finite quasiconvex envelope

. N v(s)
1 dz = dy(a)|Q —
dm J o(@k(@)) de @I | e T 5P

QQu(Y),

Vg (ds)

Y

which proves the first part of the statement for Lipschitz 2 because (3.20) follows from Lemma 3.7.

(ii) Assume now that €2 is an arbitrary bounded domain. We cover 2 by a sequence of its subdomains
Q; C Q with a Lipschitz boundary such that dist(£2;,08) < % Using Lemma 3.6 we may additionally assume
that o(9€2;) = 0. We use Lemma 3.2 and deduce that if {Vuy} generates (o, #) then the same sequence restricted
to each §2; generates (o, ) restricted to ;. Therefore (3.18), (3.19), and (3.20) are satisfied on each ; with
the same (o, ?) and v and it remains to let j — +o0.

Now we prove the last statement in the proposition.

Let @ be an extension of u to R™. Let us extend each function uy to R™ by plugging @y (x) := @(z) outside Q.
Nikodym ACL Characterization Theorem (see e.g. [29], Sect. 1.1.3, Th. 2) ensures us that each @y belongs to
WLP(R™,R™). Let  be an arbitrary bounded domain with Lipschitz boundary such that Q ¢ Q and let (5, 77,
be generated by {Viig }ren restricted to Q. Decomposing for any v € YL (R™* ™) and g € C(Q):

/Qv(Vﬁk(m))g(:c)dx:[ v(Vﬁ(x))g(x)der/v(Vuk(:c))g(:c)d:E

aO\Q Q

and letting k converge to 400 we observe that { Vi }ren generates a DiPerna-Majda measure (&,7) on Q such
that o o
- ) A+ |Va()P)dz on Q\Q  _ [ dyue ifreQ)\Q
g = 2 Uy = . =
o on Q Vg if x € Q.
As Qis a boundgd domain with a Lipschitz boundary, we observe by Lemma 3.7 that (3.11) holds true for
F-almost all z € Q. In particular it holds true for calmost all = € Q. (I

A remark is in order.

Remark 3.9. (i) In fact, (3.20) together with the characterization of gradient Young measures by Kinderlehrer
and Pedregal [22] always imply (3.19). Namely, the characterization of gradient Young measures gives for v
continuous, v(s) < C(1 + |s|P), that

Qu(Vu(z)) < dy(z) / v(s) Dy (ds),

RmXn 1 + |S|p
for almost all x € Q. This together with (3.20) implies (3.19).

On the other hand, if o is absolutely continuous with respect to the Lebesgue measure we see that (3.19)
implies (3.20). To see this, decompose {ux} by means of Lemma 2.2 and observe that Vwy — 0 weakly in
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LP(Q; R™*™). Moreover, taking v € Y4 (R™*") with Qu > —oo, Qu(0) = 0, we have applying (3.19) from
Proposition 3.8 to {Vwy }ren and in view of (3.13) and Lemma 3.2 that

0< /ﬁ Quls) j (as) < /ﬁ o) (ds)

RRan\Ran 1 + |3|p RRan\Ran 1 + |S|p

which gives (3.20). Note that the requirement Qu(0) = 0 does not restrict generality because we can always
put o = v — Qu(0) for v € TH (R™*™), Qu > —oo and clearly

/ ﬂﬁz(ds) :/ ﬂﬁz(ds).
ﬁRRan\Ran 1 + |3|p ﬁRRmX"\RmX” 1 + |S|p

Saying otherwise, (3.20) gives an extra condition only if o has a singular part.

(ii) An arbitrary bounded domain with Lipschitz boundary has the extension property in WP, It is shown e.g.
in [38], Section VIL.3.

(iii) Condition (3.20) is analogous to the formula (5.1) in [14]. Particularly, if GrR™*"™ is the compactification
by the sphere (3.20) coincides with [14], formula (5.1). As (0,?) € DM%(Q; R™*™) must be such that o is
nonnegative our conditions (3.19) and (3.20) imply conditions (i) and (ii) in Step 1 [14], p. 748. Note that as
they use functions g : 2 — R vanishing on 02 they do not need to take care about the behavior of the varifold
for z € 5.

4. SUFFICIENT CONDITIONS

This section is devoted to deriving sufficient conditions on a DiPerna-Majda measure to be generated by
gradients. First, we show that DiPerna-Majda measures generated by sequences with the same affine boundary
datum define homogeneous measures.

Lemma 4.1. Let 1 < p < +00, {urfren € WHP(;R™) be a bounded sequence such that ug(z) — Yz €
Wol’p(Q,Rm) for any k € N, any x € 0Q where Y € R™*" is fized. Let (0,0) € GDMZL (Q;R™*™) be generated
by {Vur}. Then there is a bounded sequence {wy} C W'P(Q; R™) such that {uy, — wg }ren C Wy P(Q; R™¥"),
{Vwg }ken generates (6,5) € GDME, (G R™*™), & is absolutely continuous with respect to the Lebesque measure
and its density dgz(x) = o(Q)/|Q| for any x € Q. Moreover, for any vo € R and almost all x €

17 *L vo(8)0z(ds) o(dx
/ﬁRRmxnvo(s)l/z(ds) ) /Q/BRRMM 0(8)0(ds) o(dx), (4.1)

i particular (6, f/) is homogeneous.

Proof. We follow the proof of [33], Theorem. 7.1. The family
A={zca+eQCQacQ, e<j'}

is a covering of Q. There exists a countable collection {z € a;; + eijQ}, €;; < 1/j of pairwise disjoint sets and

Q= U{x € a;; + GijQ} UNj’ |NJ| =0.
i
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We see that >, € = [©2]/[Q2] = 1. We now take for uy (z) = Yz, z € (, the following sequence of mappings

wi (I) _ { €ikUL ( ;k”“) + uY(aik) if x € aj + €2

uy (x) otherwise.

Therefore, wy = uy on 02 and for a.a. x €

Vwr(z) = Vg <”” — “"k) .

Cik

‘We have

Vuk ( a'zk)‘ dax = Z 7,]{7/ |VUk; |p de < C.

€ik

/|Vwk |pd:cfz/
aip+teipd

Hence, the Poincaré inequality yields the bound on {ws} in WP (Q; R™). Further, for any v € Y% (R™*™) and
g € C(Q) we get

/Qv(Vwk(:E))g(m) de = Ze?k/ v(Vuk(y))g(aix + ery)dy =1+ 11,

1

Z zk/ (Vur(y)) (g(air + €ixy) — glaix + €xbix)) dy

1
I = <WZ|Q|E?k9(aik+€ikyik)>/Q’U(vuk(y))dy’

where 7, € € is chosen arbitrarily. Note that |I| < My(3) Jo lo(Vur(y))|dy — 0 as k — oco.
The second term is the Riemann sum for fQ g(y) dy. Hence

Jim [ oV (e))g(e) dr = / |ﬂ| / /BRRW .
:/g(m)dx |Q| /gRRWW” (577 (ds)
/ /gRRW 5)0z(ds)g(z)7 (dx). _

It is well known, see e.g. [33], that the set of homogeneous W1 P-gradient Young measures v given for any
v € Cp(R™*™) by

. LP(Q:R™), u(x) = Yo, x
/RWMU(S)V(ds)z W/QU(Vu(x))dx, ue WHP(Q;R™),u(z) = Yz, z € 09 (4.2)

is convex. Let us denote it by My . As Young measures generated by sequences bounded in LP(; R™*™) can
be embedded into DML (Q;R™*™) (see [36], Rem. 3.2.16) we get that My is mapped into a subset my of
DMPE (Q; R™*™) where (7, i) € my if for some u € WHP(Q;R™), u(z) = Y if x € 9Q we have

1 P
dy = @/Q(ku(xn ) da (4.3)
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and for any v € Y4, (R™*"™)
. 1
/ vo(s)fr(ds) = m/ v(Vu(z)) de. (4.4)
BrRmMmXxn ™ Q
Thus we can define 7, € rca(2 x frR™*") by

1
(g ©w) = o / o(Vu(z)) dz / o(y) dy, (4.5)

where v € T% (R™*") and g € C(). Here we used the fact that the linear hull of {g ® vo; g € C(2), vo € R}
is dense in C(Q x BrR™>™). We see by the inspection of My that 7, is a gradient DiPerna-Majda measure
from DMZ (€; R™*™). Namely, if {Vuy}ren generates v from (4.2) then the same sequence generates 7,,. Let
us also introduce ), € rca(SrR™*™) defined for any vy € C(BrR™*"™) by

(s vo) = (N, 1 ® vo) = /Q’u(Vu(:c))dx.

Clearly as My is convex, so is
My := {ijy; u € W'P(Q;R™), u(x) = Yz on dQ} C rca(frR™*™).
We have the following result.

Lemma 4.2. Let 1 < p < 400 and (o,0) € DMY (Q;R™*™) be homogeneous, i.e., Uy = Uy for all z,y € Q and
o be absolutely continuous with respect to Lebesgue’s measure with the constant density

oo (], 2

such that for any v € T4 (R™*™)

" [ s dg) > Quiv), (4.7)

BrRmxn 1 + |5|p

where

S
Y = dg/ v(ds).
BrRmx*n 1 + |S|p (

Then (o,0) is a homogeneous gradient DiPerna-Majda measure. Moreover, there is a sequence {Vwy }ren
generating (o,0) such that {wy — Yz }ren C Wy (Q,R™).

Proof. Multiplying (4.7) by || and defining & € rca(Q2 x SrR™*") by

. o),
Coom=[d [ TG (48)

for any v € Y (R™*") and g € C() we get that (4.7) is equivalent to

(Tg, v0) = (€, 1 ® vo) = |Q|Qu(Y), (4.9)
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where T¢ € rca(SrR™>™) is defined by the relation <T€, vo) = <§ ,1 ® vg). We will use the Hahn-Banach theorem
to show that two subsets of rca(frR™>™): My and T where T is given by

T := {Te; € given by (4.8) and satisfies (4.9)},

considered as sets of functionals on the space C(BRRMX") (with the weak* topology), cannot be separated by
an element of C(BrR™*™). It is easy to see that My cT. Suppose that there is a € R such that for a fixed
vo € R (fju,v0) > a for all u € WHP(Q;R™), u(z) = Yz if # € 9Q. This means that [, v(Vu(z))dz > a for any
u € WHP(Q;R™), u(x) = Ya if 2 € 02 and therefore Qu(Y)|Q| > a; ¢f. (2.2). Hence, by (4 9)

(Te,v0) = (£,1®@ o) > [QQu(Y) > a.

As this happens for each a, Hahn-Banach theorem implies that T, € My, where the closure is in the weak*
topology. As C(BrR™*™) is separable it follows that weak* topology of rca(SrR™*™) is metrizable on
bounded sets. Therefore there is a sequence {uy} C WP(Q;R™), ui(z) = Y on the boundary such that
limy— oo (Nuys 1 ® v9) = (€§,1 ® vp). In other words, for any v € T4 (R™*™)

. v(s) .
lim v(Vug(z))dx = d,|Q2 r(ds). 4.10
Jm [ @) de=doio] [ e (410)

Let (1,G) € DM (Q;R™*") be generated by {Vuy} or its subsequence. Then for any v € Y% (R™*™) and
9€CQ)

lim [ v(Vug(x dx//gRRan T+ s |p bz (ds)g(x) T(dx). (4.11)

k—oo 9]

Now we are going to apply Lemma 4.1 to (7, &). It gives us the existence of {wy} C WP(£; R™) with the same
boundary conditions as {uy — wg} C Wy (Q; R™*™) such that

i = T xi v(s) G (ds)7(dax
Jim [ o@un@nowar = [ gmarg [ [ e (1.12)

Expressing the equality (4.11) for g = 1 by means of (4.10) and plugging it into (4.12) yields

' _08) ias
dm [ o(Cu@Ng@ e = dr [ gw)ds /ﬁ T
o(s)

//5R (@9 (d),

which implies the thesis. O

Lemma 4.3 (see [33], Lemma 7.9, for a more general case). Let Q C R™ be an open domain with |02 =0 and
let N C Q be of the zero Lebesgue measure. For v : @\ N — (0,+00) and {fr}ren C LY(Q) there exists a set
of points {a;;} C Q\ N and positive numbers {€;1.}, €ix < rr(air) such that {a;x + €xQ} are pairwise disjoint
for each k € N, Q = Ui{a, + €ixQ} U Ny, with |[Ng| = 0 and for any j € N and any g € L=(Q)

klgglo ; fj (aik) /aik"rﬁikﬂ g(x) v = /Q fj (I)g(x) a
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Proposition 4.4. Let (0,0) € DML (S R™ ™), 1 < p < +o0, be such that o is absolutely continuous with
respect to Lebesgue’s measure and let d, be its density. Let further the following two conditions hold:

S
3 wWhP(Q;R™) : V =d, ——,(ds), 4.13
weWH(QR™) ¢ Vule) = dy(a) [ o) (1.13)
for a.a. x € Q and all v € TH (R™*™) the following inequality is valid
Qu(Vu(z)) < dy(z) / o) as) (4.14)
- BrRmxn 1 + |S|p r ’ ’

Then (o,0) is generated by gradients, i.e., belongs to GDM, (; R™*™).
Moreover, its generating sequence, {Vug}ren, can be chosen in the way that {ur — u}ren C Wol’p(Q,Rm).

Proof. We will divide the proof into two steps. Although step (ii) is a generalization of (i), we believe that it is
instructive to look first at a simpler case.

(i) Suppose first that u in (4.13) and (4.14) is zero. We are looking for a sequence {ug}reny C WHP(;R™)
satisfying

. — 71)(8) Uy (ds)g(x)o(dx
im [ oo de= [ [ s

k—o0

for all g € I" and any v = vo(1+] - ), vo € S, where I and S are countable dense subsets of C({2) and R.
Take r,, = 1/k and using Lemma 4.3 find a;, € Q\ N, €; < 1/k such that for vy € S and g € C(Q)

Jim ;V(aik) / e g(z)dz = /Q V(x)g(x)de, (4.15)

where
Viz) = dg(m)/ﬁ _— vo(8) 0, (ds).

The system a;, + €, exhausts almost all Q. We may assume that a;, &€ N, |[N| = 0, by (4.14) and by
Lemma 4.2 we can assume that (d,(a;;)dz, g, ) is a homogeneous gradient DiPerna-Majda measure living in
DML (Q;R™*™) and we call {ué-k}jeN its generating sequence. Recall that u = 0, so w-lim;_,« u;'.’“ =0 in
WHP(Q; R™) and by Lemma 3.4 we can even suppose that {u’*}jen C WP (€; R™*™) and

lim U(Vu;k(m))g(m) dr = V(a) /Q g(x)dx. (4.16)

J—00 (9]

Define the sequence
un(z) = eikuék (—”Zqi") if x € a;, + €102
0 otherwise.
Let T' x S = U, By, with Ey, C Ej1, finite sets. For k, i fixed we take j = j(k, ) so large that for all (g,vg) € Ek

1
< —-
- 2k

e / glaan + eny)o(Vu (v)) dy — V(a) / o(z) da
Q aiptein
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Here we exploited (4.16) written for §(y) = g(aix + €ixy) instead of g. Using this estimate and (4.15) we get for
any (g,v9) €' x S

lim [ g(x)v(Vug(z))dx lim €. /Q glaix + eiky)U(Vu;'.k(y)) dy

k—oo Jq k—o00 “—

lim V(aik)/ g(x) dxz/V(x)g(x) dz
k—oo & aik+eir Q

_ /Q /ﬁ R vo(s)7 (ds)g () o(de)

as we wish. It is clear that ug —u € Wy *(, R™) for every k.
(ii) If u # 0 the proof is more technical. We follow [22]. As u € WHP(Q; R™) we take a € Q and for € > 0 small
enough define

Wa,e(y) = € ula + ey) — u(a) — eVu(a)y].
We have that w, . € WHP(Q; R™) and

Ve, (y) = Vu(a + ey) — Vu(a).

Based on Reshetnyak’s result (see Th. 1 in [34] for © being a ball, an arbitrary case follows easily from this
particular one), we have that for ¢ — 0 and a.a. a € Q

|2 [uo + ey) = w(a) — eVu(a)ylllwsrioy — 0.

Thus, for almost all a € 2,

llz}% ||Vwa,€||Lp(Q;Ran) = 0,

and by the embedding theorem we find oo > p* > p such that
151(1) Hwa,€||Lp*(Q;]R7n) =0. (417)

Let’s say that this is true for all a € Q\ N, where |[N| = 0. Then for a € 2\ N and any k € N there is ri(a) > 0
such that if € < r(a) then a + €Q C  and

(4.18)

El

(/g (¢ [ula + ey) — ula) — eVu(a)y])” dy) T <

We are looking for a sequence {uy}ren C WHP(Q; R™) satisfying

Jm [ o(Vu(r))g(x) dr = /Q /ﬁ Rmxn11(Ti|pﬁx(ds)g(x)a(dx)

for all g € T and any v = vo(1 + | - |P), vo € S, where I' and S are countable dense subsets of C(Q2) and R.
Take 7 : Q \ N — R and using Lemma 4.3 find a;x € Q\ N, € < ri(a;x) such that for all vy € S and all
geC@)

lim V(aik)/, N Qg(:ﬂ)dx = /QI_/(x)g(x)dx, (4.19)

k—o00 “—
i
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and
lim 37 V()| / g(z) da = / IV (2)]g(x) da,
k—o0 i aip+ein2 Q

where

Viz) = dg(m)/ﬁ _— vo(8) 0, (ds).

(4.20)

We can assume by Lemma 4.2 that (d,(a:;)dx, D, ) is a homogeneous gradient DiPerna-Majda measure living

in DML (Q; R™*™) and we call {Vuék}jeN its generating sequence. It means that

lim U(Vu;'-k(ac))g(ac)dx = V(aik)/ g(x)dx.
i—ee Jo Q

We have that

w— lim u?* = L% in W'P(Q;R™),

J—00 J

where for almost all # L*(x) = Vu(a)x. Let Qp = {x € Q; dist(z,0Q) > £~ 1}.
In view of Lemma 3.2 and (4.21) we have

lim U(Vu;'-k(ac))g(ac) dz = V(aik)/ g(x)dx.
= Jave, Q\Q
Particularly,
lim lim U(Vu;'-k(m))g(m) dr = V(a) lim g(z)dx = 0.
£—00 j—00 Q\ Q2 £—o0 O\ Qe
By Lemma 4.3

Q= U{l‘ € a;r + eikQ}UNIm |Nk| =0.
We define a sequence of smooth cut-off functions {n,}sen such that

0 in Qy,
W(x){ 1 on 06

and |Vn,| < C?¢ for some C > 0.
Further, take a sequence {uf }en C WHP(€; R™) defined by

[“(aik) + epulf (%)} (1 — e (%))

4

u(x) otherwise,

where j = j(i, k, ) will be chosen later. Note that for every k and [ we have u}, —u € Wol’p(Q, R™).

uy(z) = Fu(a)n, (rz_tzm> if x € ai + €,

(4.21)

(4.22)

(4.23)

(4.24)
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We calculate for © € a;i + €582

Vuf;(x) = Vuék (x — aik) (1 — e (x _ aik))
€ik €ik

utom (I ;:zk) (4.25)
o (252 5 (52

+ [V’u(aik) <x E.Zik) - u;k (m E.Zikﬂ ® Vg (m G,Zik>

= Ay (x) + Bjy.(z) + Cjj.(x) + Djj.(x)

and let A% (z), Bi(z), Cf(z), Di(x) be defined on the whole set Q (up to a set of measure 0) by A% (z), B (@),
Ch.(x), D% (z) respectively on each set a;; + €50

Obviously, {|Bi|P}ren is weakly compact in L'(Q;R™*™). Further, (4.18) implies that
limy— oo limy— oo ||CY, HIZ?(Q;RWM) = 0. Moreover, lim/_o limg_ o HDiHiP(Q;Rmm) = 0 if we take j = j(i, k,1)
so that [, [Vu(ai)z — ulf(2)[Pde < z due to (4.22).

Let us fix k,i,¢. We can eventually enlarge each j = j(i, k, £) so that additionally for any (g,vo) € Fx

) _ 1
i [ oton + )Vt @)dy - Vi) [ gla)de] < o (4.26)
Q aip+einsd 2'k

and

n ik n y; 1

€ik glai + €iy)v(Vus (y)) dy — €3,V (aik) glai + €iry) dy| < ——-

Q\Q Q\Q 2tk

We have

/Q o(a)o(Vi () e = 3 /Q oo+ )V ) dy 3 /Q gl + eny)o(Vu (4)) dy

\ Q2
+ Z €ik / g(air, + eiry)v(Vug(ai, + eiry)) dy = Ty — Tig + Tip.
7 O\Q
We see that

lim lim T}, = lim V(aik)/ Qg(x)dacz/gf/(x)g(x)dac
aikteir

l—o00 k—o0 k—o00 4=

_ /Q /ﬁ R vo(s)7 (ds)g () o(de).

Applying (4.20) with g = 1 yields

I V(a0 = [ [V .
Jfim 3 V@i = [ 17)]as
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Therefore, we have

lim lim |T? lim i 4.27
A B el = Jig, 427

Z eV (air) / g(air + €ixy) dy

Q\Q,

IN

. . i |Q\Q€| n [/
Jim lim ”gHC(Q)W 21: e[V (air)|

199 '
Jim B lgllo [ 17@)]dr =0

because |2\ €¢] — 0. We show that also limy_ limg_.oo T, = 0. Indeed, for a constant C > 0 we have

<C ef/ 1+ [Vuik(y)|P) dy
Zi: kQ\m( Vi (y)[”)

+ C’Z €k / |B£(aik + €eixy) | dy + C’Z €ik / |C£(aik + eny)|” dy
i Q\Q, P O\

g(ai + eiy)v(Vug (am + €iry)) dy

n
€ik

+ ) G?k/ Dy (@i + eay)[P dy = Jiy + T3+ Jiy + Jiy-
p Q\Q,
We prove that P; := limy_ limg o0 Jj; = 0 for every ¢ € {1,2,3,4}. Indeed,

Pg/é = lim lim J3;/C = hm lim Z/ N (Q\Q)|C€( y)|P dy < hm lim Z/ N Q|C£(y)|l’dy
aik+eir ¢ Ak TEk

l—o00 k—oo —00 k—00 —00 k—00
%

JimTim / |CE(y) [P dy = 0
and by almost the same arguments Py = 0. We also have P; = 0 due to (4.27) computed for vg = 1 and g =1
and P» = 0 because the sequence {|Bf|P}ren is weakly compact in L1(Q).

Consequently, for all (g,v9) € T x S

lim lim [ g(z)v(Vu dz//ﬁﬁﬂwxw $)0,(ds)g(x) o(dx).

L—oo k—oo Jo

The proof is finished now by Lemma 3.3. The fact that {uy} can be chosen to have the same boundary conditions
as u follows from construction of u!. O

Remark 4.5. No regularity of the domain Q other than |092] = 0 is required for this proof. The only place
where it could play a role is (4.17). But it is true for every  because wq (y) uses the values of w only in the
set a + €€ which is contained in ) together with its certain neighborhood.

Finally, we prove the general result with ¢ having possibly also a singular part.

Proposition 4.6. Let Q@ be an arbitrary bounded domain such that |02 = 0, 1 < p < 400 and (0,0) €
DM (G R™*™) be such that the following three conditions hold:

S
mxn 1 + |S|p

Jue WHP(Q;R™) : for a.a.x € Q Vu(z) = dg(:v)/ Uy (ds), (4.28)
R
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for almost all x € Q and for any v € YL (R™*™) the following inequality is fulfilled

Qu(Vu()) < dy (x) / _U8)_ (ds), (4.29)

BrRmxn 1 + |S|p

for o-almost all x € Q and all v € T, (R™*") with Qv > —oo it holds that

og/ o) 5 (as). (4.30)
B

RRMXn\RMXn 1 + |S|p

Then (o,0) € GDMG (Q; R™*™). Moreover, its generating sequence, {Vug }ren, can be chosen in the way that
{ur — ubren C WyP(Q,R™).

Proof. Notice that if the singular part of o vanishes then the assertion follows from Proposition 4.4. Hence, we
suppose that o5 # 0. The proof is divided into two steps.
(i) We first suppose that the singular part of o, o, consists of a finite sum of atoms, i.e., o5 = Zivzl @;i0y,
where ¢; >0 and z; € Q2,1 <i < N.

First, note that by Lemma 2.3 inevitably fﬁRRmX"\Rmxn Uy, (ds) =1 for 1 <4 < N. We define B(z;,r) C
such that B(z;,r) = {x € Q; |z; — x| < r} for r > 0 sufficiently small , i =1,..., N, and B(z;,r) N B(z;,r) =0
if i # j. We define fori =1,..., N

1 p
N(r) = —/B(W)(H Vu(@)]?) da.

%

As lim, g A;(r) = 0 we will only consider r < r¢ for 7o > 0 so small that 0 < \;(r) < 1.
Further, put for a.a. z € Q

Y lA/;c lfI S Q\Uz]-VZIB(ji,T) (4 31)
z Ai(1)0vu(@) + (1 = Ai(r))0e,  if 2 € B(wy,r) :
and the measure o, = d,,.dx defined through its density d,, as
d, () if v € Q\UN,B(z;,r)
do, (z) = { 1+|)\Vi7(igﬂ)|p if z € B, 7). (4.32)

It is easy to verify by means of Proposition 4.4 that (o,,2") € DM% (Q;R™*™). We see that for almost all
x €
s B
d,, () /Rmm T s vy (ds) = Vu(z)
and that due to (4.30) for almost all x € B(z;,r)

(1) (Qu(Vu()) — v(Vu(x))) o(s)
0- N+ Va@p) 0= /ﬁ

Uy, (ds).

RRMXn\RM X7 1 + |S|p

Altogether we have for any v € T% (R™*") with Qv > —o0

Qu(Vu(w) < do, @) | o))

BrRmxn 1 + |5|p
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and by Proposition 4.4 there is {u}} € WP(Q; R™) such that {Vu} }ren generates (o, ") € GDM?Y (; R™*™)
and {ug — u}ren C WO P(Q,R™*"™). B
We calculate for any vy € R and g € C(2)

lim// vy (ds)g(z) or(dz) = lim / vo(8) 0 (ds)g(x)dy (z) dz
r—0 Rmxw r—0 O\UN_, B(z;,r) J BrR™*"
+ lim Z / e 2))g(z) dz

1-— )\Z(T)

b lim 7/ ()1 + |Vu(ac)|”)dx/ vo(8)Da, (ds) = T+ IT+ ITI.
r—0 i— Ai(r) B(z;,r) BrRm X"

Obviously, I + 1T = [q [5 gmn v0(8)7s(ds)g(2)ds (z) dz, while

N
I = Z /B(L Lo IW(w)Ip)dI/ vo(5)7, (ds)

/BRR"L Xn

~ 1 ) i
- </5Rnwmv°(s)y“(ds)) ) Jpe,m (1 + [Vu(z)P) do /B(W)g(f)(H [Vu(2)[")d

gl /ﬁ o 007 () / /ﬁ o 0(E)(dS)g(r) 0 ().

I
Mz

.
Il

|
.MZ

7

Finally, it yields

lim lim [ o(Vuj(z dm//ﬁ Rmm (s)0z(ds)g(z) o(dx). (4.33)

r—0k—oco Jo

Lemma 3.3 implies the existence of a bounded sequence {Vuy}ren such that {ur — u}lreny C Wol’p(Q,RmX”)
and

k—oo (9]

lim [ v(Vug(x d:cf// Rmm (8)0z(ds)g(z) o(dx), (4.34)

whenever v € Y%, (R™*") and g € C(12).

(11) Now we prove a general case. Take | € N. There exists a finite partition P; = {Ql }Jg ) of Q such that
31 ﬂQﬁ =0, 1 <7 <jo2 < J() and all Qg are measurable with dlam(Qg) < 1/1. Besides, we may suppose

that, for any [ € N, the partition P4 is a refinement of P; and that int(Ql) # () for all j. Let o, be the singular

part of . We set al = o4(€)), where o is the singular part of o. Let us put
N() = {1 <j < JQ); d} # 0}

take if i € N(I) take x; € int(Q!) and define a measure (o', ?!) by the formula o'(dz) = d, () + DieN@) atd,,
and

U, ifxFux
oL if w =y,

>
gN
Il
—

(4.35)
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where supp Dil C BrR™*™\ R™*" and for any vg € R

[ o0 = s /Q s ), (136)

Using Lemma 2.6 we can equivalently rewrite (4.36) as

. 1 .
/ ’uo(s)z/i% (ds) = —l/ / vo(8)0(ds) os(da).
BrRmMXn\RmXn O'S(Q,L-) Qi BrRmMXn\RMXn

Part (i) implies (o!,2') € GDMDE, (; R™*"). Indeed, the fact that (o!,0') € DML (;R™*") is checked by
using Proposition 2.4. Moreover, an easy verification shows that (4.28), (4 29) and (4 30) are also satisfied for
(0!, 9') and (4.28) holds with the same function u.

Let {ul}ren C WHP(Q;R™) be such that {Vul}ren generates (o!,9') and additionally {ul — u}y C
W, P (€, R™). We have for any [ € N

lim [ (1+|Vuk(z)P)dz =o'(Q) = 0(Q) (4.37)

k—o0 O

and for any vg € R and any g € C(Q)

i ([ ] kg e~ [ s o)

= lim Z g(Ii)US(Qé)/ vo(s)ﬁii(ds)—[/ v0(8)5 (ds)g(z) o (dz)
l—o0 iENQ) BrRmXn\RmMmXn Q JBrRMmxn\Rm X"

= | Y ( >/, /BRRM\W wo(s)o (ds)g(w:) )~ [ é /ﬂRW\RWv0<s>ax<ds>g<x>as<dx>>

i€N(1)

IN

Jim Y7 / /RWV\W|vo<s>|ﬁm<ds>|g<) ()] 0x(dx) < Co,(O) Jim M,(7) =0,

i€N(1)

where |vg| < C. Hence, we get for any v € Y5 (R™*") and any g € C(2)

l—oo k—oo Jo

lim lim [ o(Vuk(z dm//{janxw $)z(ds)g(x) o(dx)

and we finish the proof by using Lemma 3.3. O

Proof of Theorem 2.7. It follows directly from Propositions 3.8 and 4.6. (|

Remark 4.7. Theorem 2.8 is a part of Proposition 3.8.
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5. PROOFS OF LOWER SEMICONTINUITY THEOREMS 2.9 AND 2.10

Proof of Theorem 2.9. Let R be an arbitrary separable complete closed ring containing v/(1 + | - |P) and
corresponding to the compactification SrR™*™ of R™*™. After extracting the subsequence we may suppose
that {Vuy}ren generates a DiPerna-Majda measure (o,7) € GDME, (Q;R™>") and we have (see (2.12))

hmluk // $)vz(ds)g(z) dx
Rmxn

v(s) Uz (ds)g(x)o(dx
+/Q/5RR7W\RM" Tt s = (49)9(@)o(da), (5.1)

where v € GYP(Q;R™*") and (0,0) € DM (Q;R™*") are gradient Young and DiPerna-Majda measures
generated by {Vy}ren, respectively.

Now, the sequential weak lower semicontinuity of I follows from Theorem 2.8 and (2.24). Indeed, if (i) or (iii)
holds Theorem 2.8 shows that

v(s) .
/Q/ﬁR]Rmxn\Rmm 14 s|p vy (ds)g(w)o(dz) > 0. (5.2)

If (ii) is valid, we decompose the left-hand side of (5.2) to

+
[ s aserotan - [ )5, (ds)g(a)odn) (53)
Q BR]Ran\Ran 1+| |p BR]Ran\]Ran 1+| |p

and realize that v := max(v,0) > 0 and due to (ii)

v (s) -
—— U, (ds dx 0,
L/ﬁRRmXW,\Rm,Xn 1+ |S|p ( ) ( ) ( )
i.e., (5.2) holds again. O

Proof of Theorem 2.10. Let us first prove the “only if part”. Hence, suppose that I is sequentially weakly lower
semicontinuous. Taking {wy} as in the theorem we have for any weakly convergent subsequence (not relabeled)
that w,, — ¢ in WHP(Q;R™), where c is a constant. Indeed, Vwy converges in measure which means that it
generates the Young measure v, = dp for a.a. x € Q and, particularly, Vw, — 0 in LP(2; R™*"™). By sequential
weak lower semicontinuity of I we have liminfy_,o I(wy) > I(c) = I(0).

Now we are going to prove the “if part”. Let us take any bounded {uz} C W1P(Q;R™) such that w-
limy oo up = u. Suppose that a subsequence of {Vuy} (not relabeled) generates (0,0) € GDMY, (Q;R™*™).
Using Lemma 2.2 and its notation we decompose uy = zj, + wy, for any k¥ € N. Then (3.13) and the assumption
liminf,_, o I(wg) > I(0) imply that

v(s) .
Uz(ds)g(x)dz >0 5.4
/Q/ﬁRR"‘X"\]R’"X" ].+ |S|p l( ) ( ) ( )

for any subsequence of {wy} (not relabeled) such that I(wy) converges. Let {Vuy}ren generate a gradient
Young measure v = {1, }req € GYP(;R™*™). We have using (2.12)

lim [ g(x)v(Vug(z))dr = /Q /Rmm v(s)vz(ds)g(z) da

k—oo Jq
+ 71](5) U, (ds g\xr)o dx v(Vu(zx T)ax
/ Q /ﬁR Rmxn\Rmxn ]. —+ |S|p :C( ) ( ) ( ) Z /Q ( ( ))g( )d :
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The last inequality follows from (5.4) and from Kinderlehrer’s and Pedregal’s characterization of gradient Young
measures (2.24). The theorem is proved. O
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