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DIRICHLET PROBLEMS WITH SINGULAR AND GRADIENT QUADRATIC
LOWER ORDER TERMS

Lucio BOCCARDO!

Abstract. We present a revisited form of a result proved in [Boccardo, Murat and Puel, Portugaliae
Math. 41 (1982) 507-534] and then we adapt the new proof in order to show the existence for solutions
of quasilinear elliptic problems also if the lower order term has quadratic dependence on the gradient
and singular dependence on the solution.
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1. INTRODUCTION

Quasilinear Dirichlet problems having lower order terms with superlinear growth with respect to the gradient
play a fundamental role in the study of Nonlinear Differential Equations.

We recall the paper [30], by Jean-Pierre Puel, for its influence on later developments.

Moreover, quasilinear Dirichlet problems having lower order terms with quadratic growth with respect to the
gradient arise naturally in Calculus of Variations and in Stochastic Control.

For example, if we consider the functional (in all the paper €2 is a bounded open set in R™)

1w =5 [WrllIDeP = [ f@p@. r>1, (1)
Q Q

the Euler-Lagrange equation is
1,2 . r z r—2 2
u € Wy (Q) : —=div((1 + |u|")Du) + 2|u| u|Dul|* = f. (1.2)

The direct study of Dirichlet problems similar to the previous ones gives some difficulties. The first difficulty
is due to the fact that the principal part of the differential operator —div((1 + |v|")Dwv) is not well defined on
the whole W, %(Q). The second and main one is that the lower order term |v|"~2v|Dv|? not only is not well
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defined on the whole Wy*(€2), but, even if v € L>(Q) N Wy*(Q), [v|"2v|Dv|? does not belong to W~12(1).
However, the lower order term has the useful property that v - (|v|"~2v|Dv|?) > 0.

In a more general setting, in Section 2, we present a revisited form of the techniques of [13] (and of [9]) in
order to study the Dirichlet problem

uwe Wy 2(Q) - —div(M(x,u)Du) + g(z,u, Du) = f (1.3)
where on the right hand side f we assume that
ferLm™f), 1<m< N/2 (1.4)

and whose simplest example is
ue Wy (Q): —Au+ u|Dul? = .
Our assumptions follow from the model problem (1.2). We assume that M(z,s) : Q x R — RN" g(z,s,£) :

QxR xRN — R are functions which are measurable with respect to z and continuous with respect to s and &,
such that, for z € 2, s € R, £ € RY, we have

al€® < M(z,s)€€,  |M(z,s)| < B(s), (1.5)
l9(,5,6)] < ()€, (1.6)
glw,5,€) s > v(|s])|s[|€]*, (L.7)

where oo > 0, 5(s),v(s) are continuous, increasing (possibly unbounded) functions of a real variable and v(s) :
R* — R™T is continuous, increasing and v(0) = 0.

Recall that in order to study (1.3), if the right hand side belongs to L?(2), it is enough the slightly weaker
assumption g(z, s,£) s > 0, introduced in [13].

Thanks to the presence of the lower order term with quadratic dependence with respect to the gradient and
to the assumption (1.7), introduced in [9], the Dirichlet problem (1.3) is allowed to have finite energy weak
solutions (see [9]), even if f belongs only to L*(£2). This result (regularizing effect of g) is somewhat surprising
because it is not true in the linear case (for example if g(z, s, &) = 0).

Contributions to the existence of solutions of nonlinear elliptic problems with lower order terms having
quadratic growth with respect to the gradient, like (1.3), can be found in some papers in collaboration with
F. Murat and J.-P. Puel [14-16] (see also [7,19,20]), where we proved existence of bounded solutions (without
the assumption g(z, s, &) s > 0 and with the assumption f € L™(Q), m > N/2).

If we look for unbounded solutions, we refer to the paper [13], in collaboration with F. Murat and J.-P. Puel
and to

e [4,21]: unbounded solutions and data in the dual space (with the assumption g(x,s,&) s > 0);
e [9,10,17,27,29]: unbounded solutions and f € L'(Q) (with the assumption (1.7));
e [6], where a different notion of solution is used (with the assumption (1.7)).

Remark 1.1. Thanks to the assumption g(z,s,£)s > 0 and to Stampacchia type L*-estimates [31], the
existence results for the case m > N/2 are contained in [16].

In the last two sections, we adapt the techniques of the second section in order to prove the existence of
strictly positive (in ) solutions of two Dirichlet problems with lower order term having quadratic dependence
on the gradient and singular dependence on u.
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Simple examples of the existence results of the last two sections are

IDUI2

weWy?(Q), u>0in Q : —aAu+ =f a>0,0<0<1.

| Dul?

uGWOI’Q(Q),u>OinQ —aAu+——=f a>1

Our results are closely related to those of [1-3,22].

For the sake of simplicity, we confine our study to the framework: positive data, right hand side functions
(instead of measures absolutely continuous with respect to the capacity, as in [10]), W,*(€2)-solutions instead
of I/VO1 P (Q)-solutions and linear dependence with respect to the gradient in the principal part of the differential
operator.

2. THE BMP-PORTUGALIAE M ATHEMATICA METHOD REVISITED

In this section, we shall follow the approach of the paper [13] (in collaboration with F. Murat and J.-P. Puel
and published in Portugaliae Mathematica), proving a more general result, thanks to some new techniques
(mainly due to [9]).

Theorem 2.1. Assume (1.4), (1.5), (1.6), (1.7) and B(s) <
Wy 2(Q) with |M(z,u)Du| € L"(Q), r = 22— and g(z,u, Du

Bo | |” where p < m**. Then there exists u €

LY(Q), such that

/M(x,u)Dqub—i—/g(ac,u,Du)cf)z/fqﬁ, Vo € D(Q). (2.1)
Q Q

Q

Before the proof of the theorem, we shall prove some preliminary results.
Let the truncation Tj : R — R be defined by

t, it <k,

Tin(t) = { kb, it > &,

and let fp(x) =T, [f(x)], so that f, € L>(Q), |fn| < |f] and || fr, — fHLl(Q) — 0. Consider the boundary value
problems

1
u, =0, on €.

Since f,, is a bounded function, by a result of [16], there exists u, € Wy *(Q) N L>(Q) weak solution of (2.2):

Q/M(:c,un)DuanSJrQ/ g(x, U, Dup)o + — /und) /fn(,b,

Yo € Wy (Q) N L®(Q).
Lemma 2.1. If f € L'(), then there exists R > 0 (see [9]) such that

sy < R
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Proof. The use of Tj(u,) as test function in (2.2) implies

/M(m,un)DunDTj(un)+/g(m,un,Dun)Tj(un) < /fnTj(un)

Q Q Q

o [10T)? 45 [ D <5 [ 1]
Q {i<lunl} a

o / |Dunl? + () / Duyl? < j / £l
{lun|<j} {i<|unl} 5

' 1
/|Dun|2:/ |Dun|2+/ |Duy, |* < [i+—,} /|f|. O
J {lun|<s} {i<lunl} a  v(j) J

Thus the sequence {u,} is bounded in W,*(€2): we can say that (up to a subsequence still denoted by {u,})
the sequence converges weakly in Wy ?(Q) and a.e. to u, for some u € Wy %(Q).

Then it follows

Lemma 2.2. The following inequality holds (see [9])

/ 9., D) < / fl, k>0 (2.3)
{k<|unl} {E<|un|}

Proof. Let € >0 and k > 0. The use of Ty {1[u,, — T)(uy)]} as test function in (2.2) gives
1
9(@,un, Dun) T { = [un = Ti(ua)] | < [ [£]
Q Q
Then letting € — 0 (k > 0) the previous estimate implies (2.3). O

Lemma 2.3. The sequence {Du,(x)} converges a.e. to Du(x).

Proof. The test function used in this proof is the same used in [5] (for similar results see also [8,12]). Thanks
to (2.3), we have from (2.2) with test function Tp[u, — Tk (u)],

/M(x,un)DunDTh [tn, — Tk (u)] + %/unTh[un — Ty(u)] §2/|f||Th[un — Ty (u)]]
Q Q Q
which gives

[M (2, ) Dty — M (2, 1) DT ()] DTh [ty — T ()] + % / T [t — T ()]
Q

IA @\

2h/ |f|— /M(m, U ) DTy (w) DTh [uy — Tr(w)].
Q Q

Thus it follows
alimsup/ | DT [ur, — Tr(w)]]? < 2h/|f|.
Q Q

n—oo
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Let now ¢ be such that 1 < ¢ < 2. Then we have

Q/ 1D (1t — W) - /h - D (g — W)
+ / |D(up —u)|? + / |D(up, —u)|?

{lun—u|<h, |u|>k} {|trn—u|>h}

s/wnm—nww

Q
+ 2q_qumeas{|u| > k}l_% + Qq_qumeasﬂun —ul > h}l_%,

Thus, for every h > 0,

n—oo

2 % . )
lim sup / ID(un —w)|? < = / 1)1l 4 2 Rrmeas {Ju] > kY4
o
Q Q

That is, letting A — 0 and then k& — o0,

/|Dun —Du|? -0, Vg<2.
Q

Then (up to subsequences) Du,(x) converges a.e. to Du(z). O

Fatou Lemma and (2.3), written for £ = 0, imply the following inequality.

Q/ l9(z,u, Du)| < / 1

In the following lemma, a summability result is proved, in the spirit of [11,31]; but, thanks to the presence
of the lower order term, it is possible to prove extra summability, as in [25].

Corollary 2.1.

Lemma 2.4. If f € L™(Q), 1 <m < &, the sequence {u,} is bounded in L*™ (), where m*™ = (m*)* =
mIN
N—-2m"

Proof. Let v = %T;Ti), so that (y + 1)2* = 2ym/ = 2m**. The use of |u,|?’~tu, as test function in (2.2)
yields, for fixed j,

/ 94, Dottt < / Fllunf>,
{a<lunl) J

which implies

1
)

o) [ P DR < g | [ Taal
{5 <unl} @
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Then
%
2
e / o 271Dt
(v+1)
Q
-
< [ DuP Sl | [l
{lun|<5) v(g) R
Q
%

S L / a0

which implies that the sequence {u,} is bounded in L*>" " (Q). O

Remark 2.1. Note that Lemmas 2.1 and 2.4 cover all the interval 1 < m < N/2.

Lemma 2.5. Under the assumptions of Theorem 2.1, the sequence {M (x,u,)Duy,} converges to M(xz,u)Du

weakly in L™ (Q), r = p%r":;:* .

Proof. Fix r > 1 such that % < 2m**. The inequality

2= r
[t Dunl < 55 [t 1Dunl < 55 [1unl#] 7 [ [ 1Dun]?
Q Q Q Q

2pr

implies that the sequence {M(z,un)Du,} is bounded in L"(Q2), since &= = 2m Then the sequence

{M (x,upn)Duy} converges strongly in L*(€2), s > 1, to M (x,u)Du, for every 1 < s < r and weakly in L"(2). O

*k

Proof of Theorem 2.1. For the sake of simplicity, we present the proof in the easy case f(x) > 0, which implies
un(x) > 0 and, thanks to the assumption (1.7), g(x, upn, Duy) > 0.

We point out that the test functions used in this proof are similar to those used in [13]. The proof proceeds
by steps.

First step. By (2.2) we have

/ M(z, 1) Dy D -+ / 9(2s tn, Dup ) < Q/ Fad,

Q Q

for every 0 < ¢ € D(Q). Since M (x,u,)Du, converges weakly in L" to M(x,u)Du and g(z,up, Duy,) > 0
converges a.e. to g(x,u, Du) > 0, Fatou Lemma yields

Q/M(:c,u)DquSJr/g(:c,u,Du)qbgQ/fd). (2.4)

Q
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Second step. As before 0 < ¢ € D(R2). Define H (¢ fo s)ds and use e~ aH(“”)e;H(T’“(“))qﬁ as test function.
We obtain

/M x,Up)Dup Dpe” = H(un) g H (T (u))

+l/M(:E,un)DunDTk(u)fy(Tk(u))e*iH(“")eiH(Tk(“))qs
Y2
+l/un¢ /f H(un) g & H(T1 ()
" Q Q
+é/M(m,un)DunDu,ﬁ(un) o H(un) g H(T’“(“))qb
Q

($, U, Dun)e_%H(u")e%H(Tk (u))¢ > 0.

">

The limit n — oo, Fatou Lemma and Lemma 2.5 yield
/M(x,u)Dquﬁe—iH(u)eiH(Tk(U))

1 1 1
+—/M($ w) DuDTy(u)y(Ty(u))e™ s HWea HTk(w) ¢

/fe H () o2 H(T ()

—/M 2, u)DuDuy(u)e = HWea H(T(w) g _ /g(z,uvpu)eﬁHw)eéH(Tk(u))Q
(6%
9]

which implies

/M z,u)DuDgp e« HWea H(Tk(w) > /fe—§H<u>eéH<Tk(u>>¢
Q

/ (2,1, Duje~ % H g H(Tu(w) .
Q

H (T (u))

In order to use Lebesgue Theorem (as k — 400) in the previous inequality, note that en Trw

< 1. Then

/M(x,u)DqubZ/f¢—/g(m,u,Du)¢. (2.5)
Q Q

Q

The inequalities (2.4) and (2.5) implies

[a@awpuos [ gwupio= [ 1o vo<oewi=@)
Q Q 9]

Since we can write p = ¢+~ for every p € I/VO1 "°°(Q), we proved the existence of a solution u of the Dirichlet
problem (1.3). O
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3. A LOWER ORDER TERM SINGULAR WITH RESPECT TO u
(SUBLINEAR GROWTH SINGULARITY)

Now we study the existence of weak solution for some elliptic problems with lower order terms having
quadratic growth with respect to the gradient and singular dependence with respect to the solution.

A model problem is the Euler-Lagrange equation (1.2) if (at least formally) in (1.1) we assume 0 < r < 1.
Other motivations can be found in [1,2,22].

Here we assume more summability on the right hand side:

*

0< feL™Q), m> (%) F#£0, (3.1)

0<6<1. (3.2)

Moreover, let Q(z,s) : @ x R — RN ’ symmetric, measurable with respect to x and continuous with respect to s
such that, for x € Q, s € R we have

alé]* < Q(z,s)E€ <bE)?, 0<a<b. (3.3)
Theorem 3.1. Under the assumptions (1.5), with 3(s) < B € RT, (3.1), (3.2) and (3.3), there exists u €

DuD
Wy 2(2) N L (), verifying u > 0 in Q, and W € L'(Q), such that

/M(z,u)DuD¢+/W¢:/f¢, Yo € Wy (Q) N L2(Q).
Q Q Q

Proof. Let 0 < & < 1 and consider u. € Wy?(Q) N L>®(Q):

Q(z,us)Du.Du,
(€ +ue)?
u: =0, on 0

—div(M (z, us)Duc) + = fe, inQ;

(3.4)

where {f.} is a sequence of bounded functions converging to f in L™(Q), 0 < f. < f; e.g. fe = T1(f). Note

that u. exists by Theorem 2.1 and that u. > 0 by (3.1). Let 6 > 0. We use [(uc +6)? — 6?] as test function and
we have (once more, thanks to the use of the lower order term as leader term, as in [25])

/Q x, ue ) Due Du,

E—l—ue

(e + ) — 8°] < / Fel(ue +6) — 87,
Q

a | Due [*uf
Duc|* < <
cip [ oeze [ RS

{1<uc} {1<uc}
Furthermore the use of T7(u.) as test function produces

The limit § — 0 implies

o [ 10T < 11,
Q

170, o

Du.|* < —L —/59. 3.5
Jioup <= s = [ (35)
Q Q

so that
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Then assumption (3.1) and Sobolev inequality imply that the sequence {u.} is bounded in W,?(Q) (thus
ues — u, for some u € VVO1 2(Q)) As in the previous section, it is possible to prove that the sequence of lower

order terms is bounded in L(Q), i.e.
Q(z,ue DuEDu8
|fa
5 —+ uE

and that Du.(z) converges a.e. to Du (z).
Define, for t > 0,

(e+t)= ., 1 I
T g T e PO gy

(3.6)

—b a(

Now we shall prove that v > 0 in €. Indeed, take ¢ = e qb, with ¢ € D(Q), ¢ > 0, as test function

n (3.4), using assumptions (1.5) and (3.3), we get

/M x uE D/U/EDQﬁeib 5(“5) /fE Hs(ue)¢

M(x,us)DueDu, *bHE(%)gb /Q X, U ) DuEDu6 _pHelue)
e o
(e +ue)? (e + ue

¢ = 0.

Then it follows

Q Q

We can pass to the limit, since M (z,u.)Du. converges weakly in L? to M (x,u)Du (recall that the matrix M
is bounded). Therefore

/ M(z,w)DuDg e ™ > / ﬁﬁ{l 6, Wb e D), 6> 0.

e
Q Q

e (@) = Plu(a)) = [ o5
z(z), here z is the bounded weak solution of

Define P(s

= dt. The comparison principle in WO (Q)
says that w( )

Jo
>

T1[f]

pHo(w) ’

2 € Wy 2 (Q) : —div(M (z,u(x))Dz) =

The strong maximum principle for weak solutions implies z > 0 in £ (see [31,32]) and so P(u) > 0 and also
u > 0 in 2, since the real function P(s) is strictly increasing. Thus we have no problems to pass to the limit.
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bHe (ug) bHe(Tj(w))

Nowusee ™ « e =& ¢, ¢>0, ¢c W01’2(Q) N L>(R), as test function. Then

bHe (T (u))

b
- /M(Za UE)DUEDTj (U)Hé_(u)efbHE(UE)e

bHe (T (u))

M (z,us)Du. D e bH=()e

bHe (T (u))

b
{—M(m, uz) Due Dug H. (u.)ebHe(Ue)e
«

7
¢ bHe (T (w))
= /fE e_bHs(us)e = aJ ¢ (37)
7
Q

_ Q(z,uc)Du.Du, o—bH.(

w ) bHe (T (u)) (ZS}
€ = e « .
(e +ue)?

Note that the last integrand is positive: we can use Fatou Lemma in the right hand side (thanks to the fact

that u > 0 in Q); we can handle the left hand side as in the previous section, as ¢ — 0 and then as j — oo.
“bHe(ug) DHe(T;(w) “bHQ(w) DHO(T;(w)

Since limoe aeT «a =e~ o e« <1, and lim e ?Ho(@ebHo(T; () — 1 we have
e j—00
/ quuDu—q§+/quDqu§
Q
DuD
> /f(b—i—/ —M(m w)DuDugp — W(ﬁ}.
Then we get
DuD
[ M wpups = [ 16 Q@ w)Dubu
u
Q Q
On the other hand the opposite inequality follows from
€ D ED g
/queDueDm/Q” ne Dt s = /fe
(€ + ue
(0 < ¢ e Wi?(Q) N L>®(Q)) thanks to Fatou Lemma and the weak L2 convergence of M (2, u.)Du.. O
4. LINEAR GROWTH SINGULARITY
Theorem 4.1. Let
2N
0<fel™), m>——, [f#£0. (4.1)

T~ N+2

Under the assumption (1.5), with B(s) < fBo € RT, (3.3), a > 2b and (4.1), there exists u € Wy*(), u > 0

Q(xz,u)DuDu
u

in S, with € LY(Q), weak solution of the singular-quadratic Dirichlet problem

/M(x,u)Dqub +/w¢=/f¢, Vo € Wy 2 (Q) N L=(Q). (4.2)
Q Q Q
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Proof. Define u.:

Q(z,uc)Du.Duc
©ta) = f.. (4.3)

Again {f.} is a sequence of bounded functions converging to f in L™(Q2), 0 < f. < f; e.g. fo =T1(f). Asin
the previous sections, u. € L°(Q) and it is possible to prove that the sequence {u.} is bounded in W, ?(Q)
(thus ue — wu, for some u € Wy'2(€2)), that the sequence of the lower order terms is bounded in L'(€2),

Q(z,ue)Du.Du, /fe /f, (4.4)

€+u5

u. € Wy () : —div(M (2, uz)Du.) +

and that Du.(x) converges a.e. to Du (x). Moreover (4.4) implies

| Due|? /f (45)

€+u5

Now we shall prove that u > 0 in Q. Let ¢ € D(Q2), ¢ > 0, and use L}) as test function to obtain

E+ Ug )

[t pu Dol —— - Q/ k%«é

(e +ue)= £+ u.)n
z/EM T uE)DuEDua%qb
(e+ue)ott (4.6)
Q(x,ue) DuEDu6

(6 +ue)a atl

¢ = 0.

Let L > 0 be such that the measure of the set {x € Q : u(z) = L} is zero; all except countably many L are such
that this holds, since u € L'(Q). Since uc(x) — u(z) a.e., thanks to the choice of L, x(u.<r}(®) — X{u<r}(®)

a.e. in © and so
1 1
M(xz,us)Du. D¢ ——— _
/[ ( a) € ¢] (1+L)§

J (€+u5)§

> | Xqu.<ryf1(2) ®.
/

Here we use the the fact that the assumption « > 2b implies that 1 — % > 0 and we obtain

z }. (4.7)

/ M2, u2)D[(e + )% — =4 Do > / Xiu.<r3 (@)
Q

b
-3
J )

(1+L

The comparison principle in W, () says that [(e + u.)' "= — e1=%] > 2., where 2 is the weak solution of

. 1-L
ze € Wy 2(Q) : —div(M (z,u.)Dz.) = X{u.<r}f1 (gc)(lJriLogg
It is easy to see that z. converges strongly in W01’2(Q) to zg, the solution of
b
-

20 € Wo(Q) : —div(M(x,u)Dz0) = Xqusry file) —"F
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The strong maximum principle for weak solutions implies zg > 0 in  (see [31,32]). If we pass to the limit in
the inequality
b b
0< z(z) < [(e +uc(x)"a —ela],

the almost everywhere convergence of u.(x) to u(x) then guarantees that 0 < zo(x) < u(z)'~

. Thus also

Qe

u>0in Q (4.8)

since 1 — 2 > 0, and we have no problems to pass to the limit. From (4.4) and (4.5) we have

/|Du|2/Q u)DuDu /f (4.9)

and that
Du,

N Du

Vetus  Vu

As in the previous section, we now pass to the limit in (4.3). We begin with the first half of the result. Use as
test function 0 < ¢ € Wy *(Q) N L>(£2) to obtain

/M 2 DuEDqSJr/Q ot DufD”% /f¢

E—i—ua

converges weakly in L2. (4.10)

and Fatou Lemma as ¢ — 0. Then we deduce

/M(x,u)DquSJr/wéf)S /fcb.
Q Q Q

N

(e+u)

( )1 ¢ as test function in (4.3).
e+ us)2

Now we use v, =

Du, Du
(e +u)? (e +u)?

¢

N[=

:Uu8

1

xu Du, 3 €+u2
€

5+u5%

2/
! Do+t =

(e+u)
/5

+ —M (z,u:)DucDue — Q(x, ue DuEDuE]i .
e ue) (e +uc)2t!

Note that the last integrand is positive thanks to the assumption o > 2b. Fatou Lemma once again, as well as
(4.10) imply, as € — 0,

/M:EuDu—qur/M:cuDquS
1
/f(i) +/ M(x,u)DuDu — Q(z,u)DuDu|—¢,
u
that is the second half of the result.

/ Q(z, uiDuDu(z). O

! M(z,u)DuD¢ > ! fo-
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Remark 4.1. Note that the assumption f(x) > 0 allows to have a right hand side zero on a set of positive
measure.

Remark 4.2. In this section, we assume 6 = 1. Note that assumption (4.1) is exactly assumption (3.1) with
6=1.

Remark 4.3. Note that in order to prove (4.8) only inequality o > b is needed, instead of o > 2b, which is the
assumption of the previous theorem.

5. REMARKS ON TWO RELATED PROBLEMS

5.1. Remarks on a related semilinear problem

Consider here the boundary value problem (4.2) in the simple case

| Dul? .
w>0inQ: { ~adut——=Ff(z) nQ
u=20 on 02,

whereb=1and o« >2and 0 < f € Lhz;_i]?(Q), as in Theorem 4.1.
We look for the equation satisfied by z(x) = q(u(zx)), where ¢(s) is a real smooth function. We have

alz q" (u)| Du|? J't) 1
— = —a—————— — aAu. Choose ¢(t) such that —« = =, so that —aAz = f(z) ¢'(¢"'(2)) and
q'(u) q(u) (t) 7 n () ¢'(q7(2))
logq'(t) = log[ﬂ%]: q(t) = tl% Then the new problem, which depends on «, at least formally is
1

(03

since, for o > 1, g(t) = 25tV ¢71(t) = {(“—_1)4 1 and 2 = —2_y! =1/ is such that

z>0inQ: —Az= C’afl(:c)7 in Q,

Zzoa—1 (51)
z =0, on 0f).

The previous boundary value problem can be seen as the Euler-Lagrange equation of the coercive functional

%/|Dv|2 - C*a/f(x)v‘é%?, Co>0, flz) >0, a>2. (5.2)
Q Q

Note that the problem (5.1) has been extensively studied at least with f bounded (see e.g. the pioneering
paper [18] and also [24]). Moreover, in the spirit of this section, it is important to recall [28].

Moreover, if @ > 2, we are able to say that z = —2-u!~1/*  solution of (5.1), belongs to W,y 2(2), as
consequence of (4.9).

On the other hand with the choice of z as test function in (5.1), we have

Q/ D2 = C, / f(@)23
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and, always if a > 2,

(N—2)(a—2) 2N (a1 | Dot2acd

* * T2N(a—-1) x— 2N (a—1)

/22 < /z2 |:\/f(1-)Na+2a74:| .
Q

2N (a—1) 2N (N—-2)(a—2) N 2
Note that §7257=7 < vz and “Sxa—1 <

So that

Iz

<Golfll

o

Thus we have an a priori estimate on z, solution of (5.1), in the Sobolev space WOI’Q( ),if @ >2and m > ]\2712
If = 1, the new problem is

{ —Az = (:c)’ in Q (5.3)
z = —00, on 0f2
whileif 0 < < 1
2<0inQ: —Az:f(x)é’a|z|ﬁ, in Q,
z = —00, on 02,
where C’a > 0.
In both above problems we point out the explosive boundary condition on z. Setting w = —z both enter the
framework
—Aw + h(z)g(w) =0, in ,
w — +00, on 0f2,
where g(s) satisfies the so-called Keller-Osserman condition.
Such problems have a huge literature since the first basic study in [23,26] to the recent results of [28].
5.2. Remarks on a related porous media problem
Consider here the boundary value problem (4.2) in the simple case
. |Dul? .
w>0inQ - —div(M (z)Du) + = 2f(z) in Q, (5.4)
u=20 on 092,

whereb=1anda>2and0< f € L% (Q). Thanks to Theorem 4.1, we can prove the existence of a solution
2
u € Wy?(Q), such that % € L'(Q). Define now z = y/u. Then the function z is solution of

—div(M(z)2Dz) +2|Dz|?> = f(z) in Q,

0<z€W01’2(Q):{ 2 =0 on 09

(5.5)

with o > 2 and 0 < f € L%+ (€2). Such kind of problems has been studied in [33].
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