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MAGNETIZATION SWITCHING ON SMALL FERROMAGNETIC
ELLIPSOIDAL SAMPLES

FRANCOIS ALOUGES! AND KARINE BEAUCHARD?

Abstract. The study of small magnetic particles has become a very important topic, in particular
for the development of technological devices such as those used for magnetic recording. In this field,
switching the magnetization inside the magnetic sample is of particular relevance. We here investi-
gate mathematically this problem by considering the full partial differential model of Landau-Lifschitz
equations triggered by a uniform (in space) external magnetic field.
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1. INTRODUCTION

Ferromagnetic materials nowadays are used in numerous technological devices (magnetic recording, cellular
phones, etc). Among these applications, magnetic storage is probably one of the most important areas. Devices
such as hard-disks, or magnetic RAM are composed of several small ferromagnetic particles capable of being
magnetized in two opposite directions, allowing for the storage of one bit of information.

Being able to switch the magnetization in a quick and sure way into this sample is therefore of prime interest.
Not surprisingly, the switching of the magnetization in small elongated particles has received a lot of attention
(see for instance [2,16] or [3] and references therein) after the pioneering work of Kikuchi [14] where an analytical
solution is given in the case of a spherical particle uniformly magnetized.

However, if physicists have worked a lot on such problems by giving strategies to switch the magnetization
with the help of an external magnetic field inside nanoscale ferromagnetic particles, the dynamics of the mag-
netization is usually modelized with a monodomain particle for which the Landau-Lifschitz equation takes the
particular form of an ordinary differential equation. This is probably due to the fact that for particles in which
the magnetization is not constant, the Landau-Lifschitz equation becomes a non-linear and non local partial
differential equation. This equation remains largely badly understood since in all generality, strong solutions
are only known to exist locally in time [5] and whenever weak solutions are considered [1,18] although they
are defined for all time, such solutions are likely to be nonunique. In this article, we address the question
of studying mathematically the possibility of switching the magnetization inside an elongated particle with
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external magnetic fields that are uniform in space (but may be variable in time). As we shall see, although we
will restrict to small ellipsoidal ferromagnetic particles, we will consider the full PDE problem, and both weak
and strong solutions.

The magnetization m inside a ferromagnetic body, located in a space domain {2, is a three dimensional
vector field, defined on 2 and constrained to be of constant magnitude through the sample. After a suitable
renormalization, we consider this magnitude to be equal to 1. The evolution of the magnetization inside a
ferromagnetic body is modelized by the Landau-Lifschitz equation,

%—T = a[H(m) — (H(m),m)m] —m A H(m), in Q. (1.1)
Here, H(m) is the total magnetic field induced by several physical phenomena (exchange, stray-field, anisotropy,
exterior field), & > 0 is a damping coefficient which depends on the material (we refer the reader to [4] or [12]
for a more complete description of the physical model). In this equation, (.,.) denotes the Euclidean scalar
product on R? and A is the vectorial product. Equivalently, at least for smooth solutions, the equation (1.1)
may be written under the so-called Gilbert form

crZ)—T—oz(m/\ é;—T):—(1—i—OzQ)(m/\H(m)), (1.2)
and under the form,
a%—T + (m/\ %—T) = (14 ) [H(m) — (H(m), m)m). (1.3)

For a ferromagnetic body without anisotropy, the magnetic field H(m) can be expressed, in order to emphasize
the dependence on the (non-constant in time) external magnetic field, as

o0&
H(m) = “am + Hexs,

where £(m) is the micromagnetic energy associated to a given magnetization m,

E(m) = g/Q|Vm|2 —%A(Hd(m),m>. (1.4)

This leads to

H(m) := AAm + Hqa(m) + Hext, (1.5)
where Heyt is the uniform in space external magnetic field applied to the sample, A is the so-called exchange
constant [4], and Hy(m) is the stray field generated by the magnetization m itself via the following dimensionless

Maxwell equations
Hd(m) = V¢a in RS;

A¢ = —div(m), in R?, (1.6)
Hy(m) vanishes at infinity,
where O
[ minQ,
m_{ 0 in R3\ Q. (17)

It is well known that Hy(m) is the L?(R?)-orthogonal projection of — on gradients from which we deduce
[Ha(m)||L2re) < ] 12 ()
We will frequently use the following consequence

v € LX(Q), [ Ha(m)l|z20) < mll ). (L8)
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The natural boundary conditions are of Neumann type, thus, we will work on the following Cauchy problem
om
ot

Z—T(t,fc) =0, €09, te(0,7), (1.9)

m(0,x) = mo(z), € Q.

=a[H(m) — (H(m),m)m| —m A H(m), x € Q, t € (0,T)

It is a non linear control system in which

e the state is the magnetization m, with m(t) : Q — S2, for every t;
e the control is the external magnetic field Hoy : t € Ry +— R3.

This means that we seek the possibility of using a time dependent magnetic field Heyxt in order to control the
magnetization m. In this article, we are interested in the existence and the properties of a such control Hoy that
steers m from m(0) = u to m(T) = —u where u and —u are global minimizers of the micromagnetic energy £.
To further simplify the presentation, we will furthermore assume that the exchange constant A in (1.5) is equal
to 1. Let us also quote the paper by Carbou et al. [6] which also treats a control problem in micromagnetics,
but in the completely different context of moving a wall in a nano-wire. We will also give a couple of results
in the problem similar to (1.9) but posed in 2D. By this, we mean that the domain is bidimensional, but the
magnetization still takes values into S?. However, the stray field satisfies (1.6) and (1.7) but in R%. This models
an infinite ferromagnetic cylindrical rod along the axis of which the solution is invariant. As a consequence
of (1.6) and (1.7) the component of the stray field parallel to the axis of the cylinder vanishes.

This article is organized as follows.

In Section 2, we consider a ferromagnetic body having an ellipsoidal shape. Then, the stray field of uniform
magnetizations is uniform, thus, a subclass of solutions of (1.9) are uniform magnetizations that solve an ordinary
differential equation (ODE) presented in Section 2.1. The goal of Section 2 is the study of the switching for
those uniform magnetizations. We may assume that + e; are global minimizers of the micromagnetic energy. In
Section 2.2, we prove the existence of external magnetic fields Heyt that produce the switching from m(0) = 4¢3
tom(T) = —ey for every T' > 0. Then, we justify the existence of optimal magnetic fields realizing this switching,
and we show that the associated solutions m are not 2-dimensional, excepted when 2 is a sphere. In Section 2.3,
we study the cost of the optimal control as T' — +oco. We prove that this cost converges to zero if and only if
there exists two orthogonal global minimizers of the micromagnetic energy.

The Section 3 is dedicated to weak solutions for the partial differential equation (PDE) (1.9). In Section 3.1,
we prove the existence of weak solutions of (1.9). In Section 3.2, we study their convergence to uniform
magnetizations when the size of the domain 2 goes to zero. This already shows that the external field found in
Section 2 allows an approximate switching on any sufficiently small domain in the very general sense of weak
solutions. To go further, we need more regularity and strong solutions. This imposes restrictions on either the
shape of the domain or the regularity and smallness of the initial condition. Namely, Section 4 is dedicated
to smooth solutions of (1.9). In Section 4.1, we present preliminary results useful for the proof done in the
next section. In Section 4.2, we prove the existence and uniqueness of local (in time) smooth solutions when
Q2 is a bounded domain of R? or R?. Then, in Section 4.3, we prove that such local solutions indeed provide
global solutions when €2 is a 2D bounded domain and when the initial condition is in a H!-neighborhood of
constant magnetizations. In Section 4.4, we prove the existence of global smooth solutions when 2 is a small 3D
ellipsoid domain and when the initial condition is in a H?-neighborhood of constant magnetizations. Contrarily
to the preceding results where we follow the strategy developed by [5], the latter result involves ideas completely
different.

In Section 5, we work with small 2D or 3D ellipsoid domains 2. We propose explicit external fields that
exponentially stabilize the uniform stationary solutions.

In Section 6, we propose a way to realize the approximate switching of PDE solutions on small 2D or 3D
ellipsoidal domains.
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In all this article we will use the following notations. The family (e, e2, e3) is the canonical basis of R?, if
r € R3, we write its components (1), (2 and z(®). The same letter C' denotes different constants that can
change from one line to another. Whenever possible, we have explicited the parameters on which those constants
depend. When € is an open bounded subset of R? or R? and T' > 0, Q7 denotes (0,7") x Q. Eventually, for
every map f :  — R3, we denote by fy its space average

1
fo= g /Q f(@)de.

2. MAGNETIZATION SWITCHING ON ELLIPSOIDAL DOMAINS: ODE sTUDY

2.1. A simplified Landau-Lifschitz equation

It is well known that, when €2 is a 3D ellipsoidal domain over which the magnetization is constant, the stray
field is also constant on €2 and therefore satisfies

Hi(m) = —Dm on Q

where D is a symmetric positive matrix. Up to an orthonormal change of coordinates, we may take

(5] 0 0
D= 0 (0%) 0 )
0 0 Qa3

where 0 < a1 < a2 < a3 < 1 depend on the size of the three axis of the ellipsoid (the last inequality comes
from (1.8)).
In this case, the Landau-Lifschitz equations becomes the ordinary differential system

S = alHo(m) ~ (Ho(m),m)m] —m A Ho(m)
(0) — . (2.1)

m:Ry — S2,

where
Hy(m) = —Dm + Hext. (2.2)
The existence of solutions is a classical matter.

1

LRy, R3), for every mg € S?, there exist T > 0 and a unique function

Proposition 2.1. For every Heyxt € L
m € CY([0,T),R?), such that,

m(t) = mg + /0 {a[Ho(m) — (Ho(m), m)m] — m A Ho(m)} dr, (2.3)

for every t € [0,T).

Moreover, if Hexy € L2, (Ry,R3), then, m € H*((0,T),R3), the first equation of (2.1) holds in L*((0,T),R3)
and |m| = 1.

If Hoxy € CO(R,,R?), then m € C*([0, +00), S?), and the first equation of (2.1) holds for every t € [0, +00).

2.2. Optimal control

Viewing Hext as a control parameter, (2.1) turns out to be a flat system i.e. for every reference path
Myet € HY((0,T),S?) (for some T > 0), there exists an external field Hext[myer(t)] € L2((0,T),R?) such that
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the unique solution m of (2.1) with initial condition mg = myee(0), and external field Hext(myer) coincides
with myer

m(t) = myet(t), VYt e (0,7T).
Indeed, (2.1) rewrites as

o b A SR = (14 a?)[=Dm + Hex + (Dm — Hexe, mym), (2.4)
thus, for every path m € H*((0,T), S?), the magnetic field

Hext(m) :

_ 1 dm dm
T 1+4a?

—_— —_— Dm — (D 2.
a— +mA dt}+ m — (Dm, m)m (2.5)

belongs to L?((0,7),R?) and, since (Hex(m), m) = 0, allows to follow m. The other solutions are such that
Hext — <ﬁext, m)m = Hey(m), and therefore Heyi(m) has the minimal L2((0, 7)), R?)-norm, among all possible
solutions.

For T' > 0, we introduce the set

Vi = {m € Hl((O,T),SQ),m(O) - elam(T) = 761}7
and the functional Jp : Vo — Ry,
T
Jp(m) = / |Hext(m)(t)|2dt.
0

Proposition 2.2. Let T > 0. There exists a solution m°PtT

€ Vr of the minimization problem
JT(mopt,T) = min{JT(E),é S VT} (26)

This solution is not unique and satisfies

2 d®>m d dm dm
- J_ == = == AD D ==
1+a2{ e +dt[m/\Dm]+ g NDm+ (m/\ dt)}

(2.7)
+ 2D%m — 4(Dm,m)Dm = \m,
m(0) = e, m(T) = —eyq,
where A : [0,T] — R.
If a1 = as = ag, then any 2 dimensional path
Tt . Tt .
me(t) := cos <?> e1 +sin (T) [cos(f)es + sin(f)es], 6 € (0,2m), (2.8)
is optimal, otherwise, no optimal solution can be only 2 dimensional.
Proof of Proposition 2.2. Let T > 0. We have, for every m € Vp,
Jr(m) L ‘dm2+—2 tm A Y™ Dy 4 |Dm — (D, mym|? (2.9)
m) = — — — . .
r o 1+a2ldt 1+ a2 dt’ ’

The existence of an optimal path is a consequence of the direct method of calculus of variations.
For m = (m™, m® m®)t € Vi, we define

m = (mW, —m@ —m®)t, (2.10)
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An easy calculation gives Jr(m) = Jr(m), showing that the solution to (2.6) cannot be unique.
The equation (2.7) is the Euler-Lagrange equation of the optimization problem (2.6).
Moreover, any function m € Vp solution of (2.7) satisfies at time 0

2 d2 2
o) =
14+ a2 dt? 14+ a2

m(O)/\61 — (A +2a%)e;. (2.11)

(20&1 — X9 — 043)5

Let m be an optimal path from e; to —ej on [0, 7). It is clear from (2.7) that m € C*([0, 77, S?) and we have

d
vt € [0,7],

s (t) L m(¢).

Now, since m is not constant, the Cauchy-Lipschitz theorem ensures that

dm
E(O) #0

and this vector is orthogonal to m(0) = e; because |m| = 1. Hence,

d?m dm

W(O) A\ €1 = 7(20[1 — Qg — Oég)E(O)

Therefore, in the case 2a; — as — ag # 0, the optimal path can not be 2-dimensional.
Now, let us assume that a3 = as = a3. The Euler equation (2.7) reduces to

2 d’m )
o 1 + OéQ dt2 = (>\ + 2041)777,, (212)
which is the equation of geodesics on the sphere. Those geodesics are bi-dimensional. U

Remark 2.1. When a; < ay = az, for every m = (m™, m® m®)t ¢ H'((0,T),R?), the function m :=
(mM), —m®) m?) satisfies Jr(m) = Jr(m). Thus, the optimal path is not unique, even up to the symmetry
defined by (2.10).

However, when a; < ay < ag, the uniqueness of the optimal path, up to the symmetry defined in (2.10), is
an open problem.

As a sake of example, we provide hereafter the solution obtained by a numerical method based on a shooting
strategy, when one solves the boundary value problem (2.7) with D = diag(0.02,0.5,1). The three components
of the magnetization are shown in Figure 1 where it is clear that the solution is not bidimensional only.

Remark 2.2. Of course, minimizing Jr over V leads to discontinuous external fields, which, in practice might
be undesirable. Other functionals can be chosen ensuring more regular Heyt, for instance, minimizing

2

Jr(m) := /O %Hext(m) dt
Vi o= {n € HH(0,7),5%)m(0) = ex,m(T) = —e1, 5 0) = (1) = 0}

leads to optimal external fields in Hg((0,7),R3) (Hex(0) = Hext(T) = 0 corresponds to a switch off for the
magnetic source).
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F1GURE 1. The three components of the optimal magnetization with respect to time.

2.3. Behavior of the optimal cost as T — 400

The asymptotic behavior, when T" — +o00, of the optimal cost
FT) = Jr(m®™T)

is given by the following proposition.

Proposition 2.3. If a1 = as < as, then f(T) — 0, when T — +o00. Otherwise,

f(T) >4 (1 Jr1a2 U +;2)3/2) (a2 — ), (2.13)

thus f(T) does not converge to zero when T — +00.

Proof of Proposition 2.3. When a1 = as < as, computing explicitly the energy of the path (2.8), for 6 = 0,
we get

1 72

1+a2 T

F(T) < Jr(mo) =

proving that f(7') — 0 when T'— +o0.
Now, let us assume that oy < as < ag. Let T'> 0 and m € Vp. We have

T T
2 dm 2 dm
- D — S —,Dm — (D
A 1—|—a2<m/\ T m) /0 1+a2<m/\ T m — (Dm, m)m)
T 2
1 dm 1
< —_— | — —— _|DmAm| 2.14
/0 A2l || T @razyz PmAm (2.14)

We introduce the notations

1 1
C(a) = 1+a2 — (1—}—042)3/27

Ty := sup{t > O;m(l)('r) >0, vre(0,t)},
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then m(77) € Span(ez, e3). We deduce from (2.9) and the last inequality that

2

T
d
Jr(m) > C(a)/o O 1D A mf?
T
> ZC(a)/ <t—m,Dm—(Dm,m)m>‘
O t

([
> 20(a) ( /OTI <Z—T,Dm>

= 4C(a) (Dm(Ty), m(T}) — o]
> 4C(a)(ag — o).

This holds for every m € Vi, which justifies (2.13). O

3. PDE WEAK SOLUTIONS

3.1. Existence of 3D global weak solutions

Weak solutions for Landau-Lifschitz equations have been proven to exist in [1,15,18] although either without
a possibly variable in time external field or without the stray-field. We here follow the strategy of [1], and show
necessary adaptations to our case.

Definition 3.1. Let mg € H*(Q,5?) and Hexy € Li (R, R?). A function m is a weak solution of (1.9) if

loc
o for every T'> 0, m € HY(Qr, S?);
o for every T' > 0, for every ® € H'(Q7,R?), there holds

/ <a—m,<1>> a<m/\ a—m,cI>>d:cdt
on \ O a1

3
om 09
—(1+a? — A — A (H Heyi), @) dadt; 3.1
() [ =37 (mn G 50+ (A (Halm) + Ho). ) d (3.1)
e m(0,2) = mp(z) in the trace sense;

e for almost every T > 0,

2 T om
< Hex7_ ) 2
o g(m0)+/0 /Q< . 8t> (3.2)

where £(m) is the micromagnetic energy defined by

eonim) + 125 [ ik

E(m) = %/Q|Vm|2 + %/R |Hy(m)|?.

Let us now state the main result of this section.

Theorem 3.1. Let mg € H*(Q,5?) and Hexy € L2 (R, R3). There exists a weak solution of (1.9).

loc

Remark 3.1. Notice that such weak solutions may not be unique (see [1], Thm. 1.6).
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The proof of Theorem 3.1 readily follows the arguments of [1], Theorem 1.5. We write a complete proof in
order to precise the necessary adaptations, due to the presence of Hg(m) and Hex in (1.9).

Proof of Theorem 3.1. First, following [1], we construct, through a Galerkin method, weak solutions to the
penalized system

k k
ozagz_ +mk A 6;1 — (1 + a2)[Amk + Hd(mk) + Howt — k(|mk|2 o 1)mk} in Q,
(Pk) m*(0) = mo,
om*

W(t,l’) = 0, x € aQ,
for k € R, where the constraint |m| = 1 is relaxed.
Let (¢j)jen be an orthonormal basis of L*(Q2,R) consisting of eigenvectors of the Laplace operator with
Neumann boundary conditions,
{ 7Ag0j = )\j(pj, il’l Q,

% =0, on 012,

where (\;)jen is a non decreasing sequence. Let n € N*. We are looking for approximate solutions

(3.3)

malt2) = 3 4505 (2)
=0

where
e for every T' > 0, y; € H'((0,7),R3);
e for almost every ¢ € (0, 4+00), for every [ € {0,...,n — 1},

/ 1 om, n A omn,
Glazr1\“Tar T Ty
= A Ha(ma) + How = k(ma? = Dma | | (t.2) 1 (x)de = 0, (3.9

/Q {mn(O, T) — mo(x)} oi(2)dz = 0.

These relations produce a differential system that can be written as

88_}7: - A(Y)aa—}; = F(Y) + B(t), for almost every ¢ € (0, +00),

Y (0) =Y,

(3.5)

where Y (t) := ((yo(t), ..., yn_1(t))” € R3), A(Y) is a 3n x 3n skew-symmetric matrix (thus I — A(Y) is always

invertible), F' : R®" — R3" is a locally Lipschitz nonlinear map and B(t) := (Bo(t),..., B,_1(t))” € R®" has

components

(1+a?)
o

A fixed point argument gives the existence of T,, > 0 and the existence and uniqueness of Y € C((o, Tn), R3")

such that, for every ¢ € (0,7},),

Bj = Hext(t)5j,0~

Y(t) = Yo+ /O (I = A(Y(5))) ' [F (Y (5)) + B(s)]ds,

moreover, Y € H'((0,T,),R3") and (3.5) is satisfied. O
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Remark 3.2. If Ho € C°(Ry,R3) then Y € C((0,T,),R3"), the first equality of (3.5) holds for every

€ (0,7,) and the proof may be finished exactly as in [1]. When Hey € L2 (R4, R?), the first equality of (3.5)
may only hold a.e., this changes a few details at the end of the proof.

Let T,, € (0,+00] and Y € C°((0,7T,),R®*") be a maximal solution. In order to prove that T,, = +o0, we
proceed by contradiction, assuming that T,, < +o0 and Y (¢) is not bounded when ¢ — T;,. Noticing that

1Y (1) = /Q [ (1, ),

we provide estimates on m,, showing that m,, € L>((0,T,,), L*(£2)), which gives the contradiction.

d
Multiplying the first equation of (3.4) by %(t) (which is finite for almost every ¢ € (0,7},)) and summing
for I =0,...,n — 1, we find, for almost every ¢ € (0,T5,),

2
fii 1 2 & 2 1)\2 l 2
— g |5 [ (19mal 4 S = 12) 45 [ Hatm)
om
+ Hex7/—n>-
< "o ot

Integrating this relation between 0 and ¢ leads to

om,
ot

o
o2 +1

amn

Ex(my,

< (mn0)+/0t <Hext,/Qaglt”> (3.7)

for almost every ¢ € (0,7},), where myo(z) := my(0,x), and

eutm) = [ (19m 4 50mP - 02) 45 [ i)

om a?+1 « omy, |2
Hexty — ) < —— | Hexe|? 7‘ n
< ‘ 8t> 2o [Hext @Dl o

a2+1

Using the inequality

)

we deduce that

3mn a? +1
x(ma(®) + 37377 extmn) + 10155 [ o (3.5
Moreover, since for every ¢ € (0,7},),
1/2
[ mteayas < (191 [ (mate. )P - 102) 4ol (39)
Q Q

then (3.8) provides a bound of the right-hand side, and we get that m,, € L>((0,T,), L?(£2)), which gives
the contradiction. Finally, the maximal solution Y (¢) is defined for every ¢t € (0,+00), and for every T > 0,
my € HI(QT)
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Let T > 0. Since H(f) is embedded into L*(Q2), the right hand side of (3.8), is bounded uniformly with
respect to n € N* and ¢ € [0,7T] by

o241 (T
Rii= Cullmalls oy + 1905 | [Ho
@ Jo
where Cy, = C(Q, k).

The inequality (3.8) shows that (|m,|? — 1), O,

ot

and Vm,, are bounded in L?(Qr, R?), indeed,

T
/ Ex(mn(t)) dt < TRy,
0

ol |

Thus m,, is also bounded in H'(Q7) (the uniform L? bound is given by (3.9)) and there exists m* € H'(Qr)
such that, up to the extraction of a subsequence,

(3.10)

%(t x) 2d:Edt <R
ot ) X k-

my — mF weakly in H'(Qr),
my, — mF strongly in L*(Qr),
[mn|? =1 = |m*[? = 1 weakly in L*(Qr).

Passing to the limit (n — +o00) in (3.7) gives (since E;(mo) = Eo(mo))

&c(mk(ﬁ))ﬂLO{QL+1/;/Q 2 <50(m0)+/0t <Hext,/988—nf> (3.11)

for almost every t € [0, 7).
Now, let N € N* and ¢ = ij;ol a;(t)pj, where Vj € {0,..., N — 1}, a; € C>=([0,T],R3). For every n € N*
with n > N, we have

om, omy, B 9
/T<a 5 +mn/\7,cp> = —(« +1)/T<an,Vga>

@240 [ (alma) + Ho — Kmal? ~ D),

omk
ot

which gives, passing to the limit n — 400

omk p . OmF 9
/T<a7+m /\7,(‘0> = —(Oé +1)

@4 1) [ (Halm) + oo~ h{m*? = m,p). (312)

T

(Vm*, V)

T

Indeed, thanks to (1.8), we have

[Ha(mn —m*)l 200 < llmn — mF|l 200
— 0 when n — +o00.

By density, (3.12) also holds for every ¢ € H'(Qr,R?).
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Omk
From (3.11), we get that Vm®, Hy(mF*), Vk(m*|? — 1), %
exists m € H'(Qr) such that, up to the extraction of a suitable subsequence,

are bounded in L?(Q7), and therefore, there

m* — m weakly in H(Qr),
m* — m strongly in L*(Qr), (3.13)
|mk|2 — 1 — 0 strongly in LQ(QT)-

We hence first obtain, |m| = 1 a.e. on Qr, and in order to pass to the limit k¥ — 400 in (3.12), we take
® € C(Q7), and test (3.12) with p(t,z) := mF A ® € H(Qr). We get
k k k
/ o <8% /\mk,fI>> - <mk, 8%> (m", ®) + |m"*? <a%,cb> =
v (3.14)
(® + 1)/ —(VmF AmP V) + (Ha(m") + Hext) AmF, @).
Qr

p OmF & o ] OmMF
All the terms pass to the limit easily but two, namely, / m”, o0 <m ,<I>> and / |m”| TR P ). We
T T

decompose this latter term as

[me(a) = [ (%) ] (%)

/ <8m, q>>
.\ Ot
when & tends to infinity, from (3.13).

For the other term, we perform an integration by parts

/T<mk,38_“f><mk,q>> _ /QTéinm’w?le’ﬂ@

- 1/ (2 — 1] [, B

Remark 3.3. This step is different from [1]: we do not need here that [m*| < 1 a.e. which was proved with a
Stampacchia argument in [1].

Eventually, in order to show that m satisfies the energy inequality (3.2), we just pass to the weak H'(Q7)
limit in (3.11).

3.2. Convergence of weak solutions to ODE solutions when the size of the domain goes
to zero

Let © be a bounded open subset of R? or R? such that || = 1. In this section, we consider the weak
solutions of the Landau-Lifschitz PDE on the domain Qy := v/AQ, when A — 0, A > 0. A change of space and
time variables shows that it is equivalent to study the weak solutions of the following Landau-Lifschitz PDE



688 F. ALOUGES AND K. BEAUCHARD

on the fixed domain €2,

88_7? = a[Hx(m) — (Hx(m),m)m] —m A Hx(m), z€Q, te€(0,T)
Z—T:(t,x) =0, z€09Q, te(0,7), (3.15)

m((),:c) - mo(l’), z €,

with an effective magnetic field

Am
H,\(m) = T + Hd(m) + Hext (316)
associated to the micromagnetic energy
1 1
Ex(m) = / o<1 Vml? + 5/ | Ha(m)P. (3.17)
Q R3

When the domain is small (A << 1), non constant in space magnetizations are penalized. Therefore it is
expected that solutions of (3.15), (3.16) should tend to the solutions of the ODE (2.1) with D defined by

1
D = f—/Hd(mXQ), Vi € S?,
12 Jo

where ygq is the characteristic function of 2. This is precisely the purpose of this section. We also quote the
paper by DeSimone [10] in which the same kind of result is shown but for static problems, using I'-convergence
theory.

The convergence result proved in this section shows that the external magnetic field found in Section 2 allows
an approximate switching for the PDE solutions, on any sufficiently small domain, in the very general sense of
weak solutions.

Proposition 3.1. Let Q be a bounded open subset of R? or R3, o > 0, Hexy € L2 (R4, R?), m € S2. Let

loc
0
(mxo)aso0 be a sequence of H?(S), S?) such that 1110

=0 on 0Q for every A >0,

Moy — M and / |Vmaol? = o (\/X> when A — 0. (3.18)
Q

Let my be a weak solution of (3.15) such that mx(0) = mxg and myet be the solution of (2.1) with initial data
mg =m. Then, for every T > 0,

[[mx = muetllcogo,r), 10 (2)) — O when A — 0.

Remark 3.4. The assumption (3.18) is not restrictive as the minimizers of £\ do satisfy it.

Proof of Proposition 3.1. The proof follows 3 steps.

First step: Bounds on Vm, and —=. We know (from the definition of ‘weak solution’) that

0

8mA
t

Ex(ma(t)) + 2(a2a+ 1) /Ot H ag?

with £y defined by (3.17). Thus, we have the following bounds

2 (a2+1) ‘ 2
< AL
2 < B )+ 105 [

a?4+1 (*
IVl 20 (0,77,12) < 22 (&(mmo»ﬂm I / Houl? | | (3.19)
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/ Ham,\ aa+ 1) (5/\(771/\( ))+|Q|a +1/ |Hext|2) (3.20)

Second step: Study of my. Taking in (3.1) a test function ® constant in space (but not in time) leads to an
equation for myy

and

dm)\ﬁ dm)\ﬁ

_ A =
T AT

where from the definition (2.2) of Hy

—(1+a*)mag A Ho(mag) + £r(t), (3.21)
5} 1+
i) = |Q|/ — M /\—gz)\ _(+af) |Q(|1 /m/\/\ (Ha(mx) + Dmyg) .

Now, since Dm gy, = —w / Hd(mw), we may write the latter term as
Q

/ mx N\ (Hd(m)\) -+ Dm,\ﬁ) = / mx N\ Hd(m)\ - m)\ﬁXQ) -+ (m)\ - m,\ﬁ) A (Hd(m)\ﬁXQ) -+ me)
Q Q

from which we can bound
N (14 a?)
Lz /]9

This implies, thanks to (3.19), (3.20) and Poincaré inequality that there exists Cy = C3(Q2, , T') > 0 such that

T
ALMMM<@BW+¢MMNX (3.22)

8m>\
ot

@) < ] o llma = magll 2 ([Ha(mx —mxgxe)llzz + 2[lma —mag|z2) -

where

B(A) :=Ex(ma(0 ))+|Q|a Jr1/ | Hexe |?.

We notice that from (3.21) we can deduce

from which we get

de 1 2
_F o t t A t
dt (mag) + 1 + a2myg|? (@ (mog, JA() mg + [a(t) + amag A (1)) 4
dm,
dtef = F(mref)a
where
a R3 — RB
1+ a?
m = s (A Hom) + am A (m A Ho(m)))
satisfies

Vmy,ma € Bgs(0,1), [F(m1) — F(ma)| < C3(1 + [Hext(t)])[m1 — ma|,
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for some constant C5 = C5(a, D). Using Gronwall lemma and (3.22), we get
|m>\ﬁ — mref|co([O,T]7]R3) < <|m)\0u — m| + CQ\/X[B + \/E]) eca(TJrfOT ‘Hext‘).

Third step: Conclusion. Noticing that
Ima — mreexellZe = 20201 — (mag, mre)) = 2Q(Mmret, Muet — Mmg),

we get
I — et xal|Zogo.ry.m1) < 2AB +2/Q) (|mw — 71| + CoVA[B + \/E]) Ca(T+ [ [ Hoxe)

and the conclusion comes from (3.18). O

It is well known (see [1] for examples) that, for A > 0 fixed, there may not be uniqueness for the weak solutions
of (3.15), (3.16). However, all these weak solutions converge in C°([0,T], H'(Q)) to the same function myef,
when A — 0.

Although restricted to approximate controllability, the preceding result is very general in the sense that it
applies to a wide class of solutions to Landau-Lifschitz equations. To go further and obtain stronger results
(like stabilization and convergence to minimizers), we need stronger solutions. This is precisely the aim of the
following sections.

4. GLoBAL PDE SMOOTH SOLUTIONS

In this section, we investigate the existence and uniqueness of global smooth solutions of the Landau-Lifschitz
equation (1.9) on the domain Q) := V/AQ, with A > 0. As already explained, it is equivalent to study (3.15)
and (3.16). First, we show existence and uniqueness of local (in time) smooth solutions.

Theorem 4.1. Let Q be a bounded reqular open subset of R? or R®, a > 0, A > 0, Hey € CO(Ry,R?) and

mo € H?(2,5%) be such that Omo _ 0 on 9. There exist a time T = T*(Q, o, A, [|mol| g2 (q), || Hext|| ) and
a unique

m e C°([0,T], H*(Q,S*) N H'((0,T), H*(,5%)) N L*((0,T), H*(Q, 5?)),
for all T € (0,T%), satisfying (3.15) and (3.16). Moreover, such regular solutions depend continuously on mg
for the topology C°([0,T], H?(£2, 5?)).
In the 2D case, this result can be improved since global existence holds for small A (i.e. small domains

Q\ = V\Q), with initial conditions mg in a H'-neighborhood of constants, and for all (bounded and regular)
domains 2.

Theorem 4.2. Let Q be a bounded open subset of R?, a > 0, A > 0, Heyy € L (R, R3) with Heyy € L'(R,,R?)
0m0

and C*(Q) be the smallest constant C' such that (4.13) holds. For every mo € H*(Q,S%) such that 5 0
on 092 and
. 1
/ |Vm0|2 + )\ (/ |Hd(m0)|2 + 4||HextHL°°(R+,R3) + 2|Hext||L1(R+,]R3)) < *—7 (41)
o o C*(Q)

the smooth solution of (3.15) exists on R.

In the 3D case, the result of Theorem 4.1 can also be improved, when 2 is an ellipsoidal domain. We get
in that case global existence of smooth solutions for small A (i.e. small ellipsoids Q) = v/AQ), and for initial
conditions mg in a H?-neighborhood of constants.
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Theorem 4.3. Let Q be a 3D ellipsoid domain. There exists C**(Q) > 0 such that, for every a > 0, for every
0
A € (0,1), for every Heyy € CV N L>®(Ry,R?), for every mo € H?(£2,5?) with % =0 on 09 that satisfy

*x (67
C** (o + D+ || Hext | L= (z) < T (4.2)
C**(a + 1)[||Amo]| 22 + [|Amol|32] < a, (4.3)
the smooth solution of (3.15) exists on Ry and verifies, for every T > 0
2 a— N(T) ’ 2 2
IAm(T)z2 + ———— ; IVAm(t)|[72 dt < [[Amol|7z, (4.4)
where
N(T) :=sup {C**(a + D)[[[Am(t)]| 2 + [|Am(t)||72): ¢ € [0, T]} - (4.5)
In particular, we have
|Am(t)|| 2 < ||Amg||z, VE> 0. (4.6)

Remark 4.1. As a corollary of Theorem 4.2, we have the existence of 2D global smooth solutions for (3.15)
when A is small enough, namely

. 1
A (1 + 4[| Hext || oo (R, R3) + 2||Hext||L1(]R+,]R3)) < 20+(Q)’

0
and for every initial data mg € H?(Q, R?) which satisfies % =0 on 0N and
v

1
2
/Q|Vmo| <20*(Q)

This defines an H'-neighborhood of uniform magnetizations of fixed size. Similarly, a corollary of Theorem 4.3
is the existence of 3D global smooth solutions (3.15) when A is small enough, namely

«

A< )
C**(a+ 1)1+ [[Hextl| Lo (r))

mo

0
and for every mqo € H?(£, R?) which satisfies =0 on 99 and

o
A in<l,— 5.
|| mOHL2 < mm{ 720**(0[4’ 1)}

This defines an H?-neighborhood of uniform magnetizations of fixed size.

Remark 4.2. Theorem 4.2 provides the existence of global smooth solutions of (3.15) when X is small enough
and for initial conditions in a H!'-neighborhood of any minimizer m} of the micromagnetic energy &y, defined
by (3.17), when A > 0 is small enough. Indeed,

IVm3[1Z2(q) < 20Ex(m3) < 2XEx(e1xn) = 2| Ha(erxa)lZ2() < 20Q,

thus (4.1) holds when

1

I90mo = m3)l ey + 200+ 2 Hoselime. )+ [ Hosllm, 0] < gy
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Therefore, Theorem 4.2 provides the existence of global smooth solutions of (3.15) when \ is small enough,

namely
1

20+(Q)’

2A[1 + 2| Hext || Lo (r, r3) + ||HextHL1(R+JR3)] <
and for initial conditions in a H'-neighborhood of m}, namely

1
V _ * 2 < - .
[V (mo m)\)HL2(Q) 20%(Q)

Theorem 4.2 also provides the existence of global smooth solutions of (3.15) for initial conditions in an
H?-neighborhood of any minimizer of the micromagnetic energy &y, defined by (3.17), when A > 0 is small
enough. Indeed, on a 3D ellipsoidal domain, for A small enough, the minimizers of the micromagnetic energy &£y
are constant in space (see Prop. 5.1 below).

Remark 4.3. In 3D, the existence of global solutions is only proven on ellipsoidal domains on which the stray
field has a particular structure. Indeed, on such domains, one has

Hg(m) = Ha(myxa) + Ha(m — myxa)

where Hq(mgxq) is constant over Q. In particular, we have the following inequality that will be crucial in the
proof

IVHa(m)|[ > < C[Vm]Le,

where C' = C(Q) > 0, which is a consequence of Proposition 4.2 below and Poincaré inequality.

These results are more general than [5], Theorems 1.1-1.4:
e in Theorem 4.1, we take into account an external field Hey which is not considered in [5], Theorems 1.1
and 1.2;
e in Theorem 4.2, we take into account the stray field Hy(m) and the external field Heyxt which are not
considered in [5], Theorems 1.3 and 1.4;
e Theorem 4.3 deals with global solutions in a 3D case, this situation is not investigated in [5].
The proofs of Theorems 4.1 and 4.2 follow the ones of [5]. We detail them in order to justify the necessary
adaptations due to the presence of H; and Hey;. The proof of Theorem 4.3, instead, involves new arguments.
This section is organized as follows. First, in Section 4.1, we recall Sobolev inequalities and some classical
properties of the operator Hy, that will be useful. Then, we prove Theorems 4.1, 4.2 and 4.3 in Sections 4.2,
4.3 and 4.4 respectively.

4.1. Preliminaries

Proposition 4.1. Let Q be a bounded regular open subset of R? or R3. There exists C = C(Q) > 0 such that,
for every u € H?(Q, S%) with ? =0 on 09,
v

1/2
lullmzey < € (s + I1Aulla@) (4.7)
9 9 1/2
lullzeoy < C (Iulldagay + 1Aulie)) (4.8)
IVullLr < C||Au||z2, Vp € [1,6], (4.9)

| D?ul|z> < C||Aul|L: (4.10)
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A
and for every u € H3(Q, 5?) w 681/“ = % =0 on 09,
|Aullzs < CIIVAullps, (4.11)
ID?ulls < CllAuf| 227V Aull 2. (4.12)

Let Q be a bounded regular open subset of R?. There exists C = C(Q) > 0 such that, for every u € H?(Q, S?)
. Ou
with Foie 0 on 09,

14
1/2 1/2
IVull Ly < ClIVull g l1Au] farg (4.13)
1/3
IVl o) < ClIVull g | Aul g, (4.14)
3 5 . 0Au ou
and for every u € H(Q, S%) with —— = — =0 on 09,
ov ov
1/2 1/2
[Vull=@) < ClIVul gy | VAull g, (4.15)

Proof of Proposition 4.1. The inequality (4.7) results from the regularity of the operator A = —A + I with
domain

D(A) := {u € H*(Q); %

and (4.8) follows from (4.7) and the classical embedding H2(Q)) — L*°(£2). The inequality (4.9) with p =2 is a
consequence of the spectral decomposition

Oonaﬂ},

IVullf. = ZA [{w, n) ZAQ u, on)l* = Cl|AulZs,

where (¢n,)nen is defined by (3.3). Thanks to the embedding H'(Q) — LP(f2), with 1 < p < 6, the Poincaré
inequality and (4.7), we get

IValer = IV =)o
< Ollu—ugllue
< C(IVulBa + [Aul32)",

which leads to (4.9). The inequality (4.10) follows from the regularity of Laplace operator on regular do-
mains, while (4.11) results from a spectral decomposition, in the same way as (4.9). Thanks to the embedding
H'Y2(Q) — L3(Q), we have

1/2
1D%ulzs < O((luls + 1 Aul3)Y2 + (Julls + | Aul3) 4|V Aul 7).
Applying the previous inequality with u replaced by u — ug, using Poincaré inequality and (4.9) we get

1/2
1D%llzs < C((IVulB + 1 Aul32)Y2 + (IVull3s + [ Aulfe) V) v Au] )

1/2 1/2
< C(laulz: + Al 21V Al

which gives (4.12) thanks to (4.11). Inequalities (4.13), (4.14), (4.15) are consequences of Galiardo Nirenberg
inequalities. g

We will also need the following proposition.
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Proposition 4.2 ([5], Lem. 2.3). If m € HY(Q), the restriction of Ha(m) to Q belongs to H'(Q2), and there
exists C = C(2) > 0 such that,

[Ha(m)| 10y < Cllmlla o
4.2. Local smooth solutions: proof of Theorem 4.1

This section is dedicated to the proof of Theorem 4.1, following the strategy of [5], Theorem 1.1. This proof
is in six steps.
First step: Approximate problem

We denote by V,, the finite dimensional space built on the n first eigen-functions of —A on Q with Neumann

conditions, and by P, the orthogonal projection from L?(Q2, R) on V,,. We seek a solution m,, € C*([0,T,), V,),
with T}, > 0 of

om 1 1
"= o ~Amy + Hegr + ~Pol|[Vmn|?mn] — Po[(Hext, M )]
ot A A

—Pp[mn A (my, A Hd(mn))]} - P, [mn A <§Amn + Hy(my) + Hextﬂ , (4.16)
m, (0) = Py (my).

Thanks to Cauchy-Lipschitz theorem, there exists a unique maximal solution of (4.16) defined on [0, T;,) where
T, € (0, +o0].

Second step: L? estimate

Taking the inner product in L?(Q) of (4.16) by m,,, and using (4.7) and (4.8), we get C = C(Q,a,\) > 0
such that L d
e e
337 (malte] + §IVmalts = [ 19 Bl + (o ma) (1 = ) o
< C(1+ [Het )L+ (Imnl|72 + [ Ama[Z2)?]-

Thus, for every T € (0,T,,), for every ¢ € [0,T], we have
2 2a [* 2 2 ! 2 2 32
I (N2 + —= ; [Vman|[z2 < Imollzz + C[1 4 [[Hextll Lo 0,1)] ; [L+ ([[manllz2 + |Amn|72)7].  (4.18)

Third step: H? estimate
Multiplying (4.16) by A2m,, and using integrations by parts, we get

1d «
5T [|\Amn||L2(Q) + 5 IVAm ey = I+ B+ I + Lo, (4.19)
where
a 2
L = — [ (V(|Vmu|*m,), VAm,),
Ao
I, = X/(an/\Amn,VAmn>
I3 = / (mp, A Hg(my,))), VAM,) + (V(m, A Hi(my)), VAmM,),

-[4 = / ext; vmn><mna VAmn> + a<Hext7 mn><vmna VAmn> + <vmn A HBXtv VAm’ﬂ>
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Working as in [5], third step of the proof of Theorem 1.1, we get C' = C'(2, o, A) > 0 such that we can estimate
the first three terms as

[+ I+ Is| < O+ (lmal[Fa + | Amal22)°/ |V A 727
For the fourth term, we have, thanks to Cauchy-Schwarz inequality,
I = (Golmal + Dl o[V, [V A,
< (2allmaplle + D[ Hext| V|| 2]V AM, || 2.
Using (4.7) and (4.8), we get C' = C(£2, @) such that
14] < C|Hexe|(1+ a2 + [ Ama|[22)[IV Ama | 2.

Thus, there exists C' = C(€2, o, A) > 0 such that

| ~

«
[llAmall3e] + SIVAma 32 < C (1+ (Imala + [ Ama|32)*4) [V Ama 3

+ ClHex| (1+ [mallZ> + [Ama|[Z2) IV Ama |l 2
4\

«

N =
jol

t

N

3
«
SIVAmE+0 (5) [t Qmalis + 18m, 2]

@ 4\
+ S IVAmIEs + O Hoa2[ 1+ (Il + | Ama32)?].

Simplifying the terms containing ||[VAm,, || 12, and summing with (4.18), we get, for every T € (0,T},), for every
te[0,T],

d «
= ImalZay + 18malZaey] + 5 [IVmalfzo) + IV AmAlEz| <

O+ [ Hoxa 3 0r)) (1+ (lmnlZaey + 18mal3a))?) . (420)

where C' = C(Q, a, A). Thus, there exists T* > 0 such that:

e for every n, the solution of the approximate problem (4.16) is defined (at least) on (0,7) (see [5],
Lem. 2.4);
e for every T € (0,T*), (my)nen+ is bounded in

L2((0,7), H3(Q)) N L*>((0,T), H*(Q)) N H((0,T), H' (2, R?)).

Fourth step: Convergence

As in [5], these bounds allow to extract converging subsequences and pass to the limit n — +oo. In particular
the terms with Heyt do not pose any difficulty. The proof of the conservation of the punctual norm of m is
identical to [5].

Fifth step: L2-stability

Let my, ma be two solutions of (3.15), T* := min{7}, Ty }, v := mi—mgy. We prove that, for every T' € (0,7%),

there exists C' > 0 such that

sup [|o(t)] 220y < Cl[v(0)]22(0)- (4.21)
te[0,T]
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One has

ov 1 1 1
E = Q[XAU+X|V’ITL1|2U+X (|Vm1|2— |Vm2|2) mao
— v A (my AHg(mq)) — maA(vAHg(my)) —ma A (ma A Hg(v))

- <Hext7v>m1 - <Hext7m2>v:|

1 1
+ v A (Xmm + Hd(”h)) +ma A (XAU + Hd(“)) + 0N Hext.

Multiplying this equation by v, integrating over €2, using the fact that m, ms € L>((0,T), H*)NL?((0,T), H?),
we get f € L'(0,T) such that, for every t € [0,T],

d «
Ellvl\%a + XIIWII% < f)vll7e-

We conclude (4.21) thanks to Gronwall Lemma.

Sixth step: H?2-stability

With the same notations as in the previous step, we prove that, for every T' € (0,7%), there exists C' =
C(Q, a, A) > 0 such that

sup [|o(t)]| () < Cllo(0) 20 (4.22)
t€[0,T]

We go back to the Galerkin approximations. Taking the inner product of the equation on m,, with A%m,,,
integrating by parts on 2, integrating in time between 0 and ¢ and taking the limit when n tends to infinity
gives the following inequality (thanks to the lower semi continuity of the norms under the weak topology)

S8y + 5 [ IVAIE ey < FIAwlE+ [ Z Jy(r)dr, (4.23
=
where Ji,..., Jy respectively stand for the following expressions
Jio= /QV(U AN Amqp)VAv|,
Jo = /QV(U A Hg(mq))VAuv|,
Js = /QV(mg AN Av)VAv|,
Jy o= /QV(mg A Hg(v))VAv|,
Js = /QV(|Vm1|2v)VAU ,
Jo = | [ VOV = [Fmam) VA,
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Jr = /QV(U A (mi A Hg(mq)))VAu|,
Js = /QV(mg A (v A Hg(my) +mo A Hg(v)))VAuv|,
Ty = /Q AV [(Host, 0)1m1], VAV) — (V[ Hor, ma)v], VAV — (Vo A Ho, VAD)] |

Working as in [5], pp. 12-13, there exists f; € L'(0,T) such that

8
Z i < 4>\||VAUHL2 + £ (@122 + [Av®)[I72) - (4.24)

For the last term Jy, we get from Cauchy-Schwarz inequality that

ol < [ [allm| + mal) + 1] 90|V Avl|Host| + [V + [Fmal] ol |9 A Hexs
Q

< |alimallzs + limallz=) + 1] 190] 22| VA] 12| Hoxi

+ [Vl + [ Vmall s |0l 2| VA] g2 Hoxi |
Using the embeddings H3(Q) — W1°(Q), H2(Q)) — H'(Q) and (4.7), there exists C' = C(Q2,«) > 0 such that
ol < [ L+ s + mll s Hse lel32 + 1 8013) 2 [V ] o
Since Hex, € L°°(0,T) and my, mg € L2((0,T), H?), this proves the existence of fo € L'(0,T) such that
@ 2 2 2
ol < S IVACIL: + fo8) ([vlz2 + [IVAV]Z2) - (4.25)

Therefore, using (4.23), (4.24), (4.25) we get f € L'(0,T) such that

o [t t
180013+ 5 [ VA0 < lAwls + [0 [l + a0 ar
We conclude (4.22) by applying Gronwall Lemma. O

4.3. 2D global solutions: proof of Theorem 4.2

In this section, we give the proof of Theorem 4.2. We follow the strategy of [5], Theorem 1.2, in three steps.
Namely, let m be a local solution of (3.15). We prove that, under the assumption (4.1), m is bounded in
L*((0,7T), H*(Q)) for every T > 0, which gives the conclusion.

First step: Estimate on Vm

Multiplying the first equation in (3.15) by %—T,

/‘ - [&( )]+/Qa<Hext,%—T>+<mAHA(m)7%—T>-

we get
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Moreover, the first equation in (3.15) provides

(1+a®)|m A H(m)|?,

)+ (1= 7)1 o <m0+ [ (o 2)

Thanks to an integration by parts in the last integral and the property |mg| < 1, we get

5 -

and thus,

Ex(m(t)) < Ex(mo) + 2| HexellL= + | Hextll 1. (4.26)

Second step: Estimate on Am

Multiplying the first equation of (3.15) by Am we get

1d o
5 IVmle + SlAml7. = SIVmlLa + Ko+ Ko,
where
Ky = /_0‘<Hd( ) = (Hq(m),m)ym, Am) + (m A Hq(m), Am),
Q
Kg = 0&/|vm|2<Hext7m>'
Q

The inequalities (4.13) and (4.26) give
IVml|7aq) < C*Bi||Am| 22, (4.27)

where Bj is the left hand side of (4.1). Thanks to (4.1), there exists € > 0 such that 1 —e¢ — C*B; > 0. Using
Proposition 4.2, we can bound K; and K3 by

| K4

N

(@ + D[ Ha(m)]| 2 [[Am] L2

N

ea A
THAmH%? + a(a +1)%,
|Ka| < alHewl|[Vm||7a.

Thus, we get
1d

A
th (1—6—C*Bl)||Am||L2 NS (Oé+1 +Oé|HeXt|Bl

SIVm@I: + 5

Integrating in time, we get the existence of a constant By = By(Q, o, A, €, | Vmol| 2, || Hext| £ | Hext || 1) > 0
such that

t
/ |Am||2, < Ba|||[Vmo||2e +t|. (4.28)
0
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Third step: Estimate on VAm,,

Let us consider the solutions of (4.16). In the 2D case, it is possible to give better bounds for the right-hand
side of (4.19).
Namely, thanks to Cauchy-Schwarz inequality, we have
o
A
e
< 5 2lmall [V e D%l [V A 2 + 1V |V A 2.

] < /2|D2mn||an||mn||VAmn| + [Vm, 2|V Am, |
Q

Using (4.10), (4.14) and (4.15), we get C' = C(€2) > 0 such that

Ca
113 < = [l [9m 2 A2 1V Ama |22 + Va2l A 329 Am | 2]

Thus, there exists C; = C1(2, @, A) > 0 such that
a
| < 8—A||VA77%||2L2 +C [Hmnll‘io@||V77%||%2||Amn||i2 + ||an||2L2||Amn||i2] (4.29)

For I, we have thanks to Cauchy-Schwarz inequality,

1
L] < —/|an||Amn||VAmn|
Ao
1
< SIVmalzel|Ama| 2 [V Am| 2,

and using (4.15), we get Cy = C3(2, o, A) > 0 such that

C .
L] < S Vmal ] A2V A |7
(0%
< i lIVAmLIL: + Col V[ [ Amal| 1. (4.30)

Thanks to Cauchy-Schwarz inequality, we have
AR / [20fma] + 1] [Tl Halm) [V A + [afma] + 1] ][V Ha(ma) [ A,
Q
< |20llmallzs + 1] [Vl Ha(mn) 2209 Amall s + [l o |V Hamn) | 2|V A2
which, using (4.15) and Proposition 4.2, gives a constant C' = C'(2) > 0 such that
1/2 3/2
1I3] < C[2allmall o + 1) [IVmall 5 |21V Ama 72 + ]| L1 9 Ama 1.
Therefore, there exists C3 = C3(€, a, A) > 0 such that
(8%
L] < SV A + s [l + 1] [IIVrn 32l s + lmalf < Il . (4.31)
The last term is estimated thanks to Cauchy-Schwarz inequality. Indeed, one has
L < / [20m| 4 1] Hee [ V[V 20,
9]

< [20lmalle + 1] Hoxl [ Vmall 2|V Ama |12,
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and thus, there exists Cy = C4(€, a, ) > 0 such that
«
4] < §HVAmnH%2 + Culllmallf e + [ Hext* Va2 (4.32)

Putting together (4.19), (4.29), (4.30), (4.31) and (4.32), we get the inequality

t t
«
| Ama (8)]72 + X/ IV AmA[|72 < [[AmolZ: +/ FE(llmanllzz, [Imnllzee, [Vmnll L2, [[Ama | 2).
0 0

Considering the liminf when n — +oc0 in both sides (the norms are lower semi continuous for the weak topology),
and using (4.26), we get C = C(Q, a, A, || Hext ||, || Hext|| L1, m0) > 0 such that

o [t t
|Am(t)]|22 + X/o [VAmM(7)||2:dr < ||Amol|32 + C’/O (1 + [|Am(7)||72)dT. (4.33)

Finally, under assumption (4.1), inequality (4.28) holds, thus, Gronwall Lemma applied to (4.33) proves that,
for every T > 0, ||Am,(t)|| 12 is bounded uniformly with respect to t € [0, T]. O

4.4. 3D Global smooth solutions on ellipsoidal domains: proof of Theorem 4.3

This section is dedicated to the proof of Theorem 4.3. This proof involves ideas quite different from those
in [5].

Let m be a local solution of (3.15). We prove that, under the assumptions (4.2) and (4.3), m belongs to
L>((0,T), H?) for every T > 0, which gives the conclusion.

Let us first notice that it is sufficient to justify (4.4) for every T' > 0. Indeed, let us assume that (4.4) holds
for every T' > 0. Under the assumption (4.3), by continuity, we have N(T') < « for T small enough. Let

T* :=sup{T > 0; N(T) < a}.
We assume T* < +oo. Then, by continuity N(T%) = «, thus (4.4) proves that
[Am(t)][z2 < [|Amoll2,  VE€[0,T7].

Then, thanks to (4.3) and the definition of N(T™), we have N(T*) < «. This is in contradiction with the
definition of T*. Therefore, T* = 400 and m € L>((0, +00), H2(Q)).

Now, in order to prove (4.4), we go back to the equality (4.19) for the approximate solutions, and as in the
preceding section, we improve the bounds on Iy, I, I3, Iy in order to get the conclusion.

Thanks to Holder inequality, we have

] < %/2|D2mn||an||mn||VAmn|+|an|3|VAmn|
Q
Ca 9 3
< 5 [HD M || L3 |V || s [|mn || e [VAM, [ L2 + [V |76 | VAmy [ 2|

Using (4.12) and (4.9), we get a constant C' = C(2) such that

Ca
I < =l o | Al |27 |V A |27 + || A |32V Ao 2],

which, using (4.11), gives the existence of C7; = C1(£2) > 0 such that

0104

112 < SV A 13 (I e | Amal| 2 + (| Ama 2. (4.34)
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As far as I is concerned, using Holder inequality, we can estimate

1
Bl < 5 [ (9mal|Am,|[vam,
Q
1
< SIVmallzell Amn|| 2 [V Amn|| 2
¢ 3/2 3/2
< Sl Ama |V A 17
using (4.9) and (4.12), with a constant C' = C(£2). Thanks to (4.11), we get Cy = C2(€2) such that
CQ 2
2] < 1AM ]| 22|V A |22 (4.35)
For I3, Holder inequality leads to

Bl < [ a4+ 1)Vl [Ham,) [ Ao + [V oo, )|V A )
< @almallze + DIV Al (190l ol Hama) o+ ol IV Haran) |22 (136)
Thanks to the embedding H'(2) — L3(Q) and Proposition 4.2, there exists C' = C() > 0 such that
[Ha(mn)l[Ls < Cl[Ha(mn)|[ g1 < Cllma | ar- (4.37)

The second part is more subtle. As emphasized in the Remark 4.3, the proof takes advantage of the particular
structure of the stray field on an ellipsoid. Indeed, we have

Hq(m) = Ha(my) + Ha(m — my)

where Hgi(my) is constant over €2, thus thanks to Proposition 4.2 and Poincaré inequality, there exists C' =
C(£2) > 0 such that

IVHa(m)|| 2 = [VHa(m —my)l|L2> < Cllm = myl|g < C[Vim] 2. (4.38)

Using (4.36), (4.37) and (4.38), we get a constant C' = C'(2) > 0 such that

3] < C(2allmn|/p~ + 1)||VAmn||L2(IIAmnlle||mn||H1 + IImnIILOOIIanIILz)
< CsQallmallze + D)(lmall e + [lmn]| o)V Amn|2 (4.39)

using (4.9) and (4.11), and for a constant C3 = C5(2) > 0. Eventually, the last term is treated as follows

L < /(2a|mn|+1)|Hext||an||VAmn| (4.40)
Q

< Qollmallze + V[ Hesel [Vmll 2]V Aol (4.41)

< Cualmn|lL= + 1)|Hoxt ||| VAM, |12, (4.42)

thanks to (4.9) and (4.11) and where Cy = C4(Q).



702 F. ALOUGES AND K. BEAUCHARD

Finally, integrating (4.19) between t = 0 and ¢ = T', using (4.34), (4.35), (4.39), (4.42), letting n — +oo and
using |m| = 1, we get Cy = C4(Q2) > 0 such that

20 [T
I\Am(T)||2L2+7 ; IVAm(t)]|72dt < [|Amg]|7

T
1
+ / Cyla+1)[VAm|: (5 11Am 2 + [AmlE] + [ Fml 2 + 1+ [ Hoxi])-
Let us assume that A € (0,1) is sufficiently small so that
o
Cy( (e + 1)1+ [|Hextllz) <+,
which is a consequence of (4.3) if C** is chosen so that C** > Cjy. Then, we have

o

Am(T)||?.
[Am(T)|7, 3

T
| I am)[adt < lam.
0
T 2 1 2
+ / Cyla+1)IVAm|2: (5 | 1Am] 2 + | Am|[3:] + [V 12 ).
Since A € (0,1), thanks to (4.9) with p = 2, there exists C' = C(€2) > 0 such that

C
[9milse < S Amlze,

and thus, there exists C** = C**(Q) > C4(2) such that

T
e
|Am(T)|[7- + X/o IV Am(t)|Z2dt < || Amol|7
T
+1
+/ C**L)\)HVAmHQLQ [Aml| 2 + | Am|72 | dt.

0

This last estimation leads to (4.4). O

Remark 4.4. The same result holds with the same proof, when Q is a 2D ellipsoid, instead of a 3D one.
However, the result is weaker that the one of Theorem 4.2 because the initial condition needs to be close to
constants in H2(£2). In Theorem 4.2 instead, one only needs an initial condition close to constants in H*().

5. EXPONENTIAL STABILIZATION OF UNIFORM MAGNETIZATIONS ON ELLIPSOIDAL DOMAINS

The goal of this subsection is to propose external magnetic fields Heyt that produce exponential convergence
to global minimizers of the energy £,. We consider an ellipsoidal domain Q of R? with Q2] = 1, a > 0 and we
study (3.15) and (3.16) with A > 0. On €, the stray field generated by a uniform magnetization is constant,
thus, up to a change of coordinates, we may assume that

Vo € Q, Vm € S?, Hy(mxa)(z) = —Dim, (5.1)
where
a1 0 0
D = 0 (%) 0 s 0 < a1 g (6%) < as. (52)
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Therefore, for non uniform magnetizations the stray field is given by

Hy(m) = —Dmy + Hy(m), (5.3)
where _

Hg(m) := Hq(m — mgxa). (5.4)
Thus, in view of (1.8), we have

[Ha(m)|[z2 < [|m —my| L2 (5.5)

and Poincaré inequality shows the existence of Cy = Cy(2) > 0 such that
[Ha(m)| 2 < Cal|[ V|2, ¥m e HY(SQ). (5.6)

We are now in a position to state the results. We begin with the description of the minimizers.

Proposition 5.1. Let Q be a 3D ellipsoid. There exists \* = A*(Q2) > 0 such that, for every A € (0, \*), the
micromagnetic energy Ex has exactly two global minimizers: m = ey and m = —e;y.

Physically speaking, it is clear that taking Hey; parallel to e; should force the magnetization to converge
to e;. This is indeed the case, and we even show a slightly stronger result. More precisely, we prove that,
for A small enough (i.e. for small domains ) = VAQ), the constant external field Hey = Be; forces, locally
around e;, the exponential convergence of the PDE solutions to e;, when the parameter 3 > 0 is large enough.
When j = 1, we therefore get the exponential stabilization of the global minimizers of the energy.

In that aim, let us introduce the modified energy Fg ; defined by

1 ; 1
Eg j(m) := /Q o5 |Vml + 81 —m) + 5/]1@3 | Ha(m)]? (5.7)

that measures the H!-distance between m and e; since we have

/Q m — e[ = 2(1 — m{). (5.8)

Proposition 5.2. Let j € {1,2,3}. When Hex(t) = Pe; for t € [0,T)], the energy Eg ;(m) is not increasing
on [0,T) along the trajectories of (3.15), and we have the estimate on a smooth solution m of (3.15)

dEg ; 1 1
dBgj _ L, 1
dt T« Vi+a2) Ja

We now state the main result of this section.

Theorem 5.1. Let Q be a 3D ellipsoid and o > 0. Let oy, aa, a3, 07, 35, 55 be the real numbers defined by (5.1),
(5.2) and

2

Om on (0,T). (5.9)

ot

a3 — Q2 a3 — Qg Qg —
1= - 5= - ;= . 5.10

ﬁl ay + 20 ; ﬁQ oz + 20 ) 53 as + 20 ( )

Let j € {1,2,3} and B > Bi. There exists \* = \*(Q, o, 8) > 0, n = n(Q,a) > 0, v = v(Q,a,6,A) > 0,

K(Q,a,3,\) >0 such that, for every mo € H?(2, S?) with % =0 on 9Q, Eg j(mg) < B and

[Amg|[2 <n (5.11)
there exists a unique global solution of (3.15) and (3.16) with Hexy = Be; which satisfies

Im(t) = ejllar @) < Kllmo — el m@e™". (5.12)
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Remark 5.1. The same result holds in 2D when €2 is an ellipse and with (5.11) replaced by
[Vmol[2 <.

Remark 5.2. The constants \* = A*(Q,«, 3) > 0, n = n(Q, ) > 0, v = v(a, 5,\) > 0, will be explicit in the
proof.

Remark 5.3. In view of (4.6), when 2 is a 3D ellipsoid, A small enough, 3 large enough and mg close enough
to a constant in H? then the solution m(t) of (3.15), (3.16) with Hey = (e; converges exponentially to e;
in H*(2) for every s < 2. Indeed, by interpolation, we have for every 6 € (0, 1],

lm(t) — €513 lm(t) — e;1l 57"
O, @, B, A)llmo |l 2 [m(t) — e

”m(t) - ejHHO+2(1—9) <
<

Remark 5.4. When Q is a 3D ellipsoid, A small enough, 3 large enough, mo € H?*(Q,5?%) is in a
H?-neighborhood of constant magnetizations, and when Hey = Be;, then, it can be shown with arguments
similar to those used in this article, that smooth solutions belong to

CH([0,+00), H?) N C°([0, +00), HY)
and satisfy

Vt > 0, [|A%m(t)]| 2 < ||A%mg]| Lz,
d @
vt >0, = [Am(b)[Z2 + $IIVAm(®)]Z: < 0.
Thus, thanks to interpolation theory, the exponential convergence of m(t) to e; holds in H*(f2), for every s < 4.
Generalizing the method, one can prove that the convergence in Theorem 5.1 may hold in any H*(2) for s > 0

provided the initial condition is close enough to constant magnetizations in a space H o (Q) where s > s is well
chosen.

The rest of this section, devoted to the proof of Theorem 5.1, is organized as follows. In Section 5.1, we
prove Propositions 5.1 and 5.2. In Section 5.2, we prove the exponential convergence to zero of ||Vm(t)|| 2.
In Section 5.3, we deduce from the previous result the exponential convergence to zero of |my(t) — e;| (or
lm(t) — ejll L2 in view of (5.8)). Finally, in Section 5.4, we prove Theorem 5.1 and give explicitly the different
constants.

5.1. Proof of Propositions 5.1 and 5.2
We give here the proofs of Propositions 5.1 and 5.2.

Proof of Proposition 5.1. From (5.3) and (5.4), one has
[ Ha(m) |72 = (Dmy,my) + || Ha(m — mgxe)|Z: — 2/(Hd(mﬁXQ)aHd(m — msxQ))-
Q
In the previous equality, the last integral vanishes, since it coincides with

/ (Ha(mgxa), m — my)
Q
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which is zero because Hd(mﬁxg) is constant on 2. Therefore, we have

1 1
am) = [ 5Imlie+g [ I

<Dmﬁvmﬁ>.
2

WV

1
Sy IVl +

Noticing that |mg|? + |—§1N||m — mg||2, = 1, and using Poincare inequality, we get a constant Cp = Cp(2) > 0

such that . )
£xm > 5 (S~ Y ol (D) ) + -

Q
For A < \* = CP—H this is always greater than &y (e1xq) = %, with equality if and only if m =my =e;. O
aq
0

Proof of Proposition 5.2. Taking the scalar product in L?(Q) of the first equation of (3.15) with 6—7?, we get

om |2 dE3,; / < 8m>

- | =—a—=+ mAHyx(m), — ).

/Q ‘ ot dt 0 (m): 5
This gives (5.9) because
‘é)t‘ (1 + a2)|m A H(m)[2. O

5.2. Exponential convergence of ||[Vm|| >

We now pass to exponential convergence results.

Proposition 5.3. (1) Let Q be a 2D ellipsoid with | = 1, a > 0, Hey, € L(Ry, R?) with Hey € L' (R, R?),
and ¢ = ¢(§2) > 0 be the largest constant such that

c||Vullpz) < |Aull ), Yu € H*(Q) with % =0 on 09Q. (5.13)

v
There exists C* = C*(2) > 0 such that, for every A > 0 with

a02

0< A< , 5.14
Heallo~ + C(a+ 1) o1
2 2 . Omg
for every mg € H?(2, 5%) with 5 = 0 on 092, and
v
: 1

IVmollZz + Al Ha(mo)lI7z + 4[| Hext | = + 2l Hext || 21) < =5, (5.15)

there exists a global solution of (3.15) with initial condition m(0) = mq and this solution satisfies

ac2

IVm(t)| 2 < || Vmollz2e” 2%, Vt > 0. (5.16)

(2) Let Q be a 3D ellipsoidal domain with |Q| =1, a > 0, Hexy € CONL®(R4,R?) and ¢ = ¢(Q) > 0 be the
largest constant such that (5.13) holds. There ezists C** = C**(Q, a)) > 0 such that, for every A € (0,1) with

C (L [ Hextlle) < (5.17)

a
A )
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0
for every mo € H?(Q, S?) with 90— op 012, and
v

C[lAmol Lz + [[AmolZ.] < a, (5.18)
there exists a global solution of (3.15) with initial condition m(0) = mg and this solution satisfies (5.16).

Remark 5.5. The constants C* = C*(Q2) and C** = C**(£, ) will be given explicitly.

Remark 5.6. Let us notice that the exponential convergence of |[Vm(t)||r2 to zero holds with any Hex =
Hey(t) in the suitable functional space. One does not need Heyxs = fe; here.

Proof of Proposition 5.3. First, notice that if C* > C** where C* is as in Theorem 4.2 (resp. C** > C**(a + 1),
where C** is as in Thm. 4.3), then, under the assumption (5.15) (resp. (5.17) and (5.18)), then Theorem 4.2
(resp. Thm. 4.3) ensures the existence of global solutions.

The beginning of the proof is the same in the 2D and 3D situations. We estimate the behavior of the energy

_1 2
—2/Q|Vm|

by taking the scalar product in L?(Q) of the first equation of (3.15) with Am. We get

dE _ o 2 « 4 2
T = Iamle + SIVmlL — [ [9mP (o m)
+/ —a{Am, Hg(m)) — a|Vm|*(Hg(m), m) + (Am,m A Hg(m)). (5.19)
Q

Using |m| = 1, we have

/ V|2 (Heg,m) < |Hexe| [V |22

Hex
< Moz, (5.20)

om
Next, thanks to an integration by part, the property D =0 on 9N leads to
v

/ a(Am, Hy(m)) + (Am,m A Hy(m)) = / a(Am, Hy(m)) 4+ (Am,m A Hg(m)),
Q Q
and using (5.6), (5.13) and |m| = 1, we deduce that
/ a(Am, Ha(m)) + (Am,m A Ha(m)) < (a+1)Cal Aml|2[|Vm][ 2
Q

o lat1)C
&

|Am|3.. (5.21)

Eventually, Cauchy-Schwarz inequality, (1.8) and (4.9) implies that there exists C; = C1(f2) > 0 such that

/|Vm| (Hg(m /|Vm| |Hg(m)|

al[Vml[7. | Ha(m)|| 2

<
AN (5.22)
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First case: () is a 2D ellipse

In the same way as in the first step of the proof of Theorem 4.2, we get
5>\(m(t)) < 5)\(m0) + 2HHextHL°° + HHext||L1~ (523)

Thanks to (4.13) and (5.23), we have

« aC*
SVl < SVl am3s
< a0 (283(mo) + 4| Howllz + 20| Fro L1 ) | A 3. (524)

Finally, using (5.19) and (5.20), (5.21), (5.22), (5.24), we get

d ~ « .
—E(m) < - {X —aC* (25>\(m0) + 4[| Hextl[ L + 2||HextHL1) -

dt 70[01 ||Am||%2

|Hext| N (Oé+ ]-)Cd
c? c

Let us assume that (5.14) and (5.15) hold with the constant C* defined by
C* := max {40*4; Cqc+ 0102}.
Then, we have

<——F, (5.25)
which gives the conclusion.

Second case: () is a 3D ellipsoid
Thanks to (4.9) and (4.6), we get Cy = C2(€2) > 0 such that

« aCy
Syt < 2 amli:
aC
< %% Aol Am (5.26)

Finally, using (5.19) and (5.20), (5.21), (5.22), (5.26), we get

d ~ a o« Hey a+1)C
< Bom) < —[% ~ Conampg — Pl 0 DG 06Ty,

dt

Let us assume that (5.17) and (5.18) hold with the constant C** such that

4 4 1
C** := max {C**(a +1),4aCs, = M

+4aC1 |
Then, we have (5.25) which gives the conclusion. O

5.3. Exponential convergence of my

Now we study the solutions of (3.15) with the external magnetic field Hext = fe;, j € {1,2,3}.
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Proposition 5.4. Let 3, k = 1,2,3 be defined by (5.10). Let j € {1,2,3} and B > B;. Let m be a global
smooth solution of (3.15) with Hexy = Bej such that

b E@j(mo) < 65
o there exists & > 0 such that

IVm(®)llze < [Vmollze™, vt >0,
Then, there exists C' > 0 (that does not depend on m) such that
[ms(t) = 5] < C(Ims(0) = 5] + | Vol )"
where v := min{a(S — f;),6}.
Proof of Proposition 5.4. We define
@) = / f%|Vm|2m(j) + aBm) (ml) — méj)) + a({Dmy, my — m)m\
Q
= a|Ha(m)9 — (Ha(m),mymD | + (m A Ha(m)?.

First case: 7 =1
Integrating over €2 the first component of the first equality of (3.15) with Hexy = feq, we get

d
1= m = —ap(l = (m")?) — (a3 — ax)mm + afen — (Dmy,me))mi? + fi(0).

Since Eg 1(mg) < f and t — Eg1[m(t)] is not increasing (see Prop. 5.2), we have mél)(t) >0, Vt > 0. Thanks
to that inequality and |[my(t)| < 1, we get

a(a; — (Dmy, mﬁ))mél)

Using |my| < 1, we get

(3 a3 — 2 3
(o3 =)l m” | < =5+ (m”)?
3 — Qg

< P m)).

Thanks to the two previous inequalities, we get

%ﬂ—n#”é—%ﬂﬂ—mﬁ”+ﬁ@)WMmﬁy:B—ﬁf

Thanks to (5.5) and Poincaré formula, there exists Cp = Cp(£2) > 0 such that
a(Dmy,m —myym® < aazCp||Vm||Lz,

/Q —alHa(m) — (Ha(m),mym] + (m A Ho(m)® < (a4 1)Cal Vinl| (0,

o [ mOm® ~ ] < asCe|Tml .
Q
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thus
If1(t)] < Fre ', Vit >0,
where
Fy = (aas +a+ 1+ af)Cp|[Vmol| 2 + 5 Vo 72
Finally, we get
I
lafy — 4

—aﬁlt _ —ot

(1= m)(0) < (1= m{P)(0)e M + et = e,

which gives the conclusion.

Second case: j = 2

As in the first case, we have

d
gt —m = —aB( — (m?)) + (s — an)mmi? + a(az — (Dmy,me))m? + fo(t).

‘We have

alag — (Dmy,my))mi? < anoll — (miP)?),
a3 — (1

5 (1= (m)?),

2) (3
(s — a1)|m§ )mg )| <

thus

%[1 - m,(f)] < afell — m'(f)] + f2(t) where By 1= — f3;.

We conclude in the same way as in the first case.

Third case: 7 = 3

We have

d .

1= m = —ap(l = (mV)) + (o — ax)mm? + afas — (Dmy,me))m? + ().
We have

a(az = (Dmy,my))m? < aas[l - (m”)?)
1 2 Q2 — o 3
(a2 = an)lm"m? | < P (1 - (mY)?),
thus q
prihe myV] < afs[l —m{] + fa(t) where B3 := 3 — 5.

We conclude in the same way as in the first case. O

5.4. Conclusion: proof of Theorem 5.1
In this section, we deduce from Propositions 5.3 and 5.4 the values of the constants in Theorem 5.1.

2D case:
Let 2 be a 2D ellipsoid domain, a > 0, A > 0, j € {1,2,3}, 8 > B, mg € H?(Q, 5?%) with dmg/0v = 0 on 99
and Eg j(mo) < 8. Let C* = C*(2) and ¢ = ¢(2) be as in Proposition 5.3. We assume

. OLC2 1
A< M@0, B) = mm{4[ﬁ+0*(a +1)]72C7[1 + 4] }
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and

1
Vm <n(Q,a) = .
” OHL2 77( ) \/5 N
Then, (5.14) and (5.15) hold, thus (5.16) is satisfied. Applying Proposition 5.4, and using (5.8), we get (5.12)

with
2

v=u(Qa,8,\) = min{%, a(f - 5;)}. (5.27)

3D case:
Let 2 be a 3D ellipsoid, a > 0, A € (0,1), j € {1,2,3}, B > ], mg € H?(Q, 5?%) with Omg/0v = 0 on 9N
and Eg j(mo) < 8. Let C** = C**(2, o) and ¢ = ¢(f2) be as in Proposition 5.3. We assume

«

A< M(Qa,B) = I

and o
[[Amo||zz < n(€2, @) := min {1, W}

Then, (5.17) and (5.18) hold, thus (5.16) is satisfied. Applying Proposition 5.4, and using (5.8), we get (5.12)
with (5.27).

6. MAGNETIZATION SWITCHING ON ELLIPSOIDAL DOMAINS: PDE sTUDY

We use the notation (7 defined in (5.10), Hexi(m) defined by (2.5).

Proposition 6.1. Let Q be a 2D (resp. 3D) ellipsoid domain, o > 0, 5 > 5, A = A(Q, o, B) be as in The-
orem 5.1, T > 0, myer € H?((0,T),5?%) be such that —myer(0) = myeet(T) = €1. We define Hexy € L®°(Ry,R?)
by

How(t) = { g;ft(mref(t)) g?f;i T,
where Heyi(Myer) is defined by (2.5). There exists n > 0 such that, for every mg € H*(Q,S%) (resp. mqy €
H3(Q, 5%)) with ? =0 on 0Q and ||mo + e1| gr() < n (resp. ||mo + e1llm2(q) < 1), the solution of (3.15)
converges emponentilc/zlly to e; in HY(Q).

Proof. We use the continuity with respect to initial conditions for the C°([0,T], H?)-topology and we apply
Theorem 5.1 on (T, +00). O

7. CONCLUSION

In this paper, we have given a first contribution to the mathematical study of the switching of the magne-
tization inside a three dimensional small particle. This opens improvements in several directions. First, our
results are still restricted to ellipsoidal particles and should be generalized to different shapes. It turns out
to be not a simple technical difficulty and we plan to investigate this problem in the near future. Also, the
case, particularly relevant in practice of an array of particles should be investigated. Indeed, it is absolutely
crucial that the particles behave independently, and switching one particle must not perturb the other ones.
Eventually, we plan to consider other types of control like the one that models the spin injection technique.

Let us finish by pointing out several differences between Landau-Lifschitz equations and the harmonic maps
heat flow into spheres. Although the equations look quite similar, the gyromagnetic term in the magnetic model
make them very different from the point of view of mathematical analysis. Indeed, a lot more results are known
in the more geometrical case of the harmonic maps equation, like explicit blow-up solutions in finite time [7,9],
global regular solutions if the energy is small [17] or if the energy is non-increasing in time [11], or if the initial
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condition takes values in a open half-sphere [13], etc. Non-uniqueness results are known for the heat flow of
harmonic maps [8] or for Landau-Lifschitz equations but only when the effective magnetic field consists of the
exchange term [1]. Such results are still not known for Landau-Lifschitz equations in full generality and seem
very challenging.
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