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STRUCTURE OF APPROXIMATE SOLUTIONS OF VARIATIONAL PROBLEMS
WITH EXTENDED-VALUED CONVEX INTEGRANDS

ALEXANDER J. ZASLAVSKI!

Abstract. In this work we study the structure of approximate solutions of autonomous variational
problems with a lower semicontinuous strictly convex integrand f : R" x R™ — R' U {oo}, where R"
is the n-dimensional Euclidean space. We obtain a full description of the structure of the approximate
solutions which is independent of the length of the interval, for all sufficiently large intervals.
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1. INTRODUCTION

In this paper we study the structure of approximate solutions of the following variational problem
T
/ f(v(t),v'(t))dt — min, (P)
0

v :[0,T] — R™ is an absolutely continuous (a.c.) function such that v(0) = z,

where z € R™ and T' > 0. Here R™ is the n-dimensional Euclidean space with the Euclidean norm | - | and
f:R"x R" — R'U{oco} is an extended-valued integrand.

We are interested in a turnpike property of the approximate solutions of the problem (P) which is independent
of the length of the interval T, for all sufficiently large intervals. To have this property means, roughly speaking,
that the approximate solutions of the variational problems are determined mainly by the integrand f, and are
essentially independent of T" and x.

Turnpike properties are well known in mathematical economics. The term was first coined by Samuelson in
1948 (see [13]) where he showed that an efficient expanding economy would spend most of the time in the vicinity
of a balanced equilibrium path (also called a von Neumann path). This property was further investigated for
optimal trajectories of models of economic dynamics (see, for example, [1,3,8,14,17] and the references mentioned
there). In the classical turnpike theory the function f has the turnpike property (TP) if there exists T € R"
(a turnpike) which satisfies the following condition:
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For each M, e > 0 there is a natural number L such that for each number T" > 2L, each x € R" satisfying
|| < M and each solution v : [0,7] — R™ of the problem (P) the inequality |v(f) — Z| < € holds for all
te[L,T— L)

Note that L depends neither on T nor on .

In the classical turnpike theory [1,3,8,14] the cost function f is strictly convex. Under this assumption the
turnpike property can be established and the turnpike Z is a unique solution of the minimization problem
f(2,0) — min, € R"™. In this situation it is shown that for each a.c. function v : [0,00) — R™ either the
function

T—>/ Fo(t), v/ (8)dt — TF(2,0), T € (0,00)
0

is bounded (in this case the function v is called (f)-good) or it diverges to co as T' — oo. Moreover, it is also
established that any (f)-good function converges to the turnpike z. In the sequel this property is called the
asymptotic turnpike property.

Recently it was shown that the turnpike property is a general phenomenon which holds for large classes
of variational and optimal control problems without convexity assumptions. (See, for example, [7,15-17] and
the references mentioned therein.) For these classes of problems a turnpike is not necessarily a singleton
but may instead be a nonstationary trajectory (in the discrete time nonautonomous case) or an absolutely
continuous function on the interval [0,00) (in the continuous time nonautonomous case) or a compact subset
of the space R" (in the autonomous case). Note that all of these recent results were obtained for finite-valued
integrands f (in other words, for unconstrained variational problems). In this paper we study the problems (P)
with an extended-valued integrand f : R" x R — R'U{oco} (in other words, constrained variational problems).
Clearly, these constrained problems with extended-valued integrands are more difficult and less understood than
their unconstrained prototypes in [15-18]. They are also more realistic from the point of view of applications.
As we have mentioned before in general a turnpike is not necessarily a singleton. Nevertheless problems of the
type (P) for which the turnpike is a singleton are of great importance because of the following reasons: there
are many models for which a turnpike is a singleton; if a turnpike is a singleton, then approximate solutions of
(P) have very simple structure and this is very important for applications; if a turnpike is a singleton, then it
can be easily calculated as a solution of the problem f(z,0) — min, z € R™.

In our recent paper [19] the goal is to understand when the turnpike property holds with the turnpike being
a singleton. We show there that the turnpike property follows from the asymptotic turnpike property. More
precisely, we assume that any (f)-good function converges to a unique solution Z of the problem f(z,0) — min,
x € R™ and show that the turnpike property holds and Z is the turnpike (see [19], Thm. 1.1). Note that in [19]
we do not use convexity assumptions. It should be mentioned that analogous results which show that turnpike
properties follow from asymptotic turnpike properties for unconstrained variational problems with finite-valued
integrands were obtained in [7,17].

The goal of the present paper is to study the structure of approximate solutions of the problems (P) in the
regions [0, L] and [T — L, T] (see the definition of the turnpike property). We will show (see Thm. 3.2) that if
v: [0,7] — R™ is an approximate solution of the problem (P), then for all ¢ € [0, L] the state v(t) is arbitrary
close to X (t) where X : [0,00) — R"™ is a unique solution of a certain infinite horizon optimal control problem
satisfying X (0) = x. We will also show (see Thm. 3.3) that if v : [0,7] — R™ is an approximate solution of the
problem (P), then for all ¢t € [0, L] the state v(T —t) is arbitrary close to A(t), where A : [0,00) — R™ is a unique
solution of a certain infinite horizon optimal control problem which does not depend on z. These results are
established when the function f is strictly convex. In this case combining Theorem 1.1 of [19] and Theorems 3.2
and 3.3 of the present paper we obtain the full description of the structure of approximate solutions of the
problems (P). Note that the structure of approximate solutions of the problems (P) in the region [0, L] depends
on x while their structure in the region [T'— L, T|] does not depend on z. Actually it depends only on f and we
have here a new kind of the turnpike property.



874 A.J. ZASLAVSKI

2. PRELIMINARIES

In this paper we denote by mes(E) the Lebesgue measure of a Lebesgue measurable set £ C R!, denote by
| - | the Euclidean norm of the n-dimensional space R™ and by (-, -) the inner product of R™. For each function
h:X — R'U{oo}, where X is nonempty, set dom(h) = {zr € X : h(z) < co}.

Let a > 0, 9 : [0,00) — [0,00) be an increasing function which satisfies

lim ¢(t) = o0 (2.1)

t—o0

and let f : R® x R" — R!' U {oo} be a convex lower semicontinuous function such that the set dom(f) is
nonempty and closed and that

[z, y) > max{(|2]), ¥(ly)ly[} — a for each z,y € R™. (2.2)

We suppose that there exists & € R™ such that the following assumption holds:
(A1) (z,0) is an interior point of the set dom(f) and

f(z,0) < f(x,0) for all x € R". (2.3)

Remark 2.1. Note that the existence of Z € R™ satisfying (2.3) follows from (2.1) and (2.2). In this paper we
also assume that (Z,0) is an interior point of the set dom(f).

They are well-known facts from convex analysis [12] that the function f is continuous at the point (Z,0) and
that there is [ € R™ such that

f(z,y) = f(2,0) + (l,y) for each z,y € R". (2.4)

We also assume that for each pair (z1,y1), (z2,y2) € dom(f) such that (x1,y1) # (22,y2) and each a € (0, 1)
the inequality
fledzr,y1) + (1= a)(z2,92)) < af(zr,y1) + (1 — @) f(z2, y2) (2.5)

holds. This means that the function f is strictly convex. The integrand f was considered in [19], Example 2.

It was shown there that all the results of [19] hold for the integrand f.
In our study we will use an integrand L defined by

L(Z’,y) = f(xay) - f(i',O) - <lay> for all T,y € R™. (26)
We consider the following variational problem
T
| e, v®)t - min
0
v:[0,T] — R" is an a.c. function such that v(0) = z,

where x € R™ and T > 0.
For each x € R™ and each number T > 0 set

T
o(f,T,z) =inf {/0 fu(t),v'(#))dt : v:[0,T] — R™ is an a.c. function satisfying v(0) = x} , (2.7)

T
o(f,T) = inf {/0 fo(t), ' (t))dt : v:[0,T] — R" is an a.c. function} .
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For each 71 € R, Ty > T} and each a.c. function v : [Ty, Ts] — R™ set
T>
F(T, Tow) = [ f(o(t),o/ (1))t (2.8)
T
In [19] we study a class of integrands which contains the integrand f and obtain the following useful results.
Proposition 2.1 ([19], Prop. 7.1). For each M > 0 there exists cpr > 0 such that
o(f,T,x) > Tf(Z,0) - cm

for each x € R™ satisfying |x| < M and each T > 0.

By Proposition 2.1 for each a.c. function v : [0,00) — R™ the function

T
T / F(t). 0 (0)dt — Tf(z,0), T € (0,00)
0

is bounded from below.
We say that an a.c. function v : [0,00) — R™ is called (f)-good [3,5,17] if

sup {

It should be mentioned that our study of the structure of solutions of variational problems on intervals [0, T']
with sufficiently large length 7' is strongly based on asymptotic behavior of (f)-good functions [17].

Proposition 2.2 ([19], Prop. 1.1). Let v : [0,00) — R™ be an a.c. function. Then either v is (f)-good or

T
/0 F(t), v (H)dt — Tf(z,0)

T e (0,00)} < 0. (2.9)

T
/ fu(t), ' (¢)dt — T f(z,0) — o0 as T — oo.
0
Moreover, if v is (f)-good, then sup{|v(t)| : ¢t € [0,00)} < 0.
Proposition 2.3 ([19], Prop. 7.2). Let v : [0,00) — R™ be an (f)-good function. Then
lim |v(t) —Z| = 0.
t—o0

For each M > 0 denote by X/ the set of all x € R™ such that |x| < M and that there exists an a.c. function
v :[0,00) — R™ which satisfies

v(0) =z, I7(0,T,v) — Tf(Z,0) < M for each T € (0, 00). (2.10)

The following turnpike result was established in [19], Theorem 1.1.

Theorem 2.1. Let e, M > 0. Then there exist a natural number L and a positive number § such that for each
real T > 2L and each a.c. function v : [0,T] — R™ which satisfies

v(0) € Xpr and I7(0,T,v) < o(f, T,v(0)) + 0
there exist 7 € [0,L] and 7o € [T — L,T] such that
[v(t) — Z| <€ for all t € [y, 2]

and if |v(0) — z| < 4§, then 7 = 0.



876 A.J. ZASLAVSKI

In the sequel we use a notion of an overtaking optimal function introduced in [1,3,14].
An a.c. function v : [0,00) — R™ is called (f)-overtaking optimal if for each a.c. function w : [0,00) — R"
satisfying u(0) = v(0),
lim sup[I7 (0, T, v) — I7(0, T, u)] < 0.
T—o00

The following result obtained in [19], Theorem 1.2, establishes the existence of an overtaking optimal function.

Theorem 2.2. Assume that © € R™ and that there exists an (f)-good function v : [0,00) — R™ satisfying
v(0) = x. Then there exists an (f)-overtaking optimal function u, : [0,00) — R™ such that u.(0) = z.

The following optimality notion is also used in the study of infinite horizon variational problems (see
[4,6,7,9-11] and the references mentioned there).

An a.c. function v : [0, 00) — R™ is called (f)-minimal if for each 71 > 0, each T> > T3 and each a.c. function
w: [Th, To] — R™ satisfying u(T;) = v(T;), i = 1,2 the inequality

T2 T2
fu(t), v (1)dt < flu(t),'(t))dt
Tl Tl
holds.

We will show in our forthcoming paper that an a.c. function v : [0,00) — R™ is (f)-overtaking optimal if
and only if v is (f)-minimal and (f)-good.

3. MAIN RESULTS

In this section we state our main results which describe the structure of approximate solutions of variational
problems in the regions containing end points. We consider the variational problems with the integrand f
introduced in Section 2. We suppose that all the assumptions posed in Section 2 hold. In addition we suppose
that the following assumption holds.

(A2) For each M, e > 0 there exists v > 0 such that for each pair of points (£1,&2), (m1,72) € dom (f) which
satisfies |&|, [ni| < M, i =1,2 and |&§ — &3] > € the following inequality holds:

27 f (& m) + 27 f (&, me) — F2THE + &), 27 (m 4+ m2) = .

Remark 3.1. Note that (A2) follows from (2.5) if the restriction of f to dom(f) is continuous.
Since the restriction of f to dom(f) is strictly convex (see (A2)) Theorem 2.2 implies the following result.

Theorem 3.1. Assume that x € R™ and that there exists an (f)-good function v : [0,00) — R™ satisfying
v(0) = x. Then there exists a unique (f)-overtaking optimal function v, : [0,00) — R™ such that v.(0) = x.

Let z € R™ and let there exist an (f)-good function v : [0,00) — R™ such that v(0) = z. Denote by Y (/*)
[0,00) — R™ a unique (f)-overtaking optimal function satisfying Y (/»*)(0) = z which exists by Theorem 3.1.

In the following theorem (as in the whole section) we suppose that assumptions (A1) and (A2) hold. This
theorem which will be proved in Section 5 describes the structure of approximate solutions of variational
problems in the regions containing the left end point.

Theorem 3.2. Let M, e be positive numbers and let Lo be a natural number. Then there exist § > 0 and a
natural number Ly > Lg such that for each number T > Ly, each z € X and each a.c. function v : [0,T] — R"
which satisfies
v(0) = z, I7(0,T,v) < o(f,T,2) + 6
the following inequality holds:
lu(t) = Y2 (1) <€, t €0, L.
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Now we intend to describe the structure of approximate solutions of variational problems in the regions
containing the right end point. In order to meet this goal define the functions f, L : R™ x R™ — R! U {oo} by

f(z,y) = f(z,~y), L(z,y) = L(z, —y) for all z,y € R". (3.1)

It is clear that

dom(f) = {(z,y) € R" x R" : (z,~y) € dom(f)}, (3:2)
dom(f) is nonempty closed convex subset of R™ x R",

[z, y) = max{(|z]), ¢¥(lyl)ly[} — a for each z,y € R" x R", (3-3)

(z,0) is an interior point of the set dom(f) and the function f is convex and lower semicontinuous.
By (3.1), (2.4) and (2.6) for each z,y € R"

f(xay) = f(za 7y) > f(i'a 0) + <lv *y> = f(ja 0) + <7lay>a (34)
L(x’y) = L(x’ _y) = f($, _y) - f(.f,O) - <l7 _y> = f(x’y) - f(j,O) - <_Zay>' (35)
In view of (3.1), (3.2) and (2.5) for each (z1,y1), (72,y2) € dom(f) such that (z1,y1) # (z2,y2) and each
ac(0,1)
fla(@,y) + (1 = a)(x2,92)) < af(zr,y1) + (1= a)f(22,2). (3.6)
Therefore all the assumptions posed in Section 2 for the function f also hold for the function f. Also all the
results of Section 2 stated for the function f are valid for the function f. In particular Theorems 2.1 and 2.2
hold for the integrand f.
Assumption (A2) and (3.1) imply that the following assumption holds.
(A3) For each pair of positive numbers M, e there exists v > 0 such that for each pair (£1,&2), (m1,12) €

dom( f) which satisfies
(&l Il < M, i =1,2 and [§, — & > €
the inequality
271 (&, m) + 27 (&) — F27H (& +&2),27 H(m + ) 2> 0.
It is clear now that Theorems 3.1 and 3.2 hold for the integrand f.

For each M > 0 denote by Xy the set of all # € R™ such that |#| < M and that there exists an a.c. function
v : [0,00) — R™ which satisfies

170, T,v) — Tf(2,0) < M for each T € (0, 00). (3.7)

Set
X, =U{Xy: M€ (0,00)}. (3.8)
Since the function f is convex we obtain that the set Xj; is convex for all M > 0. In view of Proposition 2.2
of [19] (see also Prop. 4.1) for each M > 0 the set X, is closed.
It follows from Theorem 3.1 applied to the integrand f that for each € X, there exists a unique (f)-
overtaking optimal function A®) : [0,00) — R™ such that A®)(0) = z. In view of Proposition 2.2 A(®) is
(f)-good for any x € X,. Proposition 2.3 implies that for each = € X,

lim [A®)(t) —z| = 0. (3.9)

t—o00

For each = € X, put .
m(z) = lim [1(0,T, Ay — T f(z,0)]. (3.10)
—00



878 A.J. ZASLAVSKI

Let # € X.. We show that 7(x) is well-defined and finite. By (3.5), (3.9) and (3.10)

7(z) = lim

/ " LAD@), ADY (@)dt - / L@y ) dt]

T —
= Jim_ | LAS®), A (@)de - Jim (1LAO(T) - )
= /OO LA @), (ADY (@t)dt — I,z — z). (3.11)
0

Thus 7(x) is well-defined. Since A®) is (f)-good Proposition 2.2 implies that 7(z) is finite for each 2 € X,.
The function 7w plays an important role in our study of the structure of approximate solutions of variational
problems in the regions containing the right end point. We will show that approximate solutions of the prob-
lem (P) are arbitrary close to the function A@<)(T —¢) in a region which contains the right end point 7', where
T, is a unique point of minimum of the function 7.
In Section 6 we will prove the following result.

Proposition 3.1. B
1. For each M >_0 the function m: Xy — R is lower semicontinuous.
2. For all y,z € X, satisfying y # z and each o € (0, 1),

m(lay+ (1 —a)z) < an(y) + (1 — a)7n(2).

3. m(x)=0.
4. There is M > || such that w(z) > 2 for each x € X, \ X 3.

Let_M > 0 be as guaranteed by Proposition 3.1. It follows from Proposition 3.1 that there exists a unique
z« € X7 such that

m(z,) < w(z) for all x € X7 \ {z.}. (3.12)
In view of Proposition 3.1 if z € X, \XM, then

w(x) > 2> w(z) > m(xy). (3.13)

In the following theorem (as in the whole section) we suppose that assumptions (A1) and (A2) hold. This
theorem describes the structure of approximate solutions of variational problems in the regions containing the
right end point.

Theorem 3.3. Let M, e be positive numbers and let L1 be a natural number. Then there exist 6 > 0 and a
natural number Lo > L1 such that if a real number T > 2Ly and if an a.c. function v :[0,T] — R™ satisfies

v(0) € Xpr and I7(0,T,v) < o(f,T,v(0)) + 9,

then
[o(T —t) — A@)()| < € for all t € [0, Ly].

Theorem 3.3 will be proved in Section 7.

Note that one can easily construct a broad class of integrands satisfying the assumptions posed in the paper
and for which our results hold. For example, assume that K is a closed convex subset of R™ x R™ with a
nonempty interior and f : K — R! is a strictly convex continuous function for which the minimization problem
f(z,0) — min subject to (2,0) € K has a solution Z such that (Z,0) is an interior point of K and such that
flz,y) > alz| + e2ly|P — ¢s for all (x,y) € R™ x R™, where ¢1,co,c3 > 0 and p > 1 are constants. We set
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f(x,y) = oo for all (z,y) € R*"\ K. It is not difficult to see that the integrand f satisfies all the assumptions
posed in Sections 1 and 2 and Theorems 3.1-3.3 hold for f.

The characterization of approximate solutions in the initial and final periods is implicit: it is in terms of
unique (f)-overtaking functions satisfying certain boundary conditions. In order to obtain approximations of
these (f)-overtaking functions we need to find a finite number of approximate solutions of the problem (P) with
the same boundary condition x and with different large enough real numbers 7. This information can be useful
if we need to find an approximate solution of the problem (P) with the boundary condition x and with a new
interval [0, T'] where T is large enough. This approximate solution is the concatenation of the approximation of
Y (£#)(¢), the turnpike # and the approximation of A=) (T —t).

4. AUXILIARY RESULTS FOR THE PROOF OF THEOREM 3.2

Proposition 4.1 ([2], Chap. 10, [19], Prop. 2.2). Let T > 0 and let vy : [0,T] — R™, k = 1,2,... be a
sequence of a.c. functions such that the sequence {I7(0,T,vy)}32, is bounded and that the sequence {vi(0)}32,
is bounded. Then there exist a strictly increasing sequence of natural numbers {k;}32, and an a.c. function
v:[0,T] — R"™ such that
v, (t) — v(t) as i — oo uniformly on [0,T],
I7(0,T,v) <liminf I7(0, T, v,).
71— 00

Proposition 4.2 ([19], Prop. 2.1). Let My, My be positive numbers. Then there exists Ma > 0 such that for
each T >0 and each a.c. function v:[0,T] — R"™ which satisfies

[v(0)| < My, I7(0,T,v) < Tf(%,0)+ M,

the following inequality holds:
[v(t)| < My for all t € [0,T).

Proposition 4.3 ([19], Prop. 2.3). Let e > 0. Then there exists § > 0 such that if an a.c. functionv:[0,1] — R™
satisfies |v(0) — z|, |v(1) — z| <6, then

17(0,1,0) > f(z,0) — .

5. PROOF OF THEOREM 3.2

For simplicity we use the notation Y'(*) = Y(/?) for each z € U{X; : M € (0,00)}.
Assume that the assertion of the theorem does not hold. Therefore for each integer k& there exists

Ty > Lo + 4k (5.1)

and an a.c. function vy : [0,T;] — R™ such that
vp(0) € Xar, I7(0, T, vr) < o(f, T, v (0)) + k71, (5.2)
sup{[og(t) = YO ()] : ¢ € [0, Lol} > e (53)

In the first step of the proof we obtain some useful estimates for |vy(t)|, t € [0,Tx] and [V (O (#)[, t € [0, 00)
and for the integral functional with the integrand f and the functions |vy| and [V (*+©)| k=1,2, ...
It follows from (5.2) and the definition of Xj; (see (2.9)) that for each integer k > 1

I7(0, Ty, vp) < o(f, T, v (0)) + k71 < M + Ty f(7,0) + k71, (5.4)

vk (0)] < M. (5.5)
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By (5.4), (5.5) and Proposition 4.2 there exists My > 0 such that for each integer k > 1
|k (t)| < My for all ¢ € [0, Ty]. (5.6)
In view of (5.2) and the definition of X (see (2.9)) for each natural number k
170, 7, YOy < Tf(z,0) + M + 1 for all large enough 7. (5.7)

Together with Proposition 4.2 and (5.5) this implies that there exists M; > M, such that for each natural
number k

[V (O) (1) < M, for all t € [0, 00). (5.8)
By Proposition 2.1, there exists ¢; > 0 such that

o(f,T,z) > Tf(z,0) — ¢ for each T > 0 and each = € R" satisfying |z| < M;. (5.9)

In our second step of the proof we show the existence of a subsequence {vy,}$2; and an interval [ag, by] C
(0, Lo] such that |vg, (t) — Y@k (O)(#)| > €/4 for all t € [ag, bo] and all large enough integers i. Moreover, we
show that vy, (respectively, Y vk 0)) converges to @ (respectively, §) as ¢ — oo uniformly on any bounded
subinterval of [0, c0).

Fix an integer j > 1. In view of (5.1), (5.4), (5.6), (5.9) and the relation M; > M, for each integer k > j

170, §,vx) = T7(0, Ty, o) — IV (4, They i) < M + k' + Ty f(2,0) — o(f, Th — 5, v(4))
<M+ E Y4 Tuf(2,0) = (T — ) f(Z,0) +c1 < M+ kL4 5f(2,0) +c1. (5.10)

Let k be a natural number. In view of (5.7) there is Sy > 27 + 2 such that
170, Sk, YO < S f(2,0) + M + 1. (5.11)
It follows from (5.11), (5.8) and (5.9) that

17(0, 4, Y(”k(o))) = 17(0, S, Y(”k(o))) — 175, S, Y(vk(o)))
< S f(2,0) + M +1—0o(f, S — j, YD) (5))
<Skf(E0)+M+1—(Sy—)f(Z0)+c1 =34f(Z,0)+M+1+c. (5.12)

By Proposition 4.1, (5.11), (5.12) and (5.5) extracting a subsequence and re-indexing we may assume without
loss of generality that there exist a strictly increasing sequence of natural numbers {k;}52; and a.c. functions
0:]0,00) — R™ and g : [0,00) — R"™ such that for each integer j > 1,
v, (t) — 0(t) as @ — oo uniformly on [0, j], (5.13)
Y 0k O (£) = §(t) as i — oo uniformly on [0, j],
If(()’],’lj) < hmlanf(O,],’l)kl)’
170, 7,9) < liminf I7(0, 7, Y (0% (0)),

Relations (5.10), (5.12) and (5.13) imply that for each integer j > 1

17(0,5,9) < M + 5 f(2,0) +c1, 17(0,5,9) < jf(2,0) + M +1+c. (5.14)
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In view of (5.14) and Proposition 2.2, ¢ and g are (f)-good functions. Combined with Proposition 2.3 this
implies that
o(t) = 7, g(t) — T as t — oo. (5.15)
By (5.3) and (5.13),
sup{|o(t) — g(¢)| : t €[0,Lo]} > €/2. (5.16)
Relation (5.16) implies that there exist ag, by € (0, Lo] such that

0<by—ap<1and|o(t)—g(t)| > e€/3 for all t € [ag, by]- (5.17)
In view of (5.13) and (5.17) there is an integer ig > 4 4+ L¢ such that for each integer ¢ > io,
|vg, (t) — YO O ()] > /4 for all t € [ag, bo). (5.18)
In our third step we show that the values of the integral functional with the integrand f and with the
functions |vg,| and [Y(“%: ()| 4 = 1,2, ... are bounded by a constant which does not depend on i.

Assume that an integer ¢ satisfies @ > ig. By (5.5), (5.6), (5.9) and the relation M; > M

I (ag, bo, vr,) = I7(0, Ty, vr,) — 17 (0, ag, v,) — I’ (bo, Tk, , v, )
<M+ Ty, f(Z20)+1—0(f,a0,vk,(0)) — o(f, Tk, — bo, vk, (bo))
<M+T, f(20)+1—aof(Z,0)+c1 — (T, — bo) f(Z,0) + 1
< M + (bo — a0) f(7,0) + 2¢1 + 1. (5.19)

In view of (5.7) there is S; > 4bg + 4 such that
170, 8;, YR )) < S, f(2,0) + M + 1. (5.20)
It follows from (5.8), (5.9) and (5.20) that

If(ao, bo, Y(Uki(o))) _ If((), S;, y (Vi (0))) _ If((), ao, y (vk; (0))) _ If(bo, S;, vy (vk; (0)))
< Sif(2,0) + M + 1= 0o(f,a0,Y " (D(0) = o(f, i = bo, Y (D (b))
<Sif(,0)+ M+1—apf(z,0)+c1 — (S; —bo)f(Z,0) + 1
= (b — ao) f(Z,0) + 2c1 + M + 1. (5.21)

By (5.19) and (5.20) for each integer ¢ > 1o,
If(ao, bo, Uki); If(ao, bo, Y(ykl(o)))

<M+2c;+1+ (bo — ao)f(i', 0) (522)

In the fourth step of the proof we show that there is a constant vy > 0 such that for each integer ¢ > ig and
each S € Lo, Ty,

170, 8,27 (o, + YW O)) < 27117(0, 8, vp, ) + 271170, S, Y% O)) — 44(3/4) (bo — ao).
In view of (2.1) there exists a number My > M; + 1 such that

Y(Mz) > 4[2a + 2(M + 2¢1 + 1)(bo — ao) ™' + | f(z,0)]]. (5.23)
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For each integer ¢ > ig set
Ei = {t € [ao,b0] : [vf, (D), [(Y D) ()] < M)
N At € [ao,bo] = f(uk, (), v, (8)), SR (), (v O))(1)) < oo} (5.24)
Assume that an integer i > iy. It follows from (5 22), (2.2), (5.24) and the monotonicity of ¢ that

2(M + 2¢1 + 1+ (bo — ag) f(Z,0)) > I (ag, bo, v, ) + I (ag, bo, Y V= (0))

bo bo
Z/ (W (Jog, (O))Ivi, ()] *a)dtJr/ @(| (Y Oy (Y CO) (1)] — a)dt

) ) > —2(bg — ag)a + mes([ag, bo] \ E;)p(Mz)Msy. (5.25)

Together with (5.23) and the inequality Ms > M; + 1 this relation implies that

mes([ao, bo] \ Ei) < ((M2)Mz2)~2(bo — ao)a + 2(M + 2c1 + 1+ (bo — ao)|f(Z, 0)])]

<
< (P(M2)) "' [2(bo — ao)a + 2(M + 2c1 + 1+ (bo — ao)|f(Z,0)|] < (bo — ag)/4.  (5.26)
Relations (5.24) and (5.26) imply that

mes(F;) > (3/4)(byg — ag) for each integer i > i. (5.27)

By (A2) there exists vy € (0,1) such that for each (&1,&2), (1,7m2) € dom(f) which satisfy

&, Imil < Mo, i=1,2, [& — & > €¢/8 (5.28)

the following inequality holds:
—f@THE &), 27 (i +m2) + 27 (Eam) + 271 (G2,m2) > 0. (5.29)

For each integer i > iy define
wi(t) = 27 oy, (1) + YOO (1)), t € [0, T,]. (5.30)

Let an integer i > ig. By (5.30) for almost every ¢ € [0, T},],

Fluit), ui(t)) < 271 f (o, (1), 0k, (1) + 271 YR O @), (YR ) (1)), (5.31)

In view of (5.24), the relation My > M; + 1 > My, (5.8), (5.6), (5.18), the choice of 7y (see (5.28) and (5.29))
and (5.30) for almost every ¢t € E;,

Flui(), ui(t) < 270 f (03, (8), 07, (5) + 27 f YOV @), (v = O () — 0. (5.32)
It follows from (5.24), (5.27), (5.31), (5.32) and the inclusions ag, by € [0, Lo] that for each S € [Lg, Ty,],

1700, S, us) < 27117(0, 8, vp,) + 271170, S, Y (O)) — ~omes(E;)
< 2_1If(07 S7 Uki) + 2_11f(05 Sa Y(’qu' (0))) - ,70(3/4)(()0 - aO)' (533)
Now we turn to the fifth step of our proof. Here we first need to choose certain constants.

Set
A= ’}/o(bo - ao)/16. (534)
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By (A1), the continuity of f at (Z,0) and Proposition 4.3 there exists r € (0,1) such that:
{(&1,&) € R" x R" : |& — &| < 4r and |&| < 4r} C dom(f); (5.35)

[f(€1,&) — f(z,0)] < 327'A (5.36)
for each &1,& € R" satisfying |§1 — Z| < 4r, |&2] < 4r;
if an a.c. function h : [0,1] — R™ satisfies |h(0) — Z|, |h(1) — Z| < 4r, then

17(0,1,n) > f(z,0) — A/16. (5.37)

In view of (5.15) there exists a natural number Ly such that
[o(t) — z|, |g(t) — x| <r/8 for all t > L. (5.38)

By (5.13) there exists an integer j > ig + 4La + 4 such that

kit <167'A, (5.39)

ok, (£) — 8(2)], [V O (t) — gi(t)] < r/32 for all t € [0,4Ls + 4Lo + 4]. (5.40)

We consider the function u; defined by (5.30) and define a.c. functions u§1), uf) :[0,4Lg + 4Ly + 4] — R™ as
follows:

uD(t) = u;(t), t € [0,4Lo + 4Ly + 3], (5.41)
ul"(t) = u;(4Lo + 4Lz + 3)
+ (t — (4Lo + 4Lo + 3)) [y, (4Lo + 4Lo + 4) — uj(4Lo + 4L + 3))],
t € [ALo + 4Ly + 3,4Lo + 4L + 4],
ulP () = uy(t), t € [0,4Lo + 4Ly + 3], (5.42)
ulP(t) = (t — (4Lo + 4Ly + 3))[Y " O (4Lg + 4Ly + 4) — uj(4Lo + 4Ls + 3)]
+ u;(4Lo + 4Ly + 3), t € [ALg + 4Ly + 3,4Lo + 4Ly + 4.

It is clear that

u?(0) = u(0) = u;(0) = v, (0) = Y (o), (5.43)

u{"(4Lo + 4Ls + 4) = v, (4Lo + 4L + 4),
ul? (Lo + 4Ly +4) = Y O (4Ly + 4Ly + 4).
Since the function Y ("% (©) i (f)-overtaking optimal (5.43) implies that
I (0,4Lo + 4Ly + 4,ul?) > I7(0,4L + 4Ly + 4,V ), (5.44)
In view of (5.2) and (5.43)
1(0,4Lo + 4Ly + 4,ul") > 17(0,4Lo + 4Lz + 4,v;) — k. (5.45)

Relations (5.38) and (5.40) imply that for all ¢t € [Lo,4Lo 4+ 4Lo + 4],

ok, () — 2| <7/32+7/8, YO O)(t) — 2| <7/32 +r/8. (5.46)
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By (5.46) and the choice of r (see (5.37))
I'(4Ly +4Lo + 3,4L + 4Lo + 4, v,) > f(2,0) — A/16, (5.47)

If(4Ly +4Lo + 3,4Ly + 4Lg 4 4, Y "5 )y > £(z,0) — A/16.

Let t € [4Lo+4Lo+3, 4Ly +4Lo +4]. We evaluate f(ugp) (t), (u§p))’(t)) for p = 1,2. Relations (5.30), (5.41)
and (5.46) imply that

) (1) — 2| < max{|uj(4Lo +4Ls + 3) — &, Jug; (4Lo + 4Ly + 4) — 7]}
< max{|vy, (4Lo + 4Ly + 3) — &|, [V O (Lo + 4Ly + 3) — 7|, |ug, (410 + 4Lo + 4) — 2}
<r/32+71/8. (5.48)

It follows from (5.41) and (5.46) that

@SY ()] < Jvr; (4Lo + 4L + 4) — u;(4Lo + 4Lo + 3)|
<ok, (4Lo + 4Ly +4) — T| 4 |2 — uj(4Lo + 4L2 + 3)| < 2(r/32 +1/8). (5.49)

By (5.30), (5.42) and (5.46)

WP () — 2] < max{|]y O (Lo + 4Ly +4) — 2|, u;(4Lo + 4Ly +3) — 7|}
< max{|Y" O (4L, 4+ 4Ly +4) — Z|, [V O ULy + 4Ly + 3) — Z),
ok, (4Lo +4Ls + 3) — z|} < r/32+ /8. (5.50)
In view of (5.42) and (5.46)
(WP) ()] < [Y @ O (4Lg + 4Ly + 4) — uj(4Lo + 4L2 + 3)| (5.51)

<Y O (4L, 4+ 4Ly +4) — Z| + |Z — uj(4Lo + 4Lo + 3)| < 2(r/32 4 7/8).
Relations (5.36), (5.48)—(5.51) imply that

£ (1), () (0) = f(@,0)] < 327'A
forp=1,2 and all t € [4Ly + 4Ly + 3, 4Ly + 4Lo + 4. (5.52)
It follows from (5.41), (5.42), (5.52), (5.45), (5.44), (5.39) and (5.47) that

217(0,4Lo + 4Lz + 3,u;) = I/ (0,4Lo + 4Ly + 4,u{") + I(0,4Lo + 4Ly + 4,u)
— I (4Lo + 4L + 3,4Lo + 4Ly + 4,ul") — I (4Lo + 4Ly + 3,4Lo + 4Ly + 4,u”)
> 17(0,4L0 + 4Ly + 4,ul") + 17(0,4Lg + 4Ly + 4,4'?) — 1671A — 2f(z,0)
> I5(0,4L0 + 4La + 4,vi;) — k; '+ I7(0,4L0 + 4L + 4, Y 0)) — 1671 A — 2f(7,0)
> 17(0,4L0 + 4Lo + 4, v,) + I/ (0,4Lo+4Lo+4,Y "% O)) —871A — 2 f(z,0)
> 17(0,4L0 + 4Lo + 3,vy,,) + 17 (0,4L0+4Ly+3,Y "% O 1 2f(2,0) — A/4 — 2f(z,0)
) +70(bo —ao) —A/4
+ v0(bo — ap)/2.

> 217(0,4L0 + 4Ly + 3, u;

)
> 217(0,4L0 + 4Ly + 3, u;)

The contradiction we have reached proves Theorem 3.2.
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6. PROOF OF PROPOSITION 3.1

By (3.3) and (3.5) there exists ag > a such that for each z,y € R",

L(z,y) = (3/4) max{¢(|z]), »(ly))ly[} — ao.

Lemma 6.1. Let g € {L,f} and let M > 0. Then there exists My > 0 such that for each a.c
v:[0,1] — R™ satisfying fol g(v(t),v'(t))dt < M the inequality |v(t)| < My holds for all t € [0,1].

Proof. In view of (2.1) there exists M; > 0 such that
(M) > (M + ag)4

and there is a; > 0 such that
47 1p(t)t >t —a for all t > 0.
Choose a number
My > ag + a1 + M + M.

Assume that an a.c. function v : [0,1] — R™ satisfies

/0 g(v(t),v'(t))dt < M.

We will show that
[v(t)| < My for all t € [0,1].

Let us assume the contrary. Then there exists tg € [0, 1] such that
|’U(t0)| > M.

If |v(t)| > M for all € [0,1], then relations (3.3), (6.1) and (6.2) imply that

1
M2 [ glo®)v/0)dt > (3/4500) - ay
0
This contradicts (6.2). The contradiction we have reached proves that there is ¢; € [0, 1] such that
[v(t1)] < M.

Clearly, t; # to. By (6.6), the inequality |v(t1)| < My, (3.3), (6.1), (6.3) and (6.5),

to
%%SWMIWMS/WMWF
t1

/ a4 (0 (D (1)t

t1

<ai+

t1

This contradicts (6.4). The contradiction we have reached proves Lemma 6.1.

Proposition 6.1. An a.c. function v :[0,00) — R™ is (f)-good if and only if

T

/Ooi(v(t),v’(t))dt =t [ L), v ()dt < oc.
0 > Jo

885

(6.1)

. function

/ "l9(o(t), ' (8) + ao]dt‘ < ar + a0 +/O (), v/ (0)dt < ap + a1 + M.
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Proof. Let v:[0,00) — R™ be an a.c. function. Then in view of (3.5) for each T' > 0,

T_ Tﬁ B T
/ Fo(t), o/ (B)dt = / L(w(t), ' (1))dt + TF(z,0) - / 1,0/ (1)) dt
0 0 0

- /O L(o(t), v/ (£)dt + TF(F,0) — {1, o(T) — v(0)) . (6.7)

If v is (f)-good, then by Proposition 2.2 the function v is bounded and

/OOO L(w(), v/ (£))dt < oo, (6.8)

If (6.8) holds, then by Lemma 6.1 the function v is bounded on [0, 00) and (6.7) and Proposition 2.2 imply that

v is (f)-good. Proposition 6.1 is proved. O
Proposition 6.2. Let x € X and let an (f)-good function v : [0,00) — R™ satisfies v(0) = z. Then

/OOO L(o(), v/ (0)dt — (1,7 — 2) > 7(x).

Proof. Since the function A(®) is (f)-overtaking optimal it is also (f)-good and in view of (3.5), Propositions 6.1
and 2.3,

T— o0

0 < lim sup l / FA@ (1), ADY (1))t - / f(v(txv'(t))dt]
T

T— o0

T
= limsu L(A® @)y’ - L(v(t), ' —{l,—z+A® o(T) —x
1 p[/ LA, AV 0)d— [ Lwlo)o ()t = (1.~ + AT ) + (10(T) >]

= /000 LA® (&), (ADY @))dt — (I, z — z) — /000 Lv(t),' (t))dt 4 (1,7 — z) .

Together with (3.11) this implies that

/Oo L(v(t),v'(t)dt — (I, & — z) > /OO LAW(t), (AD) (0))dt — (1,7 — z) = n(x).
0 0

This completes the proof of Proposition 6.2. ]
Corollary 6.1. 7(z) = 0.

Proposition 6.3. There is M, > 0 such that for each x € X, satisfying |x| > M, the inequality m(z) > 2
holds.

Proof. By (2.1) there exists M7 > 0 such that
Y(My) > a+ |f(z,0)] + 4. (6.9)

In view of Lemma 6.1 there exists M, > 0 such that if an a.c. function v : [0,1] — R™ satisfies

/0 Flo(t), o' (0)dt < (1] + 1)(|2] + My + 1) + [F(Z,0)] + 4,
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then
[v(t)] < M, for all t € [0,1]. (6.10)
Let
r € X, and |z| > M,. (6.11)

Consider an (f)-overtaking optimal function A(®) : [0, 00) — R™ which is also (f)-good. It follows from (6.11)
and the choice of M, (see (6.10)) that

/1 FA® @), (AD) ()t > (1 + 1)(|z] + My + 1) + | f(z,0)] + 4. (6.12)
0

If |A®)(t)| > M, for each t > 1, then relations (3.3) and (6.9) imply that for each ¢t > 1

FA@ @), (A=Y (1) — F(2,0) > p(JAD(t)]) —a — f(z,0) >4
and "
/ FIAD @), (A®)Y (#))dt — TF(F,0) — o0 as T — oo,

a contradiction.
Therefore there is Sy > 1 such that

|A®)(So)| < My, [A®)(t)] > M, for each ¢ satisfying 1 < ¢ < Sp. (6.13)
It follows from (3.3), (6.9) and (6.13) that
FAD @), (A®) (#)) > | f(Z,0)| for each t such that 1 < ¢ < Sp. (6.14)

Then by (3.11), (3.10), (6.14), (3.5), (6.13), (6.12) and Proposition 2.3,

o) = [ T LA@ (), (AR (0)dt - (1,7 — )

= lim [ [fAW @), (AW) (1)) - f(z,0)]dt

T—o0 0

1 So
= /0 [f(A(“')(t),(A(”))'(t))]dt—f(i,o)+/1 [FAD (@), (A (2) — f(z,0))dt

+ lim [ [F(AP(@), (AD) (1) — f(z,0)]dt

T—o00 So

> /lf(A(”)(t),(A(”))'(t))dt—f(fc,o)+ lim TE(A(”)(t%(A(”)'(t))dt

T—o0 SO

~ lim <l,A(m)(T)fA(””)(So)>

T—o00
1
> / FAD @), (A (#))dt — f(2.0) = [Ul(|Z] + My) > 4.
0
This completes the proof of Proposition 6.3. O
Let M, > 4 be as guaranteed by Proposition 6.3. Namely

7(x) > 2 for each z € X, satisfying |z| > M.. (6.15)
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Proposition 6.4. There is M > M, such that for each z € X, \XM the inequality w(x) > 2 holds.

Proof. By Proposition 4.2 there exists M > M, such that for each T > 0 and each a.c. function v : [0,7T] — R"
which satisfies

w(0)] < M, +1, I7(0,T,v) < Tf(z,0) + 4 (6.16)
the following inequality holds:
[v(t)] < M for all ¢ € [0,T]. (6.17)
Choose a number
M > M, + M + 2+ |I|(|Z] + M,)2M. (6.18)

Let x € X, \ X7 If [2| > M., then in view of (6.15) m(x) > 2. Assume that
|z| < M,. (6.19)

In order to complete the proof of the Proposition it is sufficient to show that m(z) > 2. Let us assume that

m(z) < 2. (6.20)
Relations (3.10) and (3.11) imply that
m(z) = /OO LA (1), A@) (@0)dt = (L@ —2) = lim [I7(0,T,A®)) ~ Tf(z,0)]. (6.21)
0 —00

By (6.20) and (6.21) for all large enough T', I7(0, T, A®)) < T'f(z,0) + 2. Combined with (6.19) and the choice
of M (see (6.16) and (6.17)) this implies that

IA@(#)| < M for all t € [0, 00). (6.22)

It follows from (6.19)-(6.21) that
0 —
/ LAW(2), (AD) (6))dt < 2+ |1](|z] + M.).
0
Together with (3.5), (6.22) and (6.18) this inequality implies that for each T' > 0

_ T
10749 = Tf(@,0) = [ LA, () (1)t~ (1,AS(T) - o)
0

< 24 |I[(|Z]| + M.) + |I]2M < M.

By this inequality and (6.18) and (6.19) z € X, a contradiction. The contradiction we have reached proves
that 7(z) > 2. Proposition 6.5 is proved. ]

Proposition 6.5. For any M > 0 the function 7 : Xp; — R is lower semicontinuous.

Proof. Let M > 0, {2 }$2, C X, 2 € Xy and limg o0 7 = 2. We will show that 7(z) < liminfy_, 7(z).
We may assume that there exists a finite limy_, o 7(x)). By (3.10) and (3.11) for each integer k > 1

(o) = [ LA (1), (AT (1)dt — (1,7 — )

= lim [I7(0,T,A“")) — Tf(z,0)]. (6.23)

— 00
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We have
|z < M and |zg| < M for all integers k > 1. (6.24)

Let k£ > 1 be an integer. Since z;, € Xy there exists an a.c. function v : [0,00) — R™ such that
0(0) = ax, I7(0,T,v) — Tf(%,0) < M for all T > 0. (6.25)

Since the function A(®*) is (f)-overtaking optimal (6.25) implies that

Jim [I7(0,7,A"Y) = Tf(z,0)] = M < limsup[I/ (0,7, A“)) — T f(z,0) — (17 (0, T, v) — T(,0))] < 0.
—o0 T—o0
Thus )
Tlim (I7(0, T, A@)y — T (z,0)) < M for all integers k > 1. (6.26)
—00
In view of Proposition 4.2, (6.24) and (6.26) there exists My > 0 such that

|A(wk)(t)| < M for all t € [0,00) and all integers k > 1. (6.27)

It follows from (6.26), (6.27) and Proposition 2.1 that there exists M; > 0 such that for each integer & > 1 and
each T' > 0,

10,7, A“)) < T f(z,0) + M;. (6.28)

By (6.27), (6.28) and Proposition 4.1 there exists a strictly increasing sequence of natural numbers {k;}32, and
an a.c. function w : [0,00) — R™ such that for each integer m > 1,

A () — u(t) as i — oo uniformly on [0,m), (6.29)

If(O,m,u) < 1iminf]f(0, m, A®@k:)),

Relation (6.29) implies that
w(0) = lim A@)(0) = lim z, = . (6.30)

17— 00 1—00

In view of (3.5), (3.11) and (6.29) for each integer m > 1

/Om L(u(t),u'(t))dt = /Om Flu), ' (t))dt —mf(z,0) + (I, u(m) — u(0))
< liminf [If(o, m, A@)) — mf(z,0) + <l, A@ED) (m) — A%)(o)ﬂ

1—00

= liminf / L(A@s:) (1), (A=) (£))dt < lim inf / LA@e:) (1), (A=Y (1)) dt
0 0

11— 00 71— 00

< liminf[r(zg,) + (, T — xg,)] = Iminf 7(zg,) + (,Z — z) .
This implies that

11— 00

(o]
/ L(u(t),u (t))dt — (I, — x) < liminf 7(zg, ).
0
Combined with Proposition 6.2 this implies that m(z) < liminf; .. 7(2zx,;). Proposition 6.6 is proved. O

Proposition 6.6. Lety,z € X., y# z and let a € (0,1). Then (ay + (1 — a)2) < an(y) + (1 — a)7(2).
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Proof. Since y,z € X, the functions AW and A®) are (f)-good. In view of Proposition 2.2 the function
aA® + (1 — a)A®) is also f-good. Since the integrand L is convex we have that for all £ > 0

L(aA® () + (1 — )AD (1), a(AW Y (1) + (1 — ) ADY (1) <
aL(A® (1), (AWY (1)) + (1 - @) L(AD (1), (AP (1)).

The relation y # z implies that for all positive ¢ which are close enough to zero, A®)(t) # A®)(t) and

L(@A™ () + (1 — a)AP (1), a(AW)) (1) + (1 = a)(AP)'(¢)) <
aL(AW (1), (AW)' (1)) + (1 = ) L(A®)(2), (A (1))

The inequalities above imply that

/ - LA™ () + (1 — a) AP (1)), a(AWY () + (1 — ) (AP (1))dt <
0

o / h LA (), (AW (¢))dt + (1 — ) / h LA®(t), (AD) (#))dt.  (6.31)
0

0

By (6.31), Proposition 6.2 and (3.11)
mlay + (1 —@)z) < / h L(aAW () + (1 — ) A (1), a( AW () + (1 — ) (AP (¢))dt
0

C(LF—ay—(1-a)) <a [ / T LAW @0, AVY(0)dt — (17 — )

1-a) [ | Ea9 0, 0y @ -z -2

=an(y) + (1 — a)n(2).

Proposition 6.6 is proved. O

Now Proposition 3.1 follows from Propositions 6.4-6.6 and Corollary 4.1.

7. PROOF OF THEOREM 3.3

Let v : [0,7] — R™ be an a.c. function. Put
o(t) = o(T — 1), t e [0, 7).
It is clear that
T T
[ fe.owde= [ s, wa
0 0
— [ e —o.@ == [ oo
0 0

The following lemma is an important ingredient in the proof of Theorem 3.3.
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Lemma 7.1. Let ¢, M be a pair of positive numbers and let Ly be a natural number. Then there exist a natural
number Lo and § > 0 such that for each T > Lo and each a.c. function v : [0,T] — R™ which satisfies

10(0)] < M, /O L(v(t), ' ())dt + (I, —F + v(0)) < 7(zs) + 6 (7.1)

the inequality |v(t) — A=) (t)| < € holds for all t € [0, Ly].

Proof. Let us assume the contrary. Then for each natural number k there exist T > k and an a.c. function
v ¢ [0,Tx] — R™ such that

T
M = [vx (0)], /O L(vg(t), vy, (8))dt — (I, & — v (0)) < (@) + k71 (72)

sup{|vk(t) =A@ (@) : t € [0, L]} > e. (7.3)
We will show that there exists a subsequence {uvg, }52, which converges uniformly on any bounded subinterval

of [0,00) to an (f)-overtaking optimal function v satisfying v(0) = z..
By Proposition 4.2 (with f = L) and (7.2) there is My > 0 such that

|k (t)] < My for all ¢ € [0,T] and all integers k > 1. (7.4)

In view of Proposition 4.2 (with f = L), (7.2) and (7.4) there exist a strictly increasing sequence of natural
numbers {k;}$2; and an a.c. function v : [0,00) — R"™ such that for each integer m > 1

vk, (t) — v(t) as i — oo uniformly on [0, m], (7.5)

/ L(v(t),v' (t))dt < 1i_minf/ L(v, (t), vy, (t))dt.
0 i—oo Jo
Relations (7.2) and (7.5) imply that
[v(0)] < M. (7.6)

It follows from (7.2) and (7.5) that for each integer m > 1,

11— 00

/O " Do), v/ ()t < limin /O P Lo ()0, ()
<liminf[m(z.) +k; '+ (1,7 — vg, (0))] = 7(x:) + (I, 7 — v(0)) .

1— 00
This implies that

/Ooo L(u(t), o' (£))dt + {1, 0(0) — &) < (). (7.7)

By (7.7) and Proposition 6.1, v is an (f)-good function. Proposition 6.2 and (7.7) imply that

w(00) < [ L@/ (0)dt - .2 - o(0) < m(e.)
0
In view of the choice of x. (see (3.12) and (3.13)), (3.5) and Proposition 2.3

v(0) = Zx,

() = /Ooo Lv(t),v'(t))dt — I,z — 2.) = lim [I7(0,T,v) — Tf(z,0)]. (7.8)

T—o0
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It follows from (7.8), (3.10) and (3.11) that v is an (f)-overtaking optimal function. Together with Theorem 3.1
this implies that

v(t) = A@)(¢t) for all t € [0, 00). (7.9)
By (7.5) and (7.9) for each sufficiently large integers ¢ > 1,

sup{|vg, (t) — AT (1)] - t €[0,L1]} < €/2.

This contradicts (7.3). The contradiction we have reached proves Lemma 7.1. g

Proof of Theorem 3.3. We will choose the constants § and Ls. First we choose 7 € (0,47!) such that
{(z,y) € R" x R" : |x — &| <47, |y| < 47} C dom(f). (7.10)

By Proposition 4.2 there is My > M such that for each T > 0 and each a.c. function w : [0,7] — R™ which
satisfies

lu(0)] < M, I7(0,T,u) < Tf(Z,0) + M +2 (7.11)
the following inequality holds:

|u(t)| < Mo, t €[0,T). (7.12)
Lemma 7.1 implies that there exist a natural number Lis > L; and §y > 0 such that the following property
holds:
(P1) For each T > L1 and each a.c. function u : [0,T] — R" satisfying

1u(0)] < Mo, /O L(u(t), u/(0))dt + (I, =& + u(0)) < 7(x) + &

the inequality |u(t) — A®)(#)| < € holds for all ¢ € [0, Ly].
In view of Proposition 4.3 there exists 01 € (0,1) such that for each a.c. function u : [0,1] — R" satisfying

u(0) = 2|, [u(1) — 2] < &

the inequality

holds. Since f is continuous at (&, 0) there exists a positive number do such that:

[f(&1,&) — f(7,0)] < dp/16 for all (&1,&) € R™ x R™ satistying

|61 — ] < 202, [&2] < 202; (7.14)

2()l] + 1)d2 < dp/16 and d2 < min{7, 01}. (7.15)
By Theorem 2.2 there exist an integer L3 > L1 and a positive number § < ds such that the following property
holds:
(P2) If a number T > 2L;3 and if an a.c. function u : [0,7] — R™ satisfies

U(O) € XM) If(OaTau) < J(fa T,’U,(O)) + 5;

then
|u(t) — Q_L‘| S 52, te [L13,T — L13].

In view of Proposition 2.3 there is a natural number Ly > L3 such that

|A®) () — Z| < 8y for all numbers ¢ > Lo. (7.16)
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Thus we have chosen the constants Lo and 6.
Let T > 2Ly and let an a.c. function v : [0,T] — R"™ satisfies

v(0) € Xar, I7(0,T,v) < o(f,T,v(0)) + 6. (7.17)

We will show that
(T —t) — A¥ ()| < e for all t € [0, Ly]. (7.18)
It follows from (7.17) and the definition of X s that there is an a.c. function u : [0, 00) — R™ such that

u(0) = v(0) and I7(0,T,u) — Tf(Z,0) < M for all T > 0. (7.19)
Relations (7.17) and (7.19) imply that
170, T,v) < I7(0,T,u) + 6 < Tf(&,0) + M + 1. (7.20)

Together with the choice of My (see (7.11) and (7.12)) and (7.17) this implies that

[v(t)] < My for all ¢ € [0,T]. (7.21)
By the property (P2) and (7.17),
|v(t) — Z| < 6o for all ¢ € [Ly3, T — L13]. (7.22)
Define
y(t) =v(t), t € [0,T — Ly — 1], y(t) = AT —t), t € [T — Ly, T, (7.23)

y(t) = (T — Ly — 1) + (t — (T — Ly — 1))[A®)(Ly) — o(T — Ly — 1)),
te (T—LQ—LT—LQ).
Relations (7.16), (7.22) and (7.23) imply that for all ¢t € [T — Lo — 1,T — Lo],

ly(t) = 2| < max{[v(T = Ly = 1) = al, A" (Lz) = 2]} < b, [y (1)] < 205, (7:24)
By (7.24) and the choice of d2 (see (7.14)) for all t € [T — Lo — 1,T — Lo],
|f(y(t),y'(t)) — f(@,0)] < 6o/16, (7.25)

|I/(T — Ly — 1, T — Ly, y) — f(Z,0)] < 8,/16.
In view of (7.22) and the choice of §; (see (7.13)) I/ (T — Ly — 1,T — Lo, v) > f(Z,0) — 60/16. It follows from
this inequality, (7.17) and (7.23) that

6> 17(0,T,v) — I7(0,T,y)
=170, T — Ly —1,0) + I/ (T — Ly — 1,T — Ly, v) + I/ (T — Ly, T, v)
0,7 —Ly—1,y) = I'(T — Ly — 1,T — Lo,y) — I/ (T — Ly, T, y)

f(2,0) —60/16 — (f(Z,0) + do/16)
+ I/(T = Lo, T,v) — I/ (T — Ly, T, y)

Y

Y

T Ly
—80/8 + / Flo@),v'(@)dt — [ FACI (@), (A)) (#))dt. (7.26)

T—Lo 0
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o(t) = (T —t), t € [0, Lo]. (7.27)

By (7.15), (7.26), (3.5), (7.16) and (7.22),

S0/4 > 8+ 60/8 > - f(@(t), 7' (t))dt — - FA@ (@), (A@)Y (8))dt
0 0

Ly
/0

Lo
- [ A @, @y @) - (145 (L) - A0))
0

ll

(0(t),0'(t))dt — (I, v(L2) — v(0))

Lo
- / LAE) @), (A@)Y (£))dt — <l,:z - A(””*)(O)> — 281
0

Together with (7.15) and (3.11) this implies that

/L2 L(o(8), & (£)dt — {1, 7 — 5(0)) < do/4 + do/8 + /Oo LA (1), (A (1)t — (1.7 - A‘“‘*’(O)>]

< 8o/2 + m(@). (7.28)

It follows from (P1), (7.21), (7.27) and (7.28) that |o(t)—A®) (t)| < efor allt € [0, L] and [vo(T—t)—A@)(t)| < €
for all ¢ € [0, Ly]. This completes the proof of Theorem 3.3. O
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