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MULTI-PEAK SOLUTIONS FOR MAGNETIC NLS EQUATIONS WITHOUT
NON-DEGENERACY CONDITIONS *: **

SiLviA CINGOLANI!, Louis JEANJEAN? AND SIMONE SECCHI?
Abstract. In this work we consider the magnetic NLS equation
h ? 2 . N
zV—A(m) u+V(@)u— f(Ju/")u =0 R (0.1)

where N > 3, A: RY — RY is a magnetic potential, possibly unbounded, V: RY — R is a multi-well
electric potential, which can vanish somewhere, f is a subcritical nonlinear term. We prove the existence
of a semiclassical multi-peak solution u: RY — C to (0.1), under conditions on the nonlinearity which
are nearly optimal.
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1. INTRODUCTION

We study the existence of a standing wave solution 1 (z,t) = exp(—iEt/h)u(z), E € R, u: RV — C to the
time-dependent nonlinear Schrédinger equation in the presence of an external electromagnetic field

in2e

a: (’;v—A@)) b4 V@ — F(WPY, (hz) € R xRY. (L.1)

Here h is the Planck’s constant, i the imaginary unit, A: RY — R denotes a magnetic potential and V: RY —
R an electric potential. This leads us to solve the complex semilinear elliptic equation

A 2
(;V—A(x)) u+ (V(z)— E)u— f(lu®>)u =0, xRV, (1.2)
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In the work we are interested to seek for solutions of (1.2), which exist for small value of the Planck constant
h > 0. From a mathematical point of view, the transition from quantum to classical mechanics can be formally
performed by letting A — 0, and such solutions, which are usually referred semiclassical bound states, have an
important physical meaning.

For simplicity and without loss of generality, we set h = ¢ and we shift E to 0. Set v(z) = u(ex), A (x) =
A(ex) and V. (x) = V(ex), equation (1.2) is equivalent to

(%VAE(:L')) v+ Ve(z)v — f(ju])v =0, zeR". (1.3)

In recent years a considerable amount of work has been devoted to investigating standing wave solutions
of (1.1) in the case A = 0. Among others we refer to [1,2,7,9-11,13,17,18,24-26,28,30,34,36,38,40,45]. On
the contrary still relatively few papers deal with the case A # 0, namely when a magnetic field is present.
The first result on magnetic NLS equations is due to Esteban and Lions. In [27], they prove the existence of
standing waves to (1.1) by a constrained minimization approach, in the case V(x) = 1, for & > 0 fixed and
for special classes of magnetic fields. Successively in [35], Kurata showed that equation (1.3) admits, under
some assumptions linking the magnetic and electric potentials, a least energy solution and that this solution
concentrates near the set of global minima of V, as A — 0. It is also proved that the magnetic potential A
only contributes to the phase factor of the solution of (1.3) for /i > 0 sufficiently small. A multiplicity result for
solutions of (1.3) near global minima of V' has been obtained in [16] using topological arguments. A solution
that concentrates as h — 0 around an arbitrary non-degenerate critical point of V has been obtained in [19] but
only for bounded magnetic potentials. Subsequently this result was extended in [20] to cover also degenerate,
but topologically non trivial, critical points of V' and to handle general unbounded magnetic potentials A. If A
and V are periodic functions, the existence of various type of solutions for i > 0 fixed has been proved in [3]
by applying minimax arguments. We also mention the works [4,15] that deal with critical nonlinearities.

Concerning multi-well electric potentials, an existence result of multi-peak solutions to the magnetic NLS
equation (1.3) is established by Bartsch et al. in [5], assuming that the function f is increasing on (0, +00) and
satisfies the Ambrosetti-Rabinowitz’s superquadraticity condition. Also, in [5], an isolatedness condition on the
least energy level of the limiting equation

—Au+bu— f(lu)u=0, we HRY,C)

is required to hold for any b > 0.

In the present paper we prove an existence result of multi-peak solutions to (1.3), under conditions on f,
that we believe to be nearly optimal. In particular we drop the isolatedness condition, required in [5] and we
cover the case of nonlinearities, which are not monotone.

Precisely, the following conditions will be retained.

(A1): A: RN — RY is of class C!.
(V1): V € CORN,R), 0 < V) = inf,cgn V(z) and liminf|,| o V(z) > 0.
(V2): There are bounded disjoint open sets O, ..., O* such that

0<m;= inf V(z) < min V(x)
z€0? ©€d0’

fori=1,...,k.
For each i € {1,...,k}, we define
M ={x 0" |V(z)=m}

and weset Z = {zr € RN | V(z) =0} and m = min m,.
i€{l,....k}
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On the nonlinearity f, we require that
(f0): f: (0,400) — R is continuous;
(f1): 11%1+ f(t)=0if Z =0, and limsup f(t*)/t"* < +oo for some p > 0 if Z # (;
t—

t—0+
£2): there exists some 0 < p < 2=, N > 3 such that limsup,_, t2) /1P < +4o0;
N-—-2 t——+oo

(f3): there exists T > 0 such that 1/mT? < F(T?), where

t
F(t) = ds, m= ’
(t) /Of(S) S, = max, m

Now by assumption (V1), we can fix m > 0 such that

i < min {m lim inf V(:c)} (1.4)

|z|— o0

and define V.(z) = max{m, V.(x)}. Let H. be the Hilbert space defined by the completion of Cg°(RN,C) under
the scalar product

1 1 -
(u,v)e = Re/ (—_Vu - Ae(x)u) (TV’U - Aa(x)v) + Vo (z)uv da (1.5)
RN 7 7
and || - || the associated norm.
In the present work, we shall prove the following main theorem.

Theorem 1.1. Let N > 3. Suppose that (A), (V1)—(V2) and (f0)—(f3) hold. Then for any e > 0 sufficiently
small, there exists a solution ue € H. of (1.3) such that |uc| has k local mazimum points xi € O satisfying

lim max dist(ez’, M") =0,

e—01i=1,....k

and for which
lue(z)] < Chexp (—02 _ r{link |z — x;|)

for some positive constants Cy, Ca. Moreover for any sequence (g,) C (0,¢] with e, — 0 there exists a
subsequence, still denoted (e), such that for each i € {1,...,k} there exist ' € M" with epal — ', a

constant w; € R and U; € H* (RN, R) a positive least energy solution of
— AU; +mU; = f(IUi[*)U; = 0, U; € H'(RY,R); (1.6)
for which one has

U, (x) = U; (:c — :L'z) ei(“’iJrA(zi)(m*m;n)) + K, (x) (1.7)
1

where K,, € H, satisfies || Ky||a., = o(1) as e, — 0.

-

Remark 1.2. Arguing as in [21], we can develop a bootstrap argument, and prove that the solution u. € H.,
found in Theorem 1.1, belongs to C*(RY,C). Indeed, set u. = v + jw, with v, w real valued, we have

—Av+ Vv =G = f(juc|*)v — 24, - Vw — |Ac|?v + (divA)w

and
—Aw+Vew = H := f(juc|>)w + 24, - Vv — |A?w + (divA.)v.
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Since u. € H., it follows that for each K bounded set in RN, u. € H'(K,C). Therefore v,w € H'(K,R) C
L? (K,R) and by (f2), G,H € L*(K,R), where s = min{2*/(p — 1),2}. Standard regularity theory implies
that v,w € W25(K). If 2s < N we can argue as before and derive that v, w € LN“"/(N_Q“*)(K7 R) and Vv, Vw €
LNs/(N=9)(K R). After a finite number of steps, we have that v, w € W?4(K) for any ¢ € [1,4o00[ and by the
Sobolev embedding theorems, v,w € C*(K,R), with 0 < a < 1.

Remark 1.3. If we assume the uniqueness of the positive least energy solutions of (1.6) it is not necessary to
pass to subsequences to get the decomposition (1.7) in Theorem 1.1.

The proof of Theorem 1.1 follows the approach which is developed in [9] to obtain multi-peak solutions when
A = 0. Roughly speaking we search directly for a solution of (1.3) which consists essentially of k disjoints parts,
each part being close to a least energy solution of (1.6) associated to the corresponding M®. Namely in our
approach we take into account the shape and location of the solutions we expect to find. Thus on one hand we
benefit from the advantage of the Lyapunov-Schmidt reduction type approach, which is to discover the solution
around a small neighborhood of a well chosen first approximation. On the other hand our approach, which is
purely variational, does not require any uniqueness nor non-degeneracy conditions.

We remark that differently from [9], we need to overcome many additional difficulties which arise for the
presence of the magnetic potential. Indeed it is well known that, in general, there is no relationship between
the spaces H. and H'(RY,C), namely H. ¢ H*(RN,C) nor H*(RY,C) ¢ H. (see [27]). This fact explains,
for example, the need to restrict to bounded magnetic potentials A when one uses a perturbative approach
(see [19]). Our Lemma 2.1 and Corollary 2.2 give some insights of the relationship between H. and H*(RY,C)
which proves useful in the proof of Theorem 1.1. We also answer positively a question raised by Kurata [35],
regarding the equality between the least energy levels for the solutions of

—AU +bU = f(JUPU

when U are sought in H'(RY,C) and H*(RY,R) respectively. See Lemma 2.3 for the precise statement.

In contrast to [5] we do not treat here the cases N = 1 and N = 2. For such dimensions applying the
approach of [9] is more complex. It can be done when A = 0 and for the case of a single peak (see [12]) but it
is an open question if Theorem 1.1 still holds when N =1, 2.

The work is organized as follows. In Section 2 we indicate the variational setting and prove some preliminary
results. The proof of Theorem 1.1 is derived in Section 3.

2. VARIATIONAL SETTING AND PRELIMINARY RESULTS

For any set B C RN and € > 0, let B. = {z € RY | ex € B}.

Lemma 2.1. Let K C RN be an arbitrary fived bounded domain. Assume that A is bounded on K and
0<a<V <G onK for some a,3>0. Then, for any fixved € € [0, 1], the norm

el = [ | (39 -400) 0

is equivalent to the usual norm on H' (K., C). Moreover these equivalences are uniform, i.e. there exist c1,ca > 0
independent of € € [0, 1] such that

2
+ Ve(y)lul*dy

cillulle. < flullax..c) < collullx..

Proof. Our proof is inspired by the one of Lemma 2.3 in [3]. We have

/ AL (y)ulPdy < Al e / ful?dy
K. K.
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and
| vewllay < Viesa [ lua
K. K.

Hence

1 2

2Vu — A (y)u

Je

+Ve)luPdy < / 2(IVul? + | Ac (y)uf?) + Ve (9)]ul*dy

€

IN

2 [ IVuPay+ @Al + Vo) [ Py

To prove the other inequality note that

1 2
=Vu— A (y)u

/I(E Q

We shall prove that, for some d > 0 independent of € € [0, 1],

2
Ve (y)ulPdy > /K 19ul? — A (y)ul]* + Ve (y) ul2dy.

2
[ vul = Al + VewluPay = [ Va4 ufay. 2.)

€ €

Arguing by contradiction we assume that there exist sequences (¢,) C [0,1] and (u.,) € HY(K.,,C) with
e, | 71 (k., ©) = 1 such that
/ Ve,
K.

n

1
Ve, ()]s, Py < ~ (2.2)

— |Ae, (y)ue,

Clearly (ue,) C H'(RY,C) and ||uc, || g~ c) = 1. Passing to a subsequence, ue, — u weakly in H*(RY, C).
Since V;, > a > 0 on K., we see from (2.2) that necessarily

/ e, [2dy — 0.
K.

n

Thus u., — 0 in L?(RY,C) strongly and in particular u., — 0 in H*(RY, C). Now

/ ‘ [Vue, 2dy = / |[Vue,
K. K.

n n

2 - 2|Ac, (y)ue, | [Vue, 2dy

—|Ac, (y)ue,

+ [Ae, (y)ue,

with
/ |Ae,, (Y)ue, | [Vue, |dy — 0.
K

En

Indeed we have

| e @, |9,y
K

€n

N N
P,
b‘:m
8
R
/—\/_\
<
N\g
(U]
3
mﬁ_m
s &
N N
g“ [Nl
~
—
<
[~
o0
3
o
a
<
N———

En
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Thus

= |Ac, (y)ue,

0 =lim Sup/ “VUE"
K.,

n—-+o0o

2dy > lim sup/ [Vue,
o0 Kfn

n—-+

But this is impossible since otherwise we would have u., — 0 strongly in H*(RY,C).
From Lemma 2.1 we immediately deduce the following corollary.

Corollary 2.2. Retain the setting of Lemma 2.1.
(i) If K is compact, for any e € (0,1] the norm

el = /K}(%VAE(Z/)) .

is uniformly equivalent to the usual norm on H'(K,C).
(ii) For Ay € RN and b > 0 fized, the norm

1
= [ | \(gv—Ao) “

is equivalent to the usual norm on H*(RY,C).

2
+ Ve(y)lul*dy

2
+ bluf*dy

2dy.

(iii) If (ue,) C HYRY,C) satisfies ue, =0 on RN \ K., for any n € N and u., — u in HY(RY,C) then

e, —u|le, — 0 as n — oc.

Proof. Indeed (i) is trivial, to see (ii) just put € = 0 in Lemma 2.1. Now (iii) follows from the uniformity of the

equivalence derived in Lemma 2.1.

For future reference we recall the following
Diamagnetic inequality: For every u € H.,

(5-4)-

See [27] for a proof. As a consequence of (2.3), |u| € HY(RY R) for any u € H..

> ‘V|u||, a.e. in RV,

Now we define
k k
M= M, o=[]0O
i=1 i=1
and for any set B C RN and a > 0, B® = {x € RV | dist(x, B) < 6}. For u € H_, let

1

Fow) =5 [ 1D+ Veluly = [ F(ul?)ay

where we set D° = (¥ — A,.). Define

(y) = 0 if y € O, () = 0 if y € (0%,
T e sty go., T e ity ¢ (0.

and
p+2 p+2

@ = ([ ety =1) * @it = ([ atay1)

O

(2.5)
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The functional Q. will act as a penalization to force the concentration phenomena to occur inside O. This type
of penalization was first introduced in [11]. Finally we define the functionals I'.,T'L,..., T*: H. — R by

To(u) = Fo(u) + Qe(u), Ti(u) = Fe(u)+QL(u),i=1,... k. (2.6)

It is easy to check, under our assumptions, and using the diamagnetic inequality (2.3), that the function-
als T, I'C € C'(H.). So a critical point of F. corresponds to a solution of (1.3). To find solutions of (1.3) which
concentrate in O as € — 0, we shall look for a critical point of I'; for which Q. is zero.

Let us consider for a > 0 the scalar limiting equation of (1.3)
— Au+au= f(lu*)u, ue H R, R). (2.7)
Solutions of (2.7) correspond to critical points of the limiting functional L,: H'(RY,R) — R defined by

1

Lotw) =5 [ (¥l +aluP)ay— [ F(uP)dy, (2)

In [6], Berestycki and Lions proved that, for any a > 0, under the assumptions (f0)—(f2) and (£3) with 7 = a,
there exists a least energy solution and that each solution U of (2.7) satisfies the Pohozaev’s identity

N -2

U 2
—— / VU [2dy + N/ a% — F(|JU|*)dy = 0. (2.9)
RN RN

From this we immediately deduce that, for any solution U of (2.7),

1
—/ |VU[*dy = L. (U). (2.10)
N ]RN
We also consider the complex valued equation, for a > 0,
— Au+au = f(|lul®)u, ue H (RN, C). (2.11)

In turn solutions of (2.11) correspond to critical points of the functional LS : H(RY,C) — R, defined by

Li) =3 [ (VoP+aloP)ay— [ P(uP)s (2.12)

In [43] the Pohozaev’s identity (2.9) and thus (2.10) is given for complex-valued solutions of (2.11). The following
result relates the least energy levels of (2.7) and (2.11) and positively answers to a question of Kurata [35] (see
also [42] for some elements of proof in that direction). When N = 2 we say that (f2) holds if

for all @ > 0 there exists C,, > 0 such that |f(¢?)| < Coe®t’ for all t > 0.

Lemma 2.3. Suppose that (f0)—(f2) and (£f3) with m = a hold and that N > 2. Let E, and ES denote the
least energy levels corresponding to equations (2.7) and (2.11). Then

E, = E-. (2.13)

Moreover any least energy solution of (2.11) has the form €U where U is a positive least energy solution of (2.7)
and T € R.
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Proof. The inequality ES < E, is obvious and thus to establish that E = E, we just need to prove that
E, < ES.

We know from [43] that each solution of (2.11) satisfies the Pohozaev’s identity P(u) = 0 where P: H'(RY,C) —
R is defined by

N -2 2
P(u) = —/ |Vu|2dy+N/ o )y,
2 RN RN 2
By Lemma 3.1 of [32] we have that
inf Lo(u) = E,. (2.14)
ue H' (RN ,R)
P(u)=0

Also it is well known (see for example [31]) that for any u € H'(R,C) one has

/‘V|u||2dy§/ |Vu|*dy. (2.15)
RN RN

Now let U be a solution of (2.11). If N = 2 we see from the definition of P that P(|U|) = 0 and from (2.15)
that L, (|U]) < LE(U). Thus E, < E¢ follows from (2.14). In addition, if U is a least energy solution of (2.11),
necessarily

/ IV|U|[dy = / VU |2dy (2.16)
RN RN
and |U| is a least energy solution of (2.7). If N > 3 we see from (2.15) that either
(i) P(|U]) =0 and La(|U]) = Lg(U).
(ii) P(|U|) < 0 and there exists 6 € 0, 1] such that, for Uy(-) = U(-/6) we have P(|Ug|) = 0. Then, since
P(|Uy|) =0, it follows that

1 9N72
Lo = 57 [ 191001y = = [ |vivifay

and thus
1 1
La(val) < 5 [ 19W01fay< 5 [ IOy = L5().
N RN N RN

In both cases we deduce from (2.14) that E, < ES. In addition if U is a least energy solution of (2.11) then
(2.16) holds and in particular |U| is a least energy solution of (2.7).

Now, for any N > 2, let U be a least energy solution of (2.11). Since |U] is a solution of (2.7) we get by
elliptic regularity theory and the maximum principle that [U| € C*(RY,R) and |U| > 0. At this point, using
(2.16), the rest of the proof of the lemma is exactly the same as the proof of Theorem 4.1 in [31]. O

Remark 2.4. When N = 1 conditions which assure that (2.7) has, up to translation, a unique positive solution
are given in [6] (see also [33] for alternative conditions). Now following the proof of Theorem 8.1.6 in [14] we
deduce that any solution of (2.11) is of the form ¢ p where # € R and p > 0 is a solution of (2.7). Thus, under
the assumptions of [6,33], the result of Lemma 2.3 also holds when N = 1 and the positive least energy solution
is unique.

Now let S, be the set of least energy solutions U of (2.11) satisfying

U(0)] = max [U(y)|-

yERN

By standard regularity any solution of (2.11) is at least C*. Since f is not assumed to be locally Holder
continuous we do not know, in contrast to [5], if any least energy solution is radially symmetric. However the
following compactness result can still be proved.



MULTI-PEAK SOLUTIONS FOR MAGNETIC NLS EQUATIONS 661

Proposition 2.5. For each a > 0 and N > 3, S, is compact in H'(R™,C). Moreover, there exist C, ¢ > 0,
independent of U € S,, such that

[U(y)] < Cexp(—clyl).

Proof. In [7], the same results are proved when S, is restricted to real solutions. Since, by Lemma 2.3, any least
energy solution of (2.11) is of the form e U with U a least energy solution of (2.7) it proves the lemma. O

3. PROOF OF THEOREM 1.1
Let

1
0 = {5 min {dist(M,RN \ 0),;1;111 dist(0;, 0;), dist(O, Z)} .
1]

We fix a 3 € (0,0) and a cutoff p € C5°(RY) such that 0 < ¢ < 1, ¢(y) = 1 for |y| < B and ¢(y) = 0 for
ly| > 28. Also, setting p.(y) = ¢(cy) for each z; € (M?)? and U; € S,,,, we define

k
U 7k(y):ZeA( i)y E)%(y_?)[]l( _?)
=1

We will find a solution, for sufficiently small € > 0, near the set
X, = {Usr(y) | z; € (MD? and U; € S,,, for each i = 1,..., k}.

For each i € {1,...,k} we fix an arbitrary x; € M? and an arbitrary U; € S,,, and we define

Wily) = 4B (y = 2 U (y - 2.

Setting

W, (y) = e A=, (y - %) U; (% - g) ;
we see that limg o [[W!,[lc = 0 (recall that N > 3) and that T.(W/,) = F.(W.,) for t > 0. In the next
proposition we shall prove that there exists T; > 0 such that I'. (WE’T) < —2 for any € > 0 sufficiently small.
Assuming this holds true, let 7! (s) = W/ for s > 0 and v.(0) = 0. For s = (s1,...,sx) € T = [0, T1]x...x[0,T}]
we define

k
Ye(s) = Z W;S and D, = rgleaTXFE(’yE(s)).
i=1

Finally for each i € {1,...,k}, let E,,, = LS, (U) for U € Sy,,. In what follows, we set E,, = {mink} E,,, and
’ ) ie{l,..., )

E= Zle E,,,. Foraset AC H. and o > 0, we let A* ={u € H. | ||[u— Al < a}.
Proposition 3.1. We have
(i) im D, = E;
e—0 _
(ii) limsup m%>T<I‘E('yE(s)) <E=max{E—E,, |i=1,....k} < E;
e—0 S€
(iii) for each d > 0, there exists o > 0 such that for sufficiently small € > 0,

T.(7:(s)) > D. — a implies that ~.(s) € X/2.
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Proof. Since supp(7:(s)) € M?2? for each s € T}, it follows that T'c(7.(s)) = F-(7-(s)) = Zle F-(7i(s)). Now,
for each i € {1,...,k}, we claim that

2

| v i .
lim <f—A€(y))Wa7si dy = s 2/ |VU; [2dy. (3.1)
e—0 JpN 2 RN
Indeed
v e , , 1 , -
LG -acw)wea= [ (19w e+ iacmem, p - 2re [ tvws, 4wz, a 62

with

/ VWi, Py = / ‘
RN RN

S
Y Ti 2
K3
T —z)U|——— | d
+eVep(ey — ) U, <51 ESi) Yy
Y 2
2
= [ 4R |o (L)] te- o a
1 Yy y\ |
+/ —VU; <—> e (y) + Ve (ey) U; <—> dy (3.3)
RN | Si S; Si
Moreover we have
2 2y — 2y (¥ _ 2 -
[ oo fay= [ o (2L 2 e (- 2) [ ay (3.4)
and
1 i - _ 4 (Y T; T\ |2
/]RN Re [;VWE,S% 'Af(y)Wa,Si:| dy—/RN Ac(xi) - Ac(y) U (Si Esz)‘ ‘Pe( E)‘ dy (3.5)

Since, as ¢ — 0,

2
2|y, (4 - 20 AR N2
Loawp o (L2 o (- 2) [ an = [ 146w

and
y o oxi\|? TN (2 y\ |
AE i) " AE 2 = e -= ‘ d A % 2 i\ T d )
[t acw o (L= 2 oo (- 2)far— [ 1aeor o (£)] ay
taking into account (3.2)—(3.5) it follows that,
v i ’ 1 Y ’ N-2 2
— = A(y) | Wi, | dy — — VU (=)| dy =s; [VU;|*dy (3.6)
RN 2 S’i RN Si RN




MULTI-PEAK SOLUTIONS FOR MAGNETIC NLS EQUATIONS

and this proves (3.1). Similarly using the exponential decay of U; we have, as ¢ — 0,

/ Vo)W, [Py —’/ m; |Us (2>
RN o RN Si
[ rawe - [ F<Ui (2)
RN ’ RN Si

Thus, from (3.1), (3.7) and (3.8),
(Z - Aa(y)) 7e(si)

.7:5(’)/;(31')) = %/]RN i

sV 2

1

2
dy:miSfV/ U;|*dy
RN

2
)dySfV/ F(|Us]*)dy.
RN

dy+ VRt Pdy = [ Fnis0R)ay

2

Then, from the Pohozaev identity (2.9), we see that

; sN=2 N -2
fm;(si))(g el AR TER)

Also

max

<tN2 N -2
te(0,00)

N 2
== 2dy = E,p,,.

663

At this point we deduce that (i) and (i) hold. Clearly also the existence of a T; > 0 such that Te(W! 1. ) < —2

is justified. To conclude we just observe that for g(t) = tN;Q — 2N,

>0 forte(0,1),
gd(t)<=0 fort=1,
<0 fort>1,

and ¢’(1) =2 - N < 0.

Now let
@, = {y € C([0. T3], Ho)|v(si) = v:(si) for s; = 0 or T3}
and

C! = inf T (v(s;)).
= max c(v(s0))

For future reference we need the following estimate.

Proposition 3.2. Fori=1,...,k,
lim inf Cl > B,

Proof. Arguing by contradiction, we assume that liminf. .o C? < E,,,. Then, there exists a > 0, &, — 0 and

Yn € BL satisfying Il (vn(s)) < Em, — o for s € (0,T;).
We fix an €n > 0 such that

mi

2

and F. (7,(T;)) < —2 and denote ,, by € and ~,, by ~.

1+ (1+ Ep,)Y P+ < min{a, 1}
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Since F.(7(0)) = 0 we can find s € (0,1) such that F.(y(s)) > —1 for s € [0, so] and F=(v(so)) = —1. Then

for any s € [0, so] we have

so that

Qi(v(s)) T (s) +1 < Epp, —a+1

/ Iv(s)|2dy < 56/“(1 +(1+ quy)Q/(erQ)) Vs € [0, so).
RN\O:

Now we notice that for any s € [0, 7], |v(s)| € H'(RY,R) and by the diamagnetic inequality (2.3)

/ V}y(s)|| dy < / D%(s)? dy. (3.10)
]RN RN

Then by (3.10) we have that for s € [0, so]

Fe(v(s))

Y

Y

Y]

1

2

+_

1

2

1

2

[ p@r a5 [ R [ FeR)

5 (Va0 = ml o) dy

m;

L vy 5 [ ek [ PR d

1

#3 oo, e = m

m;

L v a5 [ ek [ PR d

m;

o ICICIRE
RN\O:

m;

%/RNIVMS)I\de 5 /RN I’V(S)IQdy—/RN F(ly(s)?) dy

- %56/“(1 + (14 Epy, )Y ®+2)

Lin,i (

Y(s)l) = T (14 (1 + B, )2/ 742, (3.11)

Thus, L., (|7(s0)]) < 0 and recalling that for the limiting equation (2.7) the mountain pass level corresponds
to the least energy level (see [32]) we have that

Then we infer that

Y

Y

v

Y

max Ly, (
s€[0,T5]

V(s)]) = Em,.

max I'(y(s)) > max F.(y(s))

s€[0,T5] s€[0,T5]

ggx]fe(v(S))
s ,50

max Ly, (1y(s)]) = Z2e9% (14 (14 B, )/ #12)
s€[0,s0] 2
Ep, — %s"’/“ (1 +(1+ Emi)”"’“’) (3.12)

and this contradiction completes the proof. O
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Now we define
' ={we H:. | Tc(u) < a}.

Proposition 3.3. Let (g;) be such that lim; . £ = 0 and (uc,) € ng such that

lim I (ue;) < E and lim T (ue;) = 0. (3.13)

j*} j*)OO

Then, for sufficiently small d > 0, there exist, up to a subsequence, (y;) C RN, i=1,...,k, points z* € M?
(which should not be confused with the points x; already introduced), U; € Sy, such that

hm |5]y] —2'| =0 and hm [|ue, Zem <(¥5)(=5) oe, (- — YU — y5)-, = 0. (3.14)

Proof. For simplicity we write € for ;. From Proposition 2.5, we know that the S,,, are compact. Then there
exist Z; € Sy, and (2) C (M), ' € (M)P for i = 1,...,k, with 22 — 2’ as ¢ — 0 such that, passing to a
subsequence still denoted (u.),

k k3
ue — Y @AEN D (- al fe) Z,(- — al/e)|| <2d (3.15)

=1

g

for small € > 0. We set u; . = Zle ¢e(- — 2t /e)u. and uz . = ue — ug .. As a first step in the proof of the
proposition we shall prove that

Fo(ue) > Te(ure) + Te(uze) + O(e). (3.16)
Suppose there exist y. € Ule B(xi/e,28/¢) \ B(z!/e,3/e) and R > 0 satisfying

1iminf/ luc[2dy > 0
=0 JB(y.,R)

which means that

lim mf/ |ve|?dy > 0 (3.17)
B(0,R)

e—0

where ve(y) = uc(y + y-). Taking a subsequence, we can assume that ey. — xo with ¢ in the closure of
UL, B(«%,28)\B(z%, 8). Since (3.15) holds, (v.) is bounded in H.. Thus, since m > 0, (v.) is bounded in
L?(RM,C) and using the diamagnetic inequality (2.3) we deduce that (v.) is bounded in LPT2(RY,C). In
particular, up to a subsequence, v. — W € LPT2(RN C) weakly. Also by Corollary 2.2 (i), for any compact
K C RY, (v.) is bounded in H'(K,C). Thus we can assume that v. — W in H*(K, C) weakly for any K C RY
compact, strongly in LPT2(K,C). Because of (3.17) W is not the zero function. Now, since lim._q I'.(us) = 0,
W is a non-trivial solution of

— AW — %A(xo) VW + |A(zo)PW + V(20)W = f(IW[*)W. (3.18)

From (3.18) and since W € LP*2(R¥™ C) we readily deduce, using Corollary 2.2 (ii) that W € H(RY, C).

Let w(y) = e "A0)¥T¥/(3). Then w is a non trivial solution of the complex-valued equation

—Aw + V(@o)w(y) = f(lw|*)w.
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For R > 0 large we have

/B(O,R)

and thus, by the weak convergence,

2 2

dy (3.19)

(Y- A w

{2

1
dy > =
y_2/RN

(¥ - At)) w

{2

2
liminf/ |Du Pdy = liminf/ (z —Ae(y—i—ye)) ve| dy
=0 JB(y.,R) =0 Jpo.Rr) I\ ?
2
> / (z,A(xo)) W\ dy
B(0,R) ?
2
1 1
> —/ Y_—A(:co) 1474 dy:—/ |Vw|?dy. (3.20)
2 RN 7 2 RN

Now recalling from [32] that E, > Ej if a > b and using Lemma 2.3 we have Lf/(zo)(w) > EY(40) = Eviwe) = Em
since V(zg) > m. Thus from (3.20) and (2.10) we get that

N N
hminf/ | D, |2dy > LY (4 (W) = =
B(y..R) 2 2

e—0

Ep >0, (3.21)

which contradicts (3.15), provided d > 0 is small enough. Indeed, zo # 2°, Vi € {1,...,k} and the Z; are
exponentially decreasing.

Since such a sequence (y.) does not exist, we deduce from [37], Lemma I.1, that

lim sup lu.[P2dy = 0. (3.22)

€0 /f1B($§/€72ﬁ/6)\3(w2/6,ﬁ/6)

As a consequence, we can derive using (f1), (f2) and the boundedness of (|juc||2) that

lim [ F(lucl®) = F(luyel*) = F(luz[*)dy = 0.

e—0 ]RN
At this point writing

k

Fs(ue) = Fs(ul,s) + FE(U’Q,E) + CPE(y - ZZ/E)(]' - CPE(y - 1’2/6))|DEU5|2

i=1 /B(w’s'/faQﬁ/E)\B(xé/&ﬂ/a)

+ Vepe(y — a2 /e)(1 = pely — al/fe))|ucdy — /RN F(luel?) = F(Jurel?) = Fluze*)dy + o(1),

as € — 0 this shows that the inequality (3.16) holds. We now estimate I'c(uz ). We have

1 ~ 1 -
To(uze) > Fe(use) =—/Iﬁw$+KM£@——/(%4QM$@—/AMW£My
2 ]RN 2 ]RN ]RN
1 2 m 2 2
el =2 [ sy — [ sy, (3.23)
RN\ O? RN

Y
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Here we have used the fact that V. — V. = 0 on O and |V, — Vz| < 7 on RN \ O!. Because of (f1), (f2) for
some C7,Cy > 0,

2 m 2 2N m 2 e
F(|U2,€| )dy § Z |u2,s| dy + Cl |u2,s| N-2 dy S Z |U2,€| dy + CQHUQ,EHE .
RN RN RN RN

Since (ue) is bounded, we see from (3.15) that ||ug.|. < 4d for small € > 0. Thus taking d > 0 small enough
we have

1 1 1
glacl = [ FlluacP)y 2 fuacl (5 - Co(4d) ™) 2 Gfuacl 2. (3:21)
2 RN 4 8

Now note that F. is uniformly bounded in X for small ¢ > 0. Thus, so is Q.. This implies that for some C' > 0,

/ g, 2y < C%/0 (3.25)
RN\O.

and from (3.23)—(3.25) we deduce that I'c(uz,) > o(1).

Now for i = 1,...,k, we define u} _(y) = u1,(y) for y € OL, u} (y) = 0 for y ¢ OL. Also we set W!(y) =
u’le(y + 2t /e). We fix an arbitrary i € {1,...,k}. Arguing as before, we can assume, up to a subsequence, that
Wi converges weakly in LPT2(RY,C) to a solution W* € H'(RY,C) of

—AW = ZA@) VW A PW VW= F(WPWY, oy e RY.

We shall prove that W/ tends to W* strongly in H.. Suppose there exist B > 0 and a sequence (z.) with
2. € B(al/e,2[/¢) satisfying

liminf |2 — 2. /e| =00 and liminf lul?dy > 0.
e—0 e—0 B(ze,R)

We may assume that ez, — 2% € O as ¢ — 0. Then W/(y) = Wi(y + z.) weakly converges in LPT2(RN,C) to
Wi e HY(RY,C) which satisfies

N R - L o o
—AW"* — ;A(zz) VW + |AGHPWE+ VYW = f(WHP)WE, y e RY
and as before we get a contradiction. Then using (f1), (£2) and [37], Lemma I.1, it follows that

/ F(W?)dy — / F(W2)dy. (3.26)
RN RN
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Then from the weak convergence of Wi to W' # 0 in H'(K,C) for any K C R" compact we get, for any

ie{l,...,k},

limsup[o(uf.) > lim iélf Fe(ut )
: ml :

{2

e—0
2
1 . )
> 1iminf—/ Z*A(éer:Eé) w;
=0 2 Jpo,mr |\
+Viey+a) WPy [ POWIR)y
2
1 ) ) ) .
> —/ (z_—A(xZ)) Wi + V()W dy
2 /B(o,r)

- [ FOwiay.

Since these inequalities hold for any R > 0 we deduce, using Lemma 2.3, that

_ 1 _ 2 1 o
limsupl'c(u} ) > —/ (z A(:cl)) w* dy+—/ V() |WiAdy
e—0 ’ 2 RN 1 2 RN
— [ F(W'P)dy
RN
1 , o ,
— 5 [P Ve Py - [ ()
2 ]RN ]RN

= L(\z/(aﬂ)(wi) > Ep, = Em,

where we have set w'(y) = e~ *A@)YIWi(y). Now by (3.16),

k

e—0 e—0

e—0 i=1 i=1

Thus, since I'c(u2,c) > o(1) we deduce from (3.28)—(3.29) that, for any i € {1,...k}

lim . (u} ) = Ep, .
e—0 ’

k
lim sup (Fe(ug,a) + ZFE(uiE)) = lim sup (Fg(ugﬁ) + I’E(ul,a)) <limsupT.(u.) < E = ZEmi'

(3.27)

(3.28)

(3.29)

(3.30)

Now (3.28), (3.30) implies that Ly (,i)(w') = Ep,,. Recalling from [32] that E, > E, if a > b and using
Lemma 2.3 we conclude that 2* € M. At this point it is clear that Wi(y) = ' A@WU,(y — 2;) with U; € Sy,

and z; € RV.

To establish that W! — W strongly in H. we first show that W’ — W strongly in L2(R™,C). Since (W})
is bounded in H. the diamagnetic inequality (2.3) immediately yields that (JW/|) is bounded in H*(RY,R) and
we can assume that [Wf| — [W¢| = |w’| weakly in H'(RY,R). Now since Ly (zi)(w') = Ep,, we get using the



MULTI-PEAK SOLUTIONS FOR MAGNETIC NLS EQUATIONS 669

diamagnetic inequality, (3.26), (3.30) and the fact that V > V(z*) on OF,

[wetbay + [ mloPay -z [ PQPy >
RN RN

RN

lim sup /
e—0 RN

2 [ P(WiPy
RN

2

(Y- Aey+at)) w

dy + / Vi(ey +20)|Wil2dy
RN

> dmswp [ |VIWEPdy+ [ VWP -2 [ POWIP)y
e—0 RN RN RN

/ ‘V|wi||2dy+/ mi|wi|2dy—2/ F(|w'*)dy. (3.31)
RN RN RN

Y

But from Lemma 2.3 we know that, since Ly (yi)(w’) = Ep, ,

/‘V|wi||2dy:/ ‘Vwi|2dy.
RN RN

Thus we deduce from (3.31) that
| viewsaiwipy — [ viehwia. (3.32)
RN RN

Thus, since V > V(z*) on O, we deduce that
Wi — W strongly in L*(RY,C). (3.33)

From (3.33) we easily get that

2
lim dy = 0. (3.34)
e—0 RN

- ‘ (Y - A(xi)) w!

{2

(Y. — Aey + x;)) W

{2

Now, using (3.26), (3.31) and (3.32), we see from (3.34) that

LI v

1
lim sup/
e—0 RN

2

dy + / V(@) Wiy >
RN

2
dy + / V(ey+al)|Wi|*dy
RN

(Z - A(:ci)) w! ’

(; — Aley + xz)) Wg

> lim sup/
e—0 RN

At this point and using Corollary 2.2 (ii) we have established the strong convergence W — W in HY(RY,C).
Thus we have

7

dy+/ V()| Wi dy.  (3.35)
RN

wh, = AT a fe — ) + o(1)
strongly in H*(RY,C). Now setting 3! = x% /e + 2; and changing U; to eiA(”i)ini we get that

uf o = AU =g+ o(1)
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strongly in H*(R¥,C). Finally using the exponential decay of U; et VU; we have
uj o = @AW o (UL~ yf) + o(1).

From Corollary 2.2 (iii) we deduce that this convergence also holds in H. and thus

k k
upe =y i =y W g (—yU(- —yl) +o(1)
=1 =1

strongly in H.. To conclude the proof of the proposition, it suffices to show that us. — 0 in H.. Since
E > lim._oT.(us) and lim.oTc(u1,) = E we deduce, using (3.16) that lim. o 'c(u2,) = 0. Now from
(3.23)—(3.25) we get that ug . — 0 in H.. O

Proposition 3.4. For sufficiently small d > 0, there exist constants w > 0 and €9 > 0 such that |TZ(u)| > w
for u e TP 0 (X4\ X% and € (0,e0).

Proof. By contradiction, we suppose that for d > 0 sufficiently small such that Proposition 3.3 applies, there
exist (g;) with lim; . €; = 0 and a sequence (u.,) with u.; € ng \ng/Q satisfying lim; .o I'c, (uc,;) < E and
lim;j_,o I', (ue;) = 0. By Proposition 3.3, there exist (yéj) CRN, i=1,....k, 2t € M, U; € S, such that

Jim, lejyz, — ' =0,

lim ’
e;—0

k
iAe; (Ye, ) (=Y, j i
uaj—ze 5 we,)( yj)%j(._y;j)(]i(._yej)L.:o,
i=1 J
By definition of X, we see that lim.; .o dist(uaj , Xaj) = 0. This contradicts that u., ¢ ng/2 and completes the
proof. O

From now on we fix a d > 0 such that Proposition 3.4 holds.
Proposition 3.5. For sufficiently small fived € > 0, T'- has a critical point u. € X¢ NTP=.

Proof. We can take Ry > 0 sufficiently large so that O C B(0, Ry) and 7:(s) € Ha(B(0, R/¢)) for any s € T,
R > Ry and sufficiently small € > 0. )
We notice that by Proposition 3.1 (iii), there exists a € (0, E — E) such that for sufficiently small £ > 0,

Lo(1:(5) > De = = 7:(s) € XI2 N Hy (B(0, R/e)).

We begin to show that for sufficiently small fixed € > 0, and R > Ry, there exists a sequence (uf) C Xg 2
I'Pe 0 HY(B(0, R/¢)) such that IV (ult) — 0 in H}(B(0, R/¢)) as n — +oo.

Arguing by contradiction, we suppose that for sufficiently small £ > 0, there exists ag(e) > 0 such that
ITZ(u)| > ar(e) on X¢NTLP= N HL(B(0,R/¢)). In what follows any u € Ha(B(0, R/¢)) will be regarded as an
element in H. by defining u = 0 in RV \ B(0, R/¢).

Note from Proposition 3.4 that there exists w > 0, independent of ¢ > 0, such that |I'.(u)] > w for u €
P n(X2\ Xg/Q). Thus, by a deformation argument in Hi (B(0, R/¢)), starting from ~,, for sufficiently small
g > 0 there exists a u € (0,«) and a path v € C([0,T], H.) satisfying

v(s) =7:(s) for v.(s) € Fan_“,

Y(s) € X&' for ve(s) ¢ T2
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and
Fe(v(s)) < D.—pu, seT. (3.36)

Let ¢ € C5°(RY) be such that ¢(y) = 1 for y € 0%, ¢ (y) = 0 for y & O, ¥(y) € [0,1] and |V¢| < 2/5. For
v(s) € X2, we define v;(s) = 1-v(s) and y2(s) = (1 — b.)y(s) where 1. (y) = ¢ (ey). Note that

I=(7(s)) = Te(m(s)) + Te(r2(s)) + /RN (%=1 = ) D=y (s)]? + Verbe (1 — ) I (5)]%) dy
+ Q:(7(s)) — Qe(11(s)) — Q=(12(s)) — / (E(7(s)1?) = F(In(s)]) = F(l2(s)*))dy + o(1).

RN
Since for A,B >0, (A+B—-1); > (A—1); + (B —1); and since p + 2 > 2 it follows that

p+2
2

Q6 = ([ xebne) +mfay 1)

p+2
2
> (/ h)ay+ | xe|72(5)|2dy1>
RN RN +
pt2 pt2
2 2
> (/ xml(s)del) +(/ Xs|’72(8)|2dy1)
RN + RN +

Q:(11(5)) + Q=(12(s))-

Now, as in the derivation of (3.25), using the fact that Q.(y(s)) is uniformly bounded we have, for some C' > 0
/ Iy (s)[2dy < C=8/0. (3.37)
RN\OE

Thus denoting p + 2 = 2s + (1 — s)2%,s € (0,1), we see from (f1), (f2), (3.37) and using the Sobolev
inequalities, that for some C7,Cs > 0,

[ Fo@a < o[ RGP+ hera
RN\O, RN\O,
< af P
RN\OE
2 (1) %55
+ Gy ( [ bl dy> IO (339
RN\OE
We deduce that
lim F(vy(s))dy = 0. (3.39)
e—0 RN\OE

Now, as € — 0,

/]RN |F(v(s)) = F(71(s)) = F(y2(s))|ldy = /(026) Lo [F'(v(s)) = F(71(s)) — F(y2(s))|dy

IN

/ F(3(5) + FOn(5) + Frz(9)dy = o)
(029)\(0%):
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since (3.39) obviously hold when v(s) is replaced by ~1(s) or 42(s). Thus, we see that, as ¢ — 0,

Le(v(s)) = Te(m1(8)) + Te(r2(s)) + o(1).

Also
Te(ya(s)) > / F(ya(s))dy > o(1).
RN\O.

Therefore it follows that
Ie(7(s)) 2 Te(r(s)) + o(1). (3.40)
For i = 1,...,k, we define v} (s)(y) = v1(s)(y) for y € (O)?°, ~i(s)(y) = 0 for y ¢ (O")¥. Note that
(A1+...+A, - 1)y > Z?=1(Ai — 1) for Ay,..., A, >0, and that (p +2) > 2. Then, we see that,

k k
Ie(m(s) > Z I.(7i(s)) = Z TL(7i(s)). (3.41)

From Proposition 3.1 (i) and since a € (0, E — E) we get that v} € @, for all s € {1,...,k}. Thus by
Proposition 3.4 in [22], Proposition 3.2, and (3.41) we deduce that, as ¢ — 0,

max e (y(s)) > E + o(1).
seT
Since limsup,_,, D, < E this contradicts (3.36).

Now let (uff) be a Palais-Smale sequence corresponding to a fixed small € > 0. Since (uZ) is bounded in

H}(B(0, R/e)), thanks to local compactness, we deduce that (uf) converges, up to subsequence, strongly to
some uft in H}(B(0, R/¢)) with u® a critical point of I'. on H}(B(0, R/¢)).

Arguing as in Proposition 2 in [8], we now derive that (uf*) converges strongly to some u., as R — oo, with
u. € X3 NTDe a critical point of T'..

Indeed, since uf? is a critical point of I'. on Hg(B(0, R/¢)) it satisfies

P
2

2
(l.v - AE) u® + Voult = f([ufP)u — (p+ 2)(/XE|uR|2dy - 1) xeuft in B(0,R/e). (3.42)
? +

Exploiting Kato’s inequality (see [41], Thm. X.33)

ul (Y ?
oz =i (7 - 40) )

we obtain .
Alu] > VeluR| = £(ju®2)[u®] + (p +2)( / xeluPdy = 1) xelu®| i RY. (3.43)

Moreover by Moser iteration [29] it follows that (||uf||z~) is bounded. Then, since (Q.(uf?)) is uniformly
bounded for small ¢ > 0, we see from elliptic estimates that for sufficiently small ¢ > 0, | f(|u®(y)*)u’(y)| <
%V€|uR(y)| if |y| > 2Ro (recall that Ry > 0 can be chosen so large that Z C B(0, Ry)). Applying a comparison
principle to (3.43), we see that for some C, ¢ > 0, independent of R > Ry,

[u(y)| < Cexp(—(ly| — 2R0)). (3.44)

Now, observe that since (uf) is bounded in H., we may assume that it converges weakly to some u. in H. as

R — o00. Then, since u'? is a solution of (3.42), we see from (3.44) that (u’?) converges strongly to u. € XINT'D-
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and that

[NIS]

1 2
(;V — AE) e + Veue = f(|ue|®)ue — (p + 2)</X€|u5|2dy — 1) Yete in RY. (3.45)

+
This ends the proof of the proposition. O

Completion of the Proof for Theorem 1.1. We see from Proposition 3.5 that there exists €9 > 0 such
that, for ¢ € (0,&¢), ['c has a critical point u. € X¢ NT'P:. From (3.45), as in the proof of Proposition 3.5, we
obtain that

Alue] 2 Veluel = f(fue el + 0+ 2)( [ xeluclPdy = 1) xcfue] in RY (3.46)

and that (|luc|/z~) is bounded. Now by Proposition 3.3, we see that

lim |D‘5u€|2 + 17€|u5|2dy =0,
e0 JRN\ (Mm20),

and thus, by elliptic estimates (see [29]), we obtain that
&11_,1% ||UE||LOQ(RN\(M25)E) = 0. (347)

This gives the following decay estimate for u. on RN \ (M??)_ U (Z9).

[ue(y)| < C exp(—edist(y, (M) U (27).)) (3.48)
for some constants C, ¢ > 0. Indeed from (f1) and (3.47) we see that

Lim || £ (Jue[*) | Loe vy vz U(29).) = 0.

Also inf{V.(y)ly ¢ (M??). U (Z%).} > 0. Thus, we obtain the decay estimate (3.48) by applying standard
comparison principles (see [39]) to (3.46).

If Z # () we shall need, in addition, an estimate for |u.| on (Z2%).. Let {H'};cs be the connected components
of int(Z*°) for some index set I. Note that Z C |J,c; H® and Z is compact. Thus, the set I is finite. For each
i € I, let (¢°, \}) be a pair of first positive eigenfunction and eigenvalue of —A on (H*). with Dirichlet boundary
condition. From now we fix an arbitrary ¢ € I. By elliptic estimates [29], Theorem 9.20, and using the fact that
(Q:(u.)) is bounded we see that for some constant C' > 0

luellLoo (7)) < Ced/n, (3.49)
Thus, from (f1) we have, for some C' > 0

I1f (e oo i)y < CE.

Denote ¢L(y) = ¢'(ey). Then, for sufficiently small € > 0, we deduce that for y € int((H").),
AGL(y) — Va@)oL(y) + fllue(y)P)ot () < (C* = ne?)gl <o. (3.50)
Now, since dist(9(Z%°)., (ZP).) = /e, we see from (3.48) that for some constants C, ¢ > 0,

||u€||Lx(8(Zw)E) < Cexp(—c/e). (3.51)
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We normalize ¢ requiring that

inf Ly)=C — 3.52
seca D sy, O (y) = Cexp(—c/e) (3.52)

for the same C, ¢ > 0 as in (3.51). Then, we see that for some x > 0,
¢i(y) < kCexp(—c/e), ye (H).N(Z%0)..

Now we deduce, using (3.49)-(3.52) and [44], Theorem B.6, that for each i € I, |u.| < ¢L on (H'). N (Z?7)..
Therefore

|uc(y)| < Cexp(—c/e) on (2%°). (3.53)

for some C,c¢ > 0. Now (3.48) and (3.53) implies that Q.(ue) = 0 for ¢ > 0 sufficiently small and thus
u. satisfies (1.3). Now using Propositions 2.5 and 3.3, we readily deduce that the properties of u. given in
Theorem 1.1 hold. Here, in (1.7) we also use the fact, proved in Lemma 2.3, that any least energy solution of
(2.11) has the form e”"U where U is a positive least energy solution of (2.7) and 7 € R. O
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