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ON THE SYNTACTIC COMPLEXITY OF TREE SERIES

SYMEON BOZAPALIDIS! AND ANTONIOS KALAMPAKAS? 3

Abstract. We display a complexity notion based on the syntax of a
tree series which yields two distinct hierarchies, one within the class of
recognizable tree series and another one in the class of non-recognizable
tree series.

Mathematics Subject Classification. 68Q01, 68Q15.

1. INTRODUCTION

The notion of syntactic complexity of a recognizable graph language has orig-
inated in [5]. It is a structural complexity measure giving rise to a syntactic
classification inside the class of recognizable graph languages. The syntactic com-
plexity of a recognizable graph language L is given by a function mapping any
couple of natural numbers, representing the type of a graph, to the number of the
distinct syntactic classes at this type. We have displayed graph languages with
various types of complexities and showed that the set of connected graphs has
Bellian complexity. Furthermore, the language of Eulerian graphs is syntactically
more complicated than that of connected graphs (cf. [8]).

This notion has been also investigated in the setup of tree languages. More
precisely, in [6], the syntactic complexity of a tree language is defined to be the
number of the distinct syntactic classes of all trees with a fixed yield length. This
allows a classification of tree languages according to their structural properties and
several interesting results are obtained. The class of recognizable tree languages is
properly contained in that of languages with bounded complexity. The Dyck tree
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language of order k
Dy ={t|t €T, [t|y, = = [t|s, rank(f;) = 2},
has polynomial syntactic complexity of degree k — 1, and the diagonal language
Lg=A{f(tt)|te€Tr}, f a fixed binary symbol,

has exponential syntactic complexity.

In the present paper we develop a structural complexity theory for tree series.
Let TT be the set of all trees over a ranked alphabet I' and Pr the set of all trees
with just one occurrence of the variable x. Then Pr becomes a free monoid with
operation the substitution at . Moreover, Pr acts on the set 7T by the same way.
A formal power series on trees with coefficients in a field K, is just a function
S : It — K. The right derivative of S at t and the left derivative of S at T are
defined respectively by

St=!': Pr - K, (St=1,7") = (S, 7't) for every 7/ € Pr,

1S Tr — K, (1718, ¢") = (S, 7t') for every t' € Tr.
We denote by V(S) (resp. F(S)) the subspace of KT (resp. K'T) generated by
the right (resp. left derivatives) of S.

Tree series are interpreted by K — I'-algebras A = (A, «) where A is a K-vector
space and « is a family of multilinear functions

ay : A™ — A, fel, m>0.

We can endow V(S), in a canonical way, with the structure of a K — I'-algebra,
called the syntactic K — I"-algebra of S.

A tree series S : Tr — K is said to be recognizable if it can be realized by a
pair (A, ¢) where A is a finitely dimensional K — I'-algebra and ¢ : A — K a
linear form. This means that S = ¢ o h 4, where h 4 is the unique K — I'-algebra
morphism from Tt to A. We have the following characterization result from [4]:
a tree series S : Tr — K is recognizable if and only if dimF'(S) < oo if and only if
dimV (S) < co. In this case we have dimF'(S) = dimV (.5).

Syntactic complexity of tree series is introduced in Section 4, it is described by
a function SCs : N — N which sends every natural number n to the maximum
number of linearly independent right derivatives St~! where ¢ runs over all trees
whose width (i.e., yield length) is n. It is proved that for every tree language
L, the syntactic complexity of its characteristic series does not exceed that of L.
We say that a tree series S : Tt — K has bounded, polynomial or exponential
syntactic complexity according to the explicit formula defining the function SCs.

Although every recognizable series has bounded syntactic complexity this does
not characterize recognizability. Indeed, the series that sends every tree t to \Tl|

(where |t| is the size of t) has bounded complexity but is not recognizable. More-
over, we display a tree series (the characteristic series of Dj) with polynomial
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syntactic complexity, and show that from every series .S with non zero coefficients
we can construct a series Sy with exponential complexity SCg,(n) = Cy,_1, where

1 2n
C fr—
"ontl ( n )
is the nth Catalan number.

Berstel and Reutenauer demonstrated in [1], by using a pumping lemma tech-
nique, that the series height sending every tree to its height is not recognizable.
In Section 5 we calculate its syntactic complexity

SCheight(n) = [n —logy n],

where |r| denotes the greatest integer not exceeding r. On the other hand, it
is rather surprising that the series height, that sends every tree to its height
modulo p (p prime) is recognizable. Moreover, we present a tree language, over
the alphabet I' consisting of a binary symbol f and a unary symbol «, that has
the same syntactic complexity with height, namely the set L, of all AV L trees
i.e., all trees t such that either t = « or t = f(t1,t2), with t1,t2 € Lgy and

Since all recognizable tree series have bounded syntactic complexity this notion
is only appropriate for a classification of non-recognizable tree series. In the last
section we provide a complexity measure suitable for the class of recognizable tree
series. It is based on a refined context namely pr(") which is the set of all trees in
Tr(X) where the variables x1,...,x, occur in the yield of the tree (in this order
from left to right) exactly once. Two dual notions of derivatives are obtained for
all 7€ P and ty,...,t, € Tp

IS TR = K, (178 (t, . t) = (S, Tl - ta)),
and
Sty oitn) i B K, (St ta) L) = (5,7t tal)s
and their corresponding sets are
F(S)™ = (r718 | 7€ PM™) and V()™ = (S(t1,... tn) "' | t1,... tn € T7).

We prove that a series S : Tt — K is recognizable if and only if dimF(S)(”) <
oo, for all n, if and only if dimV(S)(™ < oo, for all n. In this case it holds
dimF(S)™ = dimV (S)™. The refined syntactic complexity RSCs of a recogniz-
able tree series S is described by the function sending every natural number n to
the dimension of F(S)(™. Since for any non recognizable tree series S it holds

RSCs(n) = oo, for all n
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the above notion of complexity is suitable to classify only recognizable tree series.
The recognizable series tree size, branch enumeration, and branch length have
the same linear complexity,

RSCS(TL) =n-+1.

Moreover, the recognizable tree series height, has exponential refined syntactic
complexity namely,

RS Cheignt, (1) = p".

The presented syntactic complexities yield the following hierarchy within the class
of tree series

RSCBOUND Cc RSCPOL Cc RSCEXP C REC C
C SCBOUND c SCPOL Cc SCEXP,

where REC is the class of recognizable tree series and UBOUND, UPOL, UEX P
denote respectively the classes of tree series with bounded, polynomial and expo-
nential U-complexity (U = SC, RSC).

2. TREE LANGUAGES AND THEIR SYNTACTIC COMPLEXITY

To construct trees we need a (finite) ranked alphabet I' = |J I’y and a set X
k>0
of variables. We pose X,, = {x1,...,2,}, for n > 1.
The set of trees over I" and X is the smallest set T (X) inductively defined by

the items

[ ] FO UuX g T’r‘()()7

® f1,...,1 € TF(X) and f € I'y, implies f(tl, Ce ,ﬁk) S TF(X)
Often the tree f(t1,...,1;) is depicted as

N,

hence the denomination tree. We denote Tr the set of all trees over I' without
variables (i.e., Tr = Tr(0)). Subsets of T1(X) are refereed to as tree languages.

The height of a tree ¢t € T1(X) is the length of its longest branch. Formally the
function height : 71 (X) — N is inductively defined by

e height(a) =0, for a« € Ty U X;;
e height(f(t1,...,tx)) = 1+ max{height(¢1),...,height(t;)}, f € Ty and
t1,...,tg € Tr(X).
The yield of a tree t € Tp is the word y(t) obtained by concatenating from left to
right the leaves (i.e., the symbols of I'g occurring in ¢). Formally, y : Tr — I', is
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inductively defined by

y(C) =c, (C S Fo), y(f(tl, e ,tk)) = y(tl) e y(tk), (f ey, t; € TF).

The width of ¢ € Tr(X) is the length of its yield: |y(t)| = width(¢).

The basic operation on trees is substitution. Given ¢,t1,...,t, € Tr(X,), we
denote by t[t1,...,t,] the result of substituting ¢; at the place of z;, inside ¢,
1 <i < n. Denote by Pr the subset of Tr(x) consisting of all trees with just one
occurrence of the variable x. Pr becomes a monoid with the substitution at = as
operation: for 7,m € Pp, 7+ 7 = 7[r|. This monoid is free over the set of trees of
the form

f(tl,---,ti—17x,ti+1,---,tk)7 fEFk,k’Zl,tjGTp. (1)

This means that every 7 € Pp, 7 # z, is uniquely decomposed as a product of
trees of the form (1) and the number of these trees is denoted by ||7]||, actually
[|7]| is the length of the unique path starting from the root of 7 and ending to its
unique leaf labeled by .

The monoid Pr acts, again by substitution at x, on the set TT:

PrxTp — T, (1,t)—71-t=r]t].

Let L C T be a tree language, t € Tr, and 7 € Pr. The right derivative of L at t
and the left derivative of L at T are

Ltt'={r|rePr,r-tel}, v 'L={t|teTr,7-teL},

respectively. The equivalence relation ~y, on (the algebra) Tt
t~pt'if Lt = L't

is actually a congruence, i.e.,
ti~pth, ...ty ~ptyand f €Ty, imply  f(t1,...,tk) ~o f(t], ..., 1))

It is called the syntactic congruence of the language L.

Proposition 2.1 (c¢f. [7]). The following conditions are equivalent for a language
L CTr
(i) L is recognized by a finite tree automaton.
(i) card{Lt~' |t e Tr} < oco.
(iii) card{T 'L |7 € Pr} < oo.
(iv) The syntactic congruence ~j, has finite index (i.e., a finite number of
classes).

In [6] we develop a complexity theory in order to investigate and classify tree
languages according to their syntactic structure. Syntactic complexity is a way to
measure the complexity of the syntax of a tree language. It counts the number
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of distinct syntactic classes of trees with a fixed width. Formally the syntactic
complezxity of a tree language L C Tr is the function

SCL:N— Ny, SCL(n)=card{t|t e Tr,width(t) =n}, n €N,
where ¢ stands for the ~-class of t. Alternatively we have
SCp(n) = card{ Lt ! | t € Ty, width(t) =n}, n € N.

It should be noticed that SCL(n) < oo, for all n € N, whenever the alphabet I' has
no unary symbols, because in this case the set of trees with width = n is finite.
A tree language L C Tt is said to have

e bounded syntactic complexity, whenever there is a constant ¢ € N such that
SCrL(n) <e¢, for all n;

e polynomial syntactic complexity whenever there is a polynomial
m
p(n) =Y anf,  apeN
k=0

such that
SCL(n) < p(n), for all n;

e cxponential syntactic complexity whenever there is a constant ¢ € N such
that

SCrL(n) <", for all n.

By Proposition 2.1 every recognizable tree language has bounded syntactic com-
plexity, but the converse is not true. The language

Lbal == {tk | k Z 0}; with tO = Q, tk+1 = f(tkatk)a k 2 0;

where rank(a) = 0, rank(f) = 2, is an instance of a non-recognizable tree language
with bounded syntactic complexity: SCr, ,(n) < 2, for all n.

Proposition 2.2 ([6], Prop. 5). Given the ranked alphabet T' = {f1,..., fi,a},
rank(f;) =2, 1 <i <k, rank(a) = 0, the Dyck tree language of order k

Dy ={t|teTr, |ty = =t|p}

has polynomial syntactic complexity of degree k — 1, namely

SCp,(n) = (kil)!n(n—i—l)---(n—i—kz—Q).

Throughout this paper we will often use the alphabet I consisting of a binary
symbol f and a nullary symbol o, I' = {f, a}.
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Proposition 2.3 ([6], Prop. 6). The diagonal language
Lg= {f(tvt) | le Tf‘}a

has exponential syntactic complexity, namely,

1 2n 4n
SCLd(TLJrl): Tl (n) ~ 7713/2\/%.

3. FORMAL POWER SERIES ON TREES

A formal power series on trees (tree series for sort), with coefficients in a field
K, is just a function S : Tr — K. The support of S is the set {t € Tr | (S,t) # 0}.
For t € Tr the element (5,t) is referred to as the coefficient of S at ¢. In the
set K{(Tr)) of all such tree series, addition, scalar multiplication and Hadamard
product are defined pointwise

(Sl + Sg,t) = (Sl,t) + (Sg,t), ()\S,t) = )\(S,t), (51 ® SQ,t) = (Sl,t)(SQ,t),

for S1,52,5 € K{Ir)), A € K and ¢ € Tr.
We denote by K(Tt) the set of all tree series S : Tr — K with finite support,
called polynomials. Thus any polynomial p € K(I1) can be written as a finite

formal sum .
P=D_At;
=1

for some n > 1, \; € K, and t; € Ir.
The derivatives of a tree series S : It — K at t € Tr and 7 € Pr, are defined
by
St Pr— K, (St=1,7") = (S, 7't) for every 7/ € Pr,
1S Tr - K, (r718,t') = (S, 7t") for every t' € T,
which belong to the K-spaces KT and KT of all functions Pr — K and Tr — K
respectively with the pointwise addition and scalar multiplication.
We denote by V(S) (resp. F(S)) the subspace KT (resp. KT) generated by
all the right (resp. left derivatives) of S:

V(S)=(St7'|teTr) (resp. F(S)=(r"'S| 7€ Pr)).

Tree series are interpreted via multilinear algebras. A K — I'-algebra A = (A, «)
is a K-vector space A together with a family of multilinear functions

ap : A™ — A, fel,,m>0.

A morphism from A = (A,«) to B = (B, ) is a linear function h : A — B
compatible with I'-operations

h(af(‘ha e 7Qm)) = ﬂf(h(‘h)a <. -ah(Qm))a f S Fmam Z OaQi S A.
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The space K(1IT) is converted, in a natural way, into a K — I'-algebra with the
property: for any K — I'-algebra A = (A, «) there is a function hy : T — A
inductively defined by

h_A(f(tl, R ,ﬁm)) = af(hA(tl), .. .,hA(tm)), fel,m>0t; €Tr.

Its linear extension

FL_A . K<TF> — A, }_L_A <Z )\,ﬂfz> = Z)\zh_A(tz)

is the unique existing K —I'-algebra morphism from K (7t) to A. Call A reachable,
whenever h_4 is a surjective function. The monoid Pr acts on each K — I'-algebra
A= (4, a)
PFXA—»A, (T,q)>—>7'~q
by induction on ||7|| as follows
— x-qg=gqforall g€ A;
—ifr= f(tl,...,ﬁi_l,.ﬁ,ti_;_l,...,ﬁk), f S Fk, tj S Tp,q S A,

T-qg=osha(t),....,ha(tiz1), ¢, ha(tiz1), ..., ha(te));
—ifr=m 7,1 #T#T2qE A,
T-g=71"(12"q).
Lemma 3.1. For any A= (A, «), it holds
ha(rt) =7 -ha(t), forallTe Ppr,teTr.

We can endow V(S) with the structure of a K — I'-algebra if for each f € Ty, we
define the operation (V(S)); : V(S)¥ — V(S) by setting

(V(S)p(Stit, ..., St ) = Sf(t,....t,) ", forallty,... t, € Tr.

The so obtained pair Vg = (V(5), V(9)) is called the syntactic K —T'-algebra of S.
Clearly, Vg is reachable since the function

hys  K(Tv) — V(S), hy [ S Nty | =3 Ast71
i J

is surjective.

A tree series S : T — K is said to be recognizable if there exists a pair
(A = (4,a),p), called a realization of S, with A a finitely dimensional K — I'-
algebra and ¢ : A — K a linear form such that S = ¢ o h4. We have the next
characterization result.
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Theorem 3.1 (cf. [4]). A tree series S : Tr — K is recognizable iff dimF(S) < oo
iff dimV'(S) < co. In this case we have dimF'(S) = dimV(.5).

The syntactic representation of S : Tr — K is (Vs = (V(S),V(S)), ps) where
@s is the linear form
ps:V(S) = K, ¢s(St7) = (S,t).
This representation is universal in the following sense.

A realization (A = (4, a), ) of S is reachable if the underline K — I'-algebra
(A, @) is reachable.

Proposition 3.1 (¢f. [3]). For every reachable realization (A = (A, «),¢) of S
there is a unique surjective morphism of K — I'-algebras h : A — Vs such that
hys =hohyg and psoh = ¢. The function h is defined as follows: if (ha(t;))ier
s a basis for A, then

h(ha(t;)) = St;', el

A characterization of tree series recognizability through matrix representations is
presented in [3] whereas an effective construction of Vg is given in [2].

Given a language L C Tr its characteristic series ch(L) : T — K, has as
coefficients

(ch(L),t) =1 if telL,

= 0, otherwise.

Proposition 3.2. If L C Tr is recognizable, then so is its characteristic series
ch(L).

Proof. The identity
77 'c¢h(L) = ch(r7'L),
holds for every 7 € Pr. Indeed, for all ¢t € Tt we have

(t7ch(L),t) =1 & (ch(L),7t) = 1< 1t € L
ster 'Le (ch(r'L),t) = 1.

Thus card{7 ' (ch(L)) | 7 € Pr} < card{7 'L | 7 € Pr} < o0, and so dim(ch(L)) <
00, i.e., ch(L) is recognizable (Thm. 3.1). O

Proposition 3.3. If the series S, S’ : Tr — K are recognizable, then so are the
series S+ S'AS \Ne K),S® S, 7718 (r € Pr).

Proof. We only exhibit the case S® S’. Consider the syntactic realizations (V(.9),
V(9),ps), (Vsr,vs,ps) of S, S respectively. Then the triple

(V(S) @ Vs, V(S) ® vsr, ps @ psr)
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is a realization of S ® S’ (¢f. [1]). Here V(S) ® Vs denotes the tensor product of
the spaces V(5) and Vg,

(V(S)®@vs)y: (StTH = V(S)®@ Vs, feTu k20,
is given by

(V(S) @uvg)p(St; @ 8., St P @ S =
SFtiys-nte) @S f(H, . )]

whereas the linear form ¢s ® ¢g/ : V(S) ® Vgr — k is given by
(ps @ ps/)(StH @ ST = (8,4)(S",¢).
The result follows from the next inequality

dimVses < dim(V(S) ® V) < dimV(S) - dimVys < oo. O

4. SYNTACTIC COMPLEXITY OF TREE SERIES

Syntactic complexity is a tool to study the syntax of a tree series S : It — K.
It is described by a function SCgs : N — N, which sends every natural number
n to the maximum number of linearly independent right derivatives St~! where ¢
runs over all trees whose width is n. Thus, by setting

V,(S) = (St! |t € Tr, width(t) = n),
we get
SCg(n) = dimV,,(S).

Notice that in the case I' deprives unary symbols (I'y = ), then dimV,,(S) < oo,
i.e., SCg ranges over N. The bounded, polynomial or exponential syntactic com-
plexity classes for tree series S : Tr — K are defined analogously to the case of tree
languages. The corresponding classes of tree series are denoted SCBOUND(T'),
SCPOL(T"), SCEXP(I).

By Proposition 3.2, it is clear that for every tree language L C T, the syntactic
complexity of ch(L) does not exceed that of L.

Proposition 4.1. For every L C It it holds SCy,(1,) < SCL.

According to Theorem 3.1 every recognizable series S : Ty — K has bounded
syntactic complexity, but this fact does not characterize recognizability.

Theorem 4.1. There is a non-recognizable tree series which has bounded syntactic
complezxity.

Proof. Consider the series

1
ST — Q, (S,t):m,
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where |t| is the number of symbols of I' = {f,a} occurring in t. We construct
inductively the sequence of trees

to=a, lgy1= f(tkv Oé),

and observe that |t;| = 2k + 1, k > 0. Now, the derivatives Sto_l, ol St,;ll, are
linearly independent. Indeed, let

MoStg !+ ASt -+ M St =0,

that is

DV T VN, V. S X

el T T ey - O forallme By
where |7 is the number of symbols of r occurring in 7. As 7 ranges over Py we
may view |7| as a variable = so that the previous relation can be written as

Ao Ao A1
x+1 + z+3 + + T42k—1 0, fOI‘ all xZ.

By differentiating the above relation p times (p = 0,1, ..., k—1) we get the system

Ao N A1 T Ak—1 _
(x+1)P  (x+3)? (x+2k—1)p

0, for all x.

Taking x = 0 above, we finally obtain the Vandermonde system

Ao A1 Ak—1
S i =0,1,...,k—1
p ot T T e = P=0L kL
from which we get \g = A\; = -+ = A\y—1 = 0 as wanted. Consequently, by virtue

of Theorem 3.1 the series S is not recognizable.

Let us calculate its syntactic complexity. For every n all trees ¢t with width(t) =
n satisfy [t| = 2n — 1. It turns out that all derivatives St~!, width(t) = n are
equal to each other and so the subspace they generate has dimension 1, that is
SCgs(n) =1 for all n. Hence S has bounded syntactic complexity. a

The previous result states that SCBOU N D(T') strictly contains the class REC(T)
of recognizable tree series over I'. Hence, we get the hierarchy

REC(T) ¢ SCBOUND(T) ¢ SCPOL(T) c SCEXP(T).

Lemma 4.1. Let (A = (A, a), ) be a realization of the series S : Tr — K and
put

Va(A) = (ha(t) | t € Tr, width(t) = n).
There exists a linear surjective function hy, : V,(A) — V5, (S) defined as follows: if
(ha(ti)i<i<k is a basis of the space V,(A), then

ho(ha(ti)) = St;', 1<i<k.

Consequently, dimV,,(S) < dimV,,(A).
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Proof. Immediate from Proposition 3.1. O

Proposition 4.2. Let 5,5 :1Tr — K, A€ K and 7 € Pr, then
SCsisr < SCs + SCy, SCrs = SCs (A#£0),
SCsps < SCg - SCgr, SC.-15 =5Cs.
Therefore, the classes SCBOUND(T'), SCPOL(T'), SCEX P(T") are closed under
sum, scalar product, Hadamard product and left derivatives.

Proof. We only treat the series S ® S’. Applying Lemma 4.1 for A =V (S) ® Vg
and taking into account the proof of Proposition 3.3, we get a surjective function
hi s Vo (V(S) @ Vgr) — V,(S ®S") which maps the vector

hv(s)avy (t) = hy(s)(t) @ hyy, (1)

to the vector (S ® S’)t~!. Therefore,

dimV,,(S © §') < dimV, (V(S) ® Vi)
< dim(V,,(S) @ V,,(57)) = dimV,,(S) - dimV,,(S")

that is SCsps < SCs - SCg: as wanted. O

It is not hard to see that the characteristic series of the tree languages Dy, intro-
duced in Section 3, has the same syntactic complexity as Dy which is polynomial
of degree k — 1 (see Prop. 2.2).

A series S : Tr — K will be called syntactically hard if it has the highest
possible complexity. This means that

dimV;,(S) = card{t | t € Tr, width(t) = n}.

From any series S : T — K such that (S,t) # 0 for all ¢ € Tr, a syntactically
hard series Sy : Tt — K can be derived by setting

(Sa,s) = (S,t)%, if s = f(t, 1),
= 0, otherwise,
provided T" has a binary symbol f. For the proof of the fact that Sy is syntacti-

cally hard, we have to show that, for all n, the list of derivatives Sqt~ ', ¢t € T,
width(¢) = n, is linearly independent. Indeed, assume that

Z ASat™ ' =0

t€Tr,width(t)=n

or that
> Ae(Sq,7t) = 0, for all 7 € Pr.
teTr,width(t)=n
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Setting above 7 = f(t,x) for some ¢ € T, we find
Ae(Sa, f(t, 1)) =0

or \(S,t)?2 =0, or
A =0, forall ¢t € Ty, width(t) = n,
as wanted. A
In the case that we deal with the simple alphabet I' = {f, a}, then it is well
known from Combinatorics that card{t | width(t) = n} is the (n — 1)th Catalan

number C),_1, where
R <2”> .
n+1l\n
Hence,

Proposition 4.3. For every S : Ty — K, with (S,t) # 0 for all t € Ty, the series
Sa : Ty — K defined above is syntactically hard, i.e., SCg,(n) = Cp_1.

5. TREE HEIGHT

Berstel and Reutenauer, using a pumping lemma technique, demonstrated that
the series sending every tree to its height is not recognizable (¢f. [1]). Our task in
the sequel will be to compute the syntactic complexity of height : Tr — Q.

For the sake of simplicity, in this section, we assume that I' is the ranked
alphabet r consisting of a binary symbol f and a nullary symbol . We denote
by [r] the the greatest integer less than or equal to r and by [r] the least integer
greater than or equal to 7.

Theorem 5.1. The syntactic complexity of height is given by the formula
SCheignt(n) = |n —logyn|, for all n.

Proof. First of all we observe that, for all ¢ € Tr, it holds

height(t) 4+ 1 < width(t) < 2heisht(®)
from which we get that

log, (width(t)) < height(t) < width(t) — 1. (2)
Our next step will be to compute the dimension of the subspace
V,,(height) = (heightt~! | t € Ty, width(t) = n), for all n.

According to (2) if width(¢) = n, then

logy n < height(t) <mn — 1. (3)
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Let t1,...,tx be trees with different heights, height(¢;) = m +1i, 1 < i < k,
satisfying (3) (m = [logyn — 1] and k = |n —log,n|). We are going to show that
the derivatives

height¢; ', ... heightt; '
form a basis of V,,(height). Assume that

A (height £71) + -+ - + Ag (height £, ') = 0

or that
Alheight(Ttl) + -+ )\kheight(Ttk) =0
for all 7 € Pr. Choose 11,...,7; € Pr such that height(r;) = m + k and ||r|| = ¢.

By evaluating the above equation for 7 = 7;, 1 < ¢ < k, we obtain the linear
homogeneous system

Alheight(ﬂtl) + -+ Akheight(n-tk) =0 (4)

fori=1,... k.

Now we need to calculate height(7;t;) for every ¢ and j. Let ¢ = 1, this means
that the path from the root of 7 to the unique leaf labeled by the variable x has
length 1 while the height of 7 is m + k. Hence, the height of the tree mt; will
remain m+k when the height of ¢; is smaller than m+k% (i.e., for j=1,...,k—1)
and only for j = k, which means that height(tx) = m + k, the height of 71t will
become 1 4+ m + k. Thus, we get that

m+k, forj=1,....k—1;
m+k+1, forj==k.

height(ﬁtj) = {
Using the same arguments we get that
m+ k, forj=1,...,k—2;
height(mot;) = ¢ m+k+1, forj=k—1,
m+k+2, forj=k,
and similarly for ¢ > 2. Finally for : = k we get
height(rt;) = m+k + j, forj=1,...,k.

Therefore, the system (4) becomes

M(m+k)+Xo(m+k)+--+Xi(m+k)+ Me(m+Ek+1) =
MmA+k)+Xa(m+k)+ -+ oi(m+k+ 1)+ Xe(m+k+2)

o O O O

AMim+E+1D)+Xm+E+2)+- -+ Apa(m+2k— 1)+ Ae(m +2k) =
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whose determinant is non vanishing and so Ay = --- = Ay = 0. This shows that
height #;',.. . height ¢, !
are linearly independent. On the other hand we observe that if ¢,¢ € T are such

that height(t) = height(#'), then heightt~' = height#'~' and so height#;*', ..
height t;l generates the space V,,(height). We conclude that

)

dimV;, (height) = [n — logyn|, for alln

hence the proposed formula for SCheight- O

Remark. In the case that I' is an arbitrary finite ranked alphabet with no unary
symbols then the inequality (2) becomes

width(t) — 1

log;,, width(t) < height(t) < 1
|-

where k1 (resp. ko) is the smallest (resp. greatest) positive rank such that T'y, # 0
(resp T'y, # (). However, the computed syntactic complexity is in the same class
as above.

In the sequel we display a tree language having the same syntactic complexity
with the series height. The language L,; of AV L-trees consists of all trees ¢t € Tt
such that either t = av or t = f(t1,t2) with ¢1,t3 € Lgy and

|height(t1) — height(ts)] < 1.
If t,t' € Ly and height(t) = height(#'), then Laut™' = Lout'~!. Moreover,
choosing a sequence of AV L-trees t,, with height(t,) = n, (n > 0), it is easy
to see that the corresponding derivatives Lq.t~! are distinct. Hence Lgy; is not
recognizable.

For a fixed n, we have

card{ Lyt~ | width(t) = n} = card{height(¢) | width(t) = n}
and the last number, as we have previously seen, is |n—log, n|. We conclude that

Proposition 5.1. It holds SCr,,, = SCheight-

Recall that for p prime the ring Z,, of modulo p integers is a field. We notice the
rather surprising result that the series sending every tree ¢ to its height modulo p
(p prime) is recognizable. Indeed, we have to show that the space generated by
the right derivatives of the series

height, : Tt — Zp, height, (t) = height(¢)(mod p)
has finite dimension. Actually we shall show that

ditheightp =D-

As always Z, = {0,1,...,p — 1} stands for the field of mod p integers.
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Let us choose trees t;, with height(¢;) =4, 0 < < p — 1 and suppose that
Aoheight, o' + Atheight, t;* + -+ + A,—theight,t 1) =0
or that
)\Oheightp(rto) + Alheightp(rtl) 4+ 4+ )\p_lheightp(rtp_l) =0
for all 7 € Pr. Choose 71, ...,T,—1 € Pr such that height(r;) = p—1 and ||;|| = <.

Evaluating the previous equality for 7 = 7;,, 0 < ¢ < p — 1 we find a linear
homogeneous system whose determinant

p—1 p—-1 -+ p—1 p—1 p-—-1
1
p—1 p—-1 -+ p—1 p—-1 0 0 0 p.
p—1 p—-1 -+ p-—1 0 1 : o p—1
: : : . 0
p—1 p—1 0 1 e p—3 1
p—1 0 1 - p—-3 p-—2 P

is (=1)?(p — 1)?. Since p is prime, p does not divide (p — 1)P, that is the above
determinant is non vanishing modulo p. Thus A\; =0, for + = 0,1,...,p — 1 and
so the considered list of right derivatives is linearly independent. Moreover, it
generates the space Vheightp since for every t € Tt we have

height,,t ' = height, t; ",  with k = height,t.

We conclude:

Proposition 5.2. For every prime number p the tree series height,, is recognizable.
Moreover, ditheightp =p and so cartheightp = pP.

6. THE COMPLEXITY OF RECOGNIZABLE TREE SERIES

The hierarchy formed by the previously introduced syntactic complexity locates
all recognizable tree series into its first level, the class of bounded tree series.
Our intention in the present section is to built a hierarchy within the class of
recognizable series by providing an efficient complexity measure for these series.

As we have seen the function SCg introduced in the previous section gives no
information for recognizable tree series. Our intention in the present section is to
provide an efficient complexity measure for these series.

Let us denote by plﬁn) the subset of Tr(X,,) formed by all trees where x4, ..., z,
occur in the yield of the tree (in this order from left to right) exactly once.
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/\

ANVAN
AN

For every n > 1 there is a function

For instance the tree

T = e P®.

P X TR = Tr, (1yt1,. . tn) = Tt ot
With respect to S : Tt — K, two dual notions of derivatives can be defined:
1S T = K, (7718, (ty . t) = (S, Tt - ),
and
Sty ty) P S K (St )T T) = (ST - ),
for all 7 € pr(") and t1,...,t, € Tr. For every n we set
F(S)™ = (r718 | 7 € PM™) and V()™ = (S(t1,...,tn) " | t1,... tn € Tr).

In particular F(S)) = F(S) and V(S)M) = V(S).

We need some additional notation. Given a K —TI'-algebra A = (A, «), for every
t € Tr(X,,) and every q1,...,q, € A, the element t[gi,...,q,] € A is inductively
defined as follows

o fort =, xifqr, .. qn] = qi, 1 < i <y
o fort=ceTy, clq1,...,qn] = ac;
o fort:f(tla"'7tk)aferkakz]-;tieTF(Xn)

[l to)la, o an] = ap(tilar, - anl - tklan, - an))

Lemma 6.1. For any K —T'-algebra A = (A, ) it holds:
ha(tlti, ... tn]) = 7lha(tr), .., ha(ty)]

for all T € plﬁn) and t1,...,t, € Tr.
Proof. Straightforward. O

Lemma 6.2. Let A = (A, «a) be a finitely dimensional K — T'-algebra. Then, for
every t € Tp, height(t) > dimA, the element ha(t) can be written as a linear
combination of elements of the form ha(s), for s € Tr with height(s) < dimA.
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Proof. Let us decompose t as follows
L= TpTp_1-" T1C, cely
where all 7; are of the form
T =filtins - bikim1, Ty ti kg1, -5 tin),  fi €autij € Ip
and p > dimA. Since the list
ha(e),ha(mic),...,ha(Tp—1---71¢), ha(TpTp_1 - T10)

contains more than domA entries, some of them will be linear combination of its
previous elements in the above list. Hence there is an ¢ with 1 <4 < p and:

i—1
ha(TiTi—1---T1C) = Z)‘jhA(TjTj—1 - TiC)
Jj=1

and so
h_A(t) = h_A(Tpr,1 cee 7'1(:) = Tpr,1 c 'Ti+1hA(TZ‘TZ',1 . 'Tlc)

1—1
= E )\ijTpfl"'TiJrlhA(TjTj,l "'Tlc)
J=1

i—1

= Z)\jhA(Tpr—l T Ty Tj—1 'Tlc)
j=1

1—1
= Ajhalty)
j=1

with t; = 7,7p—1 ... Ti417;Tj—1 . .. Tic and hence height(t;) < height(t) for all j.
By repeating this process if necessary we arrive to the desired decomposition.
|

Theorem 6.1. For a tree series S : Tt — K the next conditions are equivalent.
(1) S is recognizable;
(i4) dimF(S)™) < oo, for all n;
(i4) dimV (S)™) < oo, for all n.
In this case we have
dimF(S)™ = dimV (S)™.

Proof. (i) = (ii). Assume that (A = (A, a), ¢) is a finitely dimensional realization
of S. We shall demonstrate that for every ty,...,t, € I

S(ti, ... tn) 1 €(S(51,...,8,) " | 8; € Tr, height(s;) < dimA, 1 <i < n).
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Indeed, for all 7 € pIE”) we have

(S(trs - stn) ™' 7) = (S, 7ltr, o tn]) = @(ha(T[tr, ..., tn]))
=@(r[ha(t1),...,ha(ty)]) (by Lem. 6.1).

By Lemma 6.2 we have that there are s; with height(s;) < dimA and
q
ha(ti) = Aijha(s;),  q=dim(ha(s) | height(s) < dimA)
j=1
and so by continuing the above string of equalities we get

= ' Z )\ljl "')\nj7L<p(T[hA(5j1)a-~'7hA(Sjn)])

J1seein=1
q
= D My Angae(ha(rlsgy, o 55.0)
J1sein=1
q
= Z )\1]'1 "')\njn(S,T[Sjl,...Sjn])
J1sein=1
q
- Z )\1]'1 .'.An]'n(s(sjl""sjn)_l’T)
J1seein=1

q
= Z )\1]‘1-'-)\njnS(Sjl,...Sjn)il,T
Jisernin=1
Consequently, S(t,...tn) " =30, o Aijy = Anj, S(8j,, ... 55,) 7" as asserted.
(74) = (7). Follows from Theorem 3.1 and the fact that plﬂl) = Pr.
(i4i) = (i). Assume that dimV (S)(™ = k and choose a basis of V(S)(™
S(tir, . tin) ™o, S(tat, - i) (5)
The function ® : F(S)™ — K defined by the formula
@(7718) = ((S, T[tll, ce ytln]); ey (S, T[tkl, ce atkn]))
is well defined and linear. In addition it is injective that is its kernel collapses to
the zero vector
®(p) = (0,...,0) implies p = 0.

Indeed, let
p = Z A]’(Tjils)ﬂ

J
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the condition ®(p) = (0,...,0) means that

D NS, Tltin, o tin]) =0 foralli =1,... k.
J

Then for every ty,...,t, € Tr we have

Z)‘j(T]‘_ls)a(tla- "7tn) - Z)\j(s,’rj[tl,. ,tn])

J

=3 NSt )T,

J
By decomposing S(t1,...,t,) " along the basis (5),

S(tl, . ,tn)_l = Zﬂzs(tzla . ,tin)_l
i
and replacing it in the last member of the above equalities we get
= Z )\j (Z /M(S(tﬂ, . ,tin)lﬂ'j)) = Zui Z )\j(S, Tj[til, .
J i i J
O3 w-0=o.

Therefore, p = 0 as wanted. From the injectivity of ® we obtain

dimF(S)™ < dimK* =k = dimV ()™,

o tin])

(1) = (iit). We only have to dualize the previous argument to get the inequality

dimV ()™ < dimF(S)™,

The refined syntactic complexity of a tree series S : Tt — K is the function

RSCs:N— N,  RSCs(n)=dimF(S)™, for all n.

|

According to the previous theorem, for any recognizable series S, the function

RSCg cannot reach co.

Example 6.1. All the tree series
o tree size: Tsize : Ir — Q, (Tsize, t) = |tl;

e branch enumeration: Ben : Tr — Q, (Ben,t) = number of branches of t;
e branch length: BL : Tt — Q, (BL,t) = sum of lengths of all branches

of t,
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are recognizable, and they have the same linear refined syntactic complexity,
namely
RSCs(n) =n+1, forall n.

The complexity notion we have introduced is only appropriate for recognizable
tree series as confirms the following result.

Proposition 6.1. Assume that the alphabet I' has no unary symbols and S : Tr —
K is a non-recognizable tree series. Then

RSCgs(n) = 0o, for all n.

Proof. First we establish the logical implication
dimF(9)" ) < 0o = dimF(S)™ < oo, for all n.
Suppose that

TflS,...,Tp_ls, (71,...,Tp€PF(n+1)) (7)

is a basis of F(S)"+1). For every 7 € PF("H), i€{l,2,...,n+ 1} and c € Ty we
introduce the tree

i,c n
70 =7z, .. i1, 6, T, .. ) € PR

We denote by A,, the set of all trees m € Plsn) whose yield is zixo - x,. The
hypothesis I'y = () ensures that A, is a finite set. We shall show that the finite set
of series

(r718 |7 e Ay U{(r") S j=1,...,p,i=1,...,n+ 1, ceTo} (8

generates the subspace F(S)(™ and so its dimension cannot exceed the cardinality

of this list. For this it suffices to show that for every w € plﬂn), the series 715
is a linear combination of the list (8). If y(7) = z122 - - - @y, then m € A, and we
have nothing to show. Assume that y(7) = woz1w; - &j—qw;—1 - - - Tpw, with at
least one of the words wg, w1, ..., w, non empty. For instance let w;_1 = u;_1c,
c € 'y and take

T = ﬁ[xl/xl, e ,xi_1/$i_1,$i/c, J?H_l/Ii, e ,.Z‘n+1/$n] € PlgnJrl)

then 7715 is written as a linear combination of the basis (7)
alS=> N 'S (N € K).

We have
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as wanted. It follows that

dimF(S)™ = oo implies dimF ()" = oo, for all n. (9)

Since PF(I) = Pr and F él) = Fg and S is non-recognizable, it follows from The-

orem 1 that dimFél) = 00. Thus, by (9) we have that dimFén) = oo for all
n>1. O

As we have seen in Section 5, the series height, : Tp — Z, is recognizable
for any prime number p. Its refined syntactic complexity is exponential, namely
RSC’heightP (n) = p™, for all n. Here we need some notation, for 7 € PF("), [I7]|k is
the length of the path starting from the root of 7 and ending to the variable zy,
1 <k <mn. Next, fori1,...,i, € {0,1,...,p—1}, consider the trees 7, . ;, € Plgn)
so that

height(7;, i) =p—1land |7, i llk =ik 1 <k <n.

The derivatives

7L height, T — Zy,, 0 <iy,....ip <p—1

21

are linearly independent i.e., the equation

Z Aiy.oinTi - height, =0 (10)

0<iy, . in<p—1

implies that all coefficients A;, . ;, are vanishing. For this let us choose the tree
t; € Tp, height(t;) = j, 0 < j < p — 1 and evaluate the equation (10) at all
the n-tuples (¢,,...,%;,), 0 < j1,...,Jn < p— 1. There results the homogeneous
system

> Aaagheight, (7 it g,) =0, (11)

0<i1,0.sin<p—1

forall 0 < jy,...,Jn < p—1, where heightp(n-l7,,,,intjl,wj") is
e p—1, if max(i1 4+ j1,...,0n +Jn) <p—1,
i max(i1 +j17"'7in +.7n)_pa if ma'X(il +j1;--'7in +,7n) Zp

At this point we proceed as in the proof of Proposition 5.2: the determinant of
the system (11) is equal to (—1)P"(p — 1)?" which is non zero modulo p. We
summarize:

Proposition 6.2. The modulo p height function height, : Tt — Z;, has exponen-
tial refined syntactic complezity:

RSCheignt, (n) = p", for all n.
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By denoting RSCBOUND(T'), RSCPOL(T"), RSCEX P(T) the classes of recog-
nizable series with bounded, polynomial and exponential complexity respectively,
we obtain the hierarchy

RSCBOUND(T') ¢ RSCPOL(T) ¢ RSCEXP(T)

inside the class REC(T).
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