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FIXED POINTS OF ENDOMORPHISMS OF CERTAIN
FREE PRODUCTS

PEDRO V. Sinval

Abstract. The fixed point submonoid of an endomorphism of a free
product of a free monoid and cyclic groups is proved to be rational using
automata-theoretic techniques. Maslakova’s result on the computability
of the fixed point subgroup of a free group automorphism is generalized
to endomorphisms of free products of a free monoid and a free group
which are automorphisms of the maximal subgroup.
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1. INTRODUCTION

Gersten proved in the eighties that the fixed point subgroup of a free group au-
tomorphism ¢ is finitely generated [10]. Using a different approach, Cooper gave
an alternative proof, proving also that the fixed points of the continuous exten-
sion of ¢ to the boundary of the free group is in some sense finitely generated [9].
Bestvina and Handel achieved in 1992 a major breakthrough through their inno-
vative train track techniques, bounding the rank of the fixed point subgroup and
the generating set for the infinite fixed points [3]. Their approach was pursued
by Maslakova in 2003 to prove that the fixed point subgroup can be effectively
computed [16].

Gersten’s result was generalized to further classes of groups and endomorphisms
in subsequent years. Goldstein and Turner extended it to monomorphisms of free
groups [11], and later to arbitrary endomorphisms [12]. Collins and Turner ex-
tended it to automorphisms of free products of freely indecomposable groups [8],
and recently Sykiotis to monomorphisms [21]. The interested reader can find more
information in Ventura’s excellent survey [22].
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Cassaigne and the author developed in [6] an approach to the study of monoids
defined by special confluent rewriting systems (SC monoids) that preserves some
of the features of the free group case and contains free products of cyclic groups
as a particular case, as well as the partially reversible monoids introduced in [19].
In fact, the undirected Cayley graph of these monoids is hyperbolic and there
exists a nice compact completion for the prefix metric. Uniformly continuous en-
domorphisms, algorithmically characterized in [6], admit a continuous extension
to the boundary. In [7], the same authors used this approach to study the dynam-
ics of infinite periodic points for two classes of endomorphisms of the monoids in
question.

In [20], the author proved that the fixed point submonoids of a large class of
uniformly continuous endomorphisms of SC monoids are rational (actually finitely
generated in the group case), obtaining also results of the same flavour for infinite
fixed points. In the group case, new results were obtained for infinite fixed points
of monomorphisms of free products of cyclic groups (c-free groups).

In the present paper, we go beyond the uniform continuity restriction of [20],
which is equivalent to injectivity in the group case. Section 3 is devoted to the
problem of proving that the fixed point submonoid is rational, generalizing Gold-
stein and Turner’s proof for free group endomorphisms. This involves facing some
technical difficulties brought by the existence of finite order elements. We obtain
thus a fully automata-theoretic proof of a result that follows also from previous
results by Sykiotis [21] in the particular cases of monomorphisms or symetric en-
domorphisms. Another advantage of our proof is that it may offer some insight
into the algorithmic aspects of the problem.

In Section 4, we discuss computability of the fixed point submonoid, the ref-
erence being of course Maslakova’s result on free group automorphisms [16]. We
generalize this result to endomorphisms of free products of a free monoid and a
free group whose restriction to the group is an automorphism.

2. PRELIMINARIES

Given a monoid M, we denote by Rat M the set of all rational subsets of M,
i.e., the smallest family of subsets of M containing the finite sets and closed under
union, product and the star operator (X* denotes the submonoid of M generated
by X C M). For details on rational languages, the reader is referred to [2,18].

In the particular case of a free monoid M = A*, a combinatorial description in
terms of finite automata is usually preferred. We define a (finite) A-automaton to
be a quadruple A = (Q, qo, T, E) where @ is a (finite) set, ¢o € @ is the initial
vertex, T' C @ are the terminal vertices and F C Q x A X Q. A nontrivial path in
A is a sequence

ai az Qn
Po—pP1—— ... —Pn

with (pi_1,a4,p;) € E for i = 1,...,n. Its label is the word ay...a, € AT =
A*\ {1}. Tt is said to be a successful path if py = g9 and p,, € T. We consider
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also the trivial path p#p for p € Q. It is successful if p = gg € T. The language
recognized by A is

L(A) = {w € A" | w labels a successful path in A}.

The classical Kleene’s Theorem states that L C A* is rational if and only if L =
L(A) for some finite A-automaton A. If we replace letters by rational languages as
labels of edges (the resulting language being the union of the languages obtained
by taking all the possible choices for each edge label), we remain within the realm
of rational languages. Note that, if we fix a homomorphism 7 : A* — M, then
Rat M = (Rat A*)m and so the rational subsets of M can be defined through finite
automata.

Let A= (Q,qo, T, E) be an A-automaton. We say that A is

e deterministic if (p,a,q), (p,a,r) € E implies q = r;
e complete if there exist edges with arbitrary label starting at every vertex;
e accessible if there exist paths from gy to any arbitrary vertex.

Another case that will be relevant for us is the case of M being a group, when
we have the following result of Anissimov and Seifert:

Proposition 2.1 ([18] Prop. 11.6.2). Let H be a subgroup of a group G. Then
H € Rat G if and only if H is finitely generated.

A finite rewriting system is a formal expression (A | R), where A is a finite
alphabet and R a finite subset of A* x A*. The elements of R are called rules.
Once R is fixed, for given u,v € A*, we write u—w if

U= 2Iry, vV=1sy

for some x,y € A* and (r,s) € R. We denote by —— the reflexive and transitive
closure of the relation —. The congruence on A* generated by R will be denoted
by R!. Note that R? coincides with the relation — defined with respect to RUR™!.
The quotient M = A*/R* is said to be the monoid defined by the rewriting
system R. We denote by 7 the canonical homomorphism A* — M.
A rewriting system (A | R) is said to be
e special if R C AT x {1};
e confluent if, whenever u—v and u——w, there exists z € A* such that v—sz
and w——z:

U ——-="v
I

l* | *
B
w—-——>z

We shall refer to a monoid defined by a finite special confluent rewriting system
as an SC monoid. An important case is given by free groups. Indeed, the free group
on A, denoted by FG 4, is defined by

(AuAd™Jaa™t =1, a 'a— 1 (a € A)),

where A~! denotes a set of formal inverses of A.
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Let (A | R) be a special confluent rewriting system. We say that w € A* is irre-
ducible (with respect to R) if w ¢ U syer A*rA*. For every u € A*, there is exactly
one irreducible v € A* such that u—w: existence follows from R being length-
reducing, and uniqueness from confluence. We denote this unique irreducible word
by @. It is well known (see [5]) that the equivalence

UT = VT & U=7

holds for all u,v € A*, hence A* = {T | u € A*} constitutes a set of normal forms
for the monoid M = A*/RF.

A generalized version of the classical Benois’ Theorem states that rational lan-
guages are preserved by reduction:

Theorem 2.2 ([1]). Let (A | R) be a finite special confluent rewriting system and
let L C A* be rational. Then L is rational and effectively constructible from L.

If M and M’ are defined respectively by the rewriting systems (A | R) and
(A" | R'), then the free product M * M’ is defined by (AU A’ | RU R’), taking A’
disjoint from A. We can now introduce the crucial concept of c-free group: a group
is said to be c-free if it is a free product of cyclic groups. Since every free group is
a free product of infinite cyclic groups, the class of c-free groups extends the class
of free groups.

We denote the monoid of endomorphisms (respectively group of automorphisms)
of M by EndM (respectively AutM). Given ¢ € EndM, let

Fixp={ue M| up = u}.
We say that Fix ¢ is the submonoid of fized points of ¢. Note that Fix ¢ is a group
if M is a group.

3. RATIONALITY

It is easy to determine which SC monoids can be embedded into some group.
Following [17], we say that a monoid M is directly finite if

Ve,ye M  zy=1=yx=1.

We recall that the bicyclic monoid is the SC monoid defined by the rewriting
system (a,b | ab — 1).

Proposition 3.1. Let M be an SC monoid. Then the following conditions are
equivalent:

(i) M is embeddable into some group;

(ii) M contains no bicyclic submonoid;

(ii1) M is directly finite;

(iv) M is a free product of a free monoid and cyclic groups.
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Proof. (i) = (ii). Since a bicyclic monoid contains infinitely many idempotents
(b™a™ for the standard rewriting system).

(i) = (iii). By [15] Section VI.3.

(iii) = (iv). Assume that M is defined by the finite special confluent rewriting
system (A | R). Let A; be the set of generators which occur in some relator of R,
and write Ag = A\ A;. Let a € A;. Then R has some relator of the form uwav — 1
for some u,v € A*. Since M is directly finite, it follows that (vua)m = 1 = (avu)m,
hence ar is invertible in M and so Aj7 is a subgroup of M. Since A~ is defined
by the finite special confluent rewriting system (A; | R), we get a free product
decomposition M = A} = Aim. By [20] Proposition 6.1, every SC group is c-free
and so (iv) holds.

(iv) = (i). We can extend the canonical embedding of A* in FG4 to an em-
bedding of A* x G into FG 4 * G. (]

We adapt now Goldstein and Turner’s proof [11] to c-free groups.

Theorem 3.2. Let ¢ be an endomorphism of a finitely generated c-free group.
Then Fizp is finitely generated.

Proof. Let G be a finitely generated c-free group. Clearly, G can be defined by a
finite rewriting system of the form (A | R), where A = AgU A; U A7' and there
exists my > 2 for every a € Ag such that

R={(am,1)|a€ A} U{(aa"',1),(a " a,1) |a € A}

Since the unique overlapping of relators we can get proceeds from the free group
relators aa~!, a"'a, it follows easily that this special rewriting system is confluent,
hence G is an SC-monoid.

Let ¢ be an endomorphism of G and let w : A* — G denote the canonical
morphism. For every a € A, write a=! = a™~1. Write also (a=!)~! = a for every
a € A;. Define 4! inductively for every u € A* through

17'=1, (wa)t=a'vt(ve At acA).

Clearly, (u=1)7 = (ur)~! for every u € A*.
Clearly, A* acts on G through ga = g(aw). For every g € G, let Q(g) = ( ©).
Note that g € Fixe if and only if Q(g) = 1. We define an A- automato A, =

(Q,1,1,E) by
Q={Q(9) lge G}
E={(Q(9),a,Q(ga)) | g € G, a € A}.
Clearly, A, is a complete accessible deterministic automaton and
L(A,) = (Fixg)n .
We define a subautomaton Aj, = (@, 1,1, E") by taking

E' ={(p,a,q) € E | aq is irreducible}.
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Let d, = max{|ay|; a € A} and mpr = max({2} U {m, | a € Ap}). Note that, for

all u € A* and a € A, the suffix of u involved in the reduction of u(ay) has length

at most (mgr —1)d, (since each letter of ap can erase at most mp — 1 letters of u).
We show that

VpeQ |p| > (mr —1)d, = p has outdegree <1 in Af. (3.1)

Let p € @ be such that |p| > (mg — 1)d,. Suppose that (p,a,q), (p,b,q') € E’
are distinct edges. Since A, is deterministic, we have a # b. It suffices to show
that p € aA*. By symmetry, also p € bA* and we reach the required contradiction.

Suppose that p = cu with ¢ € A\ {a}. Then ¢ = a~'cu(ayp). Since ¢ # a, then

a~'cu is irreducible. Now |u| > (mg — 1)d,, implies that a !¢ remains untouched

in the reduction of a~tcu(ay). Hence ¢ = a~'cu(ap) and so ag is reducible, con-
tradicting (p, a,q) € E’. Thus p € aA* and so (3.1) holds.

Given ¢ € Q, let the depth of g, denoted by dep(q), be the length of the shortest
path 1—g¢ in A,. Since A, is accessible, dep(q) is well defined.

Fix so > 1+ (mpg — 1)d,, such that so > m, + (mg — 1)|a’yp| for all a € Ay and
ie{l,...,mq— 1}, and let

s =mpg + max{dep(p) | p € Q and |p| < so}.
It follows that
dep(p) > s —mp = |p| > so > 1+ (mgr — 1)d, (3.2)

holds for every p € Q.
Our proof of Theorem 3.2 requires the following intermediate result:

Lemma 3,3. If (p,a,q) € E\ E' and dep(p),dep(q) > s — mg, then there exists
a path ¢*“—p in A,

Proof. Clearly, we have a path qa—1>p in A,. We must show that all the edges in
it are in E’. First, we note that ag must be reducible by definition of E’, and so
q = a~'u for some u € A* \ aA*.

Assume first that a € A; U A", Suppose that (¢,a™',p) ¢ E’. Then a~'p is
reducible and so p = abv for some b € A\ {a~!} and v € A*. We have |p| >
1+ (mg — 1)dy, by (3.2), hence a™'u = g = a~1p(ap) = bv(ay), yielding b = a~!
and contradicting p = abv. Thus (¢,a™!,p) € E’ in this case.

Assume now that a € Ag. For i = 1,...,m, — 1, we have an edge

ama—iy(ai=1lyp) L)amafiflu(aigo)

in A,. Since |¢| > so > 1+ (mg — 1)d, by (3.2), we get |u| > sg — mq >
(mpr — 1)|a* Y|, (mr — 1)|a’e|. Tt follows that a™ “u(ai=Lp)—=a™ """ Lu(aip)
is an edge of A,, indeed of A, for i = 1,...,m, — 1. Thus there is a path
¢—~—u(ama—1yp) in Aj,. Since A, is deterministic, it follows that u(a™«~1¢) = p
and the lemma is proved. O
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Back to the proof of Theorem 3.2, let B, be the (finite) full subautomaton of
A, induced by the subset of vertices of depth < s (that is, B, contains all the
edges of A, connecting vertices of depth < s).

Given g € Q of depth > s —mg, by (3.1) and (3.2) there exists in A}, a unique
maximal path oy : ¢g— ... where every vertex has depth > s — mpg. Let Qo
(respectively 1) denote the set of all ¢ € Q with s — mpg < dep(q) < s such that
the set of vertices occurring in «, is finite (respectively infinite). Given p,q € Q1
distinct, let p A ¢ denote the first vertex in cy, to appear in ¢y (if such a vertex
exists, otherwise p A ¢ remains undefined). Then p A ¢ = g A p, otherwise we would

have a cycle
—_—
~_

PAg qNp

contradicting p € Q1.
We define C, to be the automaton obtained by adding to B, all vertices and
edges in the following paths of A{:

(C1) ay for q € Qo;
(C2) initial segments g—p of o, for ¢ € Q1 and dep(p) < s
(C3) p—p Aq for all p,q € Q1 such that p A ¢ is defined.

Clearly, C,, is finite. Finally, C’ IS obtained by adding to C,, for every edge (p, a, q)
of Cy, all the edges in the path ¢ —pin A,. Note that C’ is a finite bgbautomaton
of A,. Moreover, if (p, a,q) is an edge of C there ex1sts a path ¢“—p in Cl,

We prove now that

Fixg C L(C,). (3.3)

Recall that (Fix g)n~" = L(A,). Since By, is a subautomaton of C,, it suffices
to show that every path p——q in A, such that u € A*, dep(p) = s, dep(q) < s
and all 1ntermed1ate vertices have depth > s, is also a path in C’

Let p——q be such a path. We can factor this path as

o Uuo U1 U1 Un, Un o
P=pPo—"—P1—— - = Pn—Tnt1 = ¢,

where the r;—5p; group the edges in E'\ F’, and u,vj #1lfor 1 <i<n-1
and 1 < j < n. Note that, when (r,a,t) € E, then dep(t) > dep(r) — mg: this
is clear if a € A; U A7" since (t,a™',7) € E; on the other hand, if a € Ay, then
there is a path t2—7r of length < mp and our claim holds too. It follows that
dep(q) > s — mp and so we can apply Lemma 3.3 and get paths

w v uy ot Up
P=Po——ri<—pP1——...<—Pn——Tny1 =(q

in .A:a. Assume first that n = 0. Then p——q is an initial segment of some path oy
n (C1) or (C2), hence is a path in C, and therefore in Cf,. Thus we assume that

n > 0. Take i € {1,...,n}. We show that u; is a proper prefix of vi_l
Indeed, we have paths

vt

i Uj
Tis——Pi—Ti+1
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in A:D and all our vertices are too deep to have outdegree > 1. Hence one of this
two paths must be an initial segment of the other. Write v; = xa with a € A. If
a€ AU A;l, then u; = 1, otherwise u; € a~'A*, and aa~" would be a factor
of v;u;, contradicting the irreducibility of u. Hence we may assume that a € Ag
and so vi_l = @™~ 1z~1. Similarly to the preceding case, u; € a™*~'A* would
contradict the irreducibility of u, hence u; must be a proper prefix of a™=~! and
therefore of v; '

Write v; ! = U; W;. We have paths
(%) w1 w2 Wn
p *Ts o< ceef Tn+1 = ¢

in A:D. Let w = w,Wp_1 ... w;. We claim that p—r«—q are paths in C:D.

This is immediate if p € Qo (which is equivalent to ¢ € Qp), hence we assume
that p,q € Q.

Suppose that p = ¢. Then ug = w and so wvyu is a factor of u, hence irreducible.
Decompose in letters v1 = ay ... ag. Since ujw; = 111_1 = a,;l .. al_1 and wiviuy is
irreducible, it follows that k = 1, otherwise a,;l is a prefix of u; or a;l is a suffix
of wy. If a; ¢ Ap, then ujw; = afl produces immediately a contradiction. On the
other hand, if a; € Ag, then ujw; = ™! and so wiviu; = a™ is reducible,
another contradiction. Hence p # q.

Write ug = uph, w = w'h, where h denoteb the longest common suffix of the two
words. Then we have paths p—>p A q—q in Cy,. So we are done if h = 1. Assume
then that h # 1 and write h = h'b with b € A. Note that, since u; is a proper
prefix of vl_l, then w; is a nontrivial suffix of w. If b ¢ Ay, then wy € A*b and so
v1 € b1 A*. Hence bb~! would be a factor of ugvi, contradicting the irreducibility
of u. Hence b € Ag. Write h = h”’b* with h” ¢ A*b. Then w; € A*band so vy € bA*.
Suppose first that v; = bv'c with ¢ € A. Then ujw; = vfl = Ly el If
¢~ 1is a prefix of uy, then viu; would not be irreducible, hence ™1 is a suffix of
wy. Now, since ugvy is irreducible and v; starts by b, we have ¢ < m, — 2 and so
h = b'. Moreover, since b~ ! is a suffix of w, the last edge of g—p A ¢ belongs
to the b-labelled cycle of A, containing p A qiﬂ‘l, and so the edges in this path
must belong to C/,.

Assume now that v; = b. Then ujw; = b™ 1. Since ugviuy = ujh/b'buy is
irreducible, we have |wq| > i and so once again the last edge of q—=p A q belongs
to the b-labelled cycle of A, containing p A qiwq. Therefore the edges in this
path must belong to C,,. .

Now, since p—2pj«—q are paths in C also 1 ©—¢q is a path in C;.

Hence v, -l = = w;w; yields v; = w; lu and so ufl = T;u; = v;u; since v;u; is

irreducible. Since w=! = w;". ! w; b, it follows that there exists a path in C’ of
the form r ——q for z = viuy . .. Uyuy. Therefore p——q is a path in C’ and (3 3)
holds.

Now Fix ¢ C L(C,) € L(A,) = (Fixp)r~! yields Fixp C L(C,) C Fix¢ and
so Fixp = L(C},). By Theorem 2.2, Fix ¢ is rational and so Fix¢p is a rational
subset of G. By Proposition 2.1, Fix ¢ is then a finitely generated subgroup of G.

O
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Corollary 3.4. Let ¢ be an endomorphism of a finitely generated free product of
a free monoid and cyclic groups. Then Fixy is rational.

Proof. Let M = Aj«G1, where G is the c-free group defined by the finite special
confluent rewriting system (A; | Ry). Let G be the c-free group defined by the
finite special confluent rewriting system (A | R), where A = Ay U Ay U Ay
and R = Ry U {(aa"1,1),(a"ta,1) | a € Ag}. Let u (respectively 1) denote the
irreducible form of w in the rewriting system of M (respectively G).

Now ¢ extends to an endomorphism @ of G through ag '® = (age) ™" (ap € Ao).
By Theorem 3.2, Fix @ is a finitely generated and therefore rational subgroup of G.
Denoting the canonical homomorphism A* — G by m, it follows that Fix® = Lz
for some rational L C A*. In view of Theorem 2.2, Fix® = I is a rational subset
of A*. Since Fixp = Fix® N (Ao U A;)*, it follows that Fix  is a rational subset
of (Ag U A1)* and so Fix ¢ is a rational subset of M. O

4. COMPUTABILITY

We start this section by considering the simple case of free monoid endomor-
phisms, whose discussion is essential to the follow-up. The first proof was given by
Head [14], and an alternative one was later provided by Hamm and Shallit [13].
We include here a very short proof.

Let Ap be a finite alphabet and let ¢ € EndAf. Write m = |A| and define

Ay ={a € Ay | ap™ =1 for some n > 1},

Az = Ao\ As,

Ay ={a € A3 | ap € AjaAs}.
Let I" be the directed graph with vertex set Ag and edges a—b whenever b occurs
in ap. Then a € Ay if and only if there exists no infinite path a— - -+ in I'. This
is equivalent to say there is no path a—— -+ in I" of length m, hence

Ay = {a € Ag | a(pm = 1} (41)

and is therefore effectively computable, and so are A3 and Ay4.
Given B C A, we denote by 64 g the homomorphism A* — B* defined by

g—1a ifac B
%=1 otherwise

Lemma 4.1 ([14]). Let ¢ € EndA§ and m = |Ag|. Then Fixp = (Asp™)*.

Proof. Let a € As. Then ap = uav for some u,v € AS. It follows from (4.1) that

ap™ ! = (uav)p™ = (up™)(ap™)(ve™) = ap™,
hence A4¢™ C Fixp and so (A4¢™)* C Fix .

To prove the opposite inclusion, let § = 04, 4,. Take u € Fix . Then upf = uf.
Since Aap C A%, we get ufpld = upl = uf and so ub € Fix (¢h). Since 1 ¢ Aspb,
it follows easily that ufl € A}. Hence u € (Az U Ay)* and so u = up™ € (A U
Ag)Fe™m = ALp™ = (Ag™)* as required. O
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Note that, given an endomorphism ¢ of Aj*G, where G is a group, the restriction
¢|e is an endomorphism of G. Clearly, G is the (unique) maximal subgroup of
Af * G. To proceed with our task, we must be able to articulate the processes
taking pace at the group components and the free monoid components. That is
achieved through the next result, in circumstances which are far from general:

Theorem 4.2. Let M = A{ « G be finitely generated, where G is a c-free group.
Let ¢ € EndM be such that the equation

x=v(zp|lg)w (x€G)

has an effectively constructible rational solution set for all v,w € G. Then Fixyp is
an effectively constructible rational submonoid of M.

Proof. Let G be defined by the finite special confluent rewriting system (A4; | R).
Write A = AgUA; and 0 = 04 a,. For every u € A*\ A}, let u denote the longest
factor of u in AgA* N A*Ay. Let Ay, A3 and A4 be defined as in the beginning
of the section, replacing A by Ag and ¢ by ¢ = ¢[a:0. Write m = |Agl. Let
U=aj...a, € Agyp™ = Fixy with aq,...,a, € Ag.

Our proof of Theorem 4.2 requires the following intermediate result:

Lemma 4.3. There exist effectively constructible rational subsets Ly, ..., L,_1 of
G such that the solution set of the equation

1102 ... Tp_1a, = (A1T102 ... Tn_1an)9E  (z; € Q) (4.2)
1s precisely Ly X ... X L,_1.

Proof. Let 1 < iy < ... < i < n denote all 7 € {1,...,n} such that a;¢p # 1.
Then there exist 1 = j; < ... < jr+1 = n + 1 such that

aiﬂ/} = ajr .. .aj7,+1,1

for every r € {1,...,k}. Moreover, there exist words ps,ws,qs € A} (for all ade-
quate values of s) such that

Qi Y = Pj,—145, W5, Aj, 41 - - - Wy, =2,y =145, 1 -1
for r € {1,...,k}. We claim that equation (4.2) is equivalent to the system of n—1

equations

i -1 = G5, —1(Zip_ Qip 1T 41 - - - G —1Li,—1) D), —1
for r € {2,...,k}
T, = W;
whenever j, <i < j.41 — 1 for some r € {1,...,k}.

Indeed, since a; . .. a, € Fix1, all we need is to find out necessary and sufficient
conditions that the z; must satisfy in equation (4.2). Let ¢ € {1,...,n — 1}, and
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consider z; in the left hand side of (4.2). Clearly, if j. < i < j.41 — 1 for some
r e {1,...,k}, then z; is fully determined by a;, ¢ through z; = w;.

Otherwise, i = j, — 1 for some r € {2,...,k}. In this case, we need to compute
which part of the right hand side of (4.2) eventually determines x;, _1: the longest
suffix of a;._,¢ in A7, the longest prefix of a; ¢ in A, and the image of the factor
between a;._, and a;.. This proves the claim.

Next we show that our system is equivalent to a system of equations of the form
(i = ¥i)i=1,....,n—1, Where

yi € A} U Aj(zip) AT

for i = 1,...,n — 1. For that purpose, we define a directed graph A with vertex
set {1,...,n — 1} and edges

(jr —1)—i  whenever i,_1 <i <4, (r=2,...,k).

Clearly, if j has outdegree 0, then z; = w; is an equation in the original system.
It follows easily that, if there is no infinite path j— --- in A, then z; is uniquely
determined in the solution set of (4.2) (if it is nonempty). Thus we need to discuss
the structure of infinite paths in A. Since A is finite, such an infinite path must
always contain a cycle. We show next that all cycles in A have length 1.

Suppose that

(Jr = D)—0r, = 1)— - —(r, = 1) = (Gr, — 1)

is a cycle of length s—1 in A. We claim that there exists a loop (j,, —1)—(jr, —1)
in A, which is equivalent to

iro1 < gy — 1 < iy, (4.3)
Suppose first that i,,_1 > j,, — 1. It suffices to show that
ir,—1 > Jr, — 1 implies (r; <711 and i1 > Jpy, — 1) fort=1,...,5 -1

to derive a contradiction from ry = r1. Indeed, assume that i,, 1 > j,, — 1. Since
(jre = 1) — (Jrn — 1) is an edge of A, we have i,, 1 < j,,, —1 < 4,, and
SO ip,—1 < Jroy < ip. Hence jr, < ip,—1 < jr,, and so 1y < ryyq. It follows
that ép,,,~1 > ir, > jr,,, — 1 and so our implication holds, yielding the desired
contradiction.

Suppose now that j., —1 > ¢,,. Similarly to the preceding case, it suffices to
show that

Jr, — 1 >, implies (ry > ryyq and jp,,, — 12>y, ) fort=1,...,5 -1

to derive a contradiction from rs = 7. Indeed, assume that j,, —1 > i,,. Since
bppm1 < Jrpyy — 1 <ligy, we get jp, —1 2> 4p, > jp,, — 1 and so 7y > 1441, It follows
that j,,., —1 >4, 1 > 4p,,, yielding the desired contradiction.
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Thus (4.3) holds and so there exists a loop (jr, — 1)—(jr, — 1) in I'. Tt is
immediate that no vertex of A can have indegree > 1, hence j,, , —1 =7, —1
and so ry_1 = rq, yielding s = 2. Therefore all cycles in A have length 1.

In view of the indegree property, it follows that the unique infinite path j— - -
in A, if such a path exists, consists of infinitely many tours of the loop j—7: you
cannot enter a loop unless you have always been there.

Now take an equation of the form

Tj.—1 = er—l(-riT_lair_1+1-rir_1+1 e az‘r—lxir—l)@pjr—l

for r € {2,..., k} in our original system. If there is no loop j, —1—j,—1in A, then
the equations z; = w; will eventually determine a unique possible value for z; _;
and we can replace the above equation by some other of the form x; _1 = w;,_1
for some w;, _1 € Af.

Finally, assume that there is a loop j, — 1—j, — 1 in A. Then z; 1 €
{zi,_,,...,x; 1} and all the other variables are bound to be eventually deter-
mined by the equations x; = w;. Since

-5
jp—15 Qi 1105 - -5 Qi 10, D, —1 € AJ

are constants, we can replace our equation by another of the form z; _; =
v;,—1(xj,—1¢)2;, -1 for some vj_ 1,2 —1 € A;. Note also that this construction of
the new system is an effective procedure since it consists of successively replacing
some x; by w; in the other equations. Therefore we can now concentrate on the
new system (z; = ¥;)i=1,...n—1. Since each variable occurs just in one equation,
and no equation contains more than one single variable, the solution set will come
out as a direct product Ly X ...x L,_1, where L; is the solution set of the equation
containing z;. If this equation is of the form x; = w;, then L; = {w;} is (trivially)
an effectively constructible rational subset of G. If the equation is of the form
x; = v;(z;9)zi, then the claim follows from the Lemma’s hypothesis on ¢|g. O

Back to the proof of Theorem 4.2, we remark that there exist p, ¢ € G such that

(a1x102 ... Tp_1an) = p((a1z102 . . . Tp_10n)0E)q

for every solution (x1,...,2,-1) € L1 X ... x L,_1. Indeed, the prefix erased by ¢
is (a121 ... a; 124, —1)¢v;, and is uniquely determined since x1,xa, ..., x; —1 are
uniquely determined as well. A symmetric argument applies to suffixes.

Back to the proof of Theorem 4.2, take u € A*. Note that u € Fix ¢ implies
uf € Fix1, hence we may restrict our attention to this latter condition. In view
of Lemma 4.1, we may write uf = u; ...u; for some uy,...,u; € Agp™. If t =0,
then ¢|g € EndG implies that u € Fix ¢ if and only if u € Fix ¢|g, and we can use
the theorem’s hypothesis with v = w = 1. Therefore we only need to concentrate
on the case t > 0.

Write

U; = 31052 - . . Qjn,; (aij S Ao)
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for i =1,...,t. Then we may consider

U = Yoa11211A12212 - - - A1n; Y1021T21 « - - A2no Y2 -+ - Y11 T41 - - - At Yt

with Yi, Tij € G.
Now w1, ...,u; € Fixt. Moreover, for every i € {1,...,t}, by the remark fol-
lowing the proof of Lemma 4.3, there exist p;,q; € G such that

(ailxilammiz ce ami)@ = pi((ailxilammiz e az‘m)‘P@Qi

for every solution of the equation a;1x;1ai2%i2 - .. Gin, = (@i1T1Gi2T0 .. . Qin, )PE.
We call p; (respectively ¢;) the wvolatile prefix (respectively suffix) of the equation
associated to a;i ... ain,-

Using the conventions gy = piy1 = 1, it is straightforward to check that u €
Fix ¢ if and only

Aj1T31 Q2052 - - « Qjp; = (aﬂxilammiz S ami)<,0§

fori=1,...,t
Yi = ¢i(Yipa)Piv1
fori=0,...,t.

Note that, in such a system, the solution sets of the blocks of equations
;1241042742 « -« Qjp,; = (aﬂl‘ilamxig . ami)gog (Z = 1, ey t) have eﬁectively con-
structible rational solution sets in view of Lemma 4.3. On the other hand, each
equation y; = ¢;(yipc)pi+1 has also an effectively constructible rational solution
set by the theorem’s hypothesis, and there are only finitely many choices for the
Pi, qi-

Assume that As9p™ = {f1,...,fs}. For i = 1,...,s, let Ly X -+ X Ly
denote the solution set of equation (4.2), where f;6 = ajas...a,. We define
Y; =a1L1as...L,_1a,. Note that Y; is an effectively constructible rational subset
of M.

Fori,j =1,...,s, we define the following subsets of G, where p; (respectively
q;) is the volatile prefix (respectively suffix) of the equation associated to f;:

Z;; is the solution set of the equation y = ¢;(ypc)pj;
Z; s+1 1s the solution set of the equation y = ¢;(yoa);
Zy; is the solution set of the equation y = (ypa)p;;
ZO,s+1 = Fix G-

By the theorem’s hypothesis, all the Z;; are effectively constructible rational sub-
sets of G.
We build an A-automaton with rational edges A = (Q, fo, fs+1, F) as follows:

L4 Q = {fovflv"'afsvf8+1};

e fori=1,....,sand j=1,...,s+1, (f;,YiZij, f;) € E;

e forj=1,...,s+1, (fO)ZOjafj) S
Tt is straightforward to check that Fix ¢ = (L(A))7, hence Fix ¢ is an effectively
constructible rational submonoid of M. O



178 PEDRO V. SILVA

We can now obtain the corollary to follow. We would prefer of course to pass
of the restriction on ¢|g, but that reflects the present state of things at the free
group level.

Corollary 4.4. Let M = Aj + G be finitely generated, where G is a free group.
Let ¢ € EndM be such that ¢|¢ is an automorphism. Then Fixy is an effectively
constructible rational submonoid of M.

Proof. In view of Theorem 4.2, it suffices to prove that the equation
r=v(@p)w (ze€q)

has an effectively constructible rational solution set L for all v,w € G and ¢ €
AutG.

Fix v,w, . Then x = v(xy)w is equivalent to 2~ tv(x1)) = w~! and so we can
decide whether or not this equation has a solution zg by [4], and compute it in
the affirmative case. Now

z=v(z)w & 7 o(zy) = w !t & a7 (z) = 2y u(zy)
& zor~! = v(xor v !

& xor !t = (ror YA, 1 & :Exal = (xmal)w)\v_l,

where \,-1 denotes the inner automorphism of G defined by gA,-1 = vgv~!. Since
A,-1 € AutG, it follows from [16] that Fix ()A,-1) is an effectively constructible
finitely generated subgroup of G, and so L = (Fix (¥A,-1))xo is an effectively
constructible rational subset of G as required. O

The next example shows that Fix ¢ is not necessarily a finitely generated sub-
monoid of M. Note that Fix¢ is finitely generated if M is a free monoid (by
Lem. 4.1) or a free group (by [10]).

Example 4.5. Let M = {a,c}*xFGy) and let ¢ € EndM be defined by ap = ab,
by = b and cp = b~ 'c. Then go\pg{b} is an automorphism but Fix ¢ is not finitely
generated.

Let G = FGy. It is a simple exercise to show that Fixp = (G U aGc)* and
that this monoid is not finitely generated.
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