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RATIONAL SERIES WITH HIGH IMAGE COMPLEXITY

Juha Honkala1

Abstract. By using the universal Diophantine representation of recursively enumerable sets of positive
integers due to Matiyasevich we construct a Z-rational series r over a binary alphabet X which has
a maximal image complexity in the sense that all recursively enumerable sets of positive integers are
obtained as the sets of positive coefficients of the series w−1r where w ∈ X∗. As a consequence we
obtain various undecidability results for Z-rational series.
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1. Introduction

We study Z-rational power series in noncommutative variables, their images and their positive images. By
definition, the image V (r) of a series r is the set of its coefficients and the positive image V+(r) of r is the set of
its positive coefficients. It is well known that the images of Z-rational series can be very complicated. By using
the universal Diophantine representation of recursively enumerable sets of positive integers due to Matiyasevich
we show that there is a Z-rational series r over a binary alphabet X such that all recursively enumerable sets of
positive integers are obtained as positive images of the series w−1r where w ∈ X∗. Since the positive images of
Z-rational series are always recursively enumerable, r can be said to have maximal image complexity. We will
use this series to give a version of Rice’s theorem (stating that no nontrivial property is decidable for recursively
enumerable sets) for the positive images of Z-rational series. Finally, we will use this series to prove improved
versions of previously known undecidability results for rational series. More precisely, we show that to reach
undecidability it suffices to consider quotients by words of a suitably chosen specific series.

We assume that the reader is familiar with the basics concerning rational series (see [1, 2, 5, 8]) and recursively
enumerable sets (see [7]). The approach of this paper was used in [4] to study products of matrices.

2. Basic definitions

As usual, Z is the set of integers and R is the set of real numbers. The sets of positive integers and positive
real numbers are denoted by Z+ and R+, respectively. Hence

Z+ = {a ∈ Z | a > 0} and R+ = {a ∈ R | a > 0}.

Observe that 0 �∈ Z+ and 0 �∈ R+.
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Let X be a finite nonempty set of variables and let A be a semiring. The set of formal power series with
noncommutative variables in X and coefficients in A is denoted by A〈〈X〉〉. If r ∈ A〈〈X〉〉, r is a mapping from
the free monoid X∗ generated by X into A. The image by r of a word w ∈ X∗ is denoted by (r, w) and r is
written as

r =
∑

w∈X∗
(r, w)w.

Here (r, w) is called the coefficient of w in r. The support of r is the set

supp(r) = {w ∈ X∗ | (r, w) �= 0}.

A power series r ∈ A〈〈X〉〉 is called proper if (r, ε) = 0, where ε is the empty word.
Let r ∈ A〈〈X〉〉. Then the image V (r) of r is the set

V (r) = {(r, w) | w ∈ X∗}.

If A ⊆ R, then the positive image V+(r) of r is the set

V+(r) = V (r) ∩ R+.

In other words, V (r) is the set of all coefficients of r and V+(r) is the set of all positive coefficients of r. In the
literature the image of r is often denoted by Im(r).

Next we recall the definitions of recognizable and rational series. Assume A is a semiring. If m and n are
positive integers, then the set of m × n matrices having entries in A is denoted by Am×n.

A series r ∈ A〈〈X〉〉 is called A-recognizable if there exist an integer n ≥ 1, a monoid morphism

μ : X∗ → An×n

and two matrices λ ∈ A1×n and γ ∈ An×1 such that for all w ∈ X∗,

(r, w) = λμ(w)γ.

Then the triple (λ, μ, γ) is called a linear representation of r.
To define the family of A-rational series we first recall what is meant by a rationally closed subset of A〈〈X〉〉.
If r ∈ A〈〈X〉〉 is a proper series, the star r∗ of r is defined by

r∗ =
∞∑

n=0

rn.

A subset S of A〈〈X〉〉 is called rationally closed if the following conditions hold:

(i) If r, s ∈ S and a ∈ A, then r + s ∈ S, rs ∈ S, ar ∈ S and ra ∈ S.
(ii) If r ∈ S is a proper series, then r∗ ∈ S.

Now, a power series r ∈ A〈〈X〉〉 is called A-rational if r belongs to the smallest subset of A〈〈X〉〉 which contains
all polynomials and is rationally closed.

By a theorem of Schützenberger, a power series is A-recognizable if and only if it is A-rational (see [1,2,5,8]).
If r ∈ A〈〈X〉〉 and w ∈ X∗, the series w−1r ∈ A〈〈X〉〉 is defined by

(w−1r, u) = (r, wu)

for all u ∈ X∗.
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3. A rational series with maximal image complexity

In this section we study the positive images of Z-rational series. If r ∈ Z〈〈X〉〉 is Z-rational, then V+(r) is
always recursively enumerable. We will show that nothing more can be said in general. More precisely, we will
construct a Z-rational series r over a two-letter alphabet X such that the set {V+(w−1r) | w ∈ X∗} equals the
set of all recursively enumerable subsets of Z+. Our main tool is the universal Diophantine representation of
recursively enumerable subsets of Z+ proved by Matiyasevich (see [6]).

Fix an enumeration
K0, K1, K2, . . .

of the recursively enumerable subsets of Z+. Such an enumeration can be obtained by enumerating the Turing
machines which define the recursively enumerable sets. Then the result of Matiyasevich can be stated as follows.

Theorem 3.1. There is a positive integer t and a polynomial p(z1, . . . , zt) with integer coefficients such that
for all i ≥ 0 and m ∈ Z+ we have

m ∈ Ki

if and only if there exist nonnegative integers m3, . . . , mt such that

p(i, m, m3, . . . , mt) = 0.

Furthermore, we can compute such a polynomial p(z1, . . . , zt).

For the proof of Theorem 3.1 see the monograph [6].
We will also need the following lemma which has often been used in proving undecidability results for rational

series.

Lemma 3.2. Let X = {x, y} be a two-letter alphabet and let q(z1, . . . , zt) be a polynomial with integer coeffi-
cients. Then there is a Z-rational series r ∈ Z〈〈X〉〉 such that

(r, xm1yxm2 · · ·xmt−1yxmt) = q(m1, . . . , mt) (3.1)

for all nonnegative integers m1, . . . , mt and

supp(r) ⊆ (x∗y)t−1x∗. (3.2)

Furthermore, we can compute a linear representation of r.

Lemma 3.2 follows easily from the basic properties of rational series (see [5,8]). The computation of a linear
representation of r is also explained in detail in [3]. We recall briefly its proof from ([5], p. 125). The polyno-
mial q(z1, . . . , zt) is obtained by finitely many applications of addition and multiplication to the polynomials
1, −1 and zj , 1 ≤ j ≤ t. The series corresponding to these polynomials are (x∗y)t−1x∗, −(x∗y)t−1x∗ and
(x∗y)j−1x+x∗(yx∗)t−j , respectively. Then, if r1 and r2 correspond to q1(z1, . . . , zt) and q2(z1, . . . , zt), then the
sum of r1 and r2 corresponds to q1 + q2 and the Hadamard product of r1 and r2 corresponds to q1q2.

Now, let p(z1, . . . , zt) be the universal polynomial of Theorem 3.1. Define the polynomial q(z1, . . . , zt) by

q(z1, . . . , zt) = (z2 + 1)(1 − p(z1, . . . , zt)2) − 1.

Let X = {x, y}. By Lemma 3.2 there is a Z-rational series r ∈ Z〈〈X〉〉 such that (3.1) holds for all nonnegative
integers m1, . . . , mt and (3.2) holds.

Lemma 3.3. Let i be a nonnegative integer. Then we have

V+((xiy)−1r) = Ki.



4 J. HONKALA

Proof. Let i be a nonnegative integer and let m ∈ Z+. If m ∈ Ki, then there exist nonnegative integers
m3, . . . , mt such that p(i, m, m3, . . . , mt) = 0. This implies that q(i, m, m3, . . . , mt) = m. Hence

(r, xiyxmyxm3 · · ·xmt−1yxmt) = m,

which implies that m ∈ V+((xiy)−1r).
Conversely, assume that m ∈ V+((xiy)−1r). Then there exist nonnegative integers m2, . . . , mt such that

q(i, m2, . . . , mt) = m. Since m > 0, we have p(i, m2, . . . , mt) = 0. Hence q(i, m2, . . . , mt) = m2, which implies
that m2 = m. By Theorem 3.1 we have m ∈ Ki. �

Since K0, K1, K2, . . . is an enumeration of the recursively enumerable subsets of Z+, the following result is
an immediate consequence of Lemma 3.3.

Theorem 3.4. Let X = {x, y} be a two-letter alphabet. There exists a Z-rational series r ∈ Z〈〈X〉〉 such that
{V+(w−1r) | w ∈ x∗y} equals the set of all recursively enumerable subsets of Z+. Furthermore, we can compute
a linear representation of r.

Theorem 3.4 can be used to give examples of the complicated behavior of coefficients of Z-rational series (see
Exercise II.7.7 in [8]).

Example 3.5. Let r be the series of Theorem 3.4 and let z be a new letter. Then there is a word w1 ∈ x∗y
such that

V

(
w−1

1 r −
∞∑

n=0

nzn

)
= {a ∈ Z | a ≤ 0 or a is a positive prime}.

Example 3.6. Let r be the series of Theorem 3.4 and let z be a new letter. Then there is a word w2 ∈ x∗y
such that

V

(
w−1

2 r −
∞∑

n=0

nzn

)
=

⎧⎨
⎩a ∈ Z | a ≤ 0 or a = nnnn

. ..
n

for some n ∈ Z+

⎫⎬
⎭ ,

where the shown tower has height n.

Theorem 3.7. Let X = {x, y} be a two-letter alphabet. There is a positive integer k and Z-rational series
s1, . . . , sk ∈ Z〈〈X〉〉 such that the set

{V+(a1s1 + · · · + aksk) | a1, . . . , ak ∈ Z}
equals the set of recursively enumerable subsets of Z+.

Proof. Let r be the series of Theorem 3.4. Since r is recognizable, the set {w−1r | w ∈ X∗} is included in a
Z-submodule of Z〈〈X〉〉, which is generated by finitely many Z-rational series (see [1], Prop. 5.1). �

4. Undecidability

The results of Section 3 imply more or less immediately various undecidability results for rational series. In
this section X = {x, y} and r ∈ Z〈〈X〉〉 is the series of Theorem 3.4.

Rice’s well known theorem states that no nontrivial property is decidable for recursively enumerable sets of
positive integers (see [7]). This implies immediately the following result.

Theorem 4.1. Let A be any nonempty set of subsets of Z+ which is not equal to the set P(Z+) of all subsets
of Z+. Then there is no algorithm to decide, given a word w ∈ x∗y whether

V+(w−1r) ∈ A.
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Theorem 4.1 implies improved versions of previous undecidability results concerning Z-rational series
(see [5, 8]). Below char(X∗) is the characteristic series of X∗ defined by

char(X∗) =
∑

w∈X∗
w

and y+ is the series defined by

y+ =
∞∑

n=1

yn.

Corollary 4.2. Let s = r − char(X∗). It is undecidable, given w ∈ x∗y, whether w−1s has a zero coefficient.

Proof. The series w−1s has a zero coefficient if and only if 1 ∈ V+(w−1r). Hence the claim follows by
Theorem 4.1. �

The problem of deciding whether all coefficients of w−1s are nonzero is often called the universality problem
for the support of w−1s.

Corollary 4.3. Let s = ry+ − char(X∗). It is undecidable, given w ∈ x∗y, whether w−1s has infinitely many
zero coefficients.

Proof. Let w ∈ x∗y. We show that w−1s has infinitely many zero coefficients if and only if 1 ∈ V+(w−1r).
Assume first that u ∈ X∗ is a word such that (w−1s, u) = 0. Then (s, wu) = 0 and (ry+, wu) = 1. Let

wu = w1yw2y
j , where w1 contains t − 2 occurrences of y, w2 ∈ x∗ and j ≥ 1. Then 1 = (ry+, wu) =

(r, w1yw2)(y+, yj) = (r, w1yw2). Since w is a prefix of w1yw2 we see that 1 ∈ V+(w−1r).
Assume conversely that 1 ∈ V+(w−1r). Let u ∈ X∗ be a word such that (w−1r, u) = 1. Then (r, wu) = 1.

Hence (ry+, wuyj) = 1 for all j ≥ 1. This implies that (s, wuyj) = 0 for all j ≥ 1. Hence w−1s has infinitely
many zero coefficients.

Now the claim follows by Theorem 4.1. �

Corollary 4.4. It is undecidable, given w ∈ x∗y, whether w−1r has a positive coefficient.

Proof. If w ∈ x∗y, then the series w−1r has a positive coefficient if and only if V+(w−1r) �= ∅, which is
undecidable by Theorem 4.1. �

Corollary 4.5. Let s = ry+. It is undecidable, given w ∈ x∗y, whether w−1s has infinitely many positive
coefficients.

Proof. If w ∈ x∗y, the series w−1s has infinitely many positive coefficients if and only if w−1r has at least one
positive coefficient. Hence the claim follows by Corollary 4.4. �

Corollary 4.6. It is undecidable, given w ∈ x∗y, whether w−1r has infinitely many different positive coeffi-
cients.

Proof. If w ∈ x∗y, the series w−1r has infinitely many different positive coefficients if and only if V+(w−1r) is
an infinite set. Hence the claim follows by Theorem 4.1. �

Corollary 4.7. It is undecidable, given w ∈ x∗y, whether V+(r) = V+(w−1r).

Proof. Since Z+ is a recursively enumerable set, there is a nonnegative integer i such that V+((xiy)−1r) = Z+.
Hence V+(r) = Z+. Therefore V+(r) = V+(w−1r) holds if and only if V+(w−1r) = Z+. The claim follows by
Theorem 4.1. �
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Corollary 4.8. Let

s = r −
∞∑

m,n=0

nxmyt+n+1.

It is undecidable, given w ∈ x∗y, whether V (s) = V (w−1s).

Proof. If w ∈ x∗y, we have V (s) = V+(r)∪ {n ∈ Z | n ≤ 0} and V (w−1s) = V+(w−1r)∪ {n ∈ Z | n ≤ 0}. Hence
V (s) = V (w−1s) if and only if V+(r) = V+(w−1r). The claim follows by Corollary 4.7. �

Theorem 4.1 shows that no nontrivial property is decidable for the positive images of Z-rational series. No
such result holds if we consider the full images. For example, it is decidable whether a rational series has a finite
image (see [1, 2]).
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