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ON SHUFFLE IDEALS ∗

Pierre-Cyrille Héam
1

Abstract. A shuffle ideal is a language which is a finite union of lan-
guages of the form A∗a1A

∗ · · ·A∗akA∗ where A is a finite alphabet
and the ai’s are letters. We show how to represent shuffle ideals by
special automata and how to compute these representations. We also
give a temporal logic characterization of shuffle ideals and we study its
expressive power over infinite words. We characterize the complexity
of deciding whether a language is a shuffle ideal and we give a new
quadratic algorithm for this problem. Finally we also present a char-
acterization by subwords of the minimal automaton of a shuffle ideal
and study the complexity of basic operations on shuffle ideals.

Mathematics Subject Classification. 68Q45, 68Q70.

1. Preliminaries

1.1. Introduction

The shuffle product is an operation on languages which is strongly connected
to combinatorics on words and which was widely studied in the literature [4, 18,
21, 24, 26].

The main topic of this paper is the algorithmic study of shuffle ideals which are
rational languages of the form ∪A∗a1A

∗ · · ·A∗akA
∗ where A is a finite alphabet

and the ai’s are letters. This is an interesting class of languages which is both
connected to combinatorics on words [11, 17] and to the algebraic classification of
rational languages: indeed it represents the first half level of a hierarchy of star-
free languages which was introduced by Straubing [29] and Thérien [30] and which
is still intensively studied [2, 3, 9, 10, 23, 25, 27, 28,31].
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Gray, 25030 Besancon Cedex, France; e-mail: heampc@lifc.univ-fcomte.fr

c© EDP Sciences 2003



360 P.-C. HÉAM

In this paper, we first show that a rational language is a shuffle ideal if and only
if it can be represented by a finite automaton whose strongly connected compo-
nents are complete and reduce to one state. Next we prove that computing such an
automaton accepting the shuffle ideal K generated by a language given by a finite
automaton can be done in polynomial time, while computing a rational expres-
sion ∪A∗a1A

∗ · · ·A∗akA
∗ (where the union is finite) representing K is exponential

in the worst case. Moreover we give a quadratic algorithm to test whether a lan-
guage given by a deterministic automaton is a shuffle ideal (the best algorithm
known previously works approximately in time O(n6) [23]). We also consider the
complexity of this problem by proving that it is NLOGSPACE-complete and that
it becomes PSPACE-complete when the language is given by a nondeterministic
automaton. In Section 5, we present a connection between the minimal automa-
ton of a shuffle ideal and combinatorics on words: we show how to construct this
automaton using properties on subwords. We also study the complexity of com-
puting the union, the intersection and the product of two shuffle ideals. Finally,
it is known [8,14,15] that star-free languages are exactly the languages which can
be represented by a linear temporal logic formula (some fragments of this logic are
studied in [6,32,33]). In the last section, we give a temporal logic characterization
of shuffle ideals and we prove that this restricted temporal logic evaluated over
infinite words defines exactly the languages of the form LAω, where L is a shuffle
ideal.

1.2. Some background

For more information on combinatorics on words we refer the reader to [17].
For a general reference on automata theory the reader is referred to [5, 7, 13], and
for basic results on complexity see [19].

For a finite set K, we denote its cardinality by |K|.
Recall that an alphabet is a finite set whose elements are called letters. A word

is a finite sequence of letters. A language is a set of words and the set of all words
over the alphabet A is denoted by A∗. If L is a language of A∗, Lc denotes the
complement of L relatively to A∗. Any subsequence v of u is called a subword of
u and we denote this by v ≺ u. We denote by |u| the length of a word u, by ε the
empty word and by A+ the language A∗ \ {ε}.

Recall that a finite automaton is a 5-tuple A = (Q,A,E, I, F ) where Q is a
finite set of states, A is the alphabet, E ⊆ Q × A × Q is the set of transitions,
I ⊆ Q is the set of initial states and F ⊆ Q is the set of final states. With the
above notation, if p ∈ Q and u ∈ A∗, p · u ⊆ Q denotes the set of states q of A
such that there exists a path in A from p to q labeled by u. A finite automaton
is said to be complete if for every state q and every letter a, q · a 6= ∅. If A is a
finite automaton, then L(A) denotes the language accepted by A. In this paper,
minimal automata are deterministic but not necessary complete and all considered
automata are finite. In general, in this paper, automata are nondeterministic.

If L is a language and u a word, then u−1L denotes the language {v ∈ A∗ | uv
∈ L} and is called a quotient of L. It is known that L is rational if and only if L has
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a finite number of quotients. Furthermore, in this case, the minimal automaton
of L has as many states as quotients of L.

A rational expression is a finite expression using the empty set, the letters and
the symbols union, product and star. We recursively define the size of a rational
expression E, denoted τ(E) by:

• τ(∅) = 1;
• τ(E) = 1 if E = a with a ∈ A;
• τ(EF ) = τ(E) + τ(F ) + 1;
• τ(E∗) = τ(E) + 1;
• τ(E ∪ F ) = τ(E) + τ(F ) + 1.

The size of a rational expression represents the number of symbols occurring in it.
A language which can be represented by a rational expression is rational. Kleene’s
theorem [16] states that a language is rational if and only if it is recognizable
by a finite automaton. In this paper, we shall make no distinction between a
rational expression and the language it represents. Moreover we need the following
result [12]:

Theorem 1.1. Let E be a rational expression of size n. One can compute in
time O(n log2(n)) a corresponding automaton with O(n) states and O(n log2(n))
transitions.

Recall that the shuffle of two words u and v is the language of all words w such
that w = u1v1u2v2 · · ·unvn with ui, vi ∈ A∗, u1u2 · · ·un = u and v1v2 · · · vn = v.
The shuffle of u and v is denoted u v. This notion can be extended to languages
as follows:

L K =
⋃

u∈L, v∈K

u v.

A language L is a shuffle ideal if L A∗ = L. For any language L, L A∗ is the
smallest (for the inclusion) shuffle ideal containing L; it is called the shuffle ideal
generated by L. We need the following important result due to Higman [11] (see
also [17], Chap. 6).

Theorem 1.2. A language L is a shuffle ideal if and only if there exists a finite
set K such that L = K A∗.

In particular, since the shuffle operator preserves rational languages, every shuf-
fle ideal is a rational language. Moreover, it is known [23] that the class of shuffle
ideals is a positive variety of languages. In particular, we have the following propo-
sition [23]:

Proposition 1.3. The union and the intersection of two shuffle ideals is a shuffle
ideal and left and right quotients of a shuffle ideal are shuffle ideals.

Finally we need the following result which leads to an algorithm to test whether
a rational language is a shuffle ideal [23].
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Proposition 1.4. Let A = (Q,A,E, i, F ) be a deterministic complete automaton.
The language L(A) is a shuffle ideal if and only if there are no states p and q and
words u, v, w such that i · w = p, p · u = q, p · v ∈ F and q · v /∈ F .

We denote by Aω the set of infinite words over A and a set of infinite words is
called ω-language. If A = (Q,A,E, I, F ) is an automaton, we denote by Lω(A)
the set of infinite words which are the label of an infinite path of A visiting infinitly
often a state of F . In this case A is said to be a Büchi automaton.

2. Representing shuffle ideals

An automaton A = (Q,A,E, I, F ) is called saturated if for all states p ∈ Q
and all letters a ∈ A, (p, a, p) ∈ E. An automaton is said to be locally trivial
if each of its strongly connected components is reduced to one state. A rational
expression is called polynomial if it is a finite union of expressions of the form
A∗A1A

∗ · · ·A∗AkA
∗ where Ai ⊆ A.

Theorem 2.1. Let L be a language of A∗. The following assertions are equivalent:
(1) L is a shuffle ideal;
(2) L can be described by a polynomial expression;
(3) L is recognizable by a saturated automaton;
(4) L is recognizable by an automaton that is saturated and locally trivial.

Proof. Let K be a finite set. Since

K A∗ =
⋃

a0a1···ak∈K

A∗a0A
∗a1A

∗ · · ·A∗akA
∗

(1)⇒(2) is a direct consequence of Theorem 1.2.
Each language of the form A∗A1A

∗ · · ·A∗AkA
∗ is accepted by the automaton

1 2 3 k· · ·A1 A2 Ak

A A A A A

which is saturated and locally trivial. Since a disjoint union of saturated, locally
trivial automata is a saturated, locally trivial automaton, we have (2)⇒(4).

The condition (4) is stronger than the condition (3), thus we have (4)⇒(3).
Now, let A = (Q,A,E, I, F ) be a saturated automaton and let w ∈ L(A) A∗.

By definition of the shuffle product, we have w = u1v1 · · ·ukvk where u1 · · ·uk =
u ∈ L(A) and vi ∈ A∗. Thus, considering an accepting path in A labeled by u,
each time we finish to read ui, we can use transitions of the form (p, a, p) to
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read vi. So we construct an accepting path in A labeled by w. It follows that
L(A) A∗ ⊆ L(A). Consequently L(A) is a shuffle ideal and (3)⇒(1).

3. Computing generated shuffle ideals

In this section we study the following problem: given a rational language, we
want to compute one of the representations of Theorem 2.1 of its generated shuffle
ideal. We first study how to compute a saturated automaton accepting the shuf-
fle ideal of a given rational language. Secondly we study the same question for
the computation of a locally trivial, saturated automaton. Finally we study the
complexity of computing a polynomial expression representing the shuffle ideal of
a given rational language.

3.1. Computing saturated automata

We need the following algorithm called Saturatewhich applies to an automaton
A = (Q,A,E, I, F ).

Algorithm 3.1. Saturate

1. E′ = E.
2. For all p ∈ Q and for all letter a ∈ A,

E′ = E′ ∪ {(p, a, p)}.
3. Return A′ = (Q,A,E′, I, F ).

Graphically, during the algorithm, we just add on each state of the automaton a
loop labeled by A.

Proposition 3.2. If A is an automaton, then A′ =Saturate(A) is a saturated
automaton which recognizes L(A) A∗.

Proof. The automaton A′ is saturated because we precisely add the missing tran-
sitions to make it saturated.

By Theorem 2.1, L(A′) is a shuffle ideal. Moreover, by construction, L(A) ⊆
L(A′). It follows that L(A) A∗ ⊆ L(A′). Conversely, let w be in L(A′): there
exists a successful path in A′

(p0, a1, p1), (p1, a2, p2), · · · , (pk−1, ak, pk)

labeled by w. If we delete in this path all the transitions of the form (p, a, p) we
obtain a new path which is both successful in A′ and in A. Let u be the label
of this new path. Since u ∈ L(A) and since w ∈ {u} A∗, w ∈ L(A) A∗. It
follows that L(A′) = L(A) A∗.

For example the shuffle ideal generated by the language (b∗(ab)∗)∗ whose min-
imal automaton is A0 (see below), is accepted by the saturated automaton A1.
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α β α β

A0 A1

a

b

b

a

b

a, b a, b

Proposition 3.3. Let L be a rational language given by an n-state, m-transition
automaton. Then one can compute in time O(m + n|A|) an n-state, saturated
automaton with at most m+n|A| transitions, accepting the shuffle ideal generated
by L.

Proof. By Proposition 3.2, it is sufficient to apply the algorithm Saturate.

As a direct consequence, using Theorem 1.1, one has the following corollary:

Corollary 3.4. Let L be a rational language given by a rational expression of
size k. One can compute in O(k log2(k)) time an O(k)-state saturated automaton
accepting the shuffle ideal generated by L.

3.2. Computing locally trivial, saturated automata

Lemma 3.5. Let L be a shuffle ideal accepted by a saturated n-state automaton
and K be the set of words of L of length less than or equal to n. Then

L = K A∗.

Proof. Since K ⊆ L, K A∗ ⊆ L A∗ = L. Now, let w be in L, A be a
saturated n-state automaton accepting L and m be a successful path in A labeled
by w. We consider now a successful path in A obtained from m by deleting
the loops. We denote by u the label of this new path. By construction u ∈ K.
Furthermore, w ∈ {u} A∗. Consequently, w ∈ K A∗, proving the lemma.

The following algorithm has as input an n-state finite automaton A = (Q,A,
E, I, F ) and computes an automaton accepting precisely the shuffle ideal generated
by L(A).

Algorithm 3.6. LTSaturate

1. Q′ = Q× {0, . . . , n}
2. E′ = {((p, i− 1), a, (q, i)) | (p, a, q) ∈ E, i ∈ {1, . . . , n}}
3. I ′ = I × {0}
4. F ′ = F × {0, . . . , n}
5. A′ = (Q′, A,E′, I ′, F ′)
6. Return Saturate(A′).
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Proposition 3.7. Let A be an n-state automaton. Then LTSaturate(A) is a
saturated, locally trivial, O(n2)-state automaton with O(mn + |A|n2) transitions
accepting the shuffle ideal generated by L(A).

Proof. The automaton A′ is the product of A by the minimal automaton accepting
the set of words of length less than or equal to n. It follows that A′ accepts
the set of words of L(A) of length less or equal to n. Thus, by Lemma 3.5
and Proposition 3.2, the automaton LTSaturate(A) recognizes the shuffle ideal
generated by L(A).

Moreover, by construction, the automaton LTSaturate(A) is saturated and has
n(n+ 1) states. Now, we claim that A′ is locally trivial. Indeed, assume that we
have a non trivial loop in A′, i.e. there exist two distinct states (p, i) and (q, j) in
Q′ and words u and v such that (p, i) ∈ (q, j) ·v and (q, j) ∈ (p, i) ·u. By definition
of E′, it means that i < j and j < i, a contradiction. Since the algorithm
Saturate does not change the strongly connected components, it follows that
LTSaturate(A) is locally trivial.

For example the shuffle ideal generated by the language (b∗(ab)∗)∗ whose min-
imal automaton is A0 (see below) and which is accepted by the saturated and
locally trivial automaton A1 =LTSaturate(A0).

α β α, 0 α, 1 α, 2

β, 1

β, 0 β, 2

A0

A1

a

b

b

b

a

b a

b

b
a, b

a, b

a, b

a, b

a, b

a, b

Proposition 3.8. Let L be a rational language given by an n-state, m-transition
automaton. Then one can compute in time O(|A|n2 + mn) a saturated, locally
trivial automaton accepting the shuffle ideal generated by L.

Proof. This is a direct consequence of Proposition 3.7.

As a consequence of the above proposition and Theorem 1.1, one has the fol-
lowing corollary:

Corollary 3.9. Let L be a rational language given by a rational expression of
size k. Then one can compute in time O(k2 log2 k) an O(k2)-state saturated,
locally trivial automaton accepting the shuffle ideal generated by L.
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3.3. Computing polynomial expressions

Proposition 3.10. Let A be an n-state automaton. Then one can compute in
time O((|A| + 1)n) a polynomial expression of size O((|A| + 1)n) accepting the
shuffle ideal generated by L(A).

Proof. By Lemma 3.5, one has

L(A) A∗ =
⋃

a1···ak∈L(A)

ai∈A, k≤n

A∗a1A
∗a2 · · ·A∗akA

∗. (1)

Since τ(A) = τ(
⋃

a∈A a) = 2|A| − 1, we have τ(A∗a1A
∗a2 · · ·A∗akA

∗) = (k +
1)τ(A∗) + k + 2k = 2|A|(k + 1) + 3k. It follows that the size of the expression (1)
is at most |A|n+1[2|A|(n+ 1) + 3n] = O((|A| + 1)n).

Now we shall prove that computing a polynomial rational expression represent-
ing a given language is exponential in the worst case. Let L be a rational language.
We denote by m(L) the number of states of the minimal automaton of L and by
M(L) the minimal number of states of an automaton accepting L. Obviously
m(L) ≥ M(L). We also denote by e(L) the minimal size of a rational expression
representing L.

We introduce the following invariants (with the convention inf ∅ = 0):

R(n) = max
L:m(L)≤n

[
inf

E:E=L
{τ(E) | E polynomial}

]
S(n) = max

L:M(L)≤n

[
inf

E:E=L
{τ(E) | E polynomial}

]
T (n) = max

L:e(L)≤n

[
inf

E:E=L
{τ(E) | E polynomial}

]
.

Theorem 3.11.

Ω(2n/3) = R(n) ≤ S(n) = O((|A| + 1)n).

Proof. Sincem(L) ≥M(L), we have R(n) ≤ S(n). Moreover, by Proposition 3.10,
one has S(n) = O((|A| + 1)n).

To prove the lower bound, we consider the alphabet A = {a, b} and the language
L = A∗aA∗bA∗∪A∗bA∗aA∗ which is a shuffle ideal. Since the class of shuffle ideals
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is closed under product, for all n, Ln is a shuffle ideal. Moreover, the minimal
automaton of Ln has the following form:

1

2

3

4

5

6

7

3n

· · ·

a

b

b

a

a

b

b

a

a

b

b

a

a

b

a

b

a

b

a, b

It follows that m(Ln) = 3n+ 1. Now let E be a polynomial expression accepting
Ln. Assume that A∗A1A

∗ · · ·AkA
∗ is an expression appearing in E. Then the

word u = a1a2 · · · ak, with ai ∈ Ai belongs to Ln. Since each word of Ln has
length 2n, we have that k ≥ 2n.

Let K = {ab, ba}. Each word u in Kn belongs to Ln. Consequently there exists
an expression

E0 = A∗A1A
∗ · · ·AkA

∗

appearing in E such that u ∈ E0. But k ≥ 2n, hence k = 2n. It follows that
u ∈ A1A2 · · ·A2n.

Now we claim that if A1 · · ·A2n ⊆ Ln (with Ai 6= ∅), then for all i, |Ai| = 1.
Indeed assume there exists an i such that Ai = {a, b}. In this case, there exist x
and y in A∗ such that |x| = i − 1, |x| + |y| = 2n − 1 and xay, xby ∈ Kn. Thus,
when we read xay and xby in the minimal automaton of Ln, we do not use any
loop. Thus |x| must be odd (otherwise after reading xa we must read b, and after
reading xb we must read a: the first letter of y should be both a and b). Starting
from the final state, the same argument leads to conclude that |y| is odd, which is
in contradiction with |x| + |y| = 2n− 1.

It follows that each expression of the form

A∗a1A
∗a2A

∗ · · · a2nA
∗

with a1 · · ·a2n ∈ Kn appears in E. But

τ(A∗a1A
∗a2A

∗ · · · a2nA
∗) = 2|A|(2n+ 1) + 6n = 14n+ 4

and there are |Kn| = 2n expressions of this kind in E. Thus

τ(E) ≥ 14n2n.
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Since R(n) is an increasing function and since m(Ln) = 3n+ 1, one can conclude
that

R(n) = Ω(2n/3). �

Proposition 3.12. There exists a constant α ∈ N such that

Ω(2n/15) = T (n) ≤ S(αn) = O((|A| + 1)αn).

Proof. By Theorem 1.1, there exists a constant α ∈ N such that for all rational
language L, M(L) ≤ αe(L). Consequently T (n) ≤ S(αn). The equality S(αn) =
O((|A| + 1)αn) has been already proved.

To prove the lower bound we use the languages Ln defined in the proof of
Theorem 3.11. Since

Ln = (aa∗b ∪ bb∗a)n{a, b}∗

and since

τ(aa∗b ∪ bb∗a) = 6 + 1 + 6 = 13,

we have, for all n ≥ 4,

e(Ln) ≤ 14n+ 4 ≤ 15n.

Furthermore, we have seen that

inf
E:E=L

{τ(E) | E polynomial} ≥ 14n2n.

It follows that

T (n) ≥ 14
15
n2n/15.

Consequently, T (n) = Ω(2n/15).

4. Testing whether a language is a shuffle ideal

In this section we consider the complexity of testing whether a rational language
is a shuffle ideal.

4.1. Deterministic automata

In [23], an algorithm based on Proposition 1.4 is proposed to test whether a
language given by a deterministic n-state automaton is a shuffle ideal. This algo-
rithm requires to compute the transitive closure of a graph with |A|2n2 vertices
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and its time complexity is about O(|A|6n6). We propose here an O(|A|2n2) algo-
rithm. We call our algorithm TestShuffle. Its input is a deterministic complete
automaton A = (Q,A,E, i, F ).

Algorithm 4.1. TestShuffle

1. A0 = (Q0, A,E0, i0, F0) =Saturate(A).
2. Q1 = Q0 ×Q.
3. E1 = {((p0, p), a, (q0, q)) | (p, a, q) ∈ E, (p0, a, q0) ∈ E0}.
4. i1 = (i0, i).
5. F1 = F0 × (Q \ F ).
6. A1 = (Q1, A,E1, i1, F1).
7. If L(A1) = ∅ return true, else return false.

Let us note that the automaton A0 has a unique initial state: indeed the algorithm
Saturate does not change the initial states and A is deterministic and has hence
a unique initial state.

Proposition 4.2. Let A be a deterministic complete n-state automaton. The
algorithm TestShuffle(A) returns true if and only if L(A) is a shuffle ideal.
Moreover the answer is given in time O(|A|2n2).

Proof. By Proposition 3.2, L(A0) = L(A) A∗. Moreover, by construction,
L(A1) = L(A)c ∩ L(A0). Consequently the algorithm returns true if and only if
L(A0) ⊆ L(A), if and only if L(A0) = L(A), if and only if L(A) is a shuffle ideal.

Assume that A has m transitions. The first step of the algorithm can be
done in time O(n|A| +m) by Proposition 3.3 and the automaton A0 has n states
and O(m + n|A|) transitions. It follows that computing A1 can be done in time
O(n2 +m2 +mn|A|) and A1 has n2 states and O(m2 +mn|A|) transitions. Now
one can test whether L(A1) is empty by testing whether a final state of A1 is
accessible from i1. It can be done by computing a spanning tree of A1 rooted
on i1 (for example by a depth-first search from i1) and by testing whether this
tree contains a final state. Hence, testing whether L(A1) is empty can be done
in time O(n2 +m2 +mn|A|). Since A is deterministic and complete, m = |A|n.
Consequently the algorithm works in time O(n2 + 2n2|A|2) = O(n2|A|2).
Lemma 4.3. Let A = (Q,A,E, i,Q\{q}) be a complete deterministic automaton
such that there is only one state q 6= i which is not final. There is no path in A
from i to q if and only if L(A) is a shuffle ideal.

Proof. According to Proposition 1.4, if L(A) is a shuffle ideal then there is no path
from i to q.

Conversely, if there is no path from i to q, L(A) = A∗ because A is complete
and all accessible states are final.

Theorem 4.4. Testing whether a rational language over A given by a determin-
istic automaton is a shuffle ideal is a NLOGSPACE-complete problem if |A| ≥ 2.

Proof. Let A be a deterministic automaton whose initial state is i. By Propo-
sition 1.4, L(A) is not a shuffle ideal if and only if there exist three words w, u
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and v and two states p and q such that i · w = p, p · u = q, p · v is final and
q · v is not final. This can be tested in NLOGSPACE by guessing p and q and
successively the letters of u and v. Since NLOGSPACE=co-NLOGSPACE, testing
whether a rational language given by a deterministic automaton is a shuffle ideal
is an NLOGSPACE problem.

Now, let G = (V,E) be a finite directed graph such that there are no more than
two edges starting from each vertex. Let p and q be two distinct vertices of G.
It is known that testing whether there is a path from p to q is an NLOGSPACE-
complete problem. Now consider a deterministic automaton A0 = (V,A,E0, p, V \
{q}) such that (r, a, s) ∈ E0 if and only if (r, s) ∈ E: we put labels on the edges
of G to make it a deterministic automaton (there are several ways to do it). If
A0 is not complete we make it complete by adding a state t /∈ V : we consider the
automaton

A1 = (V ∪ {t}, A,E0 ∪ E1, p, V ∪ {t} \ {q})

where E1 = {(s, a, t) | s ∈ V ∪ {t}, a ∈ A and ({s} × {a} × V ) ∩ E0 = ∅}. If
A0 is complete we define A1 = A0. Now, by Lemma 4.3, there is no path from p
to q in G if and only if L(A1) is a shuffle ideal. Thus, testing whether a rational
language given by a deterministic automaton is a shuffle ideal is a NLOGSPACE-
hard problem.

4.2. Nondeterministic automata

It is known that testing whether a rational language over A given by a finite
nondeterministic automaton accepts A∗ is a PSPACE-complete problem [1]. Since
it is NLOGSPACE decidable whether the empty word belongs to a rational lan-
guage given by a finite automaton (just guess a state which is both initial and
final), testing whether a rational language containing the empty word and given
by a finite automaton accepts every word is a PSPACE-complete problem.

Theorem 4.5. If |A| ≥ 2, then testing whether a rational language given by a
finite automaton is a shuffle ideal is a PSPACE-complete problem.

Proof. Testing the equality of two rational languages given by finite automata
is a PSPACE problem. Thus, using Proposition 3.3, testing whether a rational
language given by a finite automaton is a shuffle ideal is a PSPACE problem.

Let A be a finite automaton containing the empty word. Then L(A) is a shuffle
ideal if and only if L(A) = A∗. Thus, testing whether a rational language given
by a finite automaton is a shuffle ideal is PSPACE-hard.

5. On the minimal automaton of a shuffle ideal

In this section we first study properties of the minimal automaton of a shuffle
ideal. Next, since the class of shuffle ideals is closed under union, intersection and
product we study the complexity of computing the union, the intersection and the
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product of two shuffle ideals given by their minimal automata (for a survey on
these problems for finite languages or for rational languages see [34]).

5.1. Properties of the minimal automaton of a shuffle ideal

The following proposition is proved in [28].

Proposition 5.1. The minimal automaton of a shuffle ideal is complete and lo-
cally trivial.

Moreover, the following lemma will be useful later:

Lemma 5.2. The minimal automaton of a shuffle ideal has a unique final state.

Proof. Let A = (Q,A,E, i, F ) be the minimal automaton of a shuffle ideal L and
f and g be two final states. There exist u and v such that i · u = f and i · v = g.
Since L is a shuffle ideal, for all w ∈ A∗, uw and vw are both in L. It follows that
f = g. Moreover, we proved that f · A∗ = f .

The minimal automaton of the shuffle ideal generated by a language can be
much smaller than the minimal automaton of that language. For instance, m(An∪
{ε}) = n+ 1 and m((An ∪ {ε}) A∗) = 1 because (An ∪ {ε}) A∗ = A∗.

Proposition 5.3. Let L be a language. There exists a unique finite language,
denoted Smin(L), such that

• Smin(L) A∗ = L A∗;
• If u, v ∈ Smin(L) and if u is a subword of v, then u = v.

Proof. By Theorem 1.2, there exists a finite language K such that K A∗ =
L A∗. Assume there exist u and v in K such that u is a subword of v and
u 6= v. Then v A∗ ⊆ u A∗. It follows that K \ {v} A∗ = L A∗. In this
way, one can build a finite language S satisfying the hypotheses of the proposition.
Assume now that there are two such finite languages S1 and S2. Let u ∈ S1. Since
S1 ⊆ L A∗ = S2 A∗, there exists v ∈ S2 such that v ≺ u. By a symmetric
argument, there exists w ∈ S1 such that w ≺ v. It follows that w ≺ v ≺ u. Thus,
by hypotheses on S1, we have u = w. Hence u = v, proving that S1 ⊆ S2. In the
same way, we prove that S2 ⊆ S1. It follows that S1 = S2.

Let us note that in the above proposition we do not require L to be a shuffle
ideal. Moreover, for each language L, Smin(L) = Smin(L A∗).

Proposition 5.4. Let L be a non empty language and ` = min{|u| | u ∈ L}. Set
K0 = L ∩A` and, by induction, for i ≥ 1,

Ki = Ki−1 ∪ ((L ∩A`+i) ∩ (Ki−1 A∗)c).

It holds that
Smin(L) =

⋃
i∈N

Ki.
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Proof. Let K =
⋃

i∈N
Ki. By a direct induction, for all i ∈ N, Ki ⊆ L. Thus

K ⊆ L and, therefore, K A∗ ⊆ L A∗. Conversely, assume that u ∈ L A∗.
There exists v ∈ L such that v ≺ u. If v ∈ K|v|−`, then u ∈ K|v|−` A∗ ⊆ K
A∗. If v /∈ K|v|−`, then there exists w ∈ K|v|−`−1 such that w ≺ v. In this case
w ≺ u and u ∈ K|v|−`−1 A∗ ⊆ K A∗. It follows that

L A∗ = K A∗.

Now assume that u and v are two distinct words of K such that u ≺ v. Thus
|u| < |v|. Since all words of K of length ` + i are in Ki, it follows that u ∈
K|u|−` ⊆ K|v|−`−1 and that v ∈ K|v|−`. Moreover all words of Ki have length
less than or equal to ` + i, thus v ∈ K|v|−` \ K|v|−`−1. By definition of K|v|−`,
v /∈ K|v|−`−1 A∗. It means that u is not a subword of v, a contradiction.
Therefore, by Theorem 1.2, K is finite, which concludes the proof.

For each language L we define the mapping φL from A∗ into the set of finite
languages by letting φL(u) = Smin(u−1(L A∗)).

Let QL = {φL(u) | u ∈ A∗} and EL = {(φL(u), a, φL(ua)) | a ∈ A, u ∈ A∗}.
Proposition 5.5. Let L be a non empty language. The set QL is finite and the
automaton AL = (QL, A,EL, Smin(L), {ε}) is the minimal automaton of L A∗.

Proof. Since there are finitely many u−1(L A∗), the set QL is finite. Moreover
|QL| ≤ |{u−1(L A∗) | u ∈ A∗}| = m(L A∗). Furthermore, by construction,
AL is deterministic.

Now we claim that AL accepts L A∗. Indeed assume that u ∈ L(AL). Then,
by definition of AL, Smin(u−1(L A∗)) = {ε}. It follows that ε ∈ u−1(L A∗),
proving that u ∈ L A∗. Conversely, if u ∈ L A∗, then ε ∈ u−1(L A∗). But
the only shuffle ideal containing ε is A∗ and, by Proposition 1.3, u−1(L A∗) is a
shuffle ideal. It follows that u−1(L A∗) = A∗. Therefore Smin(u−1(L A∗)) =
{ε}, proving the claim.

The automaton AL is deterministic, accepts L A∗ and has at most m(L
A∗) states. Thus it is the minimal automaton of L A∗.

Now we explain how to recursively compute φL(u). We need three lemma

Lemma 5.6. Let L be a shuffle ideal, a ∈ A and u ∈ A∗. If

u ∈ a−1Smin(L) ∪
⋃
b6=a

b(b−1Smin(L)),

then u ∈ a−1L.

Proof. If u ∈ a−1Smin(L), then au ∈ Smin(L) ⊆ L. It follows that u ∈ a−1L. If
u ∈ b(b−1Smin(L)), then u = bw, with b 6= a and w ∈ b−1Smin(L). Consequently
u ∈ Smin(L) ⊆ L. Since L is a shuffle ideal, au ∈ L. Thus u ∈ a−1L.
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Lemma 5.7. Let L be a shuffle ideal, a ∈ A and u ∈ A∗. If L 6= A∗ and if
u ∈ a−1L, then there exists

z ∈ a−1Smin(L) ∪
⋃
b6=a

b(b−1Smin(L))

such that z ≺ u.

Proof. Since au ∈ L and since L is a shuffle ideal, there exists v ∈ Smin(L) such
that v ≺ au. Two cases arise:

v ∈ aA∗: there exists z ∈ A∗ such that v = az. Since az ≺ au, one has z ≺ u.
Moreover, since v ∈ Smin(L), one has z ∈ a−1Smin(L);

v /∈ aA∗: if v = ε, then L = A∗. Thus, by hypothesis v 6= ε. Therefore there exists
w ∈ A∗ such thatv = bw with b 6= a. Since bw is a subword of au, bw
also is a subword of u. Consequently z = bw ≺ u and z ∈ b(b−1Smin(L)).

Lemma 5.8. Let L be a shuffle ideal distinct of A∗, a ∈ A and

K =


a−1Smin(L) ∪

⋃
b6=a

b(b−1Smin(L))


 .

We have a−1L = K A∗.

Proof. If u ∈ a−1L, then, by Lemma 5.7, there exists z ∈ K such that z ≺ u.
Thus u ∈ K A∗.

If u ∈ K A∗, then there exists v ∈ K such that v ≺ u. By Lemma 5.6,
v ∈ a−1L. Since a−1L is a shuffle ideal, we have u ∈ a−1L, proving the lemma.

The next proposition provides a recursive and constructive method to compute
φL(u) when Smin(L) is known:

Proposition 5.9. Let L be a language. We have φL(ε) = Smin(L) and, for all
u ∈ A∗ and a ∈ A, if φL(u) 6= {ε}, then

φL(ua) = Smin


a−1φL(u) ∪

⋃
b∈A\{a}

b(b−1φL(u))


 .

Proof. According to the definition of φL, φL(ε) = Smin(L A∗). But, by defini-
tion of Smin, Smin(L A∗) = Smin(L). Thus φL(ε) = Smin(L).
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Assume that φL(u) 6= {ε}. Then u−1(L A∗) 6= A∗. Moreover, by Proposi-
tion 1.3, u−1(L A∗) is a shuffle ideal. Thus, by Lemma 5.8, we have

a−1u−1(L A∗) =
a−1Smin(u−1(L A∗)) ∪

⋃
b6=a

b(b−1Smin(u−1(L A∗)))


 A∗.

By definition of φL, it follows that

φL(ua) = Smin


a−1φL(u) ∪

⋃
b∈A\{a}

b(b−1φL(u))


 . �

Moreover, if φL(u) = {ε}, then u−1(L A∗) = A∗. Consequently, for evrey
a ∈ A, φL(ua) = Smin(a−1u−1(L A∗)) = Smin(a−1A∗) = Smin(A∗) = {ε}.

For example, consider the language L given by the following automaton:

a a b a
b
a

ba

a

By Lemma 3.5, the shuffle ideal generated by L is also generated by the words of
L of length less than or equal to 6. Consequenlty Smin(L) = Smin({bab, bba, aaba,
aaab, babab, babba, bbaaba, bbaaab, bababa, babaab, aaabab, aaabba, baaaab, baaaba}).
Now, according to Proposition 5.4, one has Smin(L) = {bab, bba, aaba, aaab}.

By Proposition 5.9, we have

- φL(ε) = {bab, bba, aaba, aaab};
- φL(a) = Smin({aba, aab, bab, bba}) = {aba, aab, bab, bba};
- φL(b) = Smin({ab, ba, aaba, aaab}) = {ab, ba};
- φL(aa) = Smin({ab, ba, bab, bba}) = {ab, ba};
- φL(ab) = Smin({ba, ab, aba, aab}) = {ab, ba};
- φL(ba) = φL(aaa) = φL(aba) = Smin({b, ba}) = {b};
- φL(bb) = φL(aab) = φL(abb) = Smin({a, ab}) = {a};
- For all k > 0; φL(baak) = φL(ak+3) = φL(abaak) = Smin({b}) = {b};
- For all k > 0; φL(bbbk) = φL(aabbk) = φL(abbbk) = Smin({a}) = {a};
- For all k > 0 and for all u ∈ A∗; φL(baakbu) = φL(ak+3bu) = φL(abaakbu) =
Smin({ε}) = {ε};

- For all k > 0 and for all u ∈ A∗; φL(bbbkau) = φL(aabbkau) = φL(abbbkau) =
Smin({ε}) = {e};

- For all u ∈ A∗; φL(babu) = φL(bbau) = Smin({ε}) = {ε}.
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It follows that AL is the following automaton:

bab, aaba, bba, aaab

bab, aba, bba, aab

ab, ba

a

b ε

a

b

a, b b a

ba

a

b

a, b

We introduce the following invariant:

U(n) = max
L:m(L)≤n

[m(L A∗)].

Proposition 5.10. One has U(n) = O(2n) and U(n) = Ω
(
( n
|A| )

|A|
)
.

Proof. Let A be an n-state minimal automaton. The automaton Saturate(A)
has also n states and accepts L(A) A∗. It follows that m(L(A) A∗) ≤ 2n.
Consequently U(n) = O(2n).

Consider now the language L =
⋃

a∈A{aN}. One has m(L) = (N − 1)|A| + 2.
Let A = {a1, a2, · · · , an}. We claim that if (k1, k2, · · · , kn) and (`1, `2, · · · , `n) are
two distinct n-tuples of positive integers less than or equal to N − 1, then

(ak1
1 a

k2
2 · · · akn

n )−1(L A∗) 6= (a`1
1 a

`2
2 · · ·a`n

n )−1(L A∗).

Indeed, assume for example that ki > `i. Then aN−`i

i belongs to the second
quotient and not to the first one, proving the claim. It follows that

m(L A∗) ≥ (N − 1)|A|.

Consequently, one has U(n) = Ω
(
( n
|A|)

|A|
)
.

Proposition 5.11. If |A| ≥ 2, then U(n) = Ω(r
√

n), where r = (1+
√

5
2 )

√
2

2 ≥ 1.39.

Proof. Let a and b be two distinct letters of A and n ≥ 4. If u is a word on A,
we denote by uR its reverse (i.e. the word obtained by reading u from the right
to the left) and by |u|a (resp. |u|b) the number of a (resp. b) in u. We consider
the following languages:

L = {uuR | u ∈ {a, b}∗, |u|a = 1, |u| = n} and K = L A∗.
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Since |L| = n and since each word of L has length 2n we have m(L) ≤ 2n2.
Now we prove that m(K) ≥ 1

7 (1+
√

5
2 )n. Let u and v be two distinct words of

{a, b}∗ ∩ ({a, b}∗aa{a, b}∗)c such that |u| = |v| = n and |u|a ≥ 2 and |v|a ≥ 2. We
claim that u−1K 6= v−1K. We may assume that |u|b ≥ |v|b. One of the following
cases arises:

|u|b > |v|b: let w = bn−1−|u|baabn−1 ∈ (b|u|b)−1L. Since b|u|bw ∈ L, uw ∈ L
A∗. Thus w ∈ u−1K. Assume that w ∈ v−1K. Then, vw ∈ L A∗.
Thus there exists z ≺ vw such that z ∈ L. Consequently |z|b = 2n−2.
It follows that |vw|b ≥ 2n− 2. Therefore |v|b ≥ 2n− 2 − |w|b = |u|b,
a contradiction;

|u|b = |v|b: since u 6= v, there exist w, u0 and v0 such that u = wbu0 and
v = wav0. The word b|w|bab|u|b−|w|b is a subword of v. Let s =
b2n−2−|u|b−|w|bab|w|b. Since b|w|bab|u|b−|w|bs ∈ L, s ∈ v−1K. Assume
that s ∈ u−1K. There exists a subword z of us such that z ∈ L.
Since z ∈ L, z is of the form biab2n−2−2iabi.

b
b

a a

b2n−2−|u|b−|w|bab|w|bus :

z :

w u0

bi b2n−2i−2 bi

But |us|b = 2n−2 = |z|b, thus, since z ≺ us, z is obtained from us only by deleting
some a’s.

Since |us|b = |z|b, if the second a of z corresponds to the last a of us, then
i = |w|b; otherwise i ≥ 2n− 2 − |u|b, which is not possible since i ≤ n− 1 (z ∈ L)
and since |u|b ≤ |u| − 2 ≤ n− 2. Thus i = |w|b. Now, two cases arise:

w 6= ε: since v does not contain the factor aa, the last letter of w is b. If the
first a of z corresponds to an a of w, then i < |w|b; otherwise i > |w|b, a
contradiction;

w = ε: in this case, us = bu0b
2n−2−|u|ba. Since z is obtained from us only by

deleting some a’s, the first letter of z is a b. But we proved that i = |w|b,
thus z = ab2n−2a, a contradiction.

Now we evaluate |({a, b}∗aa{a, b}∗)c ∩ {a, b}∗a{a, b}∗a{a, b}∗ ∩ {a, b}n|. For d ∈
{a, b}, let

Rn(d) = ({a, b}∗aa{a, b}∗)c ∩ {a, b}∗a{a, b}∗a{a, b}∗ ∩ {a, b}n ∩ {a, b}∗d.
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We have Rn(b)a ⊆ Rn+1(a) and Rn+1(b) = Rn(a)b∪Rn(b)b (this union is disjoint).
Consequently,

|Rn+1(b)| = |Rn(a)b| + |Rn(b)b|
= |Rn(a)| + |Rn(b)|
≥ |Rn−1(b)a| + |Rn(b)|
≥ |Rn−1(b)| + |Rn(b)|. (∗)

Since

|R4(b)| = |{abab}| = 1 ≥ 1
7

(
1 +

√
5

2

)4

≈ 0.98

and since

|R5(b)| = |{ababb, babab, abbab}| = 3 ≥ 1
7

(
1 +

√
5

2

)5

≈ 1.58,

we have, for all n ≥ 4, Rn(b) ≥ 1
7

(
1+

√
5

2

)n

. Indeed this result holds for n = 4 and
n = 5. Moreover, by induction, for all n ≥ 5,

|Rn+1(b)| ≥ |Rn−1(b)| + |Rn(b)| (by (∗))

≥ 1
7

(
1 +

√
5

2

)n−1

+
1
7

(
1 +

√
5

2

)n

(by induction)

≥ 1
7

(
1 +

√
5

2

)n−1(
1 +

(
1 +

√
5

2

))

=
1
7

(
1 +

√
5

2

)n−1(
1 +

√
5

2

)2

=
1
7

(
1 +

√
5

2

)n+1

·

It follows that m(K) ≥ 1
7 (1+

√
5

2 )n.
Since U(n) is an increasing function and since m(L) ≤ 2n2, we have

U(n) = Ω(r
√

n). �
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5.2. Union and intersection of shuffle ideals

Proposition 5.12. For all n,m ≥ 0 it holds that

max
L1,L2 shuffle ideals

{m(L1 ∪ L2) | m(L1) ≤ n, m(L2) ≤ m} = Θ(mn).

Proof. It is a general result for regular languages that m(L1∪L2) ≤ m(L1)m(L2).
For the lower bound consider the languages L1 = an A∗ and L2 = bm A∗.

One has m(L1) = n+ 1 and m(L2) = m+ 1.
Let k, k′ ∈ {0, . . . , n−1} and `, `′ ∈ {0, . . . ,m−1}. Assume that (k, `) 6= (k′, `′).

One has, for example, k > k′. In this case,

an−k ∈ (akb`)−1(L1 ∪ L2) and an−k /∈ (ak′
b`

′
)−1(L1 ∪ L2).

It follows that L1 ∪ L2 has at least mn right quotients. It follows that
m(L1 ∪ L2) ≥ mn.

Proposition 5.13. For all n,m ≥ 0 it holds that

max
L1,L2 shuffle ideals

{m(L1 ∩ L2) | m(L1) ≤ n, m(L2) ≤ m} = Θ(mn).

Proof. It is a general result for regular languages that m(L1∩L2) ≤ m(L1)m(L2).
For the lower bound consider the languages L1 = an A∗ and L2 = bm A∗.

One has m(L1) = n + 1 and m(L2) = m + 1. Let k, k′ ∈ {1, . . . , n} and `, `′ ∈
{1, . . . ,m}. Assume that (k, `) 6= (k′, `′). One has, for example, k > k′. In this
case,

an−kbm−` ∈ (akb`)−1(L1 ∩ L2) and an−kbm−` /∈ (ak′
b`

′
)−1(L1 ∩ L2).

It follows that L1 ∩L2 has at least mn right quotients. Consequently m(L1 ∩L2)
≥ mn.

5.3. Product and star of shuffle ideals

Proposition 5.14. If L is a shuffle ideal, then m(L∗) ≤ m(L) + 1.

Proof. We claim that L2 ⊆ L. Indeed if u ∈ L2, one has u = vw with v ∈ L and
w ∈ L. It follows that u ∈ v A∗ ⊆ L, proving the claim.

By a direct induction, one can prove that L∗ = {ε}∪L. Let A = (Q,A,E, i, F )
be the minimal automaton of L and p /∈ Q. The automaton A′ = (Q′, A,E′, p, F ′)
where

- Q′ = Q ∪ {p};
- E′ = E ∪ {(p, a, q) | (i, a, q) ∈ E};
- F ′ = F ∪ {p};

accepts L ∪ {ε}, is deterministic and has m(L) + 1 states. It follows that m(L∗)
≤ m(L) + 1.
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We may have m(L∗) < m(L). For example, if L = A∗aA∗ ∪ A∗bA∗ and if
A = {a, b}, then m(L) = 2. But L∗ = A∗ and so m(L∗) = 1.

Proposition 5.15. If L1 and L2 are non empty shuffle ideals, then

m(L1L2) = m(L1) +m(L2) − 1.

Proof. Recall that by Lemma 5.2, the minimal automaton of a shuffle ideal has a
unique final state. Now let A1 = (Q1, A,E1, i1, f1) and A2 = (Q2, A,E2, i2, f2) be
the minimal automata of L1 and L2. We may assume that Q1 ∩Q2 = ∅. Let

A3 = (Q1 ∪Q2 \ {i2}, A,E3, i1, f2)

where

E3 =E1 \ {(f1, a, p) | (f1, a, p) ∈ E1}
∪ E2 \ {(i2, a, p) | (i2, a, p) ∈ E2}
∪ {(f1, a, p) | (i2, a, p) ∈ E2} ·

We claim that A3 is the minimal automaton of L1L2.

- By construction, A3 is deterministic.
- By construction L(A3) ⊆ L1L2. Let u = vw ∈ L1L2, with v ∈ L1 and
w ∈ L2 and let v′ be the shortest prefix of v which is in L1. We have u = v′zw
with v = v′z. Since L2 is a shuffle ideal, w′ = zw ∈ L2. By construction, one
can read v′ in A1 by using transitions in E1 \ {(f1, a, p) | (f1, a, p) ∈ E1}. It
follows that v′w′ ∈ L(A3), proving that L(A3) = L1L2.

- Now we shall prove that A3 is minimal. Let p and q be two states of A3 such
that p · u = f2 if and only if q · u = f2 for all u ∈ A∗. The following cases
arise:

case (1): p and q are in Q2 ∪ {f1}. Since A2 is minimal, p = q;
case (2): p ∈ Q1 and q = f1. Let v be a word of L2 of minimal length. We have

q · v = f2. Thus p · v = f2. Since all paths from p to f2 go through q
and by the minimality of v, p · v = f2 implies p = q;

case (3): p and q are both in Q1. Assume that there exists u such that p · u = f1
and q · u 6= f1. If q · u ∈ Q1 we are in case (2) and p = q. If q · u ∈ Q2

we are in case (1) and p = q. Now if p · u = f1 if and only if q · u = f1,
we have p = q by minimality of A1;

case (4): p ∈ Q1 and q ∈ Q2. Let v be a word such that p · v = f1. Using case
(1), we have q ·v = f1. Hence, by Proposition 5.1, we have q = f1. Now,
using case (2), we have p = q.

It follows that p = q, proving that A3 is minimal. �
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6. Shuffle ideals and linear temporal logic

In this section we first present a temporal logic characterization of shuffle ideals.
Next we study the expressive power of this fragment of temporal logic over infinite
words.

6.1. Temporal logic on finite words

Linear temporal logic (LTL for short) on an alphabetA is defined as follows [22].
The vocabulary consists of

(1) an atomic proposition pa for each letter a ∈ A and the atomic propositions
true and false;

(2) connectives ∨ and ¬;
(3) temporal operators X (“next”); U (“until”);

and the formulas are constructed according to the rules

(1) atomic propositions are formulas;
(2) if ϕ and ψ are formulas, so are ϕ ∨ ψ, ¬ϕ, Xϕ, ϕUψ.

The semantics is defined by induction. Given a word u ∈ A+, and n ∈ {1, . . . , |u|},
we say that u satisfies ϕ at position n (denoted (u, n) |= ϕ) as follows

(1) (u, n) |= pa if the n-th letter u(n) of u is an a;
(2) (u, n) |= ϕ ∨ ψ if (u, n) |= ϕ or (u, n) |= ψ;
(3) (u, n) |= ¬ϕ if (u, n) does not satisfy ϕ;
(4) (u, n) |= Xϕ if n < |u| and (u, n+ 1) |= ϕ;
(5) (u, n) |= ϕUψ if there exists m such that n ≤ m ≤ |u|, (u,m) |= ψ and, for

every k such that n ≤ k < m, (u, k) |= ϕ.

Moreover, for all u ∈ A+ and all n ∈ {1, . . . , |u|} we have (u, n) |= true and (u, n)
does not satisfy false.

Finally, we denote by L(ϕ) the language of words u such that (u, 1) satisfies ϕ.
It is known [8, 14, 15, 20] that a language L is LTL-definable (i.e. there exists a
LTL formula ϕ such that L = L(ϕ)) if and only if L is star-free. Reference [6] also
gives a characterization of languages accepted by LTL formulas defined without
the symbol U .

Now we give a temporal logic characterization of shuffle ideals. For each letter a,
we define a new temporal operator Fa and we define SLTL (Shuffle Linear Temporal
Logic) formulas according to the rules

(1) true is a SLTL-formula;
(2) if ϕ and ψ are formulas, so are ϕ ∨ ψ, ϕ ∧ ψ, Xϕ, Fϕ and Faϕ.

The semantics is defined as for LTL and by letting:

(u, n) |= ϕ ∧ ψ if (u, n) |= ¬(¬ϕ ∨ ¬ψ);
(u, n) |= Fϕ if (u, n) |= true Uϕ;
(u, n) |= Faϕ if (u, n) |= F(pa ∧ (Xϕ)).
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A SLTL−-formula is a SLTL-formula that uses true and the operators ∨ and Fa.
A language L is SLTL-definable [resp. SLTL−-definable] if there exists a SLTL-
formula (resp. SLTL−-formula) ϕ such that L = L(ϕ).

Theorem 6.1. Let L ⊆ A+. The following assertions are equivalent.

(1) L is SLTL-definable.
(2) L is SLTL−-definable.
(3) L is a shuffle ideal.

To prove this theorem we need the following lemma:

Lemma 6.2. If L is a shuffle ideal, then AL and A∗L are shuffle ideals.

Proof. Since the product of two shuffle ideals is a shuffle ideal, A∗L is a shuffle
ideal.

Since AA∗ = A∗AA∗, by Theorem 1.2, AL is a shuffle ideal. The same argument
holds for LA.

We can now prove Theorem 6.1.

Proof. It is clear that (2) implies (1).
Now we shall prove that (1) implies (3). Let ψ be a SLTL-formula. We prove

by induction on ψ that L(ψ) is a shuffle ideal.

- L(true) = A+ = A∗AA∗ is a shuffle ideal.
- If ψ = ϕ1 ∨ϕ2 (resp. ψ = ϕ1∧ϕ2) where L(ϕ1) and L(ϕ2) are shuffle ideals,

then L(ψ) is a shuffle ideal because the union (resp. intersection) of two
shuffle ideals is a shuffle ideal.

- If ψ = Fϕ where L(ϕ) is a shuffle ideal, then L(ψ) = A∗L(ϕ) is a shuffle
ideal (by Lem. 6.2).

- If ψ = Xϕ where L(ϕ) is a shuffle ideal, then L(ψ) = AL(ϕ) is a shuffle ideal
(by Lem. 6.2).

- If ψ = Faϕ where L(ϕ) is a shuffle ideal, then L(ψ) = A∗(aA∗ ∩ AL(ϕ)) =
A∗aL(ϕ) is a shuffle ideal.

To finish the proof, we prove that (3) implies (2). Let a be in A. We have
L(Fatrue) = A∗aA∗. By a direct induction we have

L(Fa1Fa2 · · ·Fak
true) = A∗a1A

∗a2A
∗ · · ·A∗akA

∗.

It follows that every shuffle ideal of A+ is SLTL−-definable.

The above proof is constructive: given a shuffle ideal by a polynomial rational
expression, one can compute a SLTL−-formula representing it, and given a SLTL-
formula one can construct the shuffle ideal it represents.
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6.2. Temporal logic over infinite words

One can also define a semantic for LTL for infinite words. If σ is an infinite
word, we denote by σ(i) its i-th letter. The semantic for LTL is the following:

(1) (σ, n) |= pa if σ(n) = a. Moreover (σ, n) |= true and (σ, n) does not satisfy
false;

(2) (σ, n) |= ϕ ∨ ψ if (σ, n) |= ϕ or (σ, n) |= ψ;
(3) (σ, n) |= ¬ϕ if (σ, n) does not satisfy ϕ;
(4) (σ, n) |= Xϕ if (σ, n+ 1) |= ϕ;
(5) (σ, n) |= ϕUψ if there exists m such that n ≤ m, (σ,m) |= ψ and, for every

k such that n ≤ k < m, (σ, k) |= ϕ;
Finally, we denote by Lω(ϕ) the language of infinite words σ such that (σ, 1)
satisfies ϕ. As for languages of finite words, we say that an ω-language L is
SLTL (resp. SLTL−) recognizable if there exists a SLTL-formula (resp. a SLTL−-
formula) ϕ such that L = Lω(ϕ).

Proposition 6.3. Let ψ be a SLTL-formula. Then

Lω(ψ) = L(ψ)Aω.

Proof. We proceed by induction on the formula ψ.
- Lω(true) = Aω = A∗Aω = L(true)Aω.
- If ψ = ϕ1 ∨ ϕ2 where Lω(ϕ1) = L(ϕ1)Aω and Lω(ϕ2) = L(ϕ2)Aω , then
Lω(ψ) = Lω(ϕ1) ∪ Lω(ϕ2) = L(ϕ1)Aω ∪ L(ϕ2)Aω = (L(ϕ1) ∪ L(ϕ2))Aω =
L(ψ)Aω .

- If ψ = Fϕ where Lω(ϕ) = L(ϕ)Aω , then Lω(ψ) = A∗Lω(ϕ) = A∗L(ϕ)Aω =
L(Fϕ)Aω = L(ψ)Aω.

- If ψ = Xϕ where Lω(ϕ) = L(ϕ)Aω, then Lω(ψ) = ALω(ϕ) = AL(ϕ)Aω =
L(Xϕ)Aω = L(ψ)Aω.

- If ψ = ϕ1 ∧ ϕ2 where Lω(ϕ1) = L(ϕ1)Aω and Lω(ϕ2) = L(ϕ2)Aω , then
Lω(ψ) = Lω(ϕ1) ∩Lω(ϕ2) = L(ϕ1)Aω ∩L(ϕ2)Aω = [L(ϕ1)A∗ ∩L(ϕ2)]Aω ∪
[L(ϕ1) ∩ L(ϕ2)A∗]Aω . But L(ϕ1)A∗ = L(ϕ1) and L(ϕ2)A∗ = L(ϕ2). Con-
sequently Lω(ψ) = L(ψ)Aω .

- If ψ = Faϕ where Lω(ϕ) = L(ϕ)Aω, then Lω(ψ) = A∗Lω(pa ∧ Xϕ) =
A∗aLω(ϕ) = A∗aL(ϕ)Aω = L(Faϕ)Aω = L(ψ)Aω . �

Lemma 6.4. Let A = (Q,A,E, I, F ) be a saturated automaton. We have

Lω(A) = L(A)Aω.

Proof. For an automaton we always have Lω(A) ⊆ L(A)Aω .
Let u be in L(A) and σ in Aω . There exist i ∈ I and f ∈ F such that f ∈ i · u.

Since A is saturated, for each prefix s of σ, f ∈ i · us. Consequently uσ ∈ Lω(A),
proving that L(A)Aω ⊆ Lω(A).
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Theorem 6.5. Let K be an ω-language of Aω. The following conditions are equiv-
alent:

(1) K is SLTL-recognizable;
(2) K is SLTL−-recognizable;
(3) There exists a shuffle ideal L such that K = LAω;
(4) K is accepted by a locally trivial, saturated Büchi-automaton ;
(5) K is accepted by a saturated Büchi-automaton.

Proof. By Theorem 6.1 and Proposition 6.3, (1) implies (3).
It is clear that (2) implies (1).
Now let L be a shuffle ideal such that K = LAω. By Theorem 6.1, there exists a

SLTL−-formula ϕ such that L = L(ϕ). Thus, by Proposition 6.3, Lω(ϕ) = LAω =
K. Therefore, (3) implies (2).

The equivalence between (3, 4) and (5) is a direct consequence of Lemma 6.4
and Theorem 2.1.
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