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A HETEROGENEOUS ALTERNATING-DIRECTION METHOD
FOR A MICRO-MACRO DILUTE POLYMERIC FLUID MODEL

DaviD J. KNEZEVIC! AND ENDRE SULI!

Abstract. We examine a heterogeneous alternating-direction method for the approximate solution
of the FENE Fokker—Planck equation from polymer fluid dynamics and we use this method to solve
a coupled (macro-micro) Navier—Stokes-Fokker-Planck system for dilute polymeric fluids. In this
context the Fokker—Planck equation is posed on a high-dimensional domain and is therefore challeng-
ing from a computational point of view. The heterogeneous alternating-direction scheme combines
a spectral Galerkin method for the Fokker—Planck equation in configuration space with a finite ele-
ment method in physical space to obtain a scheme for the high-dimensional Fokker—Planck equation.
Alternating-direction methods have been considered previously in the literature for this problem (e.g.
in the work of Lozinski, Chauviere and collaborators [J. Non-Newtonian Fluid Mech. 122 (2004) 201-
214; Comput. Fluids 33 (2004) 687-696; CRM Proc. Lect. Notes 41 (2007) 73-89; Ph.D. Thesis
(2003); J. Computat. Phys. 189 (2003) 607-625]), but this approach has not previously been subject
to rigorous numerical analysis. The numerical methods we develop are fully-practical, and we present
a range of numerical results demonstrating their accuracy and efficiency. We also examine an advan-
tageous superconvergence property related to the polymeric extra-stress tensor. The heterogeneous
alternating-direction method is well suited to implementation on a parallel computer, and we exploit
this fact to make large-scale computations feasible.
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1. INTRODUCTION

Simulating dilute polymeric fluids by solving a Navier—Stokes—Fokker—Planck system of partial differential
equations (also known as a micro-macro model) is well known to be a challenging problem in computational
rheology. It is worth highlighting at the outset that there is an extensive literature on numerical methods for
this problem, but most of the previous work uses either a fully macroscopic approach in order to circumvent the
multiscale nature of the Navier—Stokes—Fokker—Planck system (see the text [31] for an overview of this field) or
a stochastic approach in which the micro-macro system is treated using Monte-Carlo-type methods (¢f. [30]).
Our approach is rather different; we focus on using deterministic numerical methods (specifically, finite element
and spectral methods) to directly solve this multiscale model. We refer to this as the deterministic multiscale
approach. This approach was used successfully by Chauviére and Lozinski [10,11,27], however, those authors
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did not focus on analysis of their numerical methods. The aim of the current work, therefore, is to present
rigorous numerical analysis of fully-practical numerical methods for simulating dilute polymeric fluids and to
demonstrate the effectiveness of these numerical methods in practice.

The starting point for mathematical modelling of polymeric fluids is generally to represent the fluid by
a simplified approximation; in the present case, by a suspension of noninteracting dumbbells (two masses
connected by a spring with force law F') in a Newtonian solvent. The spring force law has a corresponding
potential, U : R>g — R, such that ['(q) = U’(%|g|2)g, where ¢ € D is the configuration vector (or end-to-end
vector) of a dumbbell. In this paper, we consider the FENE force law [36], which in nondimensional form is:

2
g?) =5 hn (1 - %) N AOE ﬁ (1)

where D = B(0, Vb) € R? d =2 or 3. The dimensionless parameter b is typically in the range [10,100]. In [19],
Jourdain et al. showed that for the stochastic differential equation modelling a suspension of FENE dumbbells
(which corresponds to the deterministic Fokker—Planck-based model considered here), the solution exists and
has trajectorial uniqueness if, and only if, b > 2 (cf. also Ex. 1.2 in [4]). Hence, throughout the rest of this
paper, we assume that b € (2,00) for the FENE potential®.

Suppose the fluid is confined to a macroscopic physical domain 2, assumed to be a bounded open set
in R Let u : (z,t) € Q x [0,T] — u(z,t) € R? denote the macroscopic velocity field, and let p : (z,t) €
Q x[0,T] = p(z,t) € R denote the pressure. It is typical in this problem to let £ denote the macroscopic
velocity gradient, i.e.  := V,u. Also, suppose the function (z, q, t) — (z, q, t) represents the probability, at

U(

(SIS

time ¢, of finding a dumbbell with center of mass at g (for a.e. z € Q) and configuration vector in the element
q + dq. Then, the micro-macro model for a suspension of FENE dumbbells, in nondimensional form, is as

follows (this nondimensionalisation was also considered in [24]):

Ou _ 7 b+d+21—v

5t T4 Vot Vap = 5By 5 Rewi Ve D (z,t) € 2 x (0,77, (1.2)
Vo u=0, (:Evt) € x (OvT]a (13)
W () + Ve () = —— A, (2a.) €QxDx(0,T], (14)
gr Yo WHITYan \ BRIV T ot WY ) T ow; S WD b '
1(z,t) = | F®qy(z,q,t)dg, (z,t) € 2 x (0,17, (1.5)

L e gt)d
u(z,0) =uo(z), z€Q  P(z,9,0) =v0(z,9), (2,9) €Q2xD. (1.6)

Here, Re denotes the Reynolds number, Wi is the Weissenberg number (the ratio of microscopic to macroscopic
time-scales) and 7 € (0,1) is the ratio of solvent viscosity to total viscosity. We will also consider the Stokes—
Fokker—Planck model, which is relevant in the limit Re — 0, in which (1.2) is replaced by:

b+d+21—7

Vap =780+ — Wi

NVI T (%'at) €N x (OaT] (17)

The tensor 7 is referred to as the polymeric extra-stress, and is the contribution to the fluid stress due to the
microscopic dumbbells. Equation (1.5) is known as the Kramers expression, and it enables computation of T
based on the probability density function (pdf) . Note that 7 rather than ¢ enters into (1.2) (or (1.7)), hence
in computations with the micro-macro model it is the accurac§ of 7 that is important, rather than the accuracy
of 1. In Section 3.7 we examine a superconvergence property for 7;', which is extremely beneficial in practice.

2The analysis in this paper can be generalised to a broader class of FENE-like potentials that satisfy Hypotheses A and B
from [22]. For simplicity of exposition, we restrict our attention to the FENE potential here.
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Since 1 is a pdf for each g € 2, the initial condition should be non-negative:
P(z,q,0) =o(z,q) >0, for a.e. (z,q) € Q x D, (1.8)

and should also satisfy the following normalisation property:
/ Yolz,q)dg =1, for a.e. € QL. (1.9)
5 Y

It is crucial to note that (1.4) is posed in 2d spatial dimensions, plus time. Since the computational com-
plexity of classical numerical methods grows exponentially with the dimension of the spatial domain, the high-
dimensionality of (1.4) poses a significant computational challenge. Hence, in a coupled algorithm for (1.2)—(1.6),
solving the Fokker—Planck equation is generally the bottleneck step. Therefore, the focus of this paper is on
the analysis and implementation of efficient numerical methods for (1.4).

In the discussion above, we have assumed that both Q and D are domains in R so that the Fokker—Planck
equation is posed on 2 x D C R??. However, it is not essential that this is the case and, for example, in [10]
the authors considered a micro-macro model in which € R? and D C R3. No significant complications are
introduced from the theoretical or implementational point of view by allowing the dimensionality of D and 2
to be different, but for the rest of this paper we will restrict our attention to the case when these domains have
the same dimensionality.

Notice that the Fokker—Planck equation (1.4) contains an unbounded advection coefficient F'. This is inconve-
nient from the point of view of analysis. Therefore we will focus on the following Kolmogorov symmetrisation [23]
of the Fokker—Planck equation, in which the spring force, F', has been absorbed into a weighted diffusion term,

0 1
Y )+ Ty (s = 3 9 (119 (7). (1.10)

where M is the (normalised) Mazwellian defined by

g M(q) = %exp (—U(%|g|2)) c LY(D), 7Z = /D exp (—U( (1.11)
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which in the FENE case is: .
M(q) = E(l —lql*/b)">. (1.12)

The Maxwellian transformation used in (1.10) allows us to circumvent the analytical difficulties introduced
by the unbounded convection coefficient in (1.4), and also the symmetry of the principal term in (1.10) is
convenient from the analytical point of view — hence, for the rest of this paper we focus on the Maxwellian-
transformed Fokker—Planck equation. It should be noted, however, that an alternative transformation of (1.4)
was proposed by Chauviere and Lozinski [11], in which the substitution i=1 /M?3/% was used®. Tt was shown
in Section 3.2 of [22] that with b > 4s%/(2s — 1) and s > 1/2, this also leads to a well-posed problem and a
stable semidiscretisation in any number of space dimensions. Therefore, the Chauviere-Lozinski transformation
would also allow us to deal with the unbounded convection term in (1.4), and indeed, the Chauviére-Lozinski
method has some advantages from a practical point of view; in particular, the substitution 1[) = /M 2s/b
is independent of b, whereas we use a b-dependent substitution to solve (1.10), which (as discussed in [22])
is less effective for large values of b. Nevertheless, the analysis of (1.10) is simpler, and therefore for the
remainder of this paper we focus on the Maxwellian-transformed form of the Fokker—Planck equation, and when
considering computations, we restrict our attention to moderate values of b, e.g. b < 20, for which, as shown in
Section 7 of [22], numerical methods based on the Maxwellian transformed equation perform comparably well

3Based on computational experience, Chauviere and Lozinski recommended s = 2 and s = 2.5 for d = 2 and d = 3, respectively.
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to the Chauviere-Lozinski formulation. If larger values of b are of interest, then it would be straightforward to
extend the analysis and numerical methods introduced in this paper to the Chauviere-Lozinski formulation of
the Fokker—Planck equation.

In the papers of Chauviere and Lozinski [10,11,26,27] and Helzel and Otto [17], the authors decomposed the
Fokker—Planck equation (1.4) (i.e. in the nonsymmetrised form) according to % + (Ly + Lg) ¢ = 0, where

1
Lap = Vo (509~ 55 (Vo Pl + A0 (1.13)

Lyp=Va- (WP% (1'14)

and then they used an alternating-direction approach based on the operators L, and L, to compute numerical
solutions.

That is, suppose that 0 = t < ¢! < ... < " < ... < T is a uniform partition of spacing At of the
interval [0, T]. A (two-stage) alternating-direction scheme involves approximating the solution, ¢, by 2 in the
following manner: given v9(t"), n > 0, with 12(t) = 1o, find 11 and 5 such that,

% + Lq1 =0, te (@, P (") = ("), (1.15)
% + sz2 =0, te (tn,thrl], 1/}2(t”) — 1/11(15”“), (116)

subject to suitable boundary conditions. A practical alternating-direction numerical method is based on spatial
and temporal discretisation of (1.15) and (1.16).

In the case of the Fokker—Planck equation, (1.15) is a convection-diffusion equation posed on D and (1.16) is a
first-order hyperbolic equation on . After discretising in space and time, the two-stage scheme described above
can be implemented by alternating between applying L, to ) cross-sections of {2 x D and L, to D cross-sections
of Q x D. This type of scheme is also referred to as a dimension-splitting or operator-splitting approach. We
use these three terms (i.e. alternating direction/dimension-splitting/operator-splitting) interchangeably.

Using this operator-splitting, the “curse of dimensionality” associated with the numerical solution of the
Fokker—Planck equation in 2d dimensions is ameliorated, as the splitting leads to a sequence of d-dimensional
solves at each time step rather than a single 2d-dimensional solve. Also, this splitting of L allows different
numerical methods to be used in © and D (resulting in, what we call, a heterogeneous alternating-direction
scheme). In Section 3 we introduce heterogeneous alternating-direction numerical methods for the FENE
Fokker—Planck equation that use a finite element method in 2 and a single-domain Galerkin spectral in D. These
are appropriate choices because a finite element method is flexible enough to deal with the general domain §2,
whereas D is always a ball in R? and therefore the L4 operator is well suited to a spectral discretisation via a
polar or spherical coordinate transformation to a cartesian product domain.

Also, note that alternating-direction algorithms are particularly well suited to implementation on parallel
computers since they involve solving a large number of independent equations in each time-step. As shall be
seen later, our alternating-direction algorithm can be efficiently implemented in parallel, and this enables us to
solve large-scale deterministic multiscale problems that may otherwise have been computationally intractable
(e.g. an important large-scale case is when Q x D C RY).

The structure of this paper is as follows. In Section 2 we briefly discuss the Galerkin spectral method in
the g-direction that was examined in detail in [22]. Then we introduce alternating-direction schemes for the
full Fokker—Planck equation on €2 x D in Section 3. Finally, in Section 5 we present a range of numerical
results for (i) the isolated Fokker—Planck equation for an enclosed flow model problem and (ii) the coupled
Navier—Stokes—Fokker—Planck system for some channel flow problems of physical interest. We make concluding
remarks in Section 6.
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2. THE FOKKER—PLANCK EQUATION IN CONFIGURATION SPACE

First, we briefly summarise some results from [22] on the discretisation of the d-dimensional Fokker—Planck
equation posed in configuration space:

o B v
St Vo g = g V- (MYag7). @0 eDx (0] (2.)
supplemented with the following initial conditions:
¥(q,0) = to(q), for all ¢ € D. (2.2)

No boundary condition on 1 will be (explicitly) imposed along dD. However, the function v /v/M will be
sought in a weighted Sobolev space H!(D; M) defined below; thereby, indirectly, 1/ VM will be forced to satisfy
a homogeneous Dirichlet boundary condition on dD. This is consistent with the recent results of Zhang and
Zhang [37] and Liu and Liu [25]; see in particular Theorem 1.1 in [25]. The implied homogeneous Dirichlet
boundary condition on 1)/ VM can be seen as an asymptotic decay condition for ¢ as q approaches 0D; viz.,

Y(g,t) = 0( M(q) ) ) as dist(¢q,0D) — 04, forallt € (0,7]. (2.3)

Following [22], we let ¢ := ¢/VM and Vi = VMY, (@/\/M), and define the function space H}(D; M) to
be the closure of C{°(D) in the norm of H!(D; M), and

H (D51) = { € LD) Wiy = [ (168 +1906l%) dg < o0}

Then (2.1) has the following weak formulation: given thy := tho/vM € L2(D), find ¢ € L>(0,T;L2(D)) N
L2(0,T;H{(D; M)) such that

1

d - - . - . .
—/qu*/ ng~yM¢dq+—./ Vu -Vupdg=0  VpeHy(D; M), (2.4)
dt J, ES HR* LT owi Ed

in the sense of distributions on (0,7"), and 1&(, 0) = 1&0(-). Notice that we solve for t; 9 is recovered by setting
b == /M.

It is shown in Section 2 of [22] that HY(D; M) = H}(D; M) and H}(D) C H}(D; M)*. The connection between
H{(D; M) and H{(D) is helpful in the development of Galerkin methods for (2.4), since the construction of
finite-dimensional subspaces of Hj(D) and the analysis of their approximation properties are well understood.

In [22], a backward-Euler semidiscretisation of (2.4) was studied in detail, and was proved to be uncondi-
tionally stable. Also, the existence and uniqueness of a weak solution of (2.4) was established in Theorem 3.2
of [22]. The proof makes use of the stability result alluded to above in order to use compactness results for the
bounded sequence of solutions to the semidiscrete problem as At — 0.

We studied the following fully-discrete Galerkin spectral method for the g-direction problem in detail.

4n fact, these results hold for all FENE-like potentials, cf. footnote 2.



1122 D.J. KNEZEVIC AND E. SULI

Let Py (D) be a finite-dimensional subspace of Hy(D; M) and let 1&}%, € Pn (D) be the solution at time level n
of the following fully-discrete Galerkin method®:

wnﬂ wN . ntl 7 1 Int1 5
¢ dg (5" gt - VM<PdQ+ﬁ Vudn -Vup dg =0
D
Vo e Py(D), n=0,...,Np—1, (2.5)
U (+) := the L2(D) orthogonal projection of 1o (-) = (-, 0) onto P (D). (2.6)

The convergence analysis of (2.5), (2.6) in the case D C R? was considered in [22], where we proved an
optimal order convergence estimate. The convergence argument in [22] made use of a number of approximation
results; these approximation results will be discussed in more detail in Section 3.5.

3. AN ALTERNATING-DIRECTION SCHEME FOR THE FULL FOKKER-PLANCK EQUATION

In this section, we develop numerical methods for the Maxwellian-transformed Fokker—Planck equation posed
on Q x D x (0,T):

0 1
ST+ T g = g Ve (M) @0 eQxDx0.1] (3.)
¥(z,q,0) = tolz,q), (z,q) €QxD. (32)

We assume here that u : (z,t) € Q x [0,T] — u(z,t) € R? is an a priori defined vector field (hence k = Vau is
known a priori also). The precise hypotheses on u and t shall be specified below.

The above equation will be referred to as the full Fokker—Planck equation, to distinguish it from the equation
posed on D x (0, T] only, that was studied in [22], and discussed in Section 2 above. We focus on the Maxwellian-
transformed form of the Fokker—Planck equation given above; however, it should be noted that the numerical
methods developed and analysed in the forthcoming sections could just as well be based on the Chauviere—
Lozinski-transformed equation that was used to solve the full FENE Fokker—Planck equation in [10,11,27], and
was analysed in Section 3.2 of [22].

As discussed in the Introduction, due to the cartesian product structure of the domain €2 x D, a natural
approach to solving (3.1), (3.2) is to use an operator-splitting/alternating-direction method, cf. (1.15), (1.16).
The Galerkin spectral method on D discussed in Section 2 will be used to solve (1.15), and a finite element
method for (1.16) will also be introduced. A finite element method is convenient for the z-direction solver
because the physical space domain, €2, need not have simple geometry.

We propose a fully-practical alternating-direction Galerkin method for (3.1). The approach is similar in
spirit to the alternating-direction method used by Chauviere and Lozinski in [10,11,27]. However, there are
some important theoretical questions related to applying alternating-direction methods in this context, which
have not previously been addressed in the literature, and we focus on these questions here. In particular, we
consider the stability and convergence analysis of our alternating-direction scheme for (3.1) in Sections 3.4,
3.5 and 3.6. It is not obvious a priori what effect applying a splitting of the form (1.15), (1.16) will have
on a discretisation of (3.1), and therefore it is important to rigorously establish the stability and convergence
properties of the alternating-direction numerical methods that we propose.

The reader will note that the alternating-direction method under consideration is nonstandard in the sense
we consider d-dimensional cross-sections (rather than one-dimensional cross-sections) of € x D. This poses
a formidable computational challenge because, as shall be seen below, we typically need to solve a large
number problems posed in d spatial dimensions in each time-step. However, the method is extremely well
suited to implementation on a parallel architecture since the g-direction solves are completely independent from
one another, and similarly the z-direction solves are decouﬁled also. We discuss the parallel implementation

5Here we introduce a backward-Euler temporal discretisation. We will also consider a semi-implicit discretisation in Section 3.
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of our alternating-direction scheme in Section 4.2. The computational results in Section 5 were obtained using
this parallel implementation.

3.1. Weak formulation and spatial discretisation

The full Fokker—Planck equation considered in this section depends on ¢ € Q as well as ¢ € D, and therefore

we will require the use of slightly different function spaces than in Section 2. Let L2(£2 x b) be defined in the
obvious way, and let (-,-) and || - || denote the L? inner-product and norm over Q x D:

(f.9) = /Q fwgulzgdzdg ad = ().

We assume throughout Section 3 that v is a divergence-free d-component vector function, i.e.
Ve -u(z,t) =0 for a.e. (z,t) € Q x [0,T]. (3.3)

It would be straightforward to adapt the arguments in this section to the case where u is not divergence-free,
but this would make the analysis more messy and would shed no further light on the properties of the numerical
methods under consideration. Therefore in the interests of clarity and brevity, we restrict our attention to the
case when (3.3) is satisfied.

Also, we suppose that

weL®(0,T;L°(Q) and Veu=: 5 € Wh(0,T;L(Q)), (3.4)

where, to simplify notation, we do not explicitly label the d or d x d dimensionality of the function spaces for
u(z,t) € R? and £(z,t) € R™?. The assumption in (3.4) for  is slightly stronger than the assumptions in [22],
in which £ € C[0,T] was required for Lemma 3.1 and x € H'(0,T) was required for Lemma 3.6.

We shall also use the space X := {gp e L2 Q x D) : ¢ e LA HYD; M)) N HI(Q;LQ(D))} equipped with

the norm [l == { fo p (I6l> + [Varpl?) dzdg .
Employing the substitution ¢ = v /v M as in Section 2, the weak formulation of (3.1), (3.2) is as follows:
given 1y € L2(Q x D), find ¢ € L°°(0,T;L%(Q2 x D)) NL?(0,T; X) such that

@0+ (v Vb, )~ (599, Yar€) + ez (Yard, Yauc) =0 veex, (35)

dt
&(%agao):wo(gag)a (gag) €EQxD, (36)

in the sense of distributions on (0,7). For simplicity, we avoid boundary conditions on 92 x D by assuming
that the macroscopic velocity field is an enclosed flow, i.e. that
u-n =0 on 09, (3.7)
where € R? is the unit outward normal for . Also, the initial condition (3.6) is understood to be imposed in
a weak sense and 1) is recovered by multiplying ¢ by v M.
The term containing  in (3.5) will be of particular interest since, as we shall see, it is the most difficult term

to treat using an alternating-direction method. We introduce the following bilinear form notation for this term,
which will be convenient later on:

C(k; f,9) = (ggf, YMg). (3.8)



1124 D.J. KNEZEVIC AND E. SULI

We now introduce the spatial discretisation of (3.5), (3.6). Let Vj, be an Ng-dimensional H!()-conforming
finite element space corresponding to a mesh 7, on Q. Also, let Py (D) C Hy(D) C Hi(D; M) be an Np-
dimensional space spanned by a set of spectral basis functions on D. Noting that V}, ® Py(D) C X, we obtain
a spatially discrete formulation of the full Fokker—Planck equation as follows:

Let ¢ (-, 0) € Vi, @ Py (D) be the L2(Q x D) projection of 1y onto Vi, ® Py (D). Find ¢y, n(-,- 1) €
Vi, @ Pn(D), t € (0,T] satistying (3.5) for all ¢ € V}, ® Py (D) in the sense of distributions on (0, 7).

3.2. Discretisation in alternating-direction form

We now discuss Galerkin alternating-direction methods for the fully discrete formulation of (3.5), (3.6) defined
above.
First of all, define the bases

(Vi e Pn(D):1<k<Np} and {X;,€V,:1<i<Ng} (3.9)

such that span({Ys}1<k<np) = Pn(D) and span({X;}i<i<ng) = Vi. Also, we define M, S, € RNoXNp a5
(Mg = /DYk(g)Yz(g)dg’ (Sq)u = /DyMYk(g) -VYi(g) dg. (3.10)
Similarly, M,, T, € RNe*Ne are defined as follows:
M)y = [ Xi@Xi@ds (T = [ (0 VaX;(2) Xilg)dz (3.11)

Following [14], a fully discrete form of (3.5) using a backward-Euler time discretisation can be written
as follows: Given ¢ = >, 75 X; V1 € Vi @ Pn(D), find the vector ;y”“ € RNeNo defining a function

Rt = i 'Y;LIH X;Y; € V), ® Py (D), such that

,yn-i-l _

7" PR |
(M @ My) | == | + (T © My) """ + o=

v (M ©8) "1 = O™ 503 Ga) =0, (312)

At

where (i = X; - Yy € V), ® Py(D) and where the matrix tensor product is defined as follows for matrices
A e R™*™ and B € RP*4:

anB ce CblnB
A®B = : " : € R™PX"e,
amiB ... amnB

It is also possible to obtain a tensor product form discretisation matrix of C'(k;-,-); i.e. consider C(x; (i, Cix)
as follows:

ClsGu) = [ (8@ @(@) - VarXi@Vil) de dg
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Therefore, on defining the matrices C5t € RVexNe and Cgt € RNpXNp for 1 < s,¢ < d such that

Y;
(), = [ M @X @%@z (€)= [ i) ViT5 (;%) dg,  (313)

we can rewrite the final term of (3.12) a; th (O @ G5ty

However, since this matrix expression for C(x;-,-) contains neither M, nor My, we can not factorise the
resulting equatlon in the same way as in [14] to obtain a suitable alternating-direction scheme. That is, the
term C( -, ) causes difficulties because its ‘coefficient’ /@( )q7 depends on both the z- and q- -directions.

This issue has been considered a number of times in the literature. For example, in the context of collocation-
based alternating-direction schemes, Celia and Pinder [8,9] and Bialecki and Fernandes [5], developed methods
that could handle equations with general variable coefficients. However, our focus is on developing a Galerkin-
based framework, and therefore, again, the work of Douglas and Dupont is the most relevant here. In [14],
Douglas and Dupont developed a “Laplace modification” scheme for the heat equation with general coefficients.
However, it is not obvious how to apply this kind of approach to (3.12), because our problematic term is a
convection term rather than a diffusion term. The most natural idea in the spirit of Douglas and Dupont
would be to move the C(x;-,-) term to the right-hand side of (3.12) and treat it explicitly in time. This idea is
feasible, but for the purposes of practical computations, we would like to have the option of using a fully-implicit
temporal discretisation. Indeed, numerical results in Section 2.6.2 of [21] demonstrated that the semi-implicit
temporal discretisation of the Fokker—Planck equation in which the term C(x; -, -) was treated explicitly in time
was less stable for practical computations than the backward Euler discretisation, especially for problems in
which the product Wi ||s[|Le (0,71 (q)) is significantly larger than 1.

In order to circumvent this limitation, we develop a Galerkin alternating-direction approach that is an
amalgamation of the Douglas and Dupont framework and a new quadrature-based method. Using this approach,
we can define either a fully-implicit in time or a semi-implicit in time alternating-direction method for the
Fokker—Planck equation. We shall consider both options in detail below.

3.3. The alternating-direction schemes

The first ingredient that we need is a quadrature rule on Q. Let {(Zm, W), Wm >0, zm € Qm=1,...,Qq}
define an element-based quadrature rule on the mesh 73, where the z,,, are the quadrature points and the w,, are
the corresponding weights. Therefore, for functions f,g € C°(Q2), the quadrature sum is evaluated elementwise
as follows,

Qo
Z Win f(2m)g(@m) = Z Zwl f( ml 9(z )7 (3.14)

KeTy, I=1
where Qk is the number of quadrature points in element K; clearly Qq < > rxeT, @K, with equality if there
are no shared quadrature points between neighbouring elements. From now on, we will use the left-hand side
of (3.14) as a shorthand for the right-hand side.

We now introduce two alternative hypotheses on the accuracy of the quadrature rule, Quadrature Hypothe-
sis 1 (QH1) and Quadrature Hypothesis 2 (QH2).

Quadrature Hypothesis 1 (QH1). The quadrature rule satisfies

Qa
;lwm%(@m)f(%m)g(%m) ZLﬁij(g)f(g)g(g)dg, (3.15)

for all f, g € V}, and for each component r;; of k.

In Section 5, we perform computations for the Navier-Stokes—Fokker—Planck system in which the macro-
scopic velocity field u is obtained by solving the Navier—Stokes equations using a finite element method on 7y,
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i.e. the same triangulation that is used for the alternating-direction method for the Fokker—Planck equation.
As aresult, it is reasonable to assume that the components of k = V. u are represented by piecewise polynomial
functions on 75 and in this case it is certainly possible to satisfy QH1 by choosing an appropriate element-based
quadrature rule.

Quadrature Hypothesis 2 (QH2). The quadrature rule satisfies

Qo
3 umflemolan) = /Q f(@)e(z) d, (3.16)

for all f,g € V4.

QH1 is a stronger hypothesis than QH2, and therefore in general we will require a larger value of Qg in order
to satisfy QH1. Some results in the following analysis will require QH1, whereas for others QH2 will suffice.

Next, let 1[)h¢ N €V, ® Py(D) denote the numerical solution of the full Fokker—Planck equation. Recalling
the bases from (3.9), ¢y, v can be written in terms of coefficients {s} as follows:

Nqo Np

Uny =3 > XY € Vi @ Pn(D). (3.17)

i=1 k=1
Define the line functions, 1[)1@, for k=1,..., Np, as follows:
Ngq
Y = Z¢ikXi € Vh, (3.18)
i=1

and note that (3.17) can be rewritten using (3.18) as follows:

Dz, q) = D @) Yalq). (3.19)

The formula (3.19) shall be useful in the discussion of the alternating-direction methods below.

As discussed above, the term C(;-,-) is the most problematic in terms of applying an alternating-direction
method to the Fokker—Planck equation. Therefore we begin by considering how to use a quadrature-based
scheme to derive an alternating-direction type of formulation of this term.

Suppose that QH1 is satisfied and that we have the line function decomposition (3.19) for 7,/;;% N, in which
Yp €Vy for k=1,...,Np. Also, let ( = X - Y € Vj, ® Py (D). Then,

Qa Np
= Zme(;cm){ Dk (2m) (/D(g(fgm)ng(g))-YMY(g) dg)}- (3.20)
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This shows the equivalence between the Galerkin formulation of C'(x;-,-) on  x D and the quadrature sum
over m = 1,...,Qq of the term

> duten) ([ (st a¥ile) Turvio) dg ) (3.21)

which is the g-direction discretisation of C' (g; -,-) where the coefficient vector (corresponding to the quadrature

point z,,) is the set of sampled line functions i (Zm), k=1,...,Np.

It is clear from (3.20) that sampling functions at the quadrature points {z,, € Q, m = 1,...,Qq} will play
an important role in the alternating-direction methods we define below. We will also require a reconstruction
operator, which maps from a set of values at the quadrature points to a function in V,. We now introduce this
operator. To simplify the notation, we first define the following discrete inner product and norm over §2 for

{fm}, {gm} € N

QSZ 1
{fm}s {gm})ﬂ(ﬂ) = Z Wi fmgm, and H{fm}HEQ(Q) = ({fm}, {fm})gz(g)- (3.22)

m=1

Note that, by (3.15) or (3.16), for f, g € Vi, ({f(zm)}, {9(zm)})ez) = (f, 9)r2(), Where (-, -)r2(q) is the
standard L2 inner product on . Next we define the reconstruction operator R : {f,} € R s R{f,,} € V,
such that

(R{fm}vX)L2(Q) = ({fm}a {X(gm)})ﬂ(ﬂ) VX € V. (323)

Remark 3.1. For any R{f,,} € V, there exist real numbers 71, ..., vyn, such that R{f,,} = Zjvzﬂl v X;. Let-
ting X = X;,4=1,..., Ng, above it is clear that (3.23) is equivalent to the linear system ij = I where M, €
RNexNa js the Vj, mass matrix, v = (y1,...,7ng)7, and F € RY® is such that F; = ({fm}, {Xi(zm)})ez()-
The matrix M, is nonsingular, and therefore the reconstruction operator R is correctly defined by (3.23).

We now define two alternating-direction methods for (3.5), (3.6), referred to as method I and method II.
The distinction between these schemes is that method I uses a semi-implicit spectral method in the g-direction
(i.e. the term containing k is treated explicitly in time) whereas method II uses a fully-implicit temporal
discretisation.

Method I: Semi-implicit scheme. Method I is initialised by computing the L?(Q x D) projection, 1&,0L¢N, of

the initial datum v, € L2(Q x D) onto Vi, ® Py (D), so that 1[)2,]\, € Vi, ® Py (D) satisfies

(1&07 g) - (%N, g) for all ¢ € Vi @ Py (D). (3.24)

Then, as in (1.15), (1.16), this alternating-direction method consists of two stages at each time-step: the
g-direction stage and the g-direction stage. We begin with the g-direction stage, in which we essentially use the
Galerkin spectral method in D from Section 2. -

Suppose z/;ZN € Vi ® Py(D). Then in the g-direction stage we compute @ng(gm, ) € Pn(D) for each
m=1,...,Qq satisfying -

1&2;\1({% q) — éﬁﬁN(fma q) 1 R
~ ~ Y Tk "o . Y
/D At 19) 44+ 555 /D Yardiy(@m:0) - Vaile) dg

=/D(f€"(fgm)g1@£,1v(§m7q))-YMSG(q) dg, (3.25)
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for I =1,...,Np. Thus, (3.25) defines an Np x Np linear system at each quadrature point g,,. In order to
separate out the z- and g-direction dependencies more clearly, we rewrite this equation in terms of line functions
using (3.19), i.e

i (Zm) (/DYk(g)qu dq+—/ VurYe(a) - VarYilg )dq)

=S e ([ Yila) Yita) dg + A1 [ (57 0 Vela)) - Var¥ila)dg ) (3.26)
;kw (/Dkgzgg /qukqwzqg)

for | =1,..., Np. This system is solved at each quadrature point ,,, m =1,...,Qq.

Equation (3.26) shows that in the g-direction stage, the sampled values of the line functions, i.e. ﬁg*(gm),
k=1,....,Np,m=1,...,Qq, are the coefficients to be computed. We determine these values by solving a
different linear system at each quadrature point. Note that these linear systems are completely independent
from one another. This independence enables parallel computation to be used very effectively in this context;
this will be discussed in more detail later.

The g-direction stage is complete once the values 1&,?* (Zm), kK = 1,...,Np, m = 1,...,Qq have been
computewd, and then we can begin solving in the g-direction. In the g-direction stage, we use a finite element
discretisation of the transport equation (1.16) to update the output data from the g—direction stage. That is,

for a given k, we find 1/1"+1 € Vy, satisfying:

[+ ae [ (st vaipt) Xide = [ RU (@)X da, (3:27)
Q Q Q

fori=1,...,Ng.
Note, however, that based on (3.23) for the right-hand side in (3.27) we have:

/R{w o)} X dg = Zwmw ) Xi () = F. (3.28)

Hence we do not actually have to explicitly compute R{¢!*(z,n)} € Vi in order to solve (3.27), since the
following system is equivalent to (3.27):

/ 1@2+1Xi dz + At/ (gnJrl . quﬁzﬁl) X;dx = F;, (3.29)
Q Q

fori=1,...,Nq. We solve (3.29) for each k = 1,..., Np, and, just as in the g-direction, these computations
are decoupled from one another. -

Once the g-direction computations are complete, we have the numerical solution at time level n+ 1: AZJJFVI =
Zk | ZH Yy € V, @ Py(D). Hence method I is defined by the initialisation (3.24), the g-direction spectral
method (3.26) and the g-direction finite element method (3.29).

It is straightforward to show that this numerical method is well-defined (see Lem. 3.4 in [21]). In the next
lemma we derive a Galerkin formulation posed on €2 x D for method I. The availability of an equivalent one-step
method is extremely useful for the numerical analysis of Galerkin alternating-direction methods.
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Lemma 3.2. Suppose the g-direction quadrature rule satisfies QH1. Method 1 is equivalent to the following
fully-discrete formulation:

Given 1/;27]\, € Vi, @ Pn(D) defined as in (3.24), for each n =0, .. -1, 1/)”“ € Vi, @ Pn(D) satisfies

n+1 whN R
<T7C> (v V2 )J“W(VMWRI’YMC)

+ th (VM (U Vs 1ph]\]) aNVMC> - (5"21&;;,\,, NVMC) =0, (3.30)

for all { € Vi, ® Pn (D).

Proof. Multiplying (3.26) through by X;(z.,), where X; € V}, and performing the weighted sum according
o0 (3.14) gives,

Np

> (6 () (Xslom Doy ([ Vi) Vi) o+ 55 [ Varmida) - Tunvita) a

k=1

= > () Xtz e ([ Vi) Vi) ao

Qo Np
ALY wn Xi(rm) {Z 3tam) ([ (6" @m0 ¥ita) - arvite) da) } JCER

k=1 ~

Using the reconstruction operator, (3.23), with the £? inner products and the argument of (3.20) on the term
on the third line%, we obtain the following formulation for Ry € Vi @ Py (D):

R&Z*N(fvg) *Q/GZ,N(Q&Q)
/Q><D

~ 1 Tk
- o) dgdo+ o [ VuRiy(ea) - Vard(a.a) dgda

:/ (“n(fﬂ)QZ@Z,N(%(J))-VMC(x,q) dgdz, (3.32)
QxD ~ ~ o~ ~ ~ oo ~ 0~

where ¢ = X, - Y] is an element of V}, ® Py (D) and the numerical solution at the intermediate “time level” nx
is defined as:

bity = Zn{w (&m)}Yi € Vi © Py (D). (3.33)

The g-direction stage is more Stralghtforward to deal with; we use the classical Douglas-Dupont Galerkin
alternating-direction approach (c f. [14]) for (3.27), since it does not contain any ¢-dependent coefficients.

Let R{Jjg (Zm)} = Zz 17 X so that according to (3.33), the vector

Tuk

_ Nk Nk n* n* NqoNp
’Z _(7117""7Nﬂl,’y12,"'7’YNQND)ER

determines RQ/;ZL*N Similarly, denote the coefficient vector for d)h v as ’y"“ € RMeNo - and since the vector
entries are ordered in blocks according to the ¢-direction degrees-of- freedom it follows that (3.27) can be written

6Note that ¢y in the term on the last line of (3.31) must be at time level n for the argument of (3.20) to apply since it relies
on the values {1&2 (zm)} interpolating a function in V},.
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as a linear system where the matrices are in tensor product form, i.e.:
(I © My + Aty @ Tp) 4" = (I; ® My )y™, (3.34)

where the discretisation matrices are as in (3.11) and I, is the Np x Np identity matrix.
Equation (3.32) can be written in tensor product matrix form also:

At .
<Mq ® M, + Q—VVISQ ® Mz> ’N}/n* = (Mq X MI);}/n + AtC(gn, l/};;N, Ql), (335)

where ¢ = X;- Y, € V, @ Pn(D), for 1 <i < Ng and 1 <1 < Np. Also, M, and S, are defined in (3.10).
Multiplying (3.34) by (M, ® I, + At/(2Wi)S, ® I,), where I, is the Ng x Ng identity matrix, yields,

At (At)?
(MQ®MI+Ath®TI+ Wi S @ M+ 5o

At
Sy ®TI) M = (Mq @M, + 3

WS@M) , (3.36)

and equating the left-hand side of (3.35) with the right-hand side of (3.36), gives:

At At)? .

Equation (3.37) is equivalent to the inner product form in (3.30) and hence the proof is complete. ]

Method II: Fully-implicit scheme. Method II is very similar to method I, the sole difference being that
the term C(k;-,-) is now treated implicitly in time, and therefore we refer to method II as a fully-implicit
scheme. We do not discuss the initialisation step or the g-direction scheme here because they are the same as
in method I. Instead, we move immediately to discussing the g—direction stage of method II.

Using the line function notation of (3.26), the g-direction numerical method is defined as follows: Given the

line functions 1[),’; € Vi, k=1,..., Np, determine the values @Z*(gm) satisfying

Tm Yi( = Yi( Y,
(z (/ i ( dQ+2W1/ka -VnYi(q) dg

—At/D(fg"“(;cm)q k(9)) - YarYi(g dq) Zwk Tm /Yk q) dg, (3.38)

foralll =1,..., Np, and for each quadrature point z,,,m = 1,...,Qq. Equation (3.38) is exactly the backward
Euler Galerkin spectral method that was studied in [22].

Unfortunately we cannot derive an equivalent one-step Galerkin formulation for method II using the same
reasoning as in Lemma 3.2 because the proof of that lemma relied on the term C(x; -, -) being explicit-in-time
(cf. footnote 6). In order to derive a one-step formulation for method II, we would need to recover an integral
of R{y\*(zm)} over Q@ x D from the C(k;-,-) term in (3.38). However, this is not possible because it would
require a g-weighted reconstruction operator, as distinct from the unweighted reconstruction operator defined
n (3.23).

Remark 3.3. In both methods I and II we use a standard Galerkin discretisation of the convection equation
in . With piecewise polynomials of degree p the rate of convergence of a standard Galerkin method in the
L2 norm for this equation is O(hP), which is one less than the optimal order O(hPT!). With streamline-
diffusion (SUPG) stabilization, the order of convergence on a general triangulation is O(hP*1/2). Tt would
be straightforward to replace (3.27) with an SUPG scheme such as the one described in [6], but we prefer
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the standard Galerkin formulation here for the sake of simplicity. In the numerical results in Section 5 we do
not observe any oscillations in {2, which indicates that the standard Galerkin discretisation performs well in
practice in the present context.

3.4. Stability of methods I and II

First of all, we consider the stability of method I, which is straightforward due to the availability of an
equivalent one-step method. We introduce right-hand side terms into (3.30) as follows:

il g A
<T’C) (’lNLNVz Zervla ) + ﬁ (vaZ—i]_Vl’ NVMC)

At .
+ 5o (Vor (w- Vol i) s V) - (ngm, yM<> = (0 + (v V), (3:39)
for all ¢ € Vj, ® Pn (D), where p"+1 € L2(Q x D) and "+ € L2(Q x D)4, n =0,..., N7 — 1. Right-hand side
terms of this form will be useful when we derive convergence estimates in Section 3.6.

Lemma 3.4. If QH1 holds, so that we have the equivalent one-step formulation for method 1 given in Lemma 3.2,
then letting At = T'/Nr, Ny > 1, for ¢}, v € Vi, ® Pn(D) we have the following stability estimate for (3.39):

) n+1 whN s—1 At R
(R +2At T +Z HV Vil

s—1
< et {nz@%,NnQ + > 2 (a2 + 4||5"+1||2)} . (3.40)

n=0
for 1 < s < Npr, where K = 2(1 + 4Wib |§|i°°(O,T;L°°(Q)))‘
Proof. Set ¢ = wZJ]rvl in (3.39) to get

ntt whN “n+1 n+1l Tn+4+1 ”+1 2
(T’ h*N)*(%'Yw ) + gl DR
+ fvt (VM ('LL Va hN) van+1) - <” qwh N> VMQ/}"-H)
e

The g-transport term vanishes because of (3.3) and (3.7). Similarly, the first term on the second line vanishes

since
d Tn+1 Tn+1
R N 0 0 Vpn 0 YN
NVM yygt ntt 7Nvan+1 Uq d-gdq
( ( h.N ) th> Z ; 91, 0q; w/— dq; w/— 2
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Applying the identity 2(a — b)a = a® — b? + (a — b)? to the first term in (3.41), yields

G302 + 5t = ]| TR = WP + 280 (" 0 ari
+2At (m“, gj@) +2AL (u”“ \Y w”“)
=: [ p §II® + Tt + T2 + Ts. (3.42)

Applying the Cauchy—Schwarz inequality to 717, T and T3, we obtain:

n+12 "H‘l whN At n+1 2
(1= At |17 + At \/Kt swil Y M¥h I

< (1 Coa)|[dft w12 + At ([l 12 + 4" 2) - (3.43)

where Cp := 4Wib |'§|%°°(O,T;L°°(Q))' Suppose that At < 0.5; then

n+1 'll)
n+112 h,N n+1 2 1+C’0At 2 n+1)12 n+1
+ At V < + 2At +4||lv
||¢ il AL || MY, viT < ||1/1h sl (||# I llv I )

< (1+ KAt)IW,NIIQ + 208 ([l + 4l )

where K =2(1+4 Cy) = 2(1 +4Wib |§|%°°(O,T;L°°(Q)))'

Summing over n = 0,...,s — 1 gives,
n+1 w s—1 At
2 h,N n+1 2
+ At || ———| + \Y%

4 ] Z \/E ; Vardy vl

s—1 s—1
< {nww + 328 (Il + 4||g"+1||2)} + K A N2,
n=0 n=0
and applying a discrete Gronwall lemma yields (3.40). O

We cannot apply an analogous argument for method II due to the absence of an equivalent one-step method.
However, by combining stability results for the g-direction and g-direction methods we can establish the stability
of method II, as shown in Lemma 3.5.

Lemma 3.5. Suppose QH2 is satisfied and let At = T/Np, Ny > 1. Then for Q/A);;N €V, ® Pn(D) computed
using alternating-direction method 11 we have

1k nll < e 215 x| (3.44)

for 1 <n < Np, where ¢y := 14+ 4Wib |’§|i°°(0,T;L°°(Q))'

Proof. From the proof of Lemma 3.1 in [22], we have the following bound for (3.38) at a given quadrature point
Tm € ﬁa

1™ (s NE2(py < (14 26080 |6 (Zm, )2 (). (3.45)
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Rewriting (3.45) in terms of a basis {Y1,...,Yn,} of Px(D), which, without loss of generality may be assumed
to be orthogonal in the L2(D) inner product, we obtain:

Np

Z i (@m) 2 1 YalF2my < (14 2c0A8) Y O (@m) IV lIF2 - (3.46)
k=1

Using (3.14) to sum (3.46) for m =1,...,Qq, and then employing (3.22), we have

ZH{w m) 2o 1¥allE2 () < (1+2c0t) ZH{% m) e 1Yall (p)- (3.47)

k=1

Since z/;,’; N € Vi ® Py(D), it follows that 1[),? € Vi, and therefore (as observed below (3.22)) the discrete
£2(2) norm on the right-hand side above is equal to the L?(£2) norm, so that

N N
S IO o iy ¥y < (1420080 S 17 o 1¥ils )
k=1 k=1
(1 + 20 (3.48)
Also, by (3.3) and (3.7), it follows easily from (3.27) that:
12 oy < IRATE @)} 2a (e (3.49)

for each k. Multiplying through by HYkH%Q(D) in (3.49) and summing over k = 1,..., Np gives

Np
[P = Z b 20y 1YelIE2 0y < D IREDE* (@m) HIF 20y 1 Vi lF2 () (3.50)
k=1

By taking {fm} = {¢7*(zm)} and X = R{!* (zm)} € Vi in (3.23) and applying the Cauchy Schwarz
inequality in the ¢2 inner product, we have

IREE @ ey = (0 @)} (RO @} @n)})

R (@) Hlee ) IHRAGE™ (@) Ham) Hlez o
R (@) iz o) IR () Yl ce.

i

and therefore,

IRLG (zm)HIz() < I{OE" @m) Hlezo)- (3.51)

Combining (3.48), (3.50) and (3.51), gives,
IR R I < (1 + 2e0A8) |47 w11, (3.52)
from which (3.44) follows easily on noting that 1+ 2coAt < e?0At, (]

Remark 3.6. The argument in Lemma 3.5 can also be applied to method I and hence it follows that method I
is stable when only QH2 is satisfied.
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3.5. Discrete spaces and approximation results

In Section 3.6, we will derive a convergence estimate for method I. The argument relies on approximation
results on 2 x D, hence the purpose of this section is to obtain the required results.

Our approach is to deduce the appropriate results on 2 and D separately, and then it is straightforward to
combine them. The approximation results for the finite element method on €2 are standard and hence we defer
their discussion until later.

Spectral bases on D. In [22], we considered a Galerkin spectral method on D in the case that d = 2 in
detail. Our approach was to perform a polar-coordinate transformation of D into the rectangle (r,0) € R :=
(0,1) x (0,27) using ¢ = (q1,¢2) = (Vbrcosf,Vbrsind). Since Hy(D) C HY(D; M), we sought a solution

Ve H}(D); also we used the notation @(r, 0) := zﬁ(ql, g2). It was proved in Lemma 5.2 of [22] that ¥ can be
decomposed in polar coordinates as follows:

(1, 0) = 1 (r) + riha(r, 6), (r,0) € R=(0,1) x (0, 2m). (3.53)

This is in fact a first-order version of the pole condition [15] for spectral methods in polar coordinates, see
Section 7 of [22] for a detailed discussion.

We performed a detailed analysis of the approximation properties of the space spanned by the basis A, where
A is defined as A := A; U Ay and:

Ay ={(1—=r)Py(r) : k=0,...,N, — 1},
As = {T(l*T)Pk(T)(I)u(@)Zk':(),...,Nrfl; 1=0,1; lil,...,N9}~

P, is a polynomial of degree k in r € [0,1] and ®;;(0) = (1 — i) cos(210) 4 isin(210), 6 € [0, 7]. We only use even
trigonometric modes in A; this is because 1/;(2) = 1[)(72) (¢f. Rem. 7.1 in [22]). Note that the structure of A
mimics the decomposition (3.53).

We also considered a second basis, basis B, which is essentially the basis proposed by Matsushima and
Marcus [29] and Verkley [34], and satisfies the full pole condition; see [22] for more details.

In the present work, we are also interested in obtaining numerical results when D C R3, and therefore we
shall now introduce a basis, referred to as basis C, that is appropriate when d = 3. In this case we use the
following spherical coordinate change of variables:

= (\/l_)rcosﬁsinqb, Vbrsinsin ¢, Vbr cos o), (r,0,¢) € R:=(0,1) x (0,27) x (0, ).

Following Chauviére and Lozinski [10], we choose each of our basis functions to be a product of a spherical
harmonic in (6, ¢) and a polynomial in 7 (see the definition of basis C below). Discretisations of this type have
also been considered in the recent paper by Huang and Guo [18].

Letting g(r, 0, ¢) := g(q1, g2, q3), it follows that

—g‘ Vb ——

2
)dr dodg =: [|gl7,

] g [° 1
Zipy = [ rising| b¥2g)* + Vb | == b—
g1l (D) /RT s1nq§< 191 + Vb or +\/_7’2 r251n 10) 20

and following the approach in Section 5 of [22] for the case of d = 2, we define H'(R) as:

HY(R) := {f € Lie(R) : f(r,,6) € Hy(0,27) for ae. (r,¢) € (0,1) x (0,m) and || f]g ) < 00},

where the periodic Sobolev space H;(O, 27) is given by
H!(0,27) := {f € H,(R) : f(0 +27) = f(0) VO €R}-

Also, let H(R) denote the subspace of all § € HS(R) such that g(1,-,-) = 0.
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We denote the spherical harmonics by Sim : (0, @) — Si,m (0, ¢) € R. They are the solutions of the equation

1 90 1 9
sin ¢ 96 <Sm¢ ¢5z m(0 ¢)) t ey 7, 00 ——S1m(0,0) + 1L+ 1)S;m (0, ¢) =0, (3.54)

for (0, ¢) € (0,27) x (0,7), where (3.54) is the angular part of the Laplace equation in spherical coordinates;
it is well known that the solutions of (3.54) are of the form, S;,,(6,¢) = C(I,m) P/"(cos ¢)e'™?, for | € Z>o,
|m| <, where P/ denotes an associated Legendre function and C(l,m) is a normalisation constant. Also, the
(appropriately normalised) spherical harmonics satisfy the following orthogonality property:

2m T
/ / Sl17m1 (9, Sl2,m2( ¢) Sln¢d0 d¢ - 57711 m2511,l27 (355)
0 0

where the d;; are Kronecker deltas and the overline notation denotes complex conjugation.
The next lemma shall motivate our definition of a spectral basis in the case of d = 3.

Lemma 3.7. Let §(r,0) = Zfigl Pimi<t (1) S1m(0,¢), Nspn € Zo, 39 € HL(0,1), where H!,(0,1) is the
r2-weighted H'-space and

1
At e HY(0,151,7%) = {f € Hioc(0,1) : / (If(?")l2 +7"2|f’(7’)|2) dr < OO},
0
for 1 >0 and |m| <; then j € H'(R).

Proof. Periodicity of g in 6 follows directly from the definition of the spherical harmonics; hence it only remains
to verify that ||gllg gy < oo
Integrating by parts in € and ¢ (which is valid for spherical harmonics), we obtain:

0y = [ sino <b3/2|§|2
., 09 1 9%
_\/_/ sin ¢ g ( 1090 ( ¢a—¢) + sin2¢W) dr df do, (3.56)

where the boundary conditions vanish due to periodicity. Substituting the series expression of g into (3.56) and
using (3.54) and (3.55), we get:

~ 12
) drdfde

Nspn

K ~m d’?m 2
1912y = D > / {bmm <r>|2dr+x/5\d—;\}dr

1=0 |m|<I

Nsph

+\f/ Z > AL (0,0) g8 >0 > lalla + 1) 372 (1) S1ams (0, 6) p singdpd dr

ll O\m1|<l1 l2—0‘mg|<l2
—Z > / {63/2 25 ()2 + Vor? —% ™ (r) +¢51<Z+1>|a¢<r>|2}dr. (3.57)
1=0 |m|<I

By the hypotheses on the 4;", it follows that |\g|\ﬁ1(R) is finite. O
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Note that the /" in Lemma 3.7 need not be bounded on (0, 1): for example, r~1/4 € H., (0, 1)NH(0, 1; 1, 72).
It will be convenient from now on to use the real and imaginary parts of the spherical harmonics:

S} m(0,8) := C(I,m) P (cos ¢)((1 — i) cos(mb) + i sin(m#)), (3.58)
where now 0 <1 < N, 4 € {0,1}, and ¢ < m <. In this section, we consider basis functions of the form:

Yir(r,0,¢) := (1 —7)Qx(r)S; ., (0, ). (3.59)

Here @y, is a polynomial of degree k, 0 < k < N, — 1, so that (1 —r)Qr C Pn, 0(0,1), where Py, ¢(0,1) denotes
the set of polynomials on (0,1) that vanish at » = 1. Since Py, 0(0,1) € H!(0,1) N H'(0,1;1,72), it follows
from Lemma 3.7 that any finite linear combination of functions of the form (3.59) is contained in ﬁé(R) This is
a simpler situation than in two dimensions, since now we do not need to impose a specialised decomposition
(¢f. (3.53)) in order to guarantee inclusion in H'(R).

Basis C will be introduced below, but first we consider the implications of the symmetry property 1/;(2) =

l/A}(*g ) mentioned above. In the present context, the symmetry condition we wish to impose is that for any Ylﬁ,’i,

we have Y,i¥(r,6, ¢) = Y% (r,0+7,m—¢). This, in turn, requires that S}, (6, ¢) = S}, (647, 7—¢). Noting that
S} (0, 9) = P™(cos ¢)((1—1i) cos(mf) +isin(m#)), and S}, (0 +m, m—¢) = (—1)" P (— cos ¢)((1—1) cos(mb) +
isin(md)), it follows that we can only use associated Legendre functions for which P/ (x) = (—1)"P/"(—x), for
all © € [-1,1]. Since the associated Legendre functions are defined as:

PP (a) = (-1~ )2 S (A(a))

where Pj(x) is a Legendre polynomial of degree I (for which Pj(x) = (—1)!P/(—x)), it follows that the required
symmetry condition is satisfied if, and only if, [ is an even number (for any m = 0,...,1).
With these considerations in mind, we define basis C as follows:

C:={V# . 0<k<N,—1,i€{0,1}, 1€{0,2,4,...,Nypp} and i < m < I}-

Remark 3.8. In [10], Chauviere and Lozinski restricted their attention to two-dimensional macroscopic velocity
fields, in which case a more restrictive symmetry condition was appropriate, i.e. that ¥ (r, 0, ¢) = ¥(r,0 + m, @),
and hence they only considered spherical harmonics for which both [ and m were even numbers. Compared
to the more general symmetry condition considered above, the condition of Chauviere and Lozinski leads to a
reduction in computational effort because, for a given Ngpp, fewer basis functions are used since the spherical
harmonics with odd m are discarded, and also it is only necessary to consider € (0, 7). In this paper, however,
we are interested in treating the case in which the macroscopic velocity field can be three-dimensional, and
therefore we require the symmetry condition identified above.

Approximation results on D. In Section 5 of [22], we derived a number of approximation results for span(.A)
in the case of d = 2. We will use these results in the next section, so we summarise them here.

We must first recall several preliminary definitions from [22]. Let R := (0,1) x (0,2x) and let H'(R) and
H{(R) be defined analogously to the corresponding spaces defined above in the case of d = 3. We shall need
weighted Sobolev spaces” of the form H3*(R) := H:(0, 1; HE (0, 27)) where Hi*(R) is equipped (for non-negative
integers s and ¢) with the norm || - [l g, defined by

1 27 o
T DY /O r/o |DLDY, f(r,0)|* d6 dr.

0<i<s, 0<j<t

>S5, USR>S

If]

"The weight r arises from the change of measure due to the polar coordinate transformation.
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Similarly, for integers s > 1 and ¢t > 0, we define ij)(R) = H; (0,1, H.(0,27)), where H; ((0,1) :=
H2(0,1) N HL (0, 1).
Finally, we define the space H*+1+1(D), with k,l > 1, where
HFYD) = {geHLD) : ge H)(R) has a decomposition §(r,0) = g1 (r) + r2(r, 6),
with g1 = 5=(, 1)12(0,2x) € HE((0,1)
and g» € Hyg(R) NHEVH(R) NHYY(R) N HYH(R)),

N

equipped with the norm [|g[|3k.1(py = (||g||§{,ﬁ(D) + ||g||,2H19(D)) where,

-

~ ~ - 2
lgllrescy = (1310 0,1) + 120130y + 13202811y )

and 1
l9llry 0 = (182101 gy + 18207801 )~
Also, note that H®!(D) c H{(D) C H}(D; M) for k,1 > 1.
In Section 5 of [22], we defined a projection operator I, : H'''(D) — Py (D) and established the following
two optimal-order approximation results for all ¢ € H*!(D), with k, [ > 1:

”1/; - quz)”Hé(D;M) < ClNr_k”d;”Hﬁ“(D) + 02N971||7/;||7119+1(D)7 (3.60)

and
[ = TgllLz () < CLN [Pl oy + CoNg 91341 (- (3.61)

The results (3.60) and (3.61) are based on the assumption that D C R? and that we use basis A for the
g—direction spectral method. It would be possible to derive analogous results for basis 5 when d = 2, or for
basis C when d = 3 (indeed Huang and Guo [18] recently derived approximation results for a spectral method
on the unit ball in R?, which could be used to obtain results analogous to (3.60) and (3.61) for basis C) but for
the sake of brevity we do not consider these topics here.

Approximation results on . In the g-direction we consider a quasi-interpolation operator, Z,. : L1(Q) — Vj;
we refer to Section 4.8 of [7] for the details of the definition of this operator (alternatively, see [12] or [33]).
The following result holds for Z,. (c¢f. Thm. 4.8.12 in [7]).

Theorem 3.9. Suppose that Ty, is nondegenerate in the sense that there exists p > 0 such that for all K € Ty,
diam(Bg) > pdiam(K), where By is the largest ball contained in K. Suppose also that the set of shape
functions for each element K € Ty, contains all polynomials of degree less than m. Then, there exists a positive
constant C' such that

1/p
s—k
(Z nit >||vzzv||€vs,p<m) < Clolwrs (@),
KeTy,

for allv e WEP(Q), 0 <k <m,1<p<oo,0<s<k, where hg := diam(K).
Corollary 3.10 (cf. Cor. 4.8.15 in [7]). Setting s = k in Theorem 3.9, it follows that there exists a positive
constant C' such that

||Im U”Wk,p(ﬂ) < C|U|Wk,p(Q) Yv € Wk’p(Q), (362)
for 0 < k < m, where m is as in Theorem 3.9, and 1 < p < oo. Also, letting h = maxgeT,diam(K) in
Theorem 3.9, we obtain

v = Zovllwer @) < ChF*[olwrn ), (3.63)

for0<s<k,0<k<m, and m,p as in (3.62).
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Approximation results on 2 x D. Suppose that d = 2 and that we are using basis A for the g—direction spec-
tral method so that Py (D) is span(A) mapped from R to D. Let the projection operator II : L(Q; HY1(D)) —
Vi @ Pn (D) be defined as Il := 7, 1, = II, Z,, so that n := 1[) — H"l[). With the approximation properties listed
above for II, and 7., the following optimal order bounds can be derived for 0 < s < m, with m as above, and
any k,l > 1 (see Sect. 3.6 of [21]):

%1l < CR*|dollms 2oy + C1N; FlldollLz e my) + CoNg 'IYollLz(@ie (o))
< CthA CN"“HA
Iz o.n120x ) < v e @Laoy) T v 2(0,475L2 (QHE(D)))
+ CyN; ! H ) ,
2o~ |[v £2(0,1m:L2 (7MY (D))
) 6 o
Ha—z < | + Nt (28
L2(0,t™;L2(Q2x D)) L2(0,t7;Hs (Q;L2(D))) L2(0,t7;L2(Q;HE(D)))
i
-+ CQNH ! _1/} )
L2(0,tL2(Q5HY, (D)))

IVanllezompzoxny < Chl[dlleo.mme+i L2 o))
+ Clek||1/)||e2(0,t";H1(Q;H§(D))) + C2N9_l||T/’||42(o,tn;H1(Q;Hg(D)))7

||~VM77||42(0¢”;L2(QXD)) < Cr WHW(o,tn;Hs(Q;H[l)(D;M)))

. I
+ C1N; ||T/’||42(0,t";L2(Q;H§“(D))) + CaN, ||1/’||e2(0,t";L2(Q;H§“(D)))’

IVeVarnlleoemzxpy < Ch ||1[)||Z2(O,t";HS+1(Q;H})(D;M)))

—kn2 i
+ OLN Wl 2 0, 0m s (st (o)) + C2Ng WMl 0, 0m 1 (i (D))
These results will be used in the convergence argument in the next section.

3.6. Convergence analysis for method I

In this section we outline an a priori convergence argument for method I using the equivalent one-step
scheme (3.30) and Lemma 3.4. The argument presented here is analogous to the approach in Section 4 of [22]
and therefore for the sake of brevity we omit many details; see Section 3.5 of [21] for more details. Note that
we need access to an equivalent one-step formulation for this argument and therefore we only consider the
convergence analysis of method I.

Let (-,-,t) be the weak solution of (3.5), (3.6) at time ¢ € (0,7). To simplify the notation, we write
z/;(t) = 1[)(, -, t) throughout the rest of this section. Define

ehn = o(") = Py = (") = (™)) + ([T (E") — o ) = 0" + €7,

where I : LY(Q; HYY(D)) — Vi, ® Py(D) as in Section 3.5 (although the specific definition of IT and Py (D) are
irrelevant at this point in the convergence argument).
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Notlng that &" € Vi, ® Pn (D), we apply the equivalent one-step formulation for method I, (3.30), to £ =
Dt — wh N — 1" and set ¢ = "1 to obtain:

n+1 n
(557506 ) o (e T80 s e I

At
b o (Varu Va€™), Vs — (57ge", Vare™)
T4l T n R R
- (—W Jo ¥ ),5"“) + (e b)) 4 s (ard(E ), Y™

+ L (Tarle T (), V™) — (570, Vas™*?)

77"+1 -n" n+1 n+l ¢n+l 1 n+1 n+1
- At 75 7(7:9,?&'777 ag ) 2W1 (v 7NVM€ )
At n—+1 n+1 n+1
— 5w (Ve Vo™ ™), Vard") + (ﬁ qn", Vs ) (3.64)

where the terms containing wh N and w”‘H vanish since ﬁh,N satisfies (3.30). We apply Lemma 3.4 to this

equation to obtain:

n—1
™)1 + Z IIV i {IIEOII2 + 328 ([P + 4||zm“||2)} ; (3.65)
m=0
where
ntl @(tnﬂ) _ﬁ(tn) - 8_@ A =y o n+1
At “ 1
n+1 — . n+1 K Ko — Ko — n+1 )
v i Y M Vo (")) + Koy + Ko = K — 5=V (3.67)
At n+1 n_.n
oYM Ve ) + 5",
and Ky = (177 52 A0) qi(e), Ko o= g ( ), K= (fT S dt) g (i ).

Bounding the terms on the right-hand side of (3. 65) 1eads to the following result:

821/1

9z +6H

L2(0,t7;L2(Qx D)) L2(0,t™;L2(Qx D))

€™ 11> + Z IIV P < eK"At{Iln I* +6A¢°

+ 6||u||L°°(0 7o @) IVl 20,6n:12 (¢ DY)

+ W AL ullf s 0,715 (02 (”NVINVMwH%?(O,t";LQ(QXD)) + ||NVINVMn”?z(O,t";Lz(QXD)))
14
+ WHNVMUH?Q(O,)S";L?(QXD)) + 56 b 5113 0,4m1.20 (c2)) 1112 0,6m:12 (2% )

2

+ 56 bAE?

8_ z2(o tniL2(Qx D))

Lee(0,T5L°°(2))

éw
ot

L2(0,t7;L2(Qx D))
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Note that up until this point the convergence argument is independent of the dimension, the choice of II and
the choice of Py (D). However, we now require the approximation results on 2 x D from Section 3.5 in order
to bound the terms containing 7. Hence, we let d = 2 and define Py (D) be span(A) mapped from R to D.
Substituting the appropriate bounds into (3.68) and applying the triangle inequality, we obtain:

9 — Pn,n lle= 0,702 0% ) + IV 20 (@ — Pnv) 20,7120 1)

99
ot

< C1hs(II@II@w(o,T;HS(Q;L%D)» +

+ Hw

+ Csz’“(||1/3||e°°(o,T;Lzm;Hf(Dm +

£2(0,T;H# (Q;HE (D; M)

+[
)

L2(0,T;Hs (L2(D)

£2(0,T;H+1 (L2 (D))) )

o + ¥l e2 (0,711 @745 (D))

L2(0,T5L2 (HE(D)))

+ ||¢||ez(o,T;L2(Q;H’£“(D))))

a0

+ 19l 20,5111 07 (D))
L2(0,T;L2(Q;Hl9(D)))

+ C3N§l(||1/;||eoe(o,T;L2(Q;Hg(D))) +

+e

£2(0,T5L2 (T (D)) )
J]

—k|1 —1y
+ Nl 0,700 (et (py)) + No ”w”Z?(O,T;Hl(Q;Hle“(D))))’ (3.69)

+ C4At( H?ﬁ + | VoV artllez (0,752 (0% )

£2(0,T;L2 (2% D)) H2(0,T;L2(Qx D))

for 0 < s < m, m as in Theorem 3.9, and k,I > 1. Note that an obvious difference between (3.69) and
the corresponding error estimate for the g¢-direction method in [22] is that in (3.69) we require

VeVt

< oo. This regularity condition is necessitated by the presence of the cross term
£2(0,T;L2(Qx D))

(NVM (y Ve @ZJJF\}) .V g) in (3.30), which in turn arises from the structure of the alternating-direction method.

Remark 3.11. Looking at (3.69), it could be argued that there is a mismatch between the convergence rates
of the finite element method in Q and the spectral method in D, in the sense that the spectral method will
generally be far more accurate. This is a reasonable point, but we believe that in practice the numerical method
analysed here is appropriate. First of all, while in general an h-version finite element scheme will have a low-
order convergence rate, its flexibility is invaluable when it comes to meshing physical space domains that may
be complicated. Moreover, we do not have a diffusion operator in the g-direction, so it is not obvious that 1[)
will be highly smooth on Q.

Nevertheless, it is certainly also reasonable to use a higher-order method for solving the transport equation in
physical space, for example, Chauviére and Lozinski used a spectral element method for this purpose in [10,11].
Note that the analysis in this section would carry over essentially unchanged if we replaced the finite element
discretisation of (3.27) by a spectral element method.

On the other hand, the g-direction is much better suited to the use of a high-order method since D is always

a ball in R?, and, as seen in [22], the solution profiles in D are generally very smooth. Note that in practice
the spectral convergence of the ¢-direction numerical method means that the discrete space Py (D) need only
have a rather low dimensionality (in fact, the superconvergence of 7 discussed in the next section accentuates
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this effect further). This is highly advantageous because (a) each g¢-direction solve requires relatively modest
computational resources and (b) a reduction in the dimensionality of Py (D) reduces the number of z-direction
solves that need to be performed each time-step (cf. (3.27)).

Remark 3.12. We assumed d = 2 and that basis A was used for the g-direction spectral method; it is worth
emphasising that the same argument could be used for basis B or basis C as well. One would need to derive
approximation results analogous to (3.60) and (3.61) for these alternative bases, which could be done using the
approach in Section 5 of [22].

Remark 3.13. In the preceding argument, we made use of the (pointwise) divergence-free assumption, (3.3).
This assumption was made to simplify the argument, but it is not essential, i.e. it follows from (3.4) that
V. -u € L®(0), hence if we allowed V.. - u to be nonzero the preceding convergence argument could be modified
to use the norm ||V - u||p(q) instead of (3.3).

3.7. Superconvergence of the polymeric extra-stress

We now consider the convergence of 7. For consistency with the convergence analysis in the preceding
sections, we again restrict our attention to the d = 2 case with basis A. For simplicity, we only consider the
component 711 of 7, although the other components can be treated in exactly the same way.

Using the Fourier series representation of ¢ € H'(R) from Lemma 5.2 in [22] (recall that ¢(z,q,t) =
U(z,7,0,t)), we have (cf. (3.53)):

U(z,m,0,t) = 1 (z, 7 t) i ( z,7,t) cos(210) + By(z,7,1t) sm(219)> (3.70)

We consider 11 to be a functional defined on 1) € L2(D) as 711 (1)) = 15 Fi(g) ¢ \/M(q) z/;(g, t)dg, where F} is

defined by (1.1). Hence,
<b (/ U'(%IqIQ)QM(q)dq) 19ll12 o)
D ~ ~ o~

b 2\ b ! b I
- (/D (1-1arp) dg> ey = = (20 [ 0= rar) ooy

1
b b ! b 2
< — 25*17rb/ 1r22dr) , 3.71
<o (2m [a-n o )

=

1 (0 |—\/q1 Hol?) /3T o

where Z is the normalisation constant from (1.12). Hence, we require b > 2 so that 71 € L?(D) = L?(D),
which is the same condition on b that we have assumed throughout.
Applying 711 to (3.70) gives:

(@) = \F/ /QW 1= )51 cos2(6) i (z, 1, 0, 1) dr dO

7 b? 3 onb_q1 ([~ T
- Tz 1— z—( it —(A t))d. 3.72
[ (e + (Aaern)) ar .72
This shows that, quite remarkably, due to orthogonality with cos?(f) = 3 + % cos(26) over 6§ € (0,2n), the

functional 7, filters out all but two terms of the infinite series in (3.70). The same filtering occurs for Galerkin
spectral methods that use trigonometric polynomials in € in the d = 2 case, or methods that use spherical
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harmonics in the d = 3 case. For concreteness, we consider the numerical method that uses basis A in the
q-direction. Then, the numerical solution is given by:

N,—1 1 Ny N,.—1
Gnon (@, 0) = (L=1) Y Wor(@)Pu(r) +r(L =)D > > U 4 () Pelr)®a(0),
k=0 =0 =1 k=0

where \i/o,k, \I~/§7k € V}, are line functions as in (3.18). Applying the Cauchy—Schwarz inequality, it follows that

2

N,.—1
I (")) = T (U M) 2y < C*/ dile,rt") = (L=r) Y U5, (2)Pu(r) dz
¢ k=0 L2(0,1)
o ) N1 2
+T*/ rAy(z,r t") —r(l —r) Z W?:Z(Q)Pk(r) dez, (3.73)
¢ k=0 L2(0.1)
where,
272pt
m7 2 < b < 47
C. . (3.74)
b
o b=4,
and L2(0, 1) is the r-weighted L? space on (0, 1).
On the other hand, we have:
) N1 2
[0, ") = ¥R ()2 xpy = 2771)/ ‘wl(ﬂém t") = (L—71) Y Vga)Pu(r) dz
“ k=0 L2(0,1)
No _ 2
+7TbZ/ rA(z,r, t") —r(1 —7) Z\I/,:LJNU)Pk() dg
=1 Q k=0 L2(0,1)
Ny—1 2
+ ﬂbZ/ rBi(z,rt") —r(l —7) \I}ll]?(lg)Pk(T) dg
k=0 L2(0,1)
b H Az, " ‘ H Bi(z,rt ‘ da, .
+ 7 Z/<rl:cr )L201+rlmr )L2(o1) x (3.75)
I=Ng+1
and hence, the 711 error only contains two terms from the infinite series in (3.75), and we have
. . c, . -
I711(%) = T (Wn ) le o,m2 () <\ 5 19 = Ynnlle= 0,702 (2 D))- (3.76)

Note that since the line functions ‘i/g, i and \i/(l)z in (3.73) are computed by solving (3.27) using the z-direction
finite element method, we expect an O(h®) error to dominate the spatial convergence rate of 7, just as in (3.69).
However, more importantly, by comparing (3.73) and (3.75), we can see that only relatively few terms in the
q- -direction spectral expansion of v n contribute to the 7i; error. Hence, this suggests that the accuracy
of 7 will be less sensitive to the resolution of the g-direction spectral method than the accuracy of wh N. We

demonstrate in Section 5.1 that in practice this results in superconvergence of 7 with respect to the q- -direction
spectral method.
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4. IMPLEMENTATION OF THE ALTERNATING-DIRECTION METHODS

In this section we furnish further details about the implementation of the alternating-direction methods.

4.1. The z- and g-direction schemes

Recall, first of all, from Section 3.3 that from an implementational point of view method I and method II are
almost identical; the only difference between the two methods is that method I uses a semi-implicit temporal
discretisation whereas method II uses the backward Euler scheme. We begin by considering implementational
issues for the g-direction solvers. Note that this topic was considered in Section 7 of [22], and therefore we refer
the reader there for further details.

For both method I and method II, we must solve an Np x Np linear system Q) times per time-step in the
g—direction. Qq can be very large in practice. For example, in Section 5 we consider some computations for

which Qq is on the order of 10*. The use of parallel computation can be very helpful in this context because
the g—direction linear solves are independent and therefore it is straightforward to perform them in parallel (we
discuss this in detail below).

Note that in the g—direction method I requires significantly less computational effort in each time-step than
method II because the matrix on the left-hand side in (3.26) is constant for all m and therefore with method I
we only need to perform the LU-factorisation of this matrix once, whereas the linear system in (3.38) must be
reassembled and solved afresh at each quadrature point 1, since in general £(z,,) varies from one quadrature
point to the next. On the other hand, numerical experiments in Section 2.6.2 of [21] indicate that the backward
Euler temporal discretisation of the g—direction equation used in method II is more stable in practice than the
semi-implicit scheme used in method I, especially for larger values of Wi or ||5L~(q) (note that Lems. 3.4
and 3.5 show that both method I and method II are unconditionally stable on any finite time interval, but that
the stability constant grows exponentially with 7', and therefore for long-time computations we can still observe
rapid growth of the solution; in practice, method I tends to require At to be chosen to be smaller than for
method II to avoid this pathological behaviour). Hence, there is a familiar trade-off in efficiency: each time-step
is faster with method I, but we can take larger time-steps with method II. Therefore the optimal choice of
numerical method depends on the problem at hand.

Remark 4.1. The alternating direction method used by Chauviere and Lozinski in [11] is similar to method II
in that it treats the s convection term implicitly in time. In the follow-up papers [10,27] the same authors
developed a fast solver in which the computational work required for each ¢-direction solve was significantly
reduced. However, their fast solver was based on the assumption that arises from a two-dimensional velocity

field (i.e. that Q C R?) whereas in the present work we are interested in developing numerical methods that are
suitable for both 2 € R? and Q C R3.

The g-direction solvers for methods I and IT were implemented in the C++ programming language and PETSc [3]
was used to perform the linear algebra operations. PETSc was a natural choice in this context because it is
designed for use on parallel architectures, which is a feature we made extensive use of.

In the z-direction, methods I and II are identical: For each line function, 1[),?*, k=1,...,Np, we solve the
transport equation (3.29). This involves solving an N X Ng linear system Np times, although the system
matrix M, + At T, only needs to be assembled once per time-step.

In our implementation, we used an H!(£2)-conforming finite element method with quadratic shape functions
to perform the g-direction computations, and we used GMRES to solve the resulting linear systems. Hence,
assuming sufficient regularity for ¢, we can set s = 2 in (3.69), which yields O(h2) terms in the error estimate.

The g-direction finite element method was implemented using the free, open source C++ finite element library
libMesh [20].
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4.2. Parallel implementation of the alternating-direction methods

It is clear that the computational effort required to solve the high-dimensional Fokker—Planck equation
can be very large, particularly in the case d = 3, and hence parallel computation is a key ingredient in the
alternating-direction framework developed here. As indicated above, methods I and II are very well suited to
implementation on a parallel architecture; indeed these algorithms are “embarrassingly parallel” in the sense
that they involve performing a large number of independent solves in each time-step.

More specifically, suppose we use Nproc processors (Nproc > 1) to solve a problem (using either method I
or II) with parameters Np, Nq denoting the number of basis functions in the g—direction and g-direction,
respectively, and Qq defining the number of quadrature points in 2, as in (3.14). At time-level n, we store a
dense matrix D" € R92*Np  where (D");; = z/;? (z:), and 1[);1 € Vi, is a line function as in (3.18). The entries

of D™ uniquely determine z/;ﬁN € Vi, ® Pn(D). In practice D™ can be a very large matrix, so we partition it
among the processors so that each processor stores a subset of the rows (for g-direction solves) or columns (for
x-direction solves) of D™. We would like these submatrices to be equally sized to obtain ideal load balancing
between processors, but depending on Qq, Np and Npoc, this is often not possible. However, to simplify the
discussion here, we will assume for the remainder of this section that Np.oc is a common divisor of Qo and Np
and hence that the submatrices are equally sized.

Now, let us consider the g—direction computations at time-level n (we do not distinguish between methods I
and IT here because, from the point of view of the current discussion, they are identical). We distribute D™
so that each processor stores Qq/Nproc rows of the matrix. Then, simultaneously, each processor solves the
Qa/Nproc g—direction problems corresponding to its rows in D™ and updates the data in the matrix. In this

manner, D" is updated to D™ where (D"*),; = 1&?* (24).

Next, we perform the g-direction computations. First of all, however, we need to redistribute D"™* so that each
processor stores Np/Nproc columns of the matrix®. This involves a global communication operation between
all of the processors, which can be time-consuming. The time required to perform this parallel communication
step depends on the problem size and the number of processors being used. We discuss this issue with regard to
some practical computations in Section 5.1, where we show that by selecting Np.oc appropriately it is generally
possible to ensure that the matrix redistribution steps take only a small proportion of the overall computation
time.

So, once this matrix redistribution is complete, the g-direction computations on each processor proceed in
the same way as in the g—direction. That is, each processor works sequentially through its Np/Nproc columns,

first solving (3.29), and then sampling the resulting line function z/AJZH at ,, for m =1,...,Qq and writing
these values back into the matrix. This yields the updated matrix D"*! on completion of all of the z-direction
solves.

4.3. Coupled algorithm for the micro-macro model

We now define the algorithm for solving the micro-macro model (i.e. the Navier-Stokes—Fokker—Planck or
Stokes—Fokker—Planck system). The algorithm that we use is essentially the same as those used by Chauviére
and Lozinski [10,11,27] and Helzel and Otto [17] for this purpose.

Note, first of all, that we use the well known Taylor-Hood mixed finite element method for solving the
Navier—Stokes or Stokes equations, i.e. let Vj, denote the H!(£2)-conforming finite element space based on 7j,
that uses continuous piecewise quadratic shape functions (cf. Sect. 4.1) and let P}, be the corresponding space
based on continuous piecewise linear shape functions. Then we use V}, and P, as, respectively, the Taylor—Hood
velocity and pressure finite element spaces (c¢f. Chap. 5 of [16]) such that u, € V}, and p, € Pp; these spaces
are known to satisfy the inf-sup stability condition (cf. Sect. 12.6 of [7]).

8Tn our implementation, we performed this redistribution using PETSc’s transpose operation for parallel dense matrices.
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We implemented this Taylor-Hood scheme in 1ibMesh in order to obtain the computational results in Sec-
tion 5.2, and in the Navier-Stokes case we used a Newton scheme to solve the resulting nonlinear system of
equations. The linear systems were solved using GMRES with incomplete LU factorisation as a preconditioner.
In order to obtain faster convergence rates for the iterative solver one could apply more advanced precondi-
tioning techniques, such as the techniques discussed in [16] that take advantage of the structure of the linear
systems arising from the discretisation of Stokes or Navier—Stokes problems. However, there is little incentive
for us to accelerate the convergence of our Navier-Stokes or Stokes solvers in this way because the overall
computation time for computations with the Navier-Stokes—Fokker—Planck system is dominated by solving the
Fokker—Planck equation on € x D.

Note that in Section 3 we restricted our attention to enclosed flows to simplify the analysis, but in Section 5.2
we perform computational simulations of channel flows with the micro-macro model, and therefore we must now
consider the necessary modifications to the alternating-direction framework of Section 3 for problems that have
inflow and outflow boundaries. In particular, we need to define the boundary conditions for the Fokker—Planck
equation on 0, and 9Qgys.

In fact, since the Fokker—Planck equation on €2 is a pure advection problem, we do not need to do anything
different on 0y since by definition we have uy -1 > 0 there. However, we do need to treat the inflow boundary
differently. Suppose we set uj|,, = ufj, for the Stokes/Navier-Stokes system for n = 1,..., Ny. Then that

boundary data also defines Kin = Vazull on 00,?, and Kin In turn determines the inflow boundary data, 1[)111,

on 09, x D for the Fokker—Planck equation. That is, for s € 9Qy, 1[)1’;(5, ):q €D — z/}ﬁl(s,q) € R for
n=1,..., Ny is determined by solving the g-direction Fokker—Planck equation corresponding to gﬁ](s), so that

Ai’;(s,-) € Pn(D) for each n. Writing z/;in(s,q) = Z;V:Dl Q/Gin,k(S)Yk(q) for (s,q) € Q4 x D, it then follows
from (3.19) that @in,k defines the inflow boundary data on 9, for ¢ in (3.29). In practice we only solve for
Yin at the nodes of 7 on 09, so that we can impose the inflow boundary condition on the line function
in an interpolatory sense. Notice also that we can compute the inflow boundary data for v, n before we begin

solving the Navier—Stokes-Fokker-Planck system, since uin and ki, are specified a priori.

We now define the coupled micro-macro algorithm. We first initialise the algorithm to the equilibrium state
by setting y% =0 on €2, and therefore 50 = ymgg = ( on © also. The corresponding equilibrium steady-state

solution of the Fokker—Planck equation is ¢y = M, and hence we set 1/3271\, =M €V, @ Px(D) on Q x D'

Also, for consistency with 1&,0L¢N, we set Z?LA,N to be the identity tensor on 2. Then, for n =0,..., Ny — 1, we

perform the following steps:

1. Compute QZH_I € V, and pZ‘H € P, using the mixed finite element method discussed above for either
the Navier-Stokes or Stokes system. We use the tensor 7y  as the source term in the momentum
equation ((1.2) or (1.7)). ’

2. Use method I or method IT to compute 1/3,?4]'\,1 € Vi, ® Py (D) with ™ in (3.26) for method I or with
£" 1 in (3.38) for method II, and up ™t in (3.29) for either method.

3. Using (1.5), compute Z;ﬁ\} on 2 based on 1[)2}1 € Vi @ Pn(D).

4. Return to 1. and continue marching in time.

Note that in this algorithm the 7, ny terms in the momentum equations are explicit in time. This allows
the Stokes/Navier—Stokes equations to be coupled to the Fokker—Planck equation in a simple manner, but the
drawback is that the algorithm defined in steps 1. to 4. above is only conditionally stable. In Section 5.2 we use
At = 0.01 and this time-step size is sufficiently small to yield a reliable numerical method for the micro-macro
problems that we consider.

9We assume that uin is a fully-developed flow, and therefore that the velocity field upstream of 9€2;, has the same profile as u;,;
this ensures that Vyui, is well-defined on the inflow boundary.
10We assume here that /M € Py (D), which is reasonable according to Remark 6.1 in [22].
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FIGURE 1. Streamlines of the macroscopic velocity field u driving the enclosed flow model
problem. The velocity field is the solution of the steady Navier—Stokes equation with Re = 1
on = (0,1)? with forcing f(x,y) = (5sin(27y), —5sin(27x)).

5. NUMERICAL RESULTS

In this section we present some numerical results. First of all, in Section 5.1 we consider a model problem for
the isolated FENE Fokker—Planck equation in which u is taken to be a fixed enclosed flow. This model problem
conforms to the assumptions of Section 3, and hence it provides experimental verification of the theoretical
results derived therein. Then in Section 5.2 we present computational results for two channel flow problems for
the micro-macro model.

5.1. Enclosed flow model problem

Here we take u to be the enclosed flow velocity field in Figure 1, and we take u to be constant in time
throughout ¢ € (0,7]. We obtained u by solving the steady incompressible Navier—Stokes equations (using the
Taylor-Hood finite element scheme) with Re = 1, and with forcing term f(z,y) = (5sin(27y), —5sin(27z)), in
the domain Q = (0,1)? and with zero Dirichlet condition for 4 on dQ. In this case, ||£[|L () & 2. Note that in
general the Taylor-Hood scheme for the Navier—Stokes equations does not yield a (pointwise) divergence-free
velocity field, and hence the assumption (3.3) is not satisfied for the computational results in this section.
However, as noted in Remark 3.13, the analysis developed in Sections 3.6 and 3.7 can be extended essentially
unchanged to the case in which ¢ is not divergence-free.

We now consider computations using methods I and II with basis A in the g-direction for the model problem
described above, with the parameters Wi = 1 and b = 12. Also, in each of the computations discussed below,

we used the initial condition 1[’;;,]\1(%7 q) = /M(q) and we ensured that N, > 6, since according to Remark 6.1

in [22], that guarantees that VM e Pn (D) in this case. Our goal is to compare the performance of methods I
and II, and to study the convergence of these methods under mesh refinement. All of the computations in this
section were performed on the Lonestar parallel computer at the Texas Advanced Computing Center (TACC),
http://www.tacc.utexas.edu, and we used the parallel implementation of the alternating direction method
described in Section 4.2.

We do not know the exact solution of the Fokker—Planck equation with the velocity field in Figure 1 and
therefore in order to obtain quantitative convergence results we first computed a “reference solution”, 'l[)ref,
and corresponding polymeric extra-stress tensor, Trer, using method I with basis A in the g-direction, and
with a quadrature rule on € that satisfied QH1. We obtained this reference solution using a discrete space,
(Vio ® Pn(D)), ¢, for which 7;, was a 40 x 40 uniform mesh of square finite elements and (N,, Ng) = (14, 14).

ref?
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LI
so

Tref,11 Tref,12 Tref,22

FIGURE 2. The components of Tref at T = 0.2. Note that we do not show Tyef21 since it is
identical to Tyef,12. In the Tyef11 and Tyer 22 plots, the values range from 0.882 (blue) to 1.15 (red),
and in the Tyef 12 plot we have —0.229 (blue) to 0.229 (red) (figure in colour available online at
http://www.esaim-m2an.org/).

In order to satisfy QHI in this case we used a tensor product Gauss-Legendre quadrature rule with 16 quadrature
points per element, and hence Qq = 25600. We took 200 time-steps with At = 1073 so that 7 = 0.2; this value
of At is sufficiently small so that temporal discretisation error does not contaminate the spatial convergence
results presented below. The components of T,er at T' = 0.2 are shown in Figure 2.

In order to obtain convergence data, we then computed TZJh’ ~ and the corresponding stress tensor 7 for several
discrete spaces coarser than (Vj, ® Py (D)), First of all we carried out this process using the same numerical
method with which we obtained the reference solution, i.e. method I with basis A and a quadrature rule that
satisfied QH1. The solution data obtained from these computations are denoted 1,21 and 71 below. Then, we
also computed a corresponding set of numerical solutions on the same discrete spaces, but using method I with
bAasis A and a quadrature rule that only satisfied QH2''. We denote the solution data in this second case by
Y and T11.

The numerical results for 1/31 and 71 were obtained using a numerical method that satisfies all of the hypotheses

required by the convergence estimates for 1/} and 7 in Sections 3.6 and 3.7 (except the divergence-free assumption
on u, but, as mentioned above, this assumption is not essential; we only introduced it to simplify the analysis).
Hence, the 1/31 and 71 convergence data in the table allow us to compare the theoretical estimates with practical
convergence results. Also, the numerical results enable us to compare the convergence behaviour of method I
with QH1 to method II with QH2. These two methods are very similar to one another hence we expect to
observe the same convergence behaviour in the two cases, but it is important to provide experimental evidence
that these two methods converge to the same solution, and at the same rate in practice because strictly speaking
our convergence analysis is only valid for method I with QH1.

The convergence estimates (3.69) and (3.76) indicate that if the error due to the g-direction spectral method is

negligible compared to the error from the z-direction finite element method, we should obtain O(h?) convergence
rates for both ¢ and T as 7Tp, is refined. Table 1 gives the relative errors (b — ’l.;ref||L2(Q><D)/H"-;refHLZ(QXp) and

e @ref||L2(QxD)/||1ﬁref||Lz(Q><D) as well as the relative 711 errors [|71,11 — Tref,11llr2(0) /[ Tret,11lL2(0) and
171,11 — Tret,11 L2 () /I 7vef, 11 | L2(02), at T = 0.2, for the discrete spaces that we considered.

Llwe only require nine tensor product Gauss-Legendre quadrature points per element to satisfy QH2 on square finite elements.
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TABLE 1. Convergence of 1& and 711 with respect to the reference solution 1/3ref and reference poly-
meric stress tensor Tef,11 for a series of increasingly refined discrete spaces. The errors are calculated
in the L? norm at T = 0.2, and are normalised by dividing by [[¢ret(-,",T)|lL2(axpy = 0.31 and

[7eee,11 (5, T) |20y = 1.04.

T, (N, Ny) 1 error TI,11 €ITOr 11 error TI1,11 €ITOr
5x5 (6,6) 2.07x 1072 1.63x 1072 2.08 x 1072 | 1.63 x 102
5x5 (8,8) 2.05x 1072 | 1.63 x 1072 || 2.06 x 1072 | 1.63 x 1072
5x5 | (10,10) || 2.05x 1072 | 1.63 x 10~2 || 2.06 x 1072 | 1.63 x 102

10x 10| (6,6) 6.25 x 1073 [ 4.22 x 1073 || 6.30 x 1073 | 4.24 x 1073
10x10| (8,8) 5.62 x 1073 | 4.22 x 1072 || 5.65 x 1072 | 4.23 x 1073
10 x 10 | (10,10) || 5.54 x 1073 | 4.22 x 1073 || 5.58 x 1073 | 4.23 x 1073
20 x20 | (6,6) 3.29 x 1073 [ 9.95 x 10~* || 3.40 x 1073 | 1.07 x 1073
20 x20 | (8,8) 1.80 x 1073 1 9.90 x 107 || 1.89 x 1073 | 1.04 x 1073
20 x 20 | (10,10) || 1.52x 1073 [ 9.90 x 10=% || 1.67 x 1073 | 1.04 x 103

In order to gain further insight into the convergence behaviour of the numerical methods, we plotted the
data in Table 1 in Figure 3.

In Figure 3a, the convergence results for ¥r and 1&11 with (N;., Ng) = (6,6) and (N,., Ng) = (10, 10) are plotted
on a log-log scale. We have also included a plot of h? to show how the decay of the computed errors compare to
the expected asymptotic rate. First of all, it is clear from the figure that the two numerical methods behave very
similarly; the lines from 1[)1 and Q/A}H are almost indistinguishable. Also, Figure 3a shows that we obtain O(h?)
convergence when (N,., Ny) = (10, 10). However, when (N,., Np) = (6,6), the plots plateau, which indicates that
the error due to the spectral method dominates the O(h?) finite element error when 7y, is a 20 x 20 mesh.

The 7111 and 71,11 convergence data is plotted in Figure 3b (the data in Tab. 1 is almost identical for
(Ny, Ng) = (6,6),(8,8) and (10,10), and therefore we only show the (N,, Ny) = (6,6) data). The plot shows
that we obtained O(hQ) convergence for both 7711 and 71,11 as 7}, is refined from a 5 x 5 mesh to 20 x 20 mesh,
when (N,,Ny) = (6,6). This is markedly different from the convergence behaviour of 7,/;;% ~, in which the
g-direction spectral error for (N,, Ng) = (6,6) dominated the finite element error on the 20 x 20 g-direction
mesh. Therefore, this indicates that, as expected from Section 3.7, the D domain spectral method exhibits
superconvergence for 7 compared to 1[) The superconvergence of 7 is extremely beneficial in the context

of micro-macro computations for simulating dilute polymeric fluids because in that setting the error in z/; is
irrelevant; we are solely interested in the 7 error since T rather than z/; enters into the macroscopic momentum
equation.

Recall from the discussion in Section 4.1 that we expect method I to require significantly less computational
work per time-step in the g-direction than method II. To demonstrate this in practice, we solved the same
enclosed flow model problerﬁ using both method I and method II. We used a 20 x 20 uniform mesh 7}, of square
finite elements with Qo = 3600 and basis B with (N, Ng) = (15,15) so that Np = 465. With Npyoc = 4, the
total computation time per time-step for method I was 1.75 seconds, whereas for method II it was 3.42 seconds.
This difference is due to the fact that method II took 2.37 seconds per time-step to perform the g-direction
computations, whereas method I only took 0.70 seconds per time-step in the g-direction. -

Nevertheless, for problems of physical interest, method II is often the prefer;ed alternating-direction method.
This is because the fully implicit temporal discretisation used by method II is more stable than the semi-implicit
scheme in method I, especially for larger macroscopic velocity gradients and Weissenberg numbers (c¢f. Sect. 6.2
of [21]). Hence method I can require much smaller time-step sizes than method II, and this can often outweigh
the reduced computational complexity per time-step of method I. Also, for large-scale problems we generally
prefer to satisfy only QH2 rather than QH1 since with QH2 we can obtain a smaller value of QQq, which in turn
reduces the computational work required in each time-step of the alternating-direction method.
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FiGURE 3. Plots of the 1& and 7 convergence data in Table 1 (the lines interpolate the conver-
gence data). (a) The black line shows the expected asymptotic decay rate, h?, and the blue and
red liness show the convergence of the two numerical methods when (N, Ny) is fixed at (6, 6)
and (10, 10), respectively. (b) The black line shows the expected asymptotic decay rate, h?, and
the solid and dashed blue lines show, respectively, the 7111 and 711,11 data for (N,, Ng) = (6,6).
The data for the other values of (N, Ny) are not plotted since the 717 convergence data in
Table 1 is virtually unaffected by increasing the number of spectral basis functions (figure in
colour available online at http://www.esaim-m2an.org/).
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We now move on to consider the scaling of the computation time as we increase the number of processors
in the parallel implementation of the alternating-direction method. The enclosed-flow problem considered
above provides a convenient test case with which we can quantify the parallel speedup for the alternating-
direction method. We studied this speedup by, first of all, solving the enclosed flow problem on one node of the
Lonestar parallel computer (each node contains four processors) to get the base computation time per time-

step, which we denote T'(1).

We then repeated the same computation, but using more computational nodes
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FIGURE 4. Plot of speedup, i.e. T(1)/T(N), as the number of computational nodes is in-
creased from 1 to 15 (the plot shows linear interpolation of data points). The speedup data
for (Np,Qq) = (120,3600) is plotted as a solid line and the dashed line shows the data
for (Np,Qq) = (1800,8100). For each computation we chose the number of nodes so that
Nproc(= 4N) was a common divisor of Np and Qq in order to ensure optimal load balancing
in each case so that the comparisons of computation time are fair.

of the parallel computer and we recorded the computation time, T'(NN), in each case, where N denotes the
number of computational nodes that were used. We refer to the ratio T'(1)/T(N) as the parallel speedup.

The parameters that have the most significant effect on the computation time of the parallel alternating-
direction scheme are Np and QQq, since these determine the number of z- and g-direction solves that need to be
performed each time-step. Note that there are only two steps in the alternatiwng—direction algorithm for which
the computation time does not scale down proportionally to the number of processors being used: the matrix
assembly for (3.29), which must be performed exactly once per time-step irrespective of Nproc, and also the
dense matrix redistribution that precedes direction changes in the alternating-direction method. However, if the
z- and ¢-direction solves dominate the overall computation time, then we can expect that the parallel speedup
will scale linearly with the number of processors being used.

In order to examine the scaling of the parallel speedup in practice, we performed computations for two
different discrete spaces, such that (i) Np = 120 and Qq = 3600, and (ii) Np = 1800 and Qq = 8100.
We solved the enclosed flow problem for these spaces using a number of different choices of Npoc. We used
method II with basis B to obtain the data below, but the parallel speedup behaviour is essentially the same
whether we use method I or II or basis A or B. The base computation times were T'(1) = 0.53 seconds for the
(Np,Qq) = (120, 3600) computation, and T'(1) = 157.0 seconds for the (Np, Qq) = (1800, 8100) case.

The parallel speedup of the alternating-direction method for the two discrete spaces discussed above is plotted
in Figure 4. In the case that (Np,Qgq) = (1800,8100), we obtained a parallel speedup of 14.8 when N = 15
(i.e. Nproe = 60), whereas the speedup tailed off to less than 10 when N = 15 for the computation with
(Np, Qq) = (120,3600). This difference in the scaling of the parallel speedup is primarily due to the fact that
the overhead from the redistribution of D™ is much larger, as a proportion of the overall computation time, for
the smaller problem. For example, for the (Np, Qq) = (120, 3600) problem, matrix redistribution took 8.66% of
the overall computation time when N = 1, but when N = 15, it increased to 30.4%. By contrast, in the larger
problem with (Np, Qq) = (1800,8100), more time is spent on the ¢- and g-direction solves in each time-step,
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so that only 0.89% of the computation time was taken for the matrix redistribution when N = 1, which increased
t0 2.25% when N = 15. Since 2.25% is still only a small proportion of the overall computation time, the matrix
redistribution overhead does not significantly detract from the near optimal scaling of the parallel speedup
shown in Figure 4 for the (Np, Qq) = (1800, 8100) case. This indicates that as long as the values of Np and Qq
are large enough, the alternating-direction method can scale efficiently to a very large number of processors.

5.2. Computational results for the micro-macro model

We now consider two micro-macro model channel flow problems. In the first, we consider the Navier—Stokes—
Fokker—Planck system for a 4-to—1 contraction problem in two dimensions, and in the second, we consider the
flow around a spherical obstacle in a channel with square cross-section in the case of d = 3. We used the coupled
algorithm discussed in Section 4.3 in both cases. For each of these two problems we present numerical results
for one particular discrete space Vj, ® Pn(D), but in each case we performed mesh refinement studies (i.e. we
solved using a sequence of increasingly refined spaces) to ensure that the numerical results shown below are
accurate.

4-to-1 contraction. Contraction flows are standard benchmark problems in computational rheology because
they are challenging from the numerical point of view and they also have practical relevance in industrial
applications (for a detailed discussion of contraction flows see Chap. 8 of [31]). In this section we consider
the coupled Navier—Stokes—Fokker—Planck model with Re = 1 in a contracting domain, which is 10 units long,
4 units wide in the wider section and 1 unit wide in the narrow section. We imposed a parabolic inflow profile
on up on the left boundary (9€i,) with maximum value of Upax = 1, a zero normal stress outflow condition
on the right boundary (9€Qut), zero Dirichlet condition on the top boundary and a symmetry condition on the
bottom boundary (by setting the y-component of up to zero there). Also, instead of an L-shaped domain, we
use the physical space domain with a rounded corner shown in Figure 5 to avoid a singularity in the velocity
field and hence ensure that Kn = Vzup is uniformly bounded as h — 04. Also, in order to resolve the solution
satisfactorily, the finite element mesh, 7}, has been graded so that it is finer near the corner.

Weset b =12, Wi = 0.8, v = 0.59 and took 500 time-steps with At = 0.01 so that T' = 5. We used alternating-
direction method II with basis A. The mesh 7; contained 905 triangular finite elements and Qq = 543012
Also, we used (N, Ng) = (20, 20) for the g-direction spectral method, so that Np = 820. In this computation
Wi|lg[|Le () =~ 10, and the high velocity gradients are localised to the vicinity of the rounded corner. The
macroscopic velocity field at 7' =5 is plotted in Figure 5b and the corresponding components of 7, n are shown
in Figure 6. The computation was performed using 40 processors of the Lonestar supercomputer at the Texas
Advanced Computing Center using a parallel implementation of the alternating-direction method, and each
time-step took 1.16 seconds to compute.

Flow around a spherical obstacle. The planar flow of a polymeric fluid around a cylindrical obstacle in
a channel has also been a popular benchmark problem in the computational rheology literature (see Chap. 9
of [31]). In this section we consider a three-dimensional analogue in which we solve the micro-macro model for a
suspension of FENE dumbbells for the flow around a sphere with radius 1 in a three-dimensional channel with
4 x 4 square cross-section. In this case Q C R? and Q x D C R6. We set b =12, Wi = 1, v = 0.59 and we used
the Stokes equations for the macroscopic velocity field.

The mesh 7}, is shown in Figure 7. We set w;, to be the velocity profile corresponding to steady Stokes flow
in a channel with square cross-section, with Uyax = 1. We also imposed a zero Neumann boundary condition
on 0ut, a no-slip boundary condition on the channel walls and on the spherical obstacle, and we set two
symmetry boundary conditions so that we only needed to simulate the flow in one quarter of the domain.

12\We used six quadrature points per element (with no points on element boundaries) in order to satisfy QH2, cf. [28].
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FIGURE 5. (a) The finite element mesh 7; used for the contraction flow computations.
7y, contains 905 triangular elements. (b) Streamlines for the macroscopic velocity field; this cor-
responds closely to Figure 8.9 in [31], which shows computational results for planar contraction
flows obtained using the fully macroscopic Oldroyd B model.

T22

FIGURE 6. The components of Thn at T =5. In the 71 plot, values range from 0.45 (blue)
to 15.7 (red), in the 72 (= 721) plot we have —9.75 (blue) to 1.41 (red) and in the 722 plot,
0.46 (blue) to 11.5 (red). The polymeric extra-stress is largest in the region near the rounded
corner (figure in colour available online at http://www.esaim-m2an.org/).
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FIGURE 7. (a) Plot of the pressure, p, € Py, at T = 1, with values ranging from 0.5 (blue)
to 14.4 (red). Also, this plot shows the mesh 7. Note that the mesh is very fine in the vicinity
of the spherical obstacle in order to resolve the solution structure in that region. (b) The
a-component of the macroscopic velocity field at 7' = 1; values range from 0 (blue) to 1 (red)
(figure in colour available online at http://www.esaim-m2an.org/).

The mesh 7, contains 5150 tetrahedral elements and we used Qo = 72100'%. For the g-direction spectral
method we used basis C with (N, Ngpn) = (12,12), so that Np = 1092. We took 100 time-steps with At = 0.01
using method II to reach 7" = 1 and in this case Wi||s[| =) ~ 5. Plots of the z-component of uj, and of pp
at T'= 1 are shown in Figure 7. Also, the components of the polymeric extra-stress tensor at 7' = 1 are shown
in Figure 8. This computation was performed with N, = 128 and it took 38.7 seconds to evaluate each
time-step of the coupled Stokes—Fokker—Planck system.

6. CONCLUSIONS

We have presented a range of theoretical results for alternating-direction methods for the Fokker—Planck
equation from polymeric fluid dynamics. This analysis built upon the results in [22] for the Fokker—Planck
equation in configuration space. We proved rigorous stability results and, in the case of method I, an a priori
convergence estimate. We also established an important property related to the superconvergence of 7 with
respect to the g-direction spectral method; this property is extremely beneficial for practical computations with
the micro-macro model since in that context the accuracy of T is of primary importance.

We developed a computational framework for the Fokker—Planck equation that is efficient in practice and
is also underpinned by rigorous theoretical analysis. We coupled the alternating-direction method to a mixed
finite element method for the Navier—Stokes or Stokes equations to obtain an algorithm for the full micro-macro
model for dilute polymeric fluids. We used this algorithm to obtain computational results for some channel flow
problems of physical interest. Parallel computation was used in order to significantly reduce the computation
time that was required for these problems and this made large-scale problems (such as the flow around a sphere
problem considered in Sect. 5.2) computationally feasible. To the best of our knowledge our computation for
the flow around a sphere problem is the first ever numerical implementation of the fully coupled micro-macro
model in a case where Q x D C RS.

An important challenge for future work is to consider the extension of the deterministic multiscale framework
developed here for FENE dumbbells to the case of dumbbell chains, for which the configuration space is higher-
dimensional. This topic has been considered using reduced basis methods in [1,2] and sparse grid methods in [13]

13We used 14 quadrature points per element (with no points on element boundaries) in order to satisfy QH2, cf. [35].
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FIGURE 8. Plots of the components of the polymeric extra-stress tensor, 7, n, at T = 1 for
the channel flow around a spherical obstacle. The minimum (blue) and maximum (red) values
in each plot are as follows; 711: 0.53 to 6.25, 7o: —1.25 to 2.41, 713: —1.23 to 2.54, Tos:
0.48 to 3.35, Ta3: —0.33 to 1.15 and 733: 0.47 to 3.46 (figure in colour available online at

http://www.esaim-m2an.org/).

(see also [32]) for the Fokker—Planck equation in configuration space, and it is plausible that the alternating-
direction framework developed here would be an effective approach for extending these reduced basis or sparse

grid approaches to the full Fokker—Planck equation for dumbbell chains.
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