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CONTINUOUS LIMITS OF DISCRETE PERIMETERS

ANTONIN CHAMBOLLE!, ALESSANDRO GIACOMINI? AND LUCA LUSSARDI?

Abstract. We consider a class of discrete convex functionals which satisfy a (generalized) coarea
formula. These functionals, based on submodular interactions, arise in discrete optimization and are
known as a large class of problems which can be solved in polynomial time. In particular, some of them
can be solved very efficiently by maximal flow algorithms and are quite popular in the image processing
community. We study the limit in the continuum of these functionals, show that they always converge
to some “crystalline” perimeter/total variation, and provide an almost explicit formula for the limiting
functional.
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1. INTRODUCTION

In the past ten years, optimization methods for image processing task have made a lot of progress, thanks
to the development of combinatorial methods (maximal flow/minimal cut, and other graph-based optimization
methods — see for instance [11], and [1,4] and the references therein). These methods are not new, the idea
of representing Ising energies (i.e., discrete approximations of perimeters) on graphs and computing minimum
points using maximal flows algorithms dates back at least to the 70s [14]. However, the evolution of computers
and the development of new algorithms [4], oriented towards specific applications, have contributed a lot towards
the recent increase of activity in this field. In image processing, the idea is to regularize ill-posed inverse
problems for finding sets (shapes) or partitions into labels of an image, by penalizing a discrete variant of their
perimeter. We try to consider, in this paper, the most general energies which can be tackled by these methods,
and even a little bit more: we consider discrete submodular energies (see Eq. (1.1) below), defined on discrete
subsets of a finite lattice V C hZY, h > 0, for which it is known that polynomial algorithms do exist (see for
instance [7,12,15]). We will show that, appropriately extended into functions of general vectors in RY by means
of a generalized coarea formula, these energies are, in fact, convex. This is already known (although our setting
is a bit different, as well as our proofs which apply to other situations, including functionals defined in the
continuous setting) in discrete optimization, under the notion of Lovdsz’ extension [13].
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We will then study the continuous limit of our energies, as the discretization step h goes to 0 (and the number
of pixels/voxels in V to infinity), providing a very simple representation formula for the limit. In particular, it
will be obvious from this formula that simple approximation procedures only provide “crystalline” energies, as
already observed for instance in [3].

To be more specific, we consider in this paper an “interaction potential” F : {0,1}*® — [0, 400), which is
a nonnegative function of binary vectors of {0,1}*, where ¥ C Z" is a finite (small) set of “neighbors”. We
assume, in addition, that F' satisfies the submodularity condition

FuAv)+ FuVov) < F(u)+ F(v) (1.1)

for any u,v € {0,1}*, where (u A v); := min{u;,v;} and (u V v); := max{u;,v;}. Defining, for + € RY and u
a real-valued function, the vector u[z + h¥] = (u(z + hi)iex) € R*, we will study the asymptotic behavior as
h — 0 of functionals of the type

Jn(E, Q) :=h""1 N F(xslr+ b)), (1.2)
zeIh(Q)NhZN

where here, Q is a bounded open subset of RY and E is a discrete subset of the discrete lattice V = hZN N Q
(E is also identified to the union of the cubes Q" = z + [0,h[", z € E, and xg is its characteristic function).
The notation I"(f2) stands for the points 2 such that x + kY C ©, so that the sum in (1.2) involves only the
nodes x € hZ"~ such that x + hX C Q.

The functional (1.2) is a sort of nonlocal anisotropic discrete perimeter of E. In fact it penalizes the boundary
of E in a nonlocal way, since an interface at the boundary with a vertex x interacts with the behavior of F on the
cubes with vertices z + hX. The nonlocality vanishes as h — 0 since its radius of action is given by h - diam(X).
The anisotropy is introduced by the function F', which can weight interfaces with various orientations in different
ways.

The result of this paper concerns the asymptotic behavior of the discrete perimeters (1.2) as h — 0 in the
variational sense of I'-convergence (see Sect. 2 for the definition) with respect to the L!-topology on the family
of discrete sets (that is L' convergence of characteristic functions). Under mild assumptions on F and €, we
prove that (see Thm. 4.2) the discrete perimeters I'-converge to the continuous anisotropic perimeter which for
a sufficiently regular set E (a set with Lipschitz boundary for instance) is given by

J(E,Q) = /BE Flvg - %) dA, (1.3)

where vg is the inner normal at the boundary and (vg - X) = (Vg - y)yex. This means that solutions of discrete
minimization problems involving our discrete perimeters will be close, in the limit of the continuous setting, to
minimizers of problems involving (1.3).

To be more precise, the class on which the I'-limit is defined is given by the family of sets with finite
perimeter in §2 [2,10]. As a consequence, for a general set E, the boundary involved in the functional (1.3) is
the reduced boundary 9*F, the inner normal vg is intended in a measure theoretical sense (see Sect. 2), and
the area measure dA has to be replaced by the (N — 1)-dimensional Hausdorff measure H¥~!. The function F
appearing in (1.3) is the extension to R* of the submodular function F' by means of the formula

+oo

where {u > s} := {x € ¥ : u(z) > s}. Formula (1.4) is a coarea formula for the function F since it relates the
value F'(u) to the behavior of F' on the “boundary” of the level sets {u > s} (compare with Eq. (2.3) which
gives the classical coarea formula for functions of bounded variation).
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In view of the result on discrete perimeters, we obtain a I'-convergence result for the functionals Jp(-, )
extended to the class of piecewise constant functions u relative to the grid hZY. More precisely we consider u

of the form
u = Z azXQhs ay; € R

zERZN
and
Tn(u, @ =pN"1 3" F(ufz + hY)). (1.5)
el (Q)NhZN
As the functional (1.2) could be thought of as a discrete perimeter, the functional (1.5) could be considered as
a sort of discrete total variation of the function w. Clearly it inherits the nonlocal and anisotropic features of
the discrete perimeter. We show that the I'-limit in the L'-topology is given by the anisotropic total variation

J(u, Q) :/QF(%-E) d|Dul, (1.6)

where u belongs to the space BV (Q2) of functions of bounded variation (see Sect. 2), Du/|Du| € S¥~1 denoting
the Radon-Nikodym derivative of Du with respect to its total variation |Du|. This I'-convergence result is a
simple consequence of the result on sets and of the fact that the functionals J;, satisfy the generalized coarea
formula

+oo
T, Q) = / T (X gusey Q) ds, (17)

— 00
so that the behavior of J; on piecewise constant functions is completely determined by the discrete perimeters
for sets. We infer the result from general properties of functionals on L!(Q) that satisfy a coarea formula
like (1.7), which we study in Section 3. This class of functionals, denoted by GC(f2), was investigated by
Visintin [16,17] in connection with phase transition problems. As a consequence of our I'-convergence result,
the discrete total variations (1.5) can be used to approximate Total Variation Minimization procedures in image
denoising involving (1.6) (see Cor. 4.3).

The paper is organized as follows. Section 2 contains the notation employed in the paper, and some basic
facts concerning sets with finite perimeter, functions of bounded variation and I'-convergence. In Section 3 we
consider the class GC(Q) of functionals on L'(Q) which satisfy the generalized coarea formula: in particular
we prove that GC(Q) is closed under I'-convergence, and that the limit can be recovered by the behavior on
characteristic functions of Borel sets. Section 4 contains the main I'-convergence result formulated for the
discrete total variations (1.5). We exploit the reduction to the class of discrete sets, and Sections 4.1 and 4.2
contain the proof of the two inequalities characterizing the I'-convergence of the discrete perimeters.

2. NOTATION AND PRELIMINARIES

Let A be an open subset of RY. We will say that A has a continuous boundary if A can be covered by
finitely many balls B such that, in each ball, BN A is the subgraph of a continuous function (after an appropriate
change of coordinates). If these functions are Lipschitz continuous, we say that A has a Lipschitz boundary.

For any p € [1,+oo[ we will denote by LP(A) the usual space of all p-summable functions on A, and by
L°(A) the space of measurable functions on A which are essentially bounded. Given u,v € L1(A), we set

u A v = min{u, v} and u Vv = max{u,v}. (2.1)

In the following, we recall some basic facts concerning function of bounded variation and sets with finite
perimeter which we need in the following sections, together with some basic definitions and results concerning
I'-convergence.

Functions of bounded variation and sets with finite perimeter. For an exhaustive treatment of the
subject, we refer the reader to [2].
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We say that u has bounded variation in A and we write u € BV (A) if u € L'(A) and

|Du|(A) = sup{/ udivpdz : p € CHA), ||¢]leo < 1} < +o0. (2.2)
A

|Dul|(A) is referred to as the total variation of w.
If £ C Ais a Borel set, we say that E has finite perimeter in A if yp € BV (A), and we set

Per(E, A) := |Dxg|(4).
Per(E, A) is called the perimeter of E in A. It turns out that
Per(E,A) =HN"1(0*ENn A), and Dxg =veHY'LO"E,

where 0*E denotes the reduced boundary of E, which, up to a H~ ~!-negligible set, coincides with the (larger)
set of points = such that there exists a unit vector vg(x) with

E—
TZH{yERN:yﬁ/E(:E) >0} as 0 — 0 in L{ (RY).

The unitary vector vg(z) is usually referred to as the interior normal to E at x. HN~! denotes the (N — 1)-
dimensional Hausdorff measure, which is a generalization to arbitrary sets of the usual (N — 1)-area measure.
The points of 9*E are also called regular points of OF.

If u € BV(A), the following coarea formula holds:

+oo
|Du|(A) = Per({x € A:u(x) > s}, A)ds = /

— 00 —

+oo
|DX{u>s}|(A) ds. (23)

Finally we recall the following compactness result (which is a variant of Rellich’s theorem). If A is bounded
and with Lipschitz boundary, and (u,)nen is a sequence in BV (A) such that |[u,| 114y +|Dun[(A) is bounded,
then there exist a subsequence (un, )ren and a function u € BV (A) such that

Up,, — U in L'(A)

and
|Du|(A) < liminf |Duy, |(A).
k—o0

I'-convergence. Let us recall the definition and some basic properties of De Giorgi’s I'-convergence in metric
spaces. We refer the reader to [5,8] for an exhaustive treatment of this subject. Let (X, d) be a metric space.
We say that a sequence F,, : X — [—o0, +00] I'-converges to F : X — [—o00,+00] (as n — o0) if for all u € X
we have

(i) (D-lim inf inequality) for every sequence (uy)nen converging to u in X,

liminf F,, (u,) > F(u);

n—00

(ii) (T-lim sup inequality) there exists a sequence (un)nen converging to w in X, such that

limsup F, (u,) < F(u).

n—oo
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The function F is called the I'-limit of (F},)nen (with respect to d). Given a family (F},)p~o of functionals on X,
we say that Fj, I'-converges to F' as h — 0 if for every sequence h,, — 0 we have that F}_ I'-converges to F' as
n — 00.

I'-convergence is a convergence of variational type as explained in the following proposition.

Proposition 2.1. Assume that the family (Fj,)n>o0 I'-converges to F and that there exists a compact set K C X
such that for all h >0
inf F = inf Fjp(u).
def Pl = Jok Bl
Then F admits a minimum on X, infx Fp, — minx F' as h — 0, and any limit point of any sequence (up)n>o
such that
fm (Fn(on) — o Fio)) =0

is a minimizer of F.

3. GENERALIZED COAREA FORMULA

In the following, let Q C RY be an open and bounded set.

Definition 3.1. Let J: L'(Q) — [0, +00] be a proper functional. We say that .J satisfies the generalized coarea
formula if for every u € L*(9)

+oo
T = [ I ds, (3.1

—00
with the convention J(u) = +o0 if the map s — J(x{u>s}) is not measurable. We denote by GC(f2) the class
of functionals satisfying (3.1).

The class GC(Q2) has been introduced by Visintin [16] and investigated, in the discrete case, by Chambolle
and Darbon [6]. In a slightly different setting, the formula (3.1) is a variant of the extension introduced by
Lovész in [13] and well-known in combinatorial and linear optimization.

An example of functional satisfying (3.1) is given by the total variation (2.2) in view of the coarea for-
mula (2.3). Other examples are treated in [17]:

J(u) = /Q . |u(z) — u(y)||lz — y|_(N+T) dzdy, Vre(0,1)
X

and

J(u) = / (ess sup u — ess inf u)h*(l”) dzdh, Vre(0,1).
QxR+ B (z)NQ B (z)NQ

The next proposition contains some elementary consequences of formula (3.1).

Proposition 3.2. Let J € GC(). Then for every u € LY (Q) the following facts hold:
(i) J(Au) = AJ(u) for every A > 0;
(ii) J(u+c) = J(u) for every c € R;
(iii) J(c) =0 for every c € R.
Moreover if J is convex, for every u,v € L*(2) we have
(iv) J(uAv)+J(uVo)<Ju)+ J(v).

Proof. Let A > 0, u € L*(Q) and ¢ € R. Then

+o0 +oo
J00 = [ I ds =2 [ ) de= A

— 00
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and
400 400
J(u+c)= / J(Xfu>s—cy)ds = / J(Xqusty) dt = J(u)
— 00

—o00
so that (i) and (ii) follow.
Let us prove (iii). In view of (ii), it suffices to show that J(0) = 0. Suppose by contradiction that J(0) > 0.
Then for every u € L>(2) we have

+oo +oo
J(u) = / J(X{ussy)ds > / J(0)ds = 4o0. (3.2)

— 00 €ss sup u
Q

By the generalized coarea formula, we deduce that J(u) = +oo for every u € L'(). But this is against the
fact that J is proper, so that point (iii) is proved.
Let us show (iv). Since we have
2
J(X{u>s} A X{v>s}) + J(X{u>s} \ X{v>s}) = /0 J(X{X{u>s}/\X{v>s}+x{u>s}\/x{v>s}>t}) dt
[

J(X{X{u>s}/\X{U>s}+X{u>s}vx{v>s} >t}) dt7
—00

by the generalized coarea formula (3.1) we get

J(X{u>s} A X{v>s}) + J(X{u>s} \ X{v>s}) = J(X{u>s} A X{v>s} + X{u>s} \ X{v>s}) = J(X{u>s} + X{v>s})'

Notice that if J is convex, by point (i) we deduce that J is subadditive. Then we obtain

J(X{u>s} A X{v>s}) + J(X{u>s} \ X{v>s}) < J(X{u>s}) + J(X{v>s})' (3'3)

Observe that for any s € R we have {uAv > s} ={u>s}N{v>s}and {uVov>s}={u>s}U{v>s}so
that

X{unrv>s} = X{u>s} A X{v>s} and X{uvo>s} = X{u>s} \ X{v>s}-
We conclude by (3.3)

+oo
T Av) + TV v) = / T gunossy) + T (xavossy)] ds

—00

+oo
= / [J(X{u>s} A X{v>s}) + J(X{u>s} \ X{v>s})] ds

—0o0

+00 Foo
< / T(Xusey) ds + / T(Xwsay) ds = J(u) + T(v)

—o0 —00
so that (iv) follows and the proof is complete. O

We will need the following lemma concerning the approximation of Lebesgue integral by means of Riemann
sums.

Lemma 3.3. Let f € LY(R), t €]0,1[ and let us set

sty = 2307 (FE)

keZ
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Then up to a subsequence we have

+oo
lim s,(t) = / f(r)ydr for a.e. t €]0,1].
Proof. For any n € N we easily get

[ =i (5

kEZ

Then for ¢ € ]0,1[ we have

/01 /:of(r)dr—sn()‘dt—/ol /mf( T——k%f(k“) at
Z/ <k+r>d _Zf<k;rt> dt
kEZ kEZ (k+r> y ($>‘ »
kEZ

But

() ()
e e
/0 -1 (+%) Lm‘“*/ - (+0)

The last terms tend to zero by continuity of the translation operator in L*(R). We conclude that

keZ

I /\

dr.
LY(R)

Sp — /M f(r)dr in L'(0,1)

so that, up to a subsequence, pointwise almost everywhere convergence follows. ]

In view of (3.1), functionals in the class GC(2) are completely determined by their behavior on characteristic
functions of Borel sets contained in §). The next result gives a sufficient condition for the convexity of lower
semicontinuous functionals in GC(f2) in terms of the submodularity property (iv) of the previous proposition
only on characteristic functions.

Proposition 3.4. Let J € GC(Q) be a lower semicontinuous functional such that
J(xener) + J(xpur) < J(xE) + J(xE') (3.4)

for every pair of Borel sets E, E' in Q. Then J is convex.
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Proof. Since by Proposition 3.2 J is positively one-homogeneous, it is sufficient to show that
Ju+v) < J(u)+ J(v) (3.5)

for any u,v € L(Q).
We claim that the following representation formula holds for every function v which is positive, bounded and

with integer values:
m m
:min{ZJ(XEi):mzl,u:ZXEi}. (3.6)
i=1 i=1

In order to prove (3.5), we can clearly assume that J(u) < +oo0 and J(v) < +oo. Hence by (3.1) the maps
s = J(X{u>s}) and s — J(X{v>s}) belong to LY(R).
Firstly let us assume 0 <« <1 and 0 < v < 1. For every n € N, n > 0, let us set for ¢ € ]0, 1]

ZX{u>k+t} and Un = ZX{v>k+t

By applying Lemma 3.3, we can choose ¢ € ]0,1[ in such a way that

1
nlggoﬁzj(x{“>k+t ):/0 J(X{u>s})d5

and )
nlLII;O E Z J (X{v> k+tt ) = /0 J(X{U>s}) ds.

By construction u,, — v and v, — v in LI(Q). Then by positive homogeneity, and assuming the representation
formula (3.6) holds, we get

o) = ( ZX{wWHX{wW}) 227 (o) 9 (o)

The right-hand side converges by construction to J(u) + J(v), and thus, by lower semicontinuity of .J, we have
that (3.5) follows.
In the case m < u < M and m < v < M, one can easily show again that (3.5) holds by considering the
functions (v —m)/(M —m) and (v —m)/(M — m), and taking into account the general properties of J.
Finally, for u,v € L*(Q2) and for T > 0, let us consider ur := —T Vu AT and vy :== —T Vv AT. Since
ur — u and vr — v in L1(2), by the lower semicontinuity of J we obtain

J(u+v) < hm}rnf J(ur +vr) <liminf(J(ur) + J(vr)) < limsup J(ur) + limsup J(vr)

T—+o0 T—+4o00 T—+4o00
T T
= TEI-EOQ o J(X{u>s}) ds + TEIEEOO L J(X{v>s}) ds = J(u) + J(v),

so that (3.5) follows.
In order to conclude the proof, we have to check claim (3.6). Let M := max u. Since u is positive and integer
valued, we can write u = Zf‘il X{u>i}- Forany i€ {1,..., M} we have

/ ) J(Xqussy) ds = J(Xquzi})
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so that
M

+o0
J(u) = /O J(X{u>s}) ds = Z J(X{uZz})

i=1

Hence

=1

J(u)Zinf{Z](XEi):mZ 1, UZXE}

In order to prove the opposite inequality let u = Z:Zl xE; for some Borel set E; C Q and m > 1. Observe that
for any r,s € {1,...,m} with r # s we also have

U = XE,NE. T XE,UE, + Z XE;-
i#Er
i#Ss
From (3.4) we get

J(xg,ne.) + J(xE,0m,) + Y T(xe) < Z J(xE,)-

iET
i#Ss
Then by induction it is easy to see that
inf{ZJ(in) m>1, u= ZXE} > inf{ZJ(in) m>1, u= ZXEmEl DFyD---D Em}
i=1 i=1 i=1 i=1
M
= ZJ(X{uZi}) = J(u).
i=1
Hence claim (3.6) holds true, so that the proof is concluded. O

The following proposition deals with the stability of the class GC(£2) with respect to the I'-convergence.

Proposition 3.5. Let (J,,)nen be a sequence of convex functionals in GC(2) such that there exists a functional J
defined on characteristic functions of Borel sets which satisfies the following conditions:

(a) for every Borel set E C Q and for every sequence of Borel sets (En)nen contained in 2 such that
XE, — XE in L'(Q) we have

J(xe) < liminf J,(x&, );

(b) for every Borel set E C ) there exists a sequence of Borel sets (Ey)nen contained in Q with xXg, — XE
in LY(Q2) and such that

limsup J,,(xg,) < j(XE)

n—oo

Then setting

+oo
J(u) ::/ J(X{u>s})d3a

we have J € GC(2) and the sequence (J,)nen I'-converges to J in the L'-topology.
Conversely let (Jn)nen be a sequence of functionals in GC(S2) which T'-converges to a proper functional

J: L'(Q) — [0,400]. Then J € GC(Q) and its restriction J to the family of characteristic functions of Borel
subsets of ) satisfies conditions (a) and (b).
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Remark 3.6. Notice that it follows that for conver functionals in GC(2), the T'-convergence is equivalent
to the I'-convergence on the corresponding (submodular) set functions, that is, the restriction to characteristic
functions of the original functionals. However, the last statement in Proposition 3.5 is also true without assuming
any convexity of the functions J,,. Notice that there exist functionals in GC(£2) which are lower semicontinuous
but not convex, so that convexity cannot be gained by relaxation. (It suffices to consider functionals of the
form (4.4) with © and h chosen in such a way that the summation involves only one square, and the function F
is not submodular on binary vectors.)

Proof of Proposition 3.5. Notice that J is, by construction, lower semicontinuous on characteristic functions, so
that the map s — j(X{u>s}) is measurable for every u € L1(£2). Hence the definition of J is well posed.

In order to prove the I'-convergence result, we need to check I'-lim inf and I'-lim sup inequalities (see Sect. 2).
Let us start with the I'-lim inf inequality. Let u, — wu in L'(Q2). Up to a subsequence, we can assume that
X{un>s} — X{u>s} I LY(Q) for a.e. s € R. By Fatou’s Lemma, the generalized coarea formula (3.1) and
assumption (a) we get

+oo oo
liminf J,, (uy,) > / lim inf J;, (x{u, >s}) ds > / J(Xfussy)ds = J(u)
n— o0 o

—
n— 00 o

so that the I'-lim inf inequality follows.

Let us come to the I'-lim sup inequality. We can clearly assume that the map s — J (X{u>s}) belongs to
LY(R). Notice that the subspace given by (finite) linear combinations of characteristic functions is dense with
respect to the energy J. In fact, if 0 < u < 1, by Lemma 3.3 we can choose ¢ € |0, 1[ such that

1 .
EZX&D%}HU in L' ()
kEN

and (since J(0) = J(1) = 0)

.1 = b +oo
é@mE%J(X{WT}) :/O J(X{u>s})d8:[m J(X{u>sy) ds.

The case m < u < M follows considering the function (u —m)/(M — m). Finally, for u € L'(Q), let us set
ur = —TVuAT — u for every T > 0. Since ur — u in LY(Q) and J(ur) — J(u) as T — +oo, the
density in energy follows by a diagonal argument. By general results of I'-convergence, it suffices to prove the
I'-lim sup inequality for u equal to a linear combination of characteristic functions. Since J is invariant under
translation, it is not restrictive to assume that u = 27;:1 arXE, With a; > 0 for every kK = 1,...,m, and
E, CFE,-1C---CF. In this way we have

J(u) = awd (xs,)-
k=1

By condition (b), we can find Borel sets E}} such that
XEp — XEy in L'(Q)
as n — 0o, and

limsup J (xEp) < J(xE,)-

n—00
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Setting u, 1= > ey arX By, we have u, — u in LY(Q). Since J, is convex and positively one-homogeneous, and
hence subadditive, we deduce

m m
lim sup J,, Z ay limsup J,, (X Ep) Z v (xE,) = J(u),
k=1 k=1

n—00 n—00

so that the I'-lim sup inequality is proved.

Finally, the fact that J € GC(R2) follows since J and J coincide on characteristic functions. The proof of the
first part of the proposition is thus complete.

Let us come to the second part. Clearly J satisfies condition (a). In order to prove condition (b), let E be a

Borel subset of 2, and let u,, € L*(2) be such that u, — xg in L*(Q) and limsup,, . Jn(un) < J(xE). Since
for any ¢ € (0,1)

1-6§
Jn(un) > / Jn(X{un>s})d57
s
there exists s, € (6,1 — ¢) such that

1
In (X{un>5n}) =1_95 (Un) (37)

et us set = X{u,>s, 1. We have clearly that xgs — xg In and by (3.7) we deduce
L Ei {un>s,}- We h learly th s in L'(Q d by (3.7 ded

1 1 -
limsup Jn(xps ) < 5hmsupJ n(Un) < | _26J(XE).

n—oo 1 n—00

Let us choose now § = 1/m. There exists n,, such that for every n > n,, we have
IXgrm = xEllLr <1/m

and
J 1m) < 7!; E).
n(XEn/ ) 1— 2/ (X )

Moreover we may assume that n,, | co. If we set E, := El/m for n,, < n < npi1, we have that (Ey,)pen is

the recovering sequence for which the I'-lim sup inequality holds.
Finally, the fact that J € GC(Q) follows now from the first part of the proposition, and this concludes the
proof. O

4. DISCRETE APPROXIMATION OF ANISOTROPIC TOTAL VARIATION

Let N > 1 and ¥ C Z" be a finite set, and let F : {0,1}* — [0, 4+00) be a nonnegative submodular function,
ie. F(u Av)+ F(uVv) < F(u) + F(v) for any u,v € {0,1}*, with F(0) = F(xs) = 0. We extend F to all
vectors u € R¥ into a convex function by letting (see Prop. 3.4)

+oo
Flu) = / F(xqusep) ds (4.1)

where {u > s} :={z € X :u(z) > s}. We let

pe = maxlg| (42)
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and we assume, in addition, the following coercivity assumption:
(A) X contains 0 and the canonical basis (e;))Y.; of R, and there exists ¢ > 0 such that for any u € R,

F(u) > CZ |u(e;) — u(0)].

Notice that (4.1) is a discrete version of the generalized coarea formula (3.1).
Given h > 0 and = € hZ" let us set
Q" =z +h0,1[". (4.3)
Let Vj, denote the space of functions u: RN — R such that

u = Z u(z)xqn -

z€hZN

Notice that we have Vj, C LL (RY).
Let © C RY be an open and bounded set. We denote by Vj,(f2) the restriction to Q of the functions
in Vj,. Let moreover I"(2) denote the set of z € RY such that # + hY C Q. We consider the functional

Jn(+,Q): LY(Q) — [0, +o0[ defined as

RNTLNT Flulz 4+ hE)) if w € Vi(Q)
Jp(u, Q) = rEIM(Q)NAZN (4.4)
+00 ifue LY Q) \ Va(Q),

where for any x € I"(Q), u[z + hY] is the vector (u(z + hy)yes) of R¥.

The aim of this section is to study the asymptotic behavior of the functionals J(-,€2) as the size mesh h
vanishes: it is expected that they approximate some anisotropic total variation. The following proposition shows
that the functionals J, (-, ) satisfy the generalized coarea formula (3.1).

Proposition 4.1. The functional Jy (-, Q) is conver and belongs to GC(Y). Moreover, there exist Co > C1 > 0
such that for any open sets A, B with A CC B CC Q, and for any u € Vi (Q2), we have, if h is small enough,

C1Dul(A) < Ju(u,B) < Cs|Dul(Q). (4.5)

Proof. From (4.1), we get that also Jj, satisfies (3.1). The submodularity of F' yields (3.4), hence J; is convex.

To show the estimate (4.5), it is enough to assume that u € V},(Q) is a characteristic function (the general case
then follows from the coarea formula). In this case, the left hand side inequality follows from assumption (A),
while the other follows from the fact if that F(u[z + h%]) > 0 for some z € I"(B) NhZ"Y, then u takes different
values on the set x 4+ hY so that its variation on B(z, psh) (where px is given by (4.2)) is at least AV =1, O

For every v € RY we set
F(v-%):=F((v-y)yex).
The main result of the paper is the following.
Theorem 4.2. Let Q C RY be a bounded, open and Lipschitz domain, and let J, = Jy(-,Q) be defined

as in (4.4) for h > 0. Then the family (Jp)n>o I-converges in the L'-topology as h — 0 to the functional
J: LY () — [0, 4+00] given by

Du .
T, Q) = /QF <—|Du| . E) d|Du| if u € BV(Q) (4.6)
00 ifue LNQ)\ BV (Q),
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where for uw € BV (Q) the function Du/|Du| stands for the Radon-Nikodym derivative of Du with respect to its
total variation |Dul.

Since J(-, ) satisfies the generalized coarea formula (see Prop. 3.5), we can also write for u € BV ()

+oo
J(u, Q) = / Pery p({u > s}, Q) ds, (4.7)

— 00

where for any finite-perimeter set F in 2
Pers p(E,Q) = / F(vg - ) dHN 1. (4.8)
*ENQ

In particular
J(XE, Q) = PGTZ’F(E, Q)

for any finite-perimeter set E in €.
The following corollary is a consequence of the I'-convergence result of the previous theorem.

Corollary 4.3. Let Q C RY be a bounded open set with Lipschitz boundary, g € L>=(Q), and let uy be the
solution of

: 2
Lo In(u, ) + [[u = gll72(0)- (4.9)

Then uy, converges in L*(Q) for h — 0 to the minimizer u € BV (Q) of

. 2
Lo J(u, Q) + [lu = gllz2 (0 (4.10)

where J is the T-limit of the family (Jn)n>o given by (4.6).

Proof. Without loss of generality we can suppose uy, € V3, (£2) for any h > 0. Moreover, as a consequence of the
submodularity property (iv) in Proposition 3.2, we have that the functional Jj, decreases by truncation. This
entails that ||up||eo < [|g]lco for every h > 0.

Taking into account (4.5) we get that the total variation of wj is uniformly bounded. By compactness in BV,
we deduce that there exists u € BV (Q2) and a sequence hy — 0 such that uj, — u in L'(Q2). The convergence
is indeed in every LP for every 1 < p < 400 since (up)p>o is bounded in L>().

The fact that the limit « is a minimizer of (4.10) is a consequence of Proposition 2.1. Since this minimizer
is, in fact, unique, we conclude that the entire family (up)n>0 converges to u as h — 0. (]

Remark 4.4. Notice that equality (4.7) implies that the I'-limit J(u,2) satisfies (4.6) for every u € BV ().
In fact a direct computation shows that (4.6) holds for simple functions. The extension to the whole BV (2)
follows by a density argument. Let u € BV (), and let (u,)nen be a sequence of simple functions converging
in L}(Q) to w and such that |Du,|(Q2) — |Du|(2) as n — oo. From Reshetnyak continuity theorem (see [2],
Thm. 2.39) we deduce that

D D
lim [ F(-— .5 d|Dun|:/F =5 d|Dul. (4.11)
n—oo Jo | Duy | Q | Dul

Since |Duy|(©2) — |Dul(Q2), by coarea formula in BV () we get, up to a subsequence, Per({u, > s}, Q) —
Per({u > s},Q) for a.e. s € R. Using again Reshetnyak continuity theorem (applied to the measures
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vdHN =1L 0*{u, > s}), we deduce that

lim Pery p({un > s}, Q) = lim Fv-%)dHN !

1200 J g fun > 5300

:/ F(v-%)dHN ! = Pers p({u > s},Q).
0 {u>s}NQ

By the generalized coarea formula for J and the Dominated Convergence Theorem we conclude that

lim J(up, Q) = J(u, Q)

n—oo

so that in view of (4.11), the representation (4.6) is proved.

The rest of the section is devoted to the proof of Theorem 4.2. In view of Proposition 3.5 and of Remark 4.4,
in order to study the I'-limit of the family (J5)n>0 we can consider the restriction of Jj, to characteristic functions
of sets, and show that it I'-converges to the anisotropic perimeter given by (4.8).

By definition, we need to show that given any sequence h,, | 0, we have for any Borel set £ C (:

— if xg,, € Vi, (Q) converges to yg in L*(Q), then

liminf Jy, (xE,,,Q) > J(xg,Q); (4.12)

m— 00

— there exists a sequence (Ey,)men with xg, € Vi, () such that xg, — xg in L'(Q) and

m

limsup Jy,, (x&,.,Q) < J(xg, Q). (4.13)

m— 00

We prove inequalities (4.12) and (4.13) in Sections 4.1 and 4.2 respectively. We will use the following
“continuous” variant of Jj,, defined on any function and not just on piecewise constant functions of the class Vj,:
we let, for any u € L1(Q),

1
Jp(u, Q) == — / F(ulx + hX)]) dz. (4.14)
I Jine)
Let @, is the open unit cube centered in 0 with a face orthogonal to v, and
I :={zeRY:2.-v>0} (4.15)
We have the following result:
Lemma 4.5. There holds
F(v-%) = lim Jf(xs,, Q). (4.16)

Proof. One has
1
JE(XI,,;QV) = E/ F(X[U[I—f—hz])dx
1"(Qv)

Now, letting u(z) := v - z, we have, for any s € R and z € RY, x1, [# + h%] = X{u>s}[2 + sv + hX], so that we
may write

—1/2

12 (4
_ / <E / F(X{u>s}[y+h2])dy> ds. (4.17)
—-1/2 I"(Q,)+sv

12 (4
JE(XIWQV) = / (E /[h(Q )F(X{u>s}[l‘+51/+h2])dm> ds
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Now, as soon as |s| < 1/2 — pxh,

/ FXusayly +hE) dy = / Fxgusayly + hE]) dy.
I"(Qu)+sv I"(Qu)

and it follows from (4.17) and the coarea formula that

Ji(x1,,Qu) = Ji(u,Qu) + en (4.18)

where the error €, > 0 is

1
en = E/ / F(X{u>s}[y+hE])dy*/ F(Xussly +hE]) dy | ds.
L _psh<|s|<t \JIM(Q,)+sv "(Qv)

One easily checks that e, < 2(maxy F)pih — 0 as h — 0, and (4.16) follows from (4.18) and the observation
that

[1"(Q.)]
Q|
as h — 0. O

Ji(u,@Q,) = F(v-X) — F(v-%)

4.1. I-lim inf inequality

We prove here the inequality (4.12). First of all, we may assume (upon extracting a subsequence) that
the liminf in (4.12) is a limit, and, also, that it is finite (otherwise there is nothing to prove), so that in
particular sup,, Jn,, (xE,,,?) = C < +o00. For any A CC , it follows from (4.5) that for any m large enough,
C1|Dxg,,|(A) < C so that (by lower semicontinuity of the total variation) also E must have finite perimeter
in Q.

We consider the non-negative measures

Hm = hrjx_l Z F(xg,, [z + hmnX])0q,
zelhm (Q)Nh, ZN

such that Jp, (xE,,,$?) = pm(2). Since they are uniformly bounded, we may also assume that there exists a
measure y such that g, — p as measures. We therefore have

N(Q) < hminfjhm(XEmvﬂ)a (419)

m— 00

hence the thesis follows if we show that u > F(vg - X)HYN 1L O*E as measures.
It is therefore enough to compute the Radon-Nikodym derivative of the measure p with respect to HN 1L 9* E,
and to show it is above F(vg - ). We know from [2], Thm. 5.52, that it is given, for HN~!-a.e. z € 0*F, by

lim e +71Qy)
r—0 HNfl((l‘ —+ TQV) n 8*E)

for any v € RN with unit norm, where @, is as before the open unit cube centered in 0 with a face orthogonal
to v. In particular, at a regular point z¢ of 9*E we can choose v = vg(zo) (the inner normal to E at zp) and
the limit becomes

xo +1QL)

¢ = lim “(TT (4.20)
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Let us now show that ¢ > F(v - X). We can assume ¢ < +00. Notice that since xg is regular, we also have

1

lim —/ Ix1, (y — z0) — xe(y)|dy = 0.
r—0 ’]"N zo+2rQ.

For a.e. r > 0 (small), we have
p(@o +7Qy) = lim pm(zo +1Qy),
m—00
and

/ Ix1,(y — o) — xe(y)|dy = lim Ix1, (Y — w0) — XE,, (¥)| dy.
T0+2rQy

M= Jro+2rQ,

Hence, using a diagonal argument, there exist sequences m,, and r, such that h,,, /r, — 0,

!/ — lim an($0+rnQu)

n— o0 7«712[71
and 1
lim — / X1, (y — w0) = XE,,, (W) dy = 0.
n—0o0 TTL To+2r, Qv

For each n, we now make the change of variable y = z¢+r,z, and we define E!, = (E,,,, —x¢)/r» C (Q—2x0)/Tn.
It follows

' hm N—-1
¢ = lim (T_) 3 F(xe, [z + (b, /ra)E]) (4.21)
" 2€QuN|(hmy /Tn)ZN =20 /4]
and
lim Ix1,(2) = xE: (2)|dz = 0. (4.22)

n—oo 2Qu
We let h), = hyp, /rn (Which goes to 0), and let 8,, = x¢/hm,, — [€0/hm,] (the vector whose coordinates are each
the fractional part of the corresponding coordinate of zg/hyy,,, ). The limit in (4.21) becomes:

¢ = lim p/N-! > F(xg [z + b, X)) (4.23)

n—oo
2€Q,NAL (ZN —0,,)

Letting E! := E!, + hl,0,,, we clearly still have

lim Ix1, (2) = xEr(2)|dz = 0. (4.24)

n—oo Q
v

From now on, to simplify, we will denote E!! and h!, by, respectively, E, and h,. We consider a basis
(v1,...,vn) of RY such that each v; is orthogonal to a face of Q,,, and with v = v. We choose 19 > 0 (small).
Writing « = svq + 2/ = (s,2’) with 2’ - 11 = 0, we have (using Fubini’s Theorem)

7o 1 1/2—n
/ h_/ / Ix1, () — xE, (z)|dz’ ds| dn
0 n J1/2—n—pshn J[-1/2,1/2]N -1

1/2
. / / X1, () — xp, (2)] de'ds  (4.25)
1/2—no—pshn J[-1/2,1/2]N -1

which, thanks to (4.24), goes to 0.
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Hence, up to a subsequence, we may assume that for a.e. n € [0, 7],

1/2—n
—/ / Ix1, (sv1 +2') — xE, (sv1 +2')|da'ds — 0 (4.26)
1/2—n—pshn JQuNvi-
as n — 00. The same holds if we replace in (4.26) 14 with any of the v;, i = 2,..., N — 1, or if we replace the

interval [1/2 —n— pshy,, 1/2—n] of integration in the first integral with the interval [-1/24n, —1/2+n+ pxhy,].
Let us therefore choose a 1 > 0 such that all the above mentioned limits are 0, and let QZ =(1-2n)Q,.

We now extend periodically F,, NQ} in the directions Vi,...,UN_1, into a set B, C v+ [—1/2+n,1/2—n)v,
by letting # € E,, if and only if # = x + (1—2n) Z oy for some point x € E,, N Q7 and integers k; € Z. It
follows from (4.23) that

¢ > minf Jf, (g, QO). (4.27)

where Jj is as in (4.14), and (recalling (4.5)),

L(nt(Q1) + 2N < +oo. (4.28)

sup Dy [(QF) <
neN ne

We claim that for any 7 € v+, we also have
Ji (X5, Q1) = Ji (Xg,, T+ QL) — e (4.29)

for some error €, — 0 which is independent on 7.
Assume to simplify that 7 = svy for some s € R. If s is (1 — 2n) times an integer, then (4.29) is obvious. If
not, we may assume without loss of generality that 0 < s < 1 — 27. We have

1
Jﬁ" (XE’”syl * QZ) - h_ Ihn (sv1+Q2) F(XEn [x + hnE]) dz
n 'n (svq )

The domain of integration is split into three parts Dy = I~ (svy +Q7)NI" (Q1), Dy = I" (svy + Q1) NI ((1—
2n)v1 + Q7), and D3 = I"(svy + Q1) \ (D1 U D). Since D; and (D2 — (1 — 2n)1) are disjoint subsets of
I (Q1), it follows

1
., (XE", s+ Q) < Jy, (XEH,QZ) + . F(XE [z + h,X)) da. (4.30)
n J D3

We have D3 C S U ((1 — 2n)vy + S; ), where fori =1,...,N — 1,

1 1 .
SE = I—ijujz —n—pshy <ixz<§ 7, |xj|<§—77 Vi #i
Let us show that (1/hy) fs* [ + hp,X])dz — 0 as n — co. We have, using the notation z = svy + o/,
z' - v1 = 0, and the change of varlable s=1/2—n—hp&,
1 pz
i | e e nspar = [T ) P(oa(€.2/)) da dg (4.31)
hn Jsf [~1/247,1/2-n]N 1

where for each &, 2/, v,(€,2') € {0,1}* is the vector Xg, [(1/2 = n — ha&)v1 + 2" + hyX]. We observe that
from (4.26), we have (using the same change of variable, and observing that x;, depends only on z'y)

193]
/ /[ o1 1|X1u($§v)_XEW,(l/Q_n—hn§,$1)|dx'd§ 0
0 1/2,1/2]N—
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as n — oo. In particular, up to a subsequence, we may assume that each component of the vector v, (&, z’)
converges to xr, (¢y) as n — oo, for a.e. (§,2’). Notice that these components take only the value 0 or 1, hence,
they must be equal to x7, () for n large enough. Since F(0) = F(xx) = 0, it follows that F(v,(&,2")) — 0
a.e., and since F' is bounded we find (using Lebesgue’s theorem) that the integral in the right-hand side of (4.31)
goes to 0.

In the same way, we can show that (1/hy) fs; F(xg [z +hyX])dz — 0, so that (4.29) follows from (4.30)

and the inclusion D3 C S;" U ((1 — 2n)vy + S7). In the general case (if 7 is not parallel to v1), we can show in
the same way that (4.29) holds provided

1 N—-1

€n = — F(xz [+ h,X])dx;
h, ; /S%US%* Fn

our choice of 77 guarantees that ¢, still goes to zero.
Let u,: Q7 — [0,1] be the average of x 5, on each hyperplane orthogonal to v, given by

1 / !
Un(x) == W/Qﬂﬂui Xg, (¢ +a')da’.

It is clear that u,, depends only on x - v. Since

/Ilunfoulde/leEn*XIVIdﬂf,
QI QI

Up, —)X[V in LI(QZ)
Notice that for a.e. z € Q, the vector u,[x + h,X)] is also the average on the hyperplane through z orthogonal
to v of the vectors x [ + hnX], so that, by Jensen’s inequality and using (4.29)

we deduce

Jn (xg, Q0 = Ji, (un, QF) — én.

Together with (4.27), it yields
¢ > liminf Jy (un, Q7). (4.32)

It is clear that (4.28) also yields a uniform bound on the total variations |Du,|(Q?), n € N. Let us fix
g,0 €]0,1[. By the generalized coarea formula for Jy,. » and the coarea formula in BV we get

1
C > I (t, Q1) + £ Dun|(Q1) = / S (o @)+ eHY (0 (> 5} 1 Q1] ds
1-6
> / T (Cunseps Q1) + eHN 10 {uy > 5} 0 Q1)) ds
)

for some positive constant C. We deduce that there exists s, € ]0,1 — [ such that

Jh, (Un, @7) + €| Dunl(Q)) = (1= 20)J5 (X{u,>s.}: @)) (4.33)

and
C>e(1—25YHN 10 {un > s, } N Q). (4.34)
‘We have
Un = X{un>sn} — XI, in L'(Q7).
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By (4.34) and since u,, depends only on z-v, we deduce that there exists, up to a subsequence, an odd number M
independent of n such that

M
v, =1} = Q' N U(afly—l—ul‘)
k=1

with 1 )
*§+7) < a < ai < ... < ai\f < 5~
Without loss of generality, we can assume that a® — 0 for every k =1,..., M, v, =0if - v < al and v, = 1

ifx-v> aﬁ/[. Indeed, if some of the points a’,j do not go to zero as n — oo, we can lower the energy J; (Un, QM)
by “removing” from v, the corresponding discontinuities.

If M > 1, let us consider the function 0, = X{4.,5a2}. Since v, V &, is both a translate of o, (of (a), — aj)v)
and of xr, (of a?v), for n large we have

Jﬁ" (671, QZ) = J}in (Un V Up, QZ) = J}in (XL, ) QZ)
By the submodularity property of F', we obtain setting v} := v,, A 9, that for n large enough,
T, (00, Q1) < J5 (vn, QD).

If M = 3 then v} = X{z-w>a3} 18 & translate of x1,. If M > 3, then we can reiterate this argument, replacing
now a2 with a: after a finite number of steps we eventually find a translate of y;, with energy lower than
J (vn, Q}). Hence, for n large enough,

Ti (1, Q1) < T (00, Q). (4.35)

By (4.16) and a straightforward scaling argument, the left-hand side of (4.35) goes to (1 — 2n)N"1F(v - ¥)
as n — o0o. Recalling (4.32) and (4.33), we deduce

L+ esup |Du,|(QF) > (1—25)(1— 277)N_1F(1/ -3),
neN

and since £, § and 1 can be chosen arbitrarily small we deduce that ¢ > F(v - X). It follows that u >
F(v-S)HN 1L 0*E, which together with (4.19) yields (4.12).
4.2. T'-lim sup inequality

Let us now show the inequality (4.13). We first show the following generalization of the formula (4.16):
Lemma 4.6. Let A C Q be an open set, and assume H™N~1(01, NOA) = 0. Then

lim J7(xr,, A) = HN=YOL, N A)F(v-%). (4.36)

Proof. Let € > 0. Let (1), be a basis of RV, with vy = v, and let us consider the family Q. of all cubes
Q C A, of side ¢, centered at the points vazl ek;v; for k; € ZVN, and such that each face is orthogonal to
some v;.
We have obviously
lim Ji(xr,, 4) > ) liminf Ji(xz,. Q)
QeQ.
while (by (4.16) and a simple scaling argument) for each Q,

lim J5(x1,,@Q) = N UE(w ).
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Hence,

lim Jj(x1,, A) > HN oL n | Q| F(v-%),
- QeQ.

letting then € — 0, it shows “>”" in (4.36).
To show the reverse inequality, we let, for each e > 0, A® = UQGQE @, and first observe that for any n > 0,

JE(XLNA‘S) < Z JE(XIW (1 + 77)@)
QEQ.

as soon as h < ne/(2ps), where here (1 4 1)@ denotes the cube of same center as @, and dilated by the factor
1+ n. Taking the limit h — 0, we find

limsup J{ (xz,, A%) < (1+n)N " "HY"YOL NAYF(v %) < HYY 0L, NA)F(v-%) + Cy  (4.37)
h—0

for any n > 0. Now,

1
T A) = Jilu A + 5 [ Flxi, [+ h3]) do
Th(A)\Ih (A=)

so that (4.36) will follow from (4.37) if we show that

1

— F(xr, [zt +hX])dz — 0 (4.38)
h Th(A)\Th (A=)

as h — 0 and € — 0. The integrand above is zero when z is at distance larger than hpy to the interface 01,
and x € A is out of the domain of integration as soon as it is at distance larger than hpy to A\ A, for instance
when z € Age :={£ € A : dist(¢,0A) > 2e}. Hence, the error (4.38) is bounded by

Let G C 0I, be a relatively open set which contains 91, N dA. We claim that there exists §p > 0 small such
that the projection of (A \ As) N (09I, + [—4, 6]v) onto OI, is contained in G for any § < Jo: if not, one finds a
sequence 0, — 0 and points z, € (A\ As, ) N (91, + [—dn, dn]v) which project outside of G, but then, any limit
point of this sequence should be in A N d1, but outside G, which is not possible.

Then, if we choose € < dy/ 2v/N, and h small enough, we have

(A\ A2.) N (0L, + [=hps, hpslv) C G+ [—hps, hps]v
so that the limsup of (4.39), as h — 0, is less than
N-1
ps (mng) HY7H(G).

Since we assumed that HN~1(0I, N9A) = 0, HN~1(G) may be chosen as small as we wish so that (4.38) holds.
Hence the lemma is proved. (]
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Now, we show the following estimate:

Lemma 4.7. Let A C ) be an open set with continuous boundary, and let E C Q be a finite-perimeter set such
that HN=Y(0*EN A\ 0*ENA) =0. Then,

limsup J; (xg, 4) < (2ps mEaXF) HNfl(a*EﬂA). (4.40)
h—0

Proof. Since A has a continuous boundary, for A small enough, x + hY. contains points of Lebesgue density of F
both zero and one only if z is close enough to 9*E N A, namely, dist (x,0*E N A) < hps. Hence,

1

reA: dist(x,0ENA)<h
Jinxe, 4) = —/I}L(A)F(XE[x—i-hE])dx < It ( ) < hps}

h

. (mgx F).

By standard results on the Minkowski contents [9], Theorem 3.2.39, the last fraction goes to 2psHN "1 (0*ENA)
as h — 0, which shows the lemma. O

We deduce the following;:

Corollary 4.8. Let Q C RN have a continuous boundary, and let E C € be a set whose boundary is made of
a finite union of subsets of (N — 1)-dimensional hyperplanes. Then

fim i) = [ Fes() DY)
h—0 AENQ

where vg(x) is the inner normal to E at x.

Proof. By assumption, 0E N Q = Uf‘il P; where P; C (x; + 01,,) for some x; € RY and v; € RY with unit
norm, moreover we assume that v; = vg on P; (v; points towards the interior of E). (We also assume that the
P; are “maximal”, in the sense that P; N Fj #0 = v; #vjforany i #j.) Let S =QnN Ui\il OP;, where the
OP; is the relative boundary of the face inside the hyperplane (z; + 91,,): it is a (N — 2)-dimensional set, with
HN2(S) < +oo.

We choose € > 0 and build a finite covering (Az)i\iJ{Q of 0F N with bounded open sets with continuous
boundary, as follows: Appq1 = {x € Q @ dist (z,00) < e}, Apyto = {z € Q,: dist(2,5) < ¢}, and 4; is a
neighborhood of P; \ (Apr+1 U Aprg2) which does not intersect P; for j # i. By Lemmas 4.6 and 4.7,

M
lim J(x, Q) — S HNTHP N ANF (v - B)| < C(HNTYOEN Apryr) + HYN THOE N Apry2))
1=1
with C' = 2py maxy, F. Letting ¢ — 0 shows the corollary. O

We are now able to show the following proposition, which essentially shows the I'-convergence of J, to J on
the restricted class of polyhedral sets.

Proposition 4.9. Let Q C RN have a continuous boundary, and let E C Q be a set whose boundary is made
of a finite union of subsets of (N — 1)-dimensional hyperplanes. Then, there exist sets Ey with xg, € Vi(Q),
XE, — XE i LY(Q) as h — 0, and

lim Jy,(xg,,Q) = / F(VE(x)-E)dHNfl(ac) = J(xg, Q).
h—0 dENQ
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Proof. We have, making in (4.14) the change of variable z = z + y with z € hZ" and y € [0, h[V,

1
Ti(xe, Q) = h_N/ e > Fixely +z+hZ])| dy
0.1 €I () —y)nhZN

so that (by Cor. 4.8) we can choose for each h a yp, € [0, h[" such that

limsup A"~ > F(xelyn +z+h%]) < J(xe.Q), (4.41)
h=0 € (IM(Q)—yn)NhZN

we can assume moreover that no point in y;, + hZY N Q lies on OE.
For each ¢ > 0 we let Q. = { € Q : dist (z,00) > e}. We fix € > 0, and define Ej, as follows (for h small
enough):
xz: = >, xeln+2)xgr + > XE(2)Xxqn
2€Q.NhZN 2€(Q\Q)NRZN
where Q" is the cube defined in (4.3). It is not difficult to show that XE: — XE in L' as h — 0, in fact, it
converges locally uniformly in Q \ 9FE. We have if h is small enough

Tn(xes, Q) < N1 3" F(xs;[w+hS) + 0N > F(xg; [z + hX])
eI (Qe)NhZN €I (Q\ Q2o )NAZN
< pN1 > F(xelyn + 2z + hX)) + AN 1 > F(xps [z +hY)). (4.42)
2€(IM(Q)—yp)NRZN €I (Q\Q2c)NAZN

Now, thanks to (4.41) we get

limsup Jp, (x 55, ) < J(xE, 2) + lim sup RNt Z F(xEg [+ hX]). (4.43)
h—=0 h—=0 2€IM(Q\ Qe )NWZN

In the sum, on the other hand, F'(xg: [z + hX]) is not zero only when some point of x + hY lies in Ej, and some
other in Q\ Ej, and such z are at distance at most h(1 + py) from OE N, so that

Qh c {€e\Qy /5 ¢ dist(§,0ENQ) <h(1+ VN +pg)}.
Therefore, the sum is bounded by

{E€e N\, x : dist(§,0ENQ) < h(1 + VN + ps)}
h b)

which goes to 2(1 + VN + ps)HYNLHOE N (Q\ Qa.)) as h — 0. We deduce from (4.43) that

limsup J (s, Q) < J(xg,Q) + CHN N OEN (2 Q).
h—0

Since HN "L (OEN(Q\ Q2:)) — 0 as ¢ — 0, using a diagonal argument, we deduce the thesis of the corollary. [

Corollary 4.10. Let Q € RN have a continuous boundary, and let E be a polyhedral set in € in the previous
sense. Then,

(F*%%Jh('aQ))(XE) = J(xE,9Q).
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2

V2| | + |v2 — vl

[v1] + |vz2|

V2|va| + v — vy
F(p -

v

V2(va| 4 [vg =

vl + |va|

V2\vr| + v — vl

FIGURE 1. Values of F given by (5.1).

Proof. Tt follows from (4.12) (which has been shown in Sect. 4.1) and from Proposition 4.9. O

Now, we are in a position to show that (4.13) holds.

Proposition 4.11. Let Q be a bounded open set of RN with Lipschitz boundary, and let E C  be a set with
finite perimeter in Q. Then for every h > 0 there exists Ey with xg, € Vi(Q), such that xg, — xg in L*(Q)
as h — 0 and

limsup Jn(xg,, Q) < J(xg, Q). (4.44)

h—0

Proof. Since Q is Lipschitz, we can extend E outside of {2 into a finite-perimeter subset of RY (still denoted E)
such that |Dxg|(02) = 0. Then, standard approximation arguments show that there exists a sequence of
polyhedral sets G™ such that yg» converges to xg strongly in L'(RY), and with

lim |Dxg(RY)| = |Dxg|(RY).
n—oo

This can be seen, for instance, by approximating x g by smooth functions (by convolution) and then approxi-
mating these smooth functions by piecewise linear functions, such as “P1” finite-elements. Then, an appropriate
thresholding of these functions provides the sequence G™. The Reshetnyak continuity theorem (see Sect. 2),
and |Dxg|(0) = 0 yield

lim ‘](XG’HQ) = ‘](XEaQ)

n—oo

By Proposition 4.9, we know that for each n there exists G}! converging to G™, such that lim sup;, o J» (G}, Q) <
J(xan, ). We construct the family (E})n>o from the G}, by a diagonal argument as follows. For every n there
exists h, such that h, | 0 as n — oo such that for every h < h, we have |[xcr — Xg»|lL1(@) < 1/n and
Jh(XG;;,Q) < J(xgn, Q)+ 1/n. If we set Ej := G}, for hpy1 < h < hy, the result follows. O

5. EXAMPLES

Let us describe a few cases. First of all, the standard nearest-neighbor interaction on a square grid corresponds
to the situation where ¥ = {(0,0), (1,0),(0,1)} and, for u € R*, F(u) = |u(1,0) — u(0,0)| + |u(0,1) — u(0,0)]|.
It is obvious, in this case (as in any other case where F' is a sum of pair interactions) that the I-limit of .Jj, is
the anisotropic total variation given by (1.6), in this case, [, [Duly where [p|1 = |p1| + [p2] is the 1-norm in R2.
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Less trivial situations are when F' cannot be reduced to a sum of pair interactions, such as, still with the
same set X, the functions F' defined by F(0x) = F(1x) =0, F(lg — u) = F(u) for any u € {0,1}*, and

F<8 1)21’ F((l) 0):1’ F((l) 1>:ﬂ'

This F' can also be checked to be submodular. Now, the limit density is given by

v=(v1,10) — F( 62 " ) (5.1)

see Figure 1 for the expression of F', and where we also have plotted the shape of the “Wulff shape” F(p-X) < 1.
Notice that in this case, we have chosen F(f) = \/(91,0 —00.0)% + (001 — 0o,0)? for 0 € » {01} however,
clearly, we get a limit energy which is mnot [,[Du| (which would be the T-limit of w + h}>, ;

V/(it1,; — ;)% + (wij41 — u;,;)?) but an anisotropic (crystalline) total variation. This is of course due to
the fact that the latter does not satisfy the generalized coarea formula.
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