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ASYMPTOTIC MODELS FOR SCATTERING FROM UNBOUNDED MEDIA
WITH HIGH CONDUCTIVITY

HousseM HADDAR' AND ARMIN LECHLEITER'

Abstract. We analyze the accuracy and well-posedness of generalized impedance boundary value
problems in the framework of scattering problems from unbounded highly absorbing media. We restrict
ourselves in this first work to the scalar problem (E-mode for electromagnetic scattering problems).
Compared to earlier works, the unboundedness of the rough absorbing layer introduces severe diffi-
culties in the analysis for the generalized impedance boundary conditions, since classical compactness
arguments are no longer possible. Our new analysis is based on the use of Rellich-type estimates and
boundedness of L2 solution operators. We also discuss some numerical experiments concerning these
boundary conditions.
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INTRODUCTION

Time harmonic wave scattering from rough layers is an important problem in science and engineering, as it
describes for instance scattering of electromagnetic waves from the ground when one models the earth as a rough
stratified medium. In such a model, the moisture of soil causes absorption of the electromagnetic wave inside
the ground, and thus naturally leads to a scattering problem for a rough absorbing layer. Since waves inside
the absorbing part of the medium decay exponentially with respect to the distance to the layer’s boundary, a
lot of research has been carried out how to replace the wave scattering problem inside the absorbing layer by
some easily handable absorbing boundary condition on the interface in between the absorbing layer and free
space [1,8,9,14,15]. The aim of such a boundary condition is to set up an approximate scattering problem merely
in the complement of the absorbing object, while still guaranteeing a reliable error bound on the solution of the
approximate problem. This error bound depends on what we call the order of the boundary condition as well as
on the magnitude of the absorption inside the layer. Indeed, we treat the magnitude of absorption as a parameter
and expand the wave field in a power series with respect to the inverse of this parameter. Approximate boundary
conditions are built after truncation of this series, the order of the conditions so obtained then corresponds to
the truncation index. Truncation at order 0 simply leads to a Dirichlet boundary condition, which is naturally
the formal limit condition as the absorption tends to infinity; truncation at order 1 leads to a (usual) impedance
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boundary condition. This is the reason why we call the condition arising from truncation at higher order
generalized impedance boundary condition (GIBC).

In this paper, we analyse GIBCs for rough absorbing layers up to order 3 and shall restrict ourselves to
the scalar problem (which corresponds in 2-D to the E-polarization of electromagnetic waves). While the
construction of such conditions is rather analogous to the case of a bounded absorbing inhomogeneity, the error
analysis is more complicated because classical compactness arguments fail due to the unboundedness of the
domain. The difficulties are already obvious when one considers merely existence and uniqueness of solution
for the approximate problems. For instance, for the case of a bounded obstacle, existence of solution for the
time harmonic exterior Dirichlet or impedance scattering problem is known for a long time [13]. For the rough
surface scattering problem with a Dirichlet boundary condition, corresponding results have only been achieved
during the last decade, firstly by using integral equation approach [4,5,16], and more recently, by using a
variational approach in [2,6]. For scattering from rough infinite layers we also refer to recent results in [11]. For
the variational theory on rough surface scattering, Rellich identities have been shown to be particularly useful
since they provide a priori bounds on a solution to the scattering problem, thereby establishing existence and
uniqueness of solution via an inf-sup condition.

When considering the Helmholtz equation involving a bounded scattering object, Rellich identities are a
well-known tool to obtain explicit a priori bounds on solutions, see, e.g., [7]. However, existence theory for
wave scattering problems for bounded objects does not necessarily require this technical tool since it can be
based on Fredholm theory. However, analysis of scattering from unbounded objects, where Rellich’s lemma on
compact embeddings fails, cannot (at least not in an “easy” way) be based on Fredholm theory. In consequence,
tools like Rellich identities that yield a priori estimates become crucial for existence theory.

Thus, it is not surprising that a priori bounds are also important for proving existence of solution to rough
layer scattering problems involving higher order impedance boundary conditions. Moreover, they permit to
construct a so-called bounded L? solution operator. This operator maps Dirichlet boundary data on the rough
surface to the radiating solution of the Helmholtz equation taking this boundary data. We show that this
operator has a bounded extension from square integrable functions on the interface into the space of square
integrable functions in a layer of finite height above the interface.

The important role of this L? solution operator in our analysis is to replace compactness arguments present
in earlier rigorous error analysis of generalized impedance boundary conditions. Since compact embeddings of
Sobolev spaces do not hold in our unbounded setting, we cannot use such types of compactness arguments which
are always present in earlier works on generalized impedance boundary conditions for bounded objects [9]. The
L? solution operator does part of this job. The other part is mainly done by a Rellich identity for radiating
solutions of the Helmholtz equation over a rough layer. Through our Rellich identity we are able to prove
existence and uniqueness of solution to the rough layer scattering problem subject to generalized impedance
boundary conditions up to order 3. Further, we show optimal error bounds for solutions to the approximate
scattering problems involving our generalized impedance boundary conditions compared to the solution of the
original scattering problem in the absorbing layer.

The structure of this paper is as follows. The first section is dedicated to the presentation of the mathemat-
ical setting of the scattering problem from unbounded rough surfaces and the introduction of some notation.
Section 2 serves as a brief review of the main steps in deriving generalized impedance boundary conditions and
required extensions to the case of rough surfaces. Afterwards, we provide abstract existence theory for gener-
alized impedance boundary value problems on rough surfaces in Section 3, which has an interest in its own.
Section 4 contains asymptotic analysis of Neumann-to-Dirichlet GBICs up to order 2; for the corresponding
convergence result see Theorem 4.1. A more complicated condition of order 3 is analyzed in Section 5, leading to
an order-optimal convergence result in Theorem 5.4. In this section, we indicate in particular how a “stabilized”
condition can be treated in a similar way as standard impedance boundary conditions through our abstract
existence theory.
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FIGURE 1. The geometry of the rough layer/rough surface problems. The domain 2 = Q4 U
I'UQ_ lies in between the two planes T'y, = {x,, = a} and T'_, = {z,, = —a}. In Q,
the refractive index n? varies; while n? is Lipschitz continuous in Q4, the index may jump
across I'. The unit normal v points out of €2 and on I' we choose v to point downwards. The
domain Qp = {z € Q, |Z| < R} is obtained from € by cut off in the lateral variables Z.

1. PROBLEM SETTING AND NOTATION

Let us start with a brief description of the geometrical setting and our notation, such that we can afterwards
present the problem mathematical setting in detail. Points in the Euclidean space R™ (m = 2,3) are denoted

by 2 = (21,%2,...,2,)" and sometimes it is convenient to write x = (Z,x,,) ", that is, Z are the first m — 1
coordinates of x € R™. By R} := {z € R™, z,, =2 0} we denote the upper and lower half space of R™ and the
plane in between R7 is Ty = {x € R™, 2,, = 0}. More generally, I', = {z = (z1,22,...,7m)" € R™, 2, = a}

for a € R. The half space above and below I', is denoted by UF = {z € R™, z,, = a}. The domain
Q= {x € R", —a < z,,, < a} is partitioned into two parts Qi := {z € Q, z, = f(Z)} by the interface
[:={z € R", f(Z) = xm}, given by a function f: R™ ! - R, —a < f < a. By C4'(R™ 1 R) we denote the
Banach space of /-times continuously differentiable real-valued functions such that all /th partial derivatives are
Lipschitz continuous. A norm on this space is given by

o* o*
8‘“|f 81‘£ (l‘) B 81‘£ (y)
- + sup
7% || poo(e)  lal=tiasty [z =y

I fIl = sup , ¢ € N,.

o <e

If f € C5Y(R™ 1 R) we say that T is of class C’f;’l,
recy', (eN,.

We always suppose that I' € C’g’l is a Lipschitz surface; however, note that the asymptotic analysis of the GIBCs
will require much more smoothness of I'. For simplicity, we also introduce Qp := {x € Q, 22 +---+22 _; < R%}.
The exterior unit normal field to 2 and )y is called v; on I" we choose the unit normal field v to point downwards
into Q_. The boundary of Qg is Cr := 0Q2r. We split Cr = C’;{ UCg with Cf = {z € T_,, 24+
22, < R%*} and define Mp := Cr N Q. We refer to Figure 1 for a sketch of the geometry of the problem.

By [ulr we denote the jump of a function u across the interface T, that is, [ur = ul; — u|p where u|1j5 is
the limit taken from Q4. The inner product of L*(T') is denoted as (-,-)r2(ry. Let us also remark that the
square root of the complex unit —i in the fourth quadrant is denoted by oo = (1 —1)/ V2. All fields in this paper
are time harmonic, that is, their time dependence is exp(—iwt) for frequency w > 0, and this dependence will
always be suppressed. The wave number k > 0 is defined as k = w/c with ¢ > 0 the speed of sound in vacuum.
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Now we turn to the mathematical formulation of the rough layer problem. We describe the medium of
propagation by a refractive index function n?, which is assumed to be a real valued function in €24 and of the
special form

n2:1+; in Q_ for e > 0.

k2g2

The (small) parameter € is proportional to 1/ Vko where o denotes the conductivity of the lower medium and
represents the so-called skin depth. This parameter therefore controls the width of the region that is penetrable
by the incident wave. Concerning smoothness, we always require that n? € C%1 (€2, R) and for some statements
we even require more smoothness of n? |Q+. Also, we always suppose that n? > ¢y > 0in . In the upper half
space U we suppose n? to equal a positive constant ni > g such that n? |Fa = ni, while, obviously, n? equals
n? :=1+1i/(ke?) in U_,. Important for existence of solutions to rough layer scattering problems is the further
assumption that On?/dx,, > 0 in Q. All these assumptions are supposed to hold throughout the paper. We
remark that we could also deal with a refractive index whose real part varies in €2_, but for simplicity do not
consider this case here. In contrast, no complications arise from treating a varying index in €2, and since this
case is of some importance for modelling coated conducting layers we decided to include it in the analysis.
The total field due to a local time harmonic source g supported in €2 satisfies the Helmholtz equation

Au+k*n*u=g in R™, (1.1)

subject to the additional assumption that u and its normal derivative are continuous over the interface I' where
the index of refraction n? jumps, and a radiation condition in Uiia. We note that the solution u to the above
problem will depend on ¢ and denote u = u®.

Let us now introduce the radiation condition imposed on u®. As shown in [2], the Fourier transform

FLAR™Y) = LPR™Y, Fo() = (2m)~mD2 / e TE9(7)dE, ¢eR™TY,
Rm,—l

for ¢ € L2(R™~1)NLY(R™1), allows to explicitly compute a Dirichlet-to-Neumann operator, mapping Dirichlet

values ¢ on I, to the Neumann boundary values of the unique radiating solution u in U} taking Dirichlet trace
values ¢ on I';. Construction of this operator relies on the following representation formula for u¢,

exp (i ((xm —a)y kg — g1 5)) F (uly.,) () dé, (1.2)

for z € U;". Note that this representation is a superposition of upwards propagating plane waves. Computing
the normal derivative of the latter expression reveals that the Dirichlet-to-Neumann operator T;g : HY/2 (To) —
+

H~Y2(1,) is given by

(T 0)@) =i(2m) 02 [ frend = ¢ exp G- €) Fole) de

and it is shown in [2] that T7%, is bounded from H V2(T,) to H=Y/2(T',). A similar analysis shows that the
+

corresponding Dirichlet-to-Neumann operator 7', on I'_, is given by the very same expression (replacing of

W (@) = (2m)~(m=V/2 /

Rm—1

course nﬁ_ by n?). This is due to the fact that the expansion of u® in U~, consists of downwards propagating
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evanescent waves. From the representation of T:z as a Fourier multiplier we note that
+

- 2
Im/ us3 T:z (u®?)ds = Im <1/ V2 - €2 ‘f(ue’3|p ) ds)
r, + Rm—1 @
. 2
:/ VIZ= & [Fu] )| ds =0 (1.3)
l¢| <k ’

and a similar computation shows that — Re fF u‘fv3T:2 (u®3) ds > 0; again, the same inequalities holds for T,

The two Dirichlet-to-Neumann operators allow to frame the wave scattering problem under investigation
variationally in the domain 2. Due to the homogeneous jump conditions [u]r = [Ou/dv]r = 0 it makes sense to
seek a solution u® € H'(£2). Twice (formally) applying Green’s identity in Q4 shows that

/(VUE~VEfk2n2u€)de7/ ET:; (ue)dsf/ vl (us)ds:f/gﬁdm (1.4)
Q Q

Ty +

—a

for all v € H'(Q). Existence of a unique solution u® € H*({) to this problem has been shown in [11].
We now introduce the Neumann-to-Dirichlet operator D. on I' which maps ¢ € H~/?(T') to the Dirichlet
boundary values v* on I' of the unique solution to

i ov® v
AU6+(]€2+€%>’UEZQ in Q_, Y :T%(UE) onT'_,, Y =—¢ onl.

ov ov

Due to absorption, the map D, : ¢ — v° € Hl/Q(F) is well defined and bounded. Of course, the restriction
uflg, solves

€
Aut +KuS =g inQy, =T% (u) on T, u® + D, (aaiy) =0 onT. (1.5)
Roughly speaking, the idea of a generalized impedance boundary condition is now to construct a (formal)
expansion of D, in terms of € and to obtain explicitly computable boundary operators replacing D, in (1.5).
These approximations to D, will introduce a certain error which we will show to be bounded in terms of powers
of &, the actual power depending on the truncation of the asymptotic development of D.. To conclude this brief
outlook, as an approximation to the restriction ua|Q+ we are going to study problems of the following form,

ous P
- T (uP) onT,

AuEP + E2n?ufP =g in Qy, o
ov T

together with
OusP

v
for certain Neumann-to-Dirichlet operators D , of order p € {0, 1, 2,3}, which will be constructed and analyzed
in detail.

ue’p+D€,p< > =0 onT

2. FORMAL CONSTRUCTION OF GIBCs

As a brief introduction to the construction of generalized impedance boundary conditions, we recall some
basic ideas, definitions and computations from [9]. The formal computation of these conditions for rough layers
is the same as for bounded absorbing inclusions and we can skip most of the computations. Assume that
I' e C’é’l and let Q° := {z € Q_, dist(z,T') < §} for > 0 small enough such that each point x € Q° has
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a unique representation z = xr + qv, with zr € I' and ¢ > 0. Recall that the unit normal v on I' was defined
to point into 2_. The parameter ¢ is fixed from now on and we also fix a cut off function x € C*°(Q2_) such
that y =1 inQ(s_/Q,X:OinQ‘i aswellas 0 < x <1, |[Vx| <Cand |[Ax| <Cin Q_.

The starting point for the construction of generalized impedance boundary conditions is the assumption that
the exact solution u® of the scattering problem (1.4) with parameter £ > 0 can be written as

uf(z) = ul () + eul (z) + 2 (z) + ..., x € Qy, (2.1)

for functions uﬂ : Q4 — C and

Xus(x):u(l(:cp,q/s)+€u1_(:£p,q/s)+52u2_(:cp,q/s)+..., r=zxr+que, (2.2)

with functions uf : I x R4 — C such that lim, . ul (zr,m) = 0 for zp € T'. From this expansion we will in
the sequel construct boundary conditions which allow to truncate problem (1.4) at I', introducing an error that

can be controlled in powers of €. Following [9], we set
@ (zr,n) = v’ (xr,n) + eul (zr,n) + 2w (2r,n) + ..., ar €T, n>0.

Since u® solves the Helmholtz equation, all functions uﬁ_ also need to satisfy this equation. Moreover, starting
from the Helmholtz equation (1.1) one can compute a differential equation for ¢ of the form

02 :
<8—7721) it =Y e'Ait onT xRy,
/=1

where the Ay are differential operators in (zr,7n) independent of &; see [9] for details. Substituting the latter
equation into (2.2) shows that

92 ) I »
————i)u =) Al in T x Ry, (2.3)
(o) =3
where u?~“ = 0 for p — £ < 0. Let us think of this equation as a family of second order ordinary differential

equations in 7 with parameter zp. Coupling of (2.3) with the expansion (2.1) of u in Q, yields a boundary
condition at 7 = 0 and together with the decay condition for u’ we can solve (2.3). In more detail, equating
terms in (2.1) and (2.2) which share the same powers of ¢ either offers the possibility of coupling the Dirichlet
traces,

uf (zr) = u” (2r,0) for zr €T, (2.4)
or coupling of the normal derivatives,
oub ou”
= — 0 f T 2.5
v (LL’F) 877 (va ) or Ir € ( )

We concentrate in this paper on the second option, which leads to Neumann-to-Dirichlet impedance boundary
conditions, and which is somewhat more natural due to the shift of the index. The first option (2.4) results in
Dirichlet-to-Neumann impedance boundary conditions which will not be considered here; we refer to [9] where
formulas for Dirichlet-to-Neumann impedance boundary conditions for bounded obstacles are provided. Those
boundary conditions can be analyzed in the rough surface context by the tools provided in the present paper.

The differential equations in 7 in (2.3) together with (2.5) and the decay condition u” (zp,n) — 0 as n — oo
can be explicitly solved in the form

uﬁ(mFaﬂ) = Palc)p(n)eianv n> 0; pe NO?
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with a polynomial P of degree p depending on ou’ Jov, £ € {0,1,...,p—1}. There holds a recurrence relation
of order 8 for the PP, which we will however not give here, but only give the explicit form of the u” for
p € {0,1,2,3}. Before citing the result of this computation in [9], equations (4.26)—(4.29), we remark that we
denote Gauss and mean curvature on I' by G and H, respectively; we also assume familiarity of the reader
with standard surface differential operators such as the surface gradient Vp and the surface Laplacian Ap, see,
e.g., [13] for details. Using the abbreviation o = (1 —1)/v/2 there holds

u® (xr,n) =0, (2.6)

(o) = = 2% (gpeme, (2.7)

o o) = (2 5 ) + B0 )+ 2 2y ) e, (28)

o o) =[2G ) + B 0 ) - o - 60 G o) (29)
2;3 r (8;_3_) ga;—j_(xr)—ﬁ(Ar +3H2—G+k2)a;—3'(xr))

We are going to show in Lemma (4.2) that the functions uf are well defined in H' () under some smoothness
assumptions on the data.

Now we can derive a first version of generalized impedance boundary conditions. For p € {0, 1,2} these will
be the ones for which we prove convergence of optimal order in Section 4. For p = 3, sophisticated further
manipulations of the impedance boundary condition are necessary to derive such convergence.

The basic idea behind an impedance boundary condition of order p is truncation of the expansion (2.1) of u®
at £ = p,

p
i ="l inQy. (2.10)
=0

In view of (4.2) we get that @=P = Y7_ u’ (-,0) on I. Since u’ (-,0) is explicitly given in (2.6)—(2.9) in terms
of the normal derivatives auﬂ /Ov, we can plug in these formulas into the last equation to obtain for £ = 0 that
5% = 0 and for £ =1 that

1 0u’ 1 0ast 1 0!
~c 1 + . ~c 1 2
4+ e——=(xr) =0, that us +e— =e“°— .
u Eoz B (zr) , is, Ea By (xr)=¢

«a Ov

Generally speaking, we find a tangential differential operator D, , acting on I' such that

ousP

ov

P+ De < ) =ePtreP o pef0,1,2,3}, (2.11)
for functions r=? which are explicitly given in [9], equation (4.34) for p € {0,1,2,3} as

elilau}i-

e,0 __ , €2 __ + :
0 =0, r = 7"275W—1H$(u}r+sui),
1oud 0 1 d
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The differential operators D, , are given by [9], equations (3.5)—(3.8)
D.o — 5 _i2H D.. = £ _ 2 _ 39 2 _ 2
, 2 = ieH, 3 = ie € 2(Ap + 3H G+ k%). (2.13)
o o

Neglecting the small right hand side in (2.11), we define an approximation u®?, p = 0,1,2, of u®, solution
of (1.4), by

. ousP
AusP + E*p%utP =g in Q, o Trji (usP) on Ty,
ouP

u®? + D, <W> =0 onl, forp=0,1,2. (2.14)

Note that 453 will be defined via a different (refined) boundary value problem in Section 5. The function u®?
solves a boundary value problem merely posed in €2;. Well-posedness of this problem, as well as the approxima-
tion of u€|Q+ by u®? is subject of the following sections. However, at least morally we already note from (2.11)

that the condition of order p will introduce an error ||u®? — u?|| which is O(eP*!).

3. GENERALIZED IMPEDANCE BOUNDARY VALUE PROBLEMS FOR ROUGH STRUCTURES

We start with some results on existence and uniqueness for Dirichlet scattering problems in €2, which are
then used to establish an L? bound for the solution operator of the Dirichlet problem for a rough surface. This
bound is very helpful to develop a general existence theory for generalized impedance boundary value problems
on rough surfaces, which is the main result of this section.

The following Rellich identity [11], Section 7, is valid for any solution u in H?(£2,) of the Helmholtz equation
Au + k*n*u = g, subject to the boundary condition u = 0 on I' and the radiation condition du/dv = T% (u)

on Iy,

e

ov |2

0xm

@
ov

0T

ov 0v
Y Q— 2 1212
/Fa ani(v) ds+/r(mm +a) (Vm|Vv| 2Re <3Im 01/> Umk*|v] ) ds

= —2/(Jcm+a) Re (ﬁﬁ) dx—/ gvdz. (3.1)
r axm Q4

H? regularity of a solution v € H'(Q) is satisfied, e.g., if n? € C%'(Qy) and T € C’tl)’l.
In the following theorem, we consider right-hand sides in the space

2 2
+ k2 (2, + a) On |v|2> dz + 2a/ <|V1}|2 -2 - k2n2|v|2) ds
T

HY Q) = {g € H' (Qy), 9= 9"lq, for some g € HY(Qy UU_;F) such that supp(g*) C m} .

Theorem 3.1. Assume that n? € C%' (0, R), dn?/0x, <0 in Q4 and that T € CL'. For g € L*(Qy) there
is unique radiating variational solution u € HY(Q4) of Au+ k*n?u = g in Q. subject to the Dirichlet boundary
condition uw = h on I', that is, u satisfies

/ (Vu - Vo — k*n*uv) da —/ Tl (u)ds = —/ guvdx (3.2)
o o

Ty +

for allv € H () :={v € H'(Q4), v =0 on I'} and the boundary condition ul. = h in the trace sense.
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(a) For h =0 there holds |ul| g1 (o, + [|0u/0v| 20y < CllgllL2(0,)- i
(b) Let £ € Ng, n?> € C1(Q4) and T € Cﬁ“’l. Under the smoothness assumptions g € H*(Q2,) and
h € H*3/2(T), elliptic regularity results imply that ull 2y < C (gl ey + 1l esrzry) -

Proof. Let us abbreviate the variational formulation (3.2) as a(u,v) = — f9+ gudz for all v € H}(24). The

existence statement for 2 = 0 is shown as in [11], Section 7. It is a consequence of an a priori bound |lul| g1 (o) <
CllgllL2(q, ) for any solution u € Hg(24) of (3.2) gained by the Rellich identity (3.1). See also [2] for the case
n? = 1. The regularity result for h = 0 in part (a) of the theorem is a direct consequence of the Rellich identity.
The existence result for arbitrary A is shown as in the standard proof for inhomogeneous elliptic boundary value
problems [12], Theorem 4.10. Therefore we note that the a priori bound |u|| g1 (q) < Cl|gl|L2(q, ) even implies an
a priori bound for a larger class of right-hand sides [2], Lemma 4.5. Denote by (H}(Q4))* the space of bounded
linear functionals on (H}(Q4))* with obvious norm, let G € (H}(Q4))* and assume that v € H}(Q4) solves
a(u,v) = G(v) for all v € H}(Q). Then [Juf g1(q) < CllGll (i, y)- (With a different constant C' compared to
the above L? bound).

The regularity statement in the general case follows from the corresponding regularity result for bounded
domains [12], Theorem 4.18, and a technique already introduced in [11]. For sake of completeness we shall
hereafter sketch some details of the proof. By abuse of notation we do not distinguish between a solution
u € H'(Q,) of the Helmholtz equation satisfying du/0v = T;i (u) on I', and its unique radiating extension to

Q, UUS.
Consider the open cube @ = (—2,2)™ "1 x (0,a) and set Q; := j+Q for j € (3Z)™1. The cubes Q; cover
O C U Qj-
je(3zym—1

By Q? = j + 2Q) we denote an even larger cube containing ;. Set Q. =0, U Us. From the boundary
regularity result [12], Theorem 4.18, we obtain the following estimate in each cube Q;,

H“HHH?(Q,-mm) < Cj (||UHH1(Q?QQ+) + H“HHHW(Q;M) + H9||H4(Q§mfz+)) :

The constants C; depend on ¢, the local smoothness of the coefficient n? and the local regularity of I. Hence,
the lemma’s assumptions I' € Cé“’l and n? € C»'(Q,) imply a uniform bound C' for the numbers C;. Now
we can exploit that the @; cover €2,

|ull peveay < C Z |‘UHH’5+2(Q?U§~Z+)
je@3zZym—1

<C Z HUHHl(ngm) + ||U||Hé+3/2(Q§mr) + ||9||H5(Q§mn+)

je(3zZ)ym—1
< C (lullm (5 @) <em<2ay) T Nl sy + gl meayy) - (3.3)
This estimate allows to prove the stated regularity result by an induction argument. U

Our restriction to a real-valued refractive index n? is motivated by our problem setting; reference [11] shows
that the last theorem holds as well for complex valued indices.

Several times in this text, for instance in the proof of Theorem 3.4, we rely on the boundedness of a weak
solution operator.

Corollary 3.2 (L? solution operator). Assume that n> € C%'(Q,,R) and that T € Cg’l. For a weak solution
u € H'(Qy) of the Helmholtz equation Au + k*n’u = 0 in Q. which takes boundary values h € HY?(T) and
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satisfies the radiation condition Ou/dv =T, (u) on Ty, it holds that |[ul| 2,y < C||h|| L2y for C independent
i
of u. Hence, the solution operator h +— u has a bounded extension from L*(T) to L?(£2y).

For bounded Lipschitz domains, this is a well known result [12], Theorem 4.25. Since subsequently we only
rely on a weak solution operator corresponding to I' € C’é’l (see Lem. 3.3), we merely indicate the necessary
steps to transfer the proof of Corollary 3.2 from the bounded to the unbounded Lipschitz setting. One first
establishes a bound [|0u/0v|| 2y < Cllull g,y + Cllgllrz,) for an H? solution of Au + k*n?u = g in Q
such that u =0 on I and du/ov = T;ri (u) on T’y [12], Theorem 2.24. In our case this follows from the Rellich
identity (3.1). We note that for general second-order elliptic operators, it is a generalized Rellich identity which
is employed for this task [12], Lemma 4.22. Afterwards, careful approximation of I' by a smooth surface shows
that this bound even holds for H! solutions of the problem. The proof given in [12], Theorem 2.24, carries
over to our setting, with minor modifications. In the second step, one uses a duality argument (see the proof of
Lem. 3.3 below) to get the bound on w indicated in the corollary.

Lemma 3.3 (weak solution operator). Assume that n> € C%'(Q,,R) and that T € C’é’l. For a weak solution

u € HY Q) of the Helmholtz equation Au + k*>nu = 0 in Qy which takes boundary values h € H/?(T)

and satisfies the radiation condition du/Ov = T5 (u) on La, it holds that ||ull 2,y < Clhllg-1s2(r) for C
+

independent of u. Hence, the solution operator h +— u has a bounded extension from H—/%(T') to L?(Q).

Proof. Due to Theorem 3.1 there is a unique weak solution u € H'(€) of the problem

0
u:T+(u) onTI',, wu=h onl,

Au+E*n*u =0 in Qy, o n2

for all h € H'/2(T), and llull 1 (@y) < CllAl g1/2¢ry for C independent of u. Moreover, Theorem 3.1 states that
for arbitrary g € L?(£24) there is a unique solution w € H{ (€24) of the problem

a—w:T+(u) on Iy, w=0 onl,

2,2, .
Aw+Ek*n“w =g in Qy, % n2

with [[w|| g1 (o) + |0w/0v|| L2y < CllgllL2o,), again for C' independent of w. Our regularity assumptions
are even enough to conclude that [|[w||g2q,) < Cllg|lL2(,). Choose a cut-off function ¢ € C§°(R) such that
Ct)y=0fort>0,¢(t)=1fort < —1and 0 < ¢ <1. Weset xg(x) = ((|Z]| — R —1). Twice applying Green’s
first identity yields

(Vu -V(wxr) — anQUXRE) ds — / @XREds

0= f/ (Au + kE*n?u)xgw de = /
Qy Q aq, oV

+

:—/ u(A(XRE)—i—k:QnQXRE) d5+/ uMds—/ @XREdS.
Qy 00, v 0, v

Since u € H'(Q4) and w € H?(2) Lebesgue’s dominated convergence theorem implies
/ U (A(XRE) — anQXRE) ds iz u (AE - anQE) ds,
and since Ow/dv € L*(99),
/ uLXRw) ds R0 / ua—w ds
0, ov 0, ov

as well. Obviously, fag2+ Ou/Ov xgwds = [. Ou/Ov xrwds. Moreover, du/dv € L*(I'y), which can either be
seen using elliptic regularity results as in the proof of Theorem 3.1, or by Fourier arguments as in [2], Lemma 2.2.
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Therefore, we also have

8 —00
/ —UXRE ds = —wds
Ny 81/

and we conclude that

0:7/ u(AEJernQE) ds+/ua—wdsf/ %@der/ ua—wds
Qy T aV T, aV T, 01/

:7/ u§ds+/ha—wds+211m/ ua—wds.
Qy T ov T, ov

We set g = u, take the real part of the latter equation and obtain
lullZai,y < Illa-12@ll0w/ vl gy < Cllbllg-1r2my [l g20, ) < Clblg-17200) lul 2(04)- O

Now we give an existence result for a generalized impedance boundary value problem of the form (2.14).
In fact, all impedance problems we encounter during our asymptotic analysis in the following sections can be
treated by the following theorem. As a general model, we consider the equation

out Out

Auf + E?n’*uf =g in Qy, 5 T:z (u®) on Ty, u® + D, (8—) =h onl. (3.4)
v 3 v

If D. is invertible in a suitable sense, we can state the variational formulation of this problem as follows: Find
u® € H'(Q4) such that

/ (Vu® - Vo — k*uD) ds 7/ UT;; (u®)ds + / oD (uf)ds = f/ gudx + / oD hds (3.5)
Q4 T, + r Q4 r

for all v € H' ().

Theorem 3.4. Assume that n*> € COY(Q4,R) and that T € C\'. Assume further that D, : L*(T') — L*(T)
satisfies

| Ded|l 2y < Cel|dll 2y, Re(D.¢, ¢) > C5||¢H%2(r), and
Im(D.¢,¢) > Cel|p||72ry  for all € L*(T) and € (0,0], (3.6)

where C is independent of € € (0,&0]. For g € L*(Q4) and h € L*(T') there is a unique solution of the variational
problem (5.9) which satisfies

ous
ov

w120y + Crv/eE < C2 (9l 2@y + 18l L2(r))

L2(r)

for C1 2 independent of € € (0, eq].

Proof. We consider first the case g = 0; the general case will again follow from this special situation. Plugging
in v = u® into the variational formulation (3.5), we find

g

/ (|Vua|2—k:2n2|u6|2> dx—/ wwTH (ue)ds—/ﬁau ds = 0. (3.7)
Qyp T. + r 81/

Taking the imaginary part of this equation, we obtain

Im/ wTh (uE)derIm/F
Ty + r

0

/U/E
ds = 0.
5 s=0
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Moreover, exploiting the coercivity of Im D, from (3.6),

Im/uE ds—Im/ (au)au ds—l—Im/h6 ds > ce

Therefore, by Lemma 3.3 and the fact that Im [}, FT:; (u®)ds > 0,
a +

2

+Im/ﬁau ds. (3.8)
L2(T) r o

&€

ov

ous
ov

< Okl oy (3.9)
L2(r)

Due to (3.6), D. is bounded on L?(T') with bound Ce for ¢ € (g,&¢]. Exploiting the impedance boundary
condition in (3.4), we obtain

[Ju® ||L2(F) < 2| D:(0u’ /8V)||L2(F) + 2||h||L2(r) < 0w /0V||L2(r) + 2||h||L2(F) (Ce +2) HhHLz(r)

We take the real part of (3.5) where we set v = u°. Note that — Re [ u® T;; (u®)ds > 0 by the representation
@ +
of T:; in (1.3). Hence, Lemma 3.3 and (3.9) yield
+

112

U
ov

= (14 K202l so) w72y + ClIBN T2y < CluflZery + Cllkl72wy < ClAIZ2ry,s
L2(T)

||UE||%{1(Q+) tce

where all constants are independent of €. Hence, we conclude that

< Cllhll2r) (3.10)
L2(r)

[[u®] e

for some constant C' independent of .

Consider now the general case 0 # g € L?(2y) and let u* € H'(Q.) be a solution to (3.5). Let w €
H'(Q.) be the variational solution of Aw + k*n?w = 0 in Q4 subject to the homogeneous Dirichlet boundary
condition w|. = 0 and the radiation condition dw/dv = T;ri (w) on T'y. Recall that Theorem 3.1 states

that [|w| g,y + [0w/0v| 2@y < Cllgllr2. ). The difference v = u® — w solves Av + k?n?v = 0 in Qy,
v+ D-(0v/0v) = h — D-(0w/dv) and dv/dv = T, (v) on Iy, again in a variational sense. The boundedness
¥

of D. on L?(T) from (3.6) and (3.10) show that

. < C ([|h]l L2(ry + |1 D (0w/0v) || L2(ry)
L2(T

< C (I8l 2y + Cllow/ov| t2@y) < C (|l 2y + Cllglirzy)) -

[[v

We conclude by the triangle inequality that

€

([ 1 C (IhllL2ry + CllgllL2yy) »

L*(I)

which is a H*(Q24) a priori bound for u and finishes the proof, since this a priori bound establishes existence and
uniqueness of solution by the well-known inf-sup theory for variational formulations, see, e.g., [10], Chapter 2,
or [2]. O
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We content ourselves here to consider right-hand sides h € L?(T"). Even if this is sufficient for our later
purposes, the natural regularity would be h € H~Y/ 2(T"). In fact, one can also show existence of solution for
the generalized impedance boundary value problem with h € H~1/2 (T"). We sketch the proof here for the case
g = 0, under the additional assumption that D= is bounded on H~/2(T") by a constant u(c). Assume that u°
solves (3.5). Taking the imaginary part of (3.5) (with v = u®) and exploiting the coercivity properties of D, we
arrive at

220y < T / D7 (u) ds < Im / AD (h) ds < (o)l vy 1l 1120

Taking now the real part of (3.5), we get

‘UH%II(QJr) < CHUH%2(Q+) + CN(E)”U”HU?(F)”h”H*l/?(F)
< OllullZery + Cue)llull @ 1kl g2y < Crle)lull @ 1bl 12y

with C independent of . The problem with this a priori bound is that u(e) will, in general, fail to be bounded
as ¢ — 0. This is already the case for the generalized impedance boundary condition of order 1 in (2.13), which
scales like €. Since it is somewhat comfortable (but not ultimately necessary) to deal with uniform solution
bounds in the following asymptotic analysis, we prefer to consider impedance data h € L?(I") subsequently.

To illustrate the value of the general existence result provided by Theorem 3.4, we apply it to generalized
impedance boundary value problems (2.14) of orders 1 and 2. As we already mentioned, the boundary condition
for order 3 needs an additional stabilization, constructed in Section 5, which is why we do not treat this case
now. Essentially, the problem with D. 3, given in (2.13), is that this boundary operator violates the L? ellipticity
assumption (3.6).

Corollary 3.5. Assume that n> € C%Y(Q,R), that T € CL"', and that g € L*(Q).

(a) The solution u®? of (2.14) exists in H' (1) for alle > 0 and satisfies ||u'| g1 (o, ) < Cllgllr2(q,) with
C' independent of € € (0,eq] for arbitrary eg.

(b) There is g9 > 0 such that the solution u®? of (2.14) exists in H'(2y) for all e € (0,e0] and satisfies
the bound ||[u®'|| g1 (q,) < CllgllL2(q,) with C independent of e € (0, &)

Proof. In both cases, existence and uniqueness of u®? follows from Theorem 3.4 if we verify assumption (3.6).
(a) The impedance boundary condition for p = 1 is u®! + (¢/a)(0u®! /Ov) = 0 on I'. The boundary operator
Dy =e/a=e(1+1)/V2 clearly satisfies (3.6).
(b) For p = 2, us? + (¢/a — iHe?)(0us?/dv) = 0 on T. Choose &y such that |He| < 1/(2v/2) for € € (0, o).
Then Dy . = ¢/v/2 +ie(1/v/2 — He) satisfies

_ e — 1 €
Re/ Dy cpds = —||||% 21, Im/ Dedss/<—H5> 2ds > —= 6|22/,
Féf) 2,9 \/§”¢HL ) Féf’ 2,9 -\ 2 |9| 2\/§”¢HL T)

for ¢ € L*(T') and 0 < € < gg. Hence, D5 satisfies (3.6). O

4. ASYMPTOTIC ANALYSIS AND ERROR ESTIMATES FOR GIBCs

Our aim in this section is to provide the basic tools for the convergence analysis of GIBCs leading to proofs
of convergence of u? to u® with optimal order p + 1 for p € {0,1,2}. Since the case p = 3 requires additional
manipulations, we postpone the analysis of this case to the next Section 5. Note, however, that some of the
technical lemmas contained in this present section will also be used in Section 5 to treat the case p = 3. Our
main theorem in this section is the following.
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Theorem 4.1. Let p € {0,1,2}, g € H?(Qy), n? € CPY(Q,R) and T € CP*"'. There are constants e > 0
and C(p) > 0, independent of € € (0, &0, such that

[u = u®P| 1,y < Cp)ePtt, 0<e<ep. (4.1)

The proof of this theorem requires some preparation. In the following lemma, we show that the functions u]i
of the asymptotic expansion (2.1) are well defined in H' () for p € Ny if the right hand side g of the Helmholtz
equation (1.1) is smooth enough.

Lemma 4.2. Set ¢° = g € L*(Qy) and ¢ = 0 for £ = 1,2,..., and let p € N. For g € HP"'(Q,),
n? € CP~L1 (O, R) and T € Cg’l, the functions uﬂ_ are well defined in H(Qy) for £ = 0,1,...,p through the
TECUTrsion

o J4
Al + kPPl = ¢" in Qy, %:T%(uﬂ) on Tq, uf =ut(-,0) onT, (4.2)
where u* (+,0) is determined from
here u’ (-,0) is determined f
9> :
e -1 : ¢
———i)ul = A" inT xRy, lim w” (zp,m) =0 onT,
< on? ) ; ¢ + el (zr,n)

together with the coupling condition (2.5), that is,

out! out
8;; (ar) = a—n(IF,O), for xzp € T.

Proof. For ¢ = 0 we know from (2.6) that u (-,0) = 0. Hence, uY solves a homogeneous Dirichlet problem
for the Helmholtz equation with right hand side ¢° = g. From Theorem 3.1 we conclude that ug_ € H?(Qy)
for g € L2(Q); thus the normal derivative duf. /O belongs to H'/?(T") and the bounds Hﬁu(}r/ayHHl/Q(Q” <
C|‘u3_|‘H2(Q+) < C||gHL2(Q+) hold.

More generally, for g € HP~1(Q,) and n?> € CP~L1(Q,R) and T € Cé)’l as well as I' smooth enough we
have that uf € HP*1(€,); thus the normal derivative duS. /v belongs to HP~1/2(T') and the bounds

10u /00| o720y < ClluS v,y < CONglr-—104)

hold for p =1,2, ...

In consequence, the Dirichlet trace u! (-,0) given in (2.7) is well defined in H?~'/2(T) for g in HP(2y) and
we can solve the Dirichlet problem (4.2) in HP(Qy) according to Theorem 3.1, with [|du} /Ov| gro-s/2p) <
Cllout /ov| geary < Cllgllgr-1(a,), as long as p —1 > 0. Existence of ufy for £ = 2,...,p follows from

an induction argument. Existence and boundedness of «% in H'(Q2;) and du’} /ov € HY*(T) requires g €
HP~H(Qy), as well as n? € CP~11(Q1) and T of class CP''. O

The proof of Theorem 4.1 is broken into two main steps, since we are not able to show (4.1) directly, but
rather introduce @2 (see (2.10)) as an intermediate term and prove that

||’U,E — UE’pHHl(QJr) < ||’U,E — ﬂs’pHHl(Q+) + ||’l74€’p — UE’pHHl(Q+) < C€p+1. (43)

To treat the two differences which appear in the last equation, let us first introduce a sequel of technical lemmas.
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Lemma 4.3. Let I € Cg’l. Then there is a constant C' > 0 such that

lull2aqy < € (19l oo lullzaay + ll3agasy ) for all uw e HY (@),

Proof. Estimates of this kind are well known from earlier works on generalized impedance boundary conditions,
however, since (21 is unbounded we briefly sketch the proof for the domain 2.
For u € C*°(Q4) N H'(Q,), the fundamental theorem of calculus implies

" u(z, s
@, ) = (@, f@)) = 2/f<~.> o) T s

If we define the segment S; := {y = (%, s), f(Z) < s < h}, then

(@, £(@2)* < 2[lu(@, r2(sq) + [u(@, h)|*.

ou(z, )
0T,

L?(Sz)

Integration with respect to h yields

h— F(@)] lu(@, f(@)* < 2/h— f@)] (@, ) L2(s0)

’8u(£, )

0T

+ lu(@, k) 172s,)-
L2(Sz)

We integrate with respect to z,

| @ @) s < 2l

ou
0xm

+ sup b= F(@)7" Jullfaq, ),
L2(Q) FERm-1

which gives the claim of the lemma, since ||u||%2(F) < C [gm- [u(Z, f(2))]* dZ and since C=(Qy) N HY(Qy) is
dense in H(2). O

Lemma 4.4. Assume that n®> € C%'(Q,R), T € Cp"', and that v* € H'(Q) satisfies

ov®

AV + E*n?0® =0 in Q,
ov

= T;ri (v°) onT, for e € (0,0

together with the a priori estimate

‘/Q (IVoe]? = K2n2[of]?) (;1%/F VT () ds| < C’<58+1/2||v€||L2(p) +58||u€||L2(Qf)) (4.4)
or C,s > 0 independent of € and v¢. Then
[
5 s+1 € s+2 € s+3/2
= ) )= ) ) >
[0 || 1 () < Ce v L2y < Ce and ||v°||L2r) < Ce

for e € (0,e0].

Proof. Suppose that A. = |[v°||12(q) /e is unbounded as ¢ — 0. We set w® = v°/|[v°|| L2(q) and note that (4.4)
implies

c B
< )\—(s V2| oy + € 1||wf||L2(Qf)). (4.5)

/ (|Vw©|? — k*n®w|?) dzf/ wE T, (w®)ds
Q

Iy +
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As C/): is bounded as € — 0, the last inequality implies an estimate for the absolute value of the imaginary
part of the left hand side. Moreover, as —k?Im(n?) <0 and —Im [, w®T5 (w®)ds < 0 as well, we obtain
@ +

¢ [ e < £ (S e + el )
By Lemma 4.3,
lof 15ty < €2 (IVwr 5o ) + ol ) ) el g ) + Cellwlla@ ),
and
w20y < CE/3|Vui|| g, + Cellwslla <c&WNVwﬂP”Q>+6kW2+QHEW”Q

L2(Q )7

where we used Young’s inequality in the last step. We conclude that
£113/2 c11/2

o175, < C=¥2 (14 Vw5t ) ) - (4.6)

Since — Re [ we T, (w®)ds > 0, the corresponding estimate for the real part of (4.5) yields

a ’I’7,+
12 2 2 €2 c —-1/2 5 -1 5
Vu 2z < k2 | Re(n?)lw 2z + = (72w | oy + ' 2o )
Q Q )\a

<C+cC (5*1/2||wf||L2(F) + s*1||wf||L2(Qf)) . (4.7)

The term e~ '/2||w®| z2(r) can be estimated by Lemma 4.3,

— e — 5 — enl/2 enl/2
e 2w Loy < 2672wl || oy + 2672w g IVt gy,
which we plug into (4.7) to obtain
/|Vw Pdz < C+ Ce w2 )(1+||WE||1/2 ) for & € (&, 20). (4.8)
By means of (4.6),
e lao ) < C (14 IVl ) ) - (4.9)

Hence, using the latter bound in (4.8) we obtain ||Vw€||%2(9) < C(1+ ||Vw€||2/3 ), which shows that
||Vw5||%2(9) is uniformly bounded in € € (0,g¢]. From (4.6) we conclude that e 1||w5||L2(97) is bounded
as well. Lemma 4.3 implies that 571”“’6”%2(1“) is bounded for ¢ € (0,g0]. Then, however, we conclude from
Lemma 3.3 that 5*1||w5||%2(9+) is bounded for € € (0,¢0]. Using (4.9) we see that 5’1||w5||%2(97) is bounded
as well. However, the conclusion that 5_1||w5||%2(9) is bounded for £ € (0,2¢] is a contradiction since by con-
struction ||w€||%2(9) = 1. Hence, the bound [[v°||12(q) < Ce**! holds for € € (0,&¢]. The three estimates stated
in the lemma now follow from the above inequalities precisely as in the proof of [9], Lemma 5.3. (]

Now we proceed with an estimate for the first difference ||u® — @"| g1 (q, ) appearing in (4.3).
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Theorem 4.5. Let p € Ny and assume that g € H?(Q}), n?> € CPY(Q,R) and T € C{)’H’l. Then there is
g0 > 0 and a constant C(p) independent of € such that

[u® = @ 1o,y < Clp)e"™ fore € (0,0

Proof. We recall the definition of @ in (2.10), the cut off function x and the coordinates x = (zr,v) in Q_,
both introduced in Section 2, and define

»
¢ 0
~ 'ug (z), r ey,
P (z) = ; p € No. (4.10)
x() Sh_ etul (ar,q/e), =€,

We will first prove an estimate for the difference [[u® — a5P|| 1 (), where @5;? has been defined in (4.10). Since
ulP =4SP in Q4 , the estimate stated in the theorem will follow.

In the proof of [9], Lemma 5.1, the authors show that the error e*P := u® — ulP satisfies the following
transmission problem,

HesP
AefP + E2n%esP =0 in O, ;V = T:i (e*P) on T,
0 our
[u]r =0, {_“} =P | | AetP LBt = g5P inQ_, (4.11)
V]p ov |
where
8 (-1 4 P P
9P (@) = —e" x> D P A qut T ap, gfe) 42V - Y eVl + Ay Y etV
£=1j=0 £=0 £=0

for © = xr 4+ qv € Q_. The computations leading to the form of g=? are literally the same as in [9]. Also, the
proof that [g=P||p2q ) < CeP~1/2 can be achieved as in that reference. The variational formulation for e=?
in (4.11), obtained with the help of Green’s first identity, is

ouP
/ (VeoP - Vo — k*n?e=PD) dz — / UT;; (e®P)ds = sp/ o ds — / g-Puds
Q T, + r v Q_

P
ou'y

ov

for all v € H(Q). Plugging in v = 5P we find that
<eP le=PllL2(r)

}/ <|V€E’p|2 - k2n2|e€’p|2) dz f/ ET:; (e®P)ds
Q o * L2(T)

+ 195l L2y le=Pl 2oy < CePlle®P| 2y + CeP /2|5 || L2y

due to Lemma 4.2. From this estimate, we conclude by Lemma 4.4 that ||e®?| g1 () < CePt1/2, le=P|| 2 ) <
CePt3/2 and [|e=?|| 2y < CePTL for p € Ny. Therefore we can finally estimate
Hue _ ’lf’pHHl(Qg _ Hus _ ,as,erl 4 EPHUTIIIHWQH — Hue _ ,a;,erl + €p+1“i+1||H1(Q+)
< luf — @EP gy + P ) < CEPTE/2 4 CePTL

For the latter bound we exploited Lemma 4.2 stating that u”t! is well defined in H'(,) for data g € HP(Q),
n? € CP Q) and T € CPHH1 O
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Now we finish this section with the proof of the main theorem, Theorem 4.1, showing the convergence
u®P — uf in H'(Q4) of optimal order p + 1 for p = 0, 1, 2.

Proof of Theorem 4.1. In view of (4.3) we only need to show that [|a*? — usP|| g1 (o, ) < CePt!. By (2.11) and
Lemma 4.2, the difference 7 = @7 — u®P € H' () solves

AP + E*n?e®? =0 in Qy,

Oe=P + (&P €,p A p+1,.6p
=T7 (e onI’ and es D — ) =" 5P on I
v "i( ) “ +Per v ’

where 7P is given by (2.12). By Lemma 4.2 we observe that ||r*?| gi/2ry < C(p) for p = 0,1,2. Now,
Theorem 3.5 yields the claim of Theorem 4.1. O

5. STABILIZED GIBC OF ORDER 3

Let us now start to investigate the Neumann-to-Dirichlet impedance boundary condition of order 3, with
the aim to prove an analogous convergence result as in Theorem 4.1 for p = 3. As we saw in Section 2, formal
expansion yields the following candidate for a Neumann-to-Dirichlet impedance condition of order 3,

ous
ov

=0 onI. (5.1)

u® + E\/_((1—|—1) V2ieH — (1—1)2(3H2 G+/€2+Ar))

The difficulty with this boundary condition is that the operator applied to the normal derivative is a tangential
differential operator of order 2. In contrast, the exact Neumann-to-Dirichlet operator is a pseudodifferential
operator of order —1, mapping H~'/?(T") continuously into H/?(T"). Also, the boundary condition in (5.1) vio-
lates the L? coercivity assumption (3.6), since Im [, u® (Ou®/0v) ds is indefinite. Our subsequent modifications
of (5.1), inspired by the analysis of a corresponding problem in a bounded setting [9], yield a condition of order 3
that satisfies (3.6). Note that these modifications are not crucial for the analysis of the bounded setting [9]. In
contrast, they seem to be crucial in our unbounded context, since the compactness arguments for the analysis
of (5.1) for a bounded obstacle from [9] certainly do not apply for our problem.
First considering all real terms of the boundary operator in (5.1), we formally compute that

eV2
2

eV2

(1 —(3H2 G+k2+Ap)> ==

2
<1 - —(3H2 G+ k%) — %(1 — EQAF)lAF> +0(eh),

since Ap — (I —?Ar) 'Ar = —2A4(I —e?Ar)~!'. We note that 1 —e2Ar is bounded and coercive on H!(T'),
hence invertible due to Lax-Milgram’s theorem, and that the term on the right constitutes a tangential differ-
ential operator on I' of order 0. Next, we use a Padé approximation to change the sign of the surface Laplacian
appearing in the complex terms of (5.1). Using that (1 — e2Ar)(1 4+ &2Ar) = 1 — e*AZ, we find

5\/_ 2 2 2 2 1 ¢
1—eV2H + = (3H —GHR AN ) = (s —eveH+ S (3H —G+E)+ 5+ S Ar

)=
Tf (5 ~eV2H + %(31{2 —G+ k) + % (1- EQAF)l) +O(e").
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Therefore we define a modified boundary operator ﬁ&g for a generalized impedance boundary condition of
order 3 as follows,

DE,3¢ = E\/_ (

2
1- —(3H2 G+ k%) — %(1 - 52Ap)1Ap) é
15\/_

<— eV2H + = (3H2 G+k2)+%(152Ap)_1)¢.

Using this operator, we define u*3 via the following boundary value problem
0“6’3 R
Aut? + En*u™ =g in Qy, 5 T;Zi (u®?) on I'y,u® + D.3(0u®?/0v) =0 onT. (5.2)

Three important properties of ﬁ€,3 are collected in the next lemma, namely boundedness and coercivity
on L?(T), which results of in invertibility of D. 3 on L*(T).

Lemma 5.1. There are constants €9 > 0 and C independent of € > 0 such that

1Desdllczry < Cellgllzry,  Re(Dead,d) > Cel|dllizry, — and
m(D. 36, $) > CE||¢H%2(F) for all ¢ € L*(T") and ¢ € (0,g0]. (5.3)

Proof. We start with some preparations. First, the identity (I —e?Ar)(1—e2Ar)~1¢ = ¢ for ¢ € L?(T) implies
by one partial integration that

/F (e°Vr((1 —*Ap) ') - Vi + (1 — 2Ap) " '¢)Y) ds = /F(1 —&2Ar) o ds (5.4)

for all v € HY(T). Setting 1 = (1 — e2Ar)~1¢ and taking the complex conjugate of (5.4) we obtain
(I = 2Ar) 6, 6) = II(1 = 2A0) 6220y + 21V — 2Ar) 0l ey (5.5)
as well as setting ¢ = Ap(1 —e2Ar)~! results by further integrations by parts in
—(Ar(I —2Ar)'¢,0) = |Vr(I — e*Ar) "' 22 () +€*Ar( — *Ar) "' 22 .- (5.6)

The Cauchy-Schwarz inequality applied to (5.4) shows that ||(I — e?Arp)~ 1¢||L2 T < ||(g5HL2(F Therefore (5.5)
implies

Vel = 2Ar) 0l 2a(r) < 191122(r)- (5.7)
The identity —e?Ar(I —e?Ar)~t =1 — (I —e?Ar)~! and (5.5) finally shows that —e?(Ar(I —e2Ar)~1¢, ¢) <
||¢HL2(F) as well, and hence (5.6) yields e*|Ap(I — e*Ar)~ 1¢||L2(r) = H¢||L2(r)

A brief look at the definition of D573 shows that we can write

1 _
D.z=c¢ (ae —V2e%/4(1 - 52AF)_1AF) +ie (be + 3 (I- E2AI‘) 1)

and that we observe that there is £y > 0 such that the coefficients a. and b, on I' are bounded between two
constants 0 < ¢g < C uniformly in € € (0,p]. Consequently,

A 3 i —
<D€,3¢a¢> = €<a6¢7w> - %<(1 - €2AF)71AF¢5¢> + 1€<b€¢aw> - %((I - €2AF) ! ¢7¢>
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for all ¢» € L*(T) and for ¢ = ¢ we can estimate real and imaginary part of this expression from below due
to our above computations, co||¢)|\%2(r) < Re(D¢ 3¢, ¢) and COH(;SH%Q(F) < Im(D; 3¢, ¢). For an upper bound

on L(T), we set ¢ = DE,3¢, which yields by the Cauchy-Schwarz inequality
1De 38ll2(ry < Cell¢ll2ry + Ce*| (I — 2 Ar)  Arg|| L2(ry + Cel|(T — € Ar) ' ¢l 2ry < Celld|l 2y O

Remark 5.2. If T € Cﬁ’l for any ¢ € N, then D&g is bounded on H*(T") for arbitrary s € R. Indeed, then the
curvatures H and G are smooth functions on I' and Af.(a.¢) = a.AfL¢ for a smooth function a. that is bounded
by some constant independent of e. Analogously, A% (b.¢) = b.Agé. Further, Af(1—e2Ar) ! = (1—e2Ar) 1A%
and therefore

N 2e3
(A%DE,3¢7 A?W = €<@5A1§¢, A?W - \/:f

Fie(b AR, Afw) — = (T Ar) ™ Abo, Afa).

(1= e*Ar) "' AR, Afy)

Taking ¢ = D, 3¢ we find |‘A%D573¢|‘L2(1") < Ce||Af| p2(ry for ¢ € H**(T') with C independent of e. We
conclude by interpolation in the scale of Sobolev spaces between L?(I') and H?*(I') and a duality argument.

In combination with the abstract existence result from Theorem 3.4, the last lemma easily shows existence
of a solution v € H'(Q,) to the generalized impedance boundary value problem

Ou =T7% (u) onT,, u+ DE,3 (%) =h onl. (5.8)

Au+ku=g inQ —
utEu=g nth, ov n% ov

Before stating this existence result in the following corollary, we note that the variational form of the problem
reads

/ (Vu - VU — k*uv) ds—/ T, (u)ds—i—/ﬁﬁgé(u)dS:—/
Q. Ta + r ’

gﬁdx+/m§;§hds (5.9)
Q4 r '

for all v € H(£24). Note that D;é is indeed boundedly invertible on L?(T") for € in some interval (0, go] due to
its coercivity.

Corollary 5.3. For g € L?(2y) and h € L*(T") there is a unique solution u®> € HY(2y) of the variational
problem (5.9) which satisfies

aua,s

3
HUE ||H1(Q+) -‘rCl\/g o

< o (llgllr2ayy + 1Rl z2m)
L%(T)

for C1 2 independent of € € (0, eq].

Now we prove our main result of this section, which proves order optimal error estimate for the approximation
error [[u® — u®3|| g1(q,). Of course, we use several of the technical lemmas contained in the previous Section 4.
The error estimate given here requires severe smoothness assumptions on the data g, n? and I' and we state
those assumptions explicitly.

Theorem 5.4. Assume that g € H'(Q), n?> € CT71(Q1,R) and that T € CS’I. Then there are constants g > 0
and C > 0 independent of € € (0, 9] such that

[uf — w3 1,y < Ce™. (5.10)
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Proof. As in (4.3) we split the quantity we need to estimate in two parts,
€ £,3 € ~c,3 ~c,3 £,3
[u® —u™ g ay) < llu = @52 gy + 1857 — w2 g1y

The first part has been already treated in Lemma 4.5. For the second part, we note that e®? := @53 — u®3
solves

aea,k
ov

06873
ov

Aef3 4+ E*ne®? =0 in Q, = T;Ci (%) onT,, and =3+ 15613 ( ) =43 onT.

The right hand side 75 is different from 73 given in (2.12), since 73 relies on the modified boundary opera-
tor D, 3 instead of D, 3. More precisely,

R 6~6,3
ghped = glpe3 4 (DE,S - D6,3) ( - ) :
ov

From the definition (2.12) and Lemma 4.2 it follows that |73 || f2(r) is bounded by some constant independent
of . However, the difference D573 — D, 3 is, modulo constants independent of €, sum of the two terms

2Ar — 2(I — *Ar) 'Ar = —e*AL(I — 2Ap) !

and
1+ e*Ar — (1 —2Arp) ' =*A%(1 - £2Ar) .
Thus, to show that ||(D. 5 — D 3)(0u?/Ov)| p2(ry < C for C independent of &, we need to prove that

IAR(L = e2Ar) 7108 /ov)| L2y = [|(1 = e*Ar) T AR (947 /0v) | La(r)

is bounded independent of e. In the proof of Lemma 5.1 we showed that || (I—eAr)~'@| 20y < [|4]| 2(r). There-
fore it is sufficient to show that || A% (943 /0v)|| L2(r) is bounded independent of e, that is, |04 /0v| gary < C.
Lemma 4.2 shows that such a bound is guaranteed if g, n? and I' are smooth enough; for our purpose,
g€ H(Qp), n? C’Z’I(QJF) and I' € CS’I are sufficient. If all data is smooth enough, an application of
Theorem 3.4 finishes the proof. O

6. NUMERICAL EXPERIMENTS

This section is dedicated to the presentation of some numerical results that underline the usefulness of the
derived GIBCs, especially the interest in the condition of order 3. Our experiments are restricted to the 2-D
case. Since we treated rough surface scattering problems by variational methods, we opted for the use of finite
element methods to compute the numerical solution using the FreeFem++ library (http://www.freefem.org/
ff++). The major difficulty linked to the use of volumic methods is the truncation of the computational domain.
One possible approach is the use of Dirichlet-to-Neumann maps introduced in the second section of this paper.
The second possibility, adopted here, is the use of so-called perfectly matched absorbing layers (PML) (see
Fig. 2). We refer to [3] for a description of this method in the context of rough surface scattering problems.
However, the available approximation theory so far only considers horizontal truncation of the computational
domain — little is known on stability and approximation of a fully discrete problem posed on a bounded domain.
Therefore, the numerical results presented in the following intend to only give first numerical validations and
also hints on numerical difficulties that need to be addressed in future works.

Following [3], we used a PML which covers the three exterior sides of the computational domain. Again,
there is no theory validating this choice; the PML method can only be justified if an infinite horizontal layer
is used above the rough surface. However, the option we used gave better results than, e.g., simply imposing


http://www.freefem.org/ff++
http://www.freefem.org/ff++
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PML

Computational domain

Source

r

FIGURE 2. The numerical experiments settings.
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FIGURE 3. Left: surface profile: f(t) = 3.5+ 0.2 cos(t — 3) + 0.4 exp(—(t — 3)?). Right: relative
L? error versus ¢ (log-log scale) for GIBCs of order 0, 1, 2 and 3.

Dirichlet boundary conditions at the vertical cut-off. The choice of the width of the computational domain in
the horizontal direction is certainly a key point for the accuracy of the approximate solutions. This is evident
from the slow decay (proportional to |z1|~%/2) of the fundamental solution of the Helmholtz equation in a half
space with Dirichlet boundary conditions.

The two examples shown in Figures 3 and 4 correspond to a computational domain which is 100 A large in
horizontal direction, where A = 27/k (= 1 in our cases). When approximating the absorbing medium scattering
problem (1.4) we work on a domain that is 5 A thick. The PML width is A and we use an (optimized) linear
profile for the absorption coefficient going from 1 at the inner boundary of the PML to o9 = 5.75 + 3¢ at the
outer boundary (see [3]). The numerical examples are computed using P2 finite elements. A reference solution
is computed using a fine mesh of the two layered medium.

We observe in both experiments that the use of higher order GIBCs significantly improves the accuracy of
the approximate model. For all GIBCs, the error decreases with respect to . However, we failed in obtaining
confirmation of convergence rates predicted by our theory. This seems to be mainly due to the numerical error
induced by lateral bounds of the computational domain. Finer meshes for the computation of the reference
solutions did not change the results considerably. We observed that the residual error due to this truncation
cannot be made smaller than 1%, which would also explain why the three curves (for GIBCs) meet for small e.
We therefore think that the design of an efficient method to bound the computational domain constitutes
one important step before going deeper in the numerical validation of these approximate boundary conditions.
Addressing this issue is far beyond the scope of the present work.
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FIGURE 4. Left: surface profile: f(t) = 3.5+ 0.2cos(1.3t — 3) — 0.4exp(—(t — 3)?). Right:
relative L? error versus ¢ (log-log scale) for GIBCs of order 0, 1, 2 and 3.

We end this discussion by noticing that when comparing the two examples, one observes that better results
are obtained for rough surfaces with less sharp variations, which is somehow a predictable behavior since more
regularity is needed for higher order GIBCs. Also, the difference between the conditions of order 1 and 2 is not
too large, which is in accordance with theory, since the surface oscillation in our examples is small compared to
the wavelength.

(1]
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