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CONVERGENCE OF A CONSTRAINED FINITE ELEMENT DISCRETIZATION
OF THE MAXWELL KLEIN GORDON EQUATION*
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Abstract. As an example of a simple constrained geometric non-linear wave equation, we study
a numerical approximation of the Maxwell Klein Gordon equation. We consider an existing constraint
preserving semi-discrete scheme based on finite elements and prove its convergence in space dimension 2
for initial data of finite energy.
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1. INTRODUCTION

Non-linear wave equations are at the heart of basic physical models. Fundamental particles are best described
by the quantum version of the Yang-Mills-Higgs equation (YMH) and gravitational fields satisfy the Einstein
equation for general relativity (GR). For the former the unknown is a connection on a certain vectorbundle over
space-time, whereas for the latter it is a pseudo-Riemannian metric. The equations can in both cases be derived
from a variational principle involving a Lagrangian with a large gauge-group giving rise to constraints. Second
order hyperbolic partial differential equations involving unknowns from differential geometry and stemming
from a variational principle will be called geometric wave equations.

The well-posedness of equations with such a rich structure has recently been proved in Sobolev spaces of
relatively low regularity. This is relevant both to physics and numerical analysis, since norms related to the
energy are the most natural and are most easily incorporated into stability arguments for numerical schemes.
For an introduction to the mathematics of geometric wave equations see [28]. Well posedness in the energy
norm for the Yang-Mills equation was proved in [21]. For general relativity, progress on the issue is surveyed
in [19].

Numerical models exist for both GR and YMH but little, if any, numerical analysis is available for them.
The only geometric wave equation for which we are aware of convergence proofs is the wave map equation [3].
With the long-term goal of understanding numerical schemes for GR and YMH we propose to study in this
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paper the simplest equation in the YMH family, namely the Maxwell-Klein-Gordon (MKG) equation obtained
with the gauge group U(1).

In the MKG equation the unknowns are the electromagnetic field, described by a vector potential, and a scalar
(complex) field. The scalar field gives rise to a current exciting the electromagnetic field whereas the vector
potential enters the coefficients of the wave-equation satisfied by the scalar field. While the wave equation and
the Maxwell equations are both linear, the coupling creates a non-linear evolution equation. It is also important
that electric charge should be conserved, which gives a non-linear constraint on the flow.

In [10] a finite element method for the YM equation was introduced, whereby the constraint is satisfied
through a special application of Lagrange multipliers. In [9] the method was generalized so that it covers all
equations in the YMH family and in particular the MKG equation. In this paper we shall prove convergence
for this scheme in space dimension 2 with continuous time. The essential features of the scheme are that it
preserves energy, which gives control over the curl of the vector potential, and that the constraint preservation
gives a weak control over its divergence. Together curl control and divergence control would imply control in
the Sobolev space H', if it weren’t for the fact that the finite element spaces we use, namely Nédélec’s edge
elements, are not in this space. Nevertheless we prove a discrete analogue of the Sobolev embedding, valid for
Nédélec’s edge elements, in the spirit of Kikuchi’s compactness result [18]. The proof uses recently constructed
commuting interpolators defined on rough functions. Together with Kato’s inequality, this gives us strong
convergence in LP spaces. A duality argument gives control of the Lagrange multiplier, sufficient to conclude
that the limit of the discrete solutions satisfies the continuous MKG equations. The difficulties arising in space
dimension 3 are pointed out along the way — the arguments used here fail critically in this case.

The paper is organized as follows. In Section 2, after setting up notations, we give some preliminary results.
Since some of the results might be of general interest (in particular the discrete Sobolev embedding), we state
and prove them for arbitrary dimension. Section 3 is then dedicated to the exposition of the MKG equation
and the semi-discrete scheme we use. Convergence of the approximate solutions of MKG is then obtained in
Section 4.

2. PRELIMINARY

2.1. Notations

Fix an integer n > 2 and let 2 be a bounded domain in R™, which is either contractible with a continuously
differentiable boundary, or convex. Thus the topology is trivial (curl-free vector fields are gradients) and basic
elliptic regularity estimates hold.

2.1.1. Continuous spaces
We recall some standard notations.
LP spaces:

e LP(Q) denotes the classical L? space of real valued functions on Q, for p € [1, o0].
o We say that ¢ € LP(Q,C) if R(¢) € LP(Q2) and I(¢) € LP(Q), where R and < are the real and imaginary
parts of a complex number. If there is no ambiguity we will sometimes omit the C from the notation.

Sobolev spaces:

e H?(Q) and H{(Q), for s € R, the usual Hilbertian Sobolev spaces of real valued functions. For s € N
standard norms and seminorms are denoted || - || g=(q) and | - [s. For complex valued functions we write

H?(Q,C).
o WP(Q), Wy (82) denote the Banach spaces obtained by generalizing the above spaces to L? integrability.
e Recall that for s > 0 and 1 < p < co, W~5P(Q) is dual to W;** (2) where % + z% =1
Scalar product:

e We denote by - the canonical scalar product on vectors in R™, and by | - | the associated norm.
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e The real-valued scalar product on L?(2,C) is denoted (-,-), and || - || is the associated L?-norm; (-, ) is
also used for the duality products between Sobolev spaces with L? as pivot space.

Spaces of vector fields:

e L%(Q) is the space of square integrable vector fields and similar definitions hold for H'(Q), H*(Q),
L?(Q,C), etc.

e H(curl, Q) is the space of vector fields in R™ with square integrable curl; the analogue space for the
divergence will be noted H(div, §2). For basic results on H(curl, Q) and H(div, §2), see [17,25].

e Hy(curl, Q) := {A € H(curl, Q) such that ;A =0 on 0Q} where 7, A is the tangential component
of A on 0f).

e V:={v € Hy(curl,Q)|dive = 0 in Q}.

e For ¢ > 1, H{(curl, Q) := Hy(curl, Q) N LY(Q).

Time dependence. Fix a time T > 0:

e For any closed subinterval I of [0, 7] and Banach space X, we let C(I, X) be the space of continuous
functions from I to X, which is a Banach space when equipped with the uniform norm. Also, C(0,7"; X)
will stand for C([0, 7], X).

e For p € [1,00] and X a Banach space, L?(0,T; X) is the Bochner space defined in [30].

e C,(0,T; X) denotes the space of functions of time with values in X which are weakly continuous,
explicitly u € Cy(0,T; X)) means that ¢ — [(u(t)) is continuous on [0,T7], for all [ in X*, the dual of X.

2.1.2. Semi-discretization

Let (7},) be aregular and quasi-uniform family of simplicial meshes of the domain €. Asusual the parameter h
is also the mesh-width of 7. We use some standard finite element spaces on 7},, and simplices are usually denoted
by K.

e P, is the space of affine functions (on some open subset of R™).

e Y is the space of piecewise affine and continuous real functions on €, vanishing on the boundary
o0 [12].

e Y; is the space of Nédélec edge element vector fields on  (see [4,25]) with vanishing tangential com-
ponent on the boundary 9. Thus Y} C Hy(curl, Q).

e 7} is the space of piecewise affine and continuous complex scalar functions vanishing on the bound-
ary Of).

e We also put X, :=Y} x Z7.

We define the space of discrete divergence free vectors:
e V), = {’Uh S Y}L : (vh,gradﬁh) =0, Vp@,¢€ Yho}

Remark 2.1. Many of the difficulties we encounter are related to the fact that:
Vh ,@ Va

but will be resolved by estimating the gap from the former to the latter in appropriate norms.

For the case of a curved boundary we suppose that the mesh and finite element spaces are adapted by
appropriate parameterizations, using the techniques in [15].

Throughout the paper, we will use the notation C' to refer to a constant independent of h. It might be
needed to be taken larger in subsequent steps of our arguments, but we nevertheless keep the same notation
throughout.

2.2. Preliminary results

In this section we present some preliminary results. We state them for arbitrary dimension n and will use
them in following sections in the particular case n = 2, and in remarks concerning n = 3. These results are either
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quite classical, or generalizations of classical results from the L? case to the LY case, or from time independent
fields to time dependent ones.
In the following theorem, where D denotes the standard gradient, we recall Kato’s inequality.

Theorem 2.2 ([22]). If A: L2 _(R",R"), f € L*(R",C) and (D +iA)f € L?(R"), then |f|, the modulus of f,

loc
is in HY(R™) and the diamagnetic inequality:

IDIf[(2)] < [(D +iA)f(2)|

holds pointwise for almost every x € R™.

The second result we state in this section is the well-known Helmholtz decomposition of fields in H(curl, Q).
We have a statement both in the continuous and in the discrete case. Under the hypotheses for our domain, we
have in the continuous case:

For every u € Hp(curl, Q), there exists a unique 4 € V and p € Hg () such that:
u =1+ gradp

and in the discrete case:

For every uj € Y,ll, there exists a unique 4y € Vy, and py, € YhO such that:
up = up + grad py.

These results can be found for example in [2,25].
In the following many results will rely on Sobolev embeddings [1] one variant of which is recalled here:

Proposition 2.3. For all ¢ € |1,n[, with ¢* defined by 1/q — 1/n = 1/q*, one has a continuous embedding
L1(Q) — W=LP(Q), for p < q*. It is compact when p < g*.

The study of the convergence of the scheme relies on norm estimates in both time and space and on the
possibility to extract strongly converging subsequences. Thus we need the characterization of compact sets in
the time dependent case, in spaces L>(0,7T; B) where B is a Banach space; this has been studied for example
by Simon in [30]. The following theorem gives a sufficient condition for compactness for subsets of L>°(0,T’; B).

Theorem 2.4 ([30]). Suppose that X, B,Y are Banach spaces such that X C B C'Y with continuous embed-
dings, the first being compact. Suppose F' is a bounded set in L°°(0,T; X) such that %—f is bounded in L"(0,T;Y)
for some r > 1. Then F is relatively compact in C(0,T; B).

The next propositions (2.5 to 2.12) are generalization of some classical L? results to the L? case (Props. 2.5, 2.8,
2.9 and 2.12) and/or to the time dependent case (Props. 2.7 and 2.11).

The objective of the next two propositions is to establish an analogue of the usual Kikuchi compactness
property, in L? and to include time dependence. The property is first proved for fields independent of time,
then extended to time dependent fields.

Denote by 2* the number such that 2% =

3 — 1 for n > 2 (with the convention that 2* = +oo for n = 2).
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Proposition 2.5. Let 1 < ¢ <2* (¢ <2* if n=2). Then there exists C > 0 such that for all vy € Vy,
||’Uh||Lq(Q) § CHCUI‘I ’UhHLz(Q).

Furthermore if 1 < q < 2*, vy, € Vy, and curlwy, is bounded in L*(Q), then (out of any subsequence) one can
extract a subsequence converging (in norm) in LI() to some v € V.

Proof. Let g be as in the statement of the theorem. We first prove the bound on the L?(2) norm.
We denote by:

e P the L2-orthogonal projection on the space of square integrable divergence free vectors. The kernel
of P is grad Hi and this projection preserves the curl, i.e.

curlo P = curl. (2.1)

Furthermore PV, C V.
e (), the LP stable projection onto Y} constructed in [11] (the ones constructed in [2,26] could also be
used). It verifies the following property:

If curl v = 0, then curl Qv = 0. (2.2)

For vj, € Y} we have Pv;, € V and curl Pv;, € LI(Q) so Pv;, € W4(Q) (using arguments of regularity of
solution of elliptic problems, see for example [29]). We get also the estimate:

|P’Uh|1,q < C||cur1th||Lq(Q). (23)

Remark 2.6. We have curl v;, = curl Pv, = curl Q, Pvy, for vy, € Y,IL.

Choose now vy, € Vy,.
By triangular inequality,

[vnllLe) < lvn — QuPvnllLa) + |QnPvL — PusllLe) + [[Pon|lLaa)-
(a) We have by Bramble-Hilbert type estimates:
|Pvi — QuPon|Le) < Ch|Pvp|iq < Chljcurl Pug||Laq) < Ch|curl vy ||Lq(q),
so that we can use the inverse inequality (4.5.11) in [6] and obtain:
|Pvs, — QuPoplLiy < ChR™™ 05~ %) |curl vy L2 (q).- (2.4)

(b) Furthermore

v — QuPva|Lay < CR™™O5 ) |y, — QpPop|L2 o)
But since curl(vy, — QnPvy) = 0, we have that vy, L v, — QpPvp, and Pvy, L vy, — QpPvy,. So that

lvn — QhPUhlliz(Q) < lvn — QuPvnl|L2()|[Pon — QnPon|L2 (o)

Therefore _
v — QuPonllLaq) < Ch™n0-5=2) || Py, — QnPvp|lL2()-
By (2.4), one concludes that

H'Uh — Q}lP’UhHLq(Q) < Chhmin(o’z7%)||Cur1’vhHL2(Q). (2.5)
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(c) By the Sobolev embedding of H'(£2) into L4(£2), we have:
|[Pvn||Le) < CllPon|a o)
Friedrich’s inequality yields then
| PonllLaa) < Clleurl vy [|rz(q). (2.6)
(d) Since 14 2 — % >0, we combine (2.4)-(2.6) to conclude that for some C' > 0:
Yon € Vi, ||vallLae) < Cllcurl va|pz(q). (2.7)

It remains to prove that a subsequence of vj, converges strongly in LI(Q), if 1 < ¢ < 2*.

Since (Pwy,) is bounded in H! (2) we deduce strong convergence in L4 () after subsequence extraction. Then
since for 1 < ¢ < 2* we have 1 +n/q —n/2 > 0, from (2.4) and (2.5) we deduce that (v;) converges in L9(2)
and has the same limit as Pvj, in L?(Q2). This concludes the proof. ]

Proposition 2.5 can be generalized to fields with a time dependence:

Proposition 2.7. Let 1 < ¢ <2* (¢ <2* ifn=2).
There exists C' > 0 such that for all v, € L*(0,T;V},)

[valle(0,r;La(e)) < Clleurl vy oo, 712()-
Furthermore if there exists C > 0 such that
|eurl vy || L0, 712(0)) < C,

and

[onll L0, 712(0)) < C,
then for all ¢ < 2* there exists v € L>(0,T; V) such that a subsequence of (vy,) converges in the L>(0,T;L4(Q))
norm to v.

Proof. As all inequalities from the proof of Proposition 2.5 can be transported to time dependent fields, the
only point which has to be clarified is that a subsequence of vj has a limit in L°(0,7; L9(£2)).

Remark that if (vy,) is bounded in L*°(0,T; H(curl, ) then (Pwy) is bounded in L>(0,7;H(Q)). More-
over, P commutes with time-differentiation and therefore

[PvnlLo=(0,rL2@) < 19nllLe©r1z@) < C,

where Ig'u\;l denotes the time derivative of Pwvy,.

Applying Theorem 2.4, Pwvj, converges strongly (considering a subsequence) in L*°(0,T;L?*(Q2)). Using
inequalities (2.4) and (2.5) for time dependent fields, ||v;, — Pvp|| = (0,7;12(0)) converges to 0 as h tends to 0.
Then an interpolation inequality between LP spaces, the convergence of v, in L°°(0,T;L?(Q2)), and the fact
that ||vp| Lo (0,7;Le(q)) is bounded, complete the proof. O

The next proposition gives stability results for projections onto finite element spaces. This result will be
needed in Section 4.5.

Proposition 2.8. Let P} be the L? projection on Y} and Py be the L* projection on ZJ. Then:
(a) P} is stable in LP, and from H'(Q) to H(curl, ).
(b) PP is stable in H*(Q), for all -1 < s < 1.
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Proof. (a) For Pl
e Stability in LP(Q)
Using the result in [14] in the vectorial case, one obtains stability in the LP-norm.
e Stability in H(curl, Q)
Let @, be the operator constructed in [11] already used in the proof of Proposition 2.5. It is stable
both in L2(Q2) and H(curl, ). Using also the inverse inequality between H(curl, Q) and L?(),

one has:
Yu € HI(Q)v ||P}%u||H(curl,Q) S HQhPﬁu - QhuHH(curl,Q) + ||Qhu’||H(curl,Q) (28)
< Ch™M|QnPyu — QnullLz(o) + [|QnlH(curLe) (2.9)
< Ch7 Y| Phu — ullre(o) + [|Qnte| H(cur,0) (2.10)
< Cllulla o) (2.11)

(b) For PY:
e The stability in H'($) comes from the result in [5,13].
e The stability in H~*(Q) follows by duality.
e The stability in H*(2), for —1 < s <1 is obtained by using interpolation inequalities. U

Discretizing continuous equations leads to discrete ones which should have good convergence properties. The
next proposition states this for a particular class of equations.

Proposition 2.9. Let p € |1, +oo| be given, a(-,-) the bilinear form on WYP(Q) x W2 (Q) (1/p+1/p' =1)
given by:

a(u,v) = / grad u - grad v,
Q
and for h >0, fr, € W=LP(Q), f € W=1P(Q).
Let also up € Y} be the solution of

a(un,vn) = {fn,vn), Yo € Y},

and u € Wy () the solution of
a(u,v) = (f,0), Yo € Wo¥ (Q).
Then:
(@) lunllwre@) < Cllfallw-10(0)-
(i) If fa —> fin W=IP(Q), then up — u in WyP(Q).
This is essentially a reformulation of the following fact:

Remark 2.10. The bilinear form a verifies a uniform discrete inf-sup condition in the norms W17 () x wir Q)
see [6,29].

The following proposition is a generalization to time dependent fields:

Proposition 2.11. Let T > 0 and p € ]1,+00| be given, a(-,-) the bilinear form on WP(Q) x Wh#'(Q)
(1/p+1/p' =1) given by:

a(u,v) = / grad u - grad v,
Q

and for h >0, fr, € L=(0,T; W=1P(Q)), f € L>0,T; W~1P(Q)).
Let also up, € L>=(0,T;Y?) be the solution of

a(un(t),vn) = (fu(t),vn), Yo, € Y, for a.e. t in [0,T],
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and u € L>(0,T; Wy () the solution of
a(u(t),v) = (f(t),v), Vv € Wol’p/(Q) for a.e. t in [0,T].

Then:

(1) NurllLe,rwre @) < CllfnllLerw-109)-
(i) If fn — [ in L=(0,T; W=LP(Q)), then up, — uin L=(0,T; WyP(Q)).

We will also need L? stability of the Helmholtz decomposition as stated in the following:
Proposition 2.12. The discrete Helmholtz decomposition in Y}L 1s stable in LP-norm.

Proof. Let E;, € Y}L and let E, € V, and ph € YhO satisty E;, = E, + grad p,. Keeping notations from
Proposition 2.9, we deduce that divE, € W=1?(Q), and a(pp,vs) = (divEyp, vs) for all v, € V2. Therefore:

[prllwie@) < CllEh|Leo)-
Stability of the decomposition follows. O

Finally we state a result on compact perturbations (Prop. 2.13) and a result on dual estimates (Prop. 2.14)
which we will use in Section 4.5 to get estimates on the time derivative of the discrete solutions and on the
Lagrange multiplier.

The following proposition is a generalization of the result obtained in [7], Proposition A.5.2 (see also [8]
Thm. 1.12, Cor. 1.17). The dual space of a Banach space Y is denoted Y™*.

Proposition 2.13. Let X and Y be two reflexive Banach spaces and A : X — Y™ a continuous linear map
with closed range. Let KC denote a relatively compact set of compact operators X — Y*. Let (Xp) and (Y3) be
two families of finite-dimensional subspaces of X and Y. Suppose that (Y},) verifies an approximation property:

Vy €Y, lim inf |ly—| =0
y € ,hlg%)y,lgyhlly ¥l =0,

that A satisfies a discrete uniform inf-sup condition on Xj, X Yy, and for all B € K, A+ B is injective. Then
there ezists a constant C' such that for all B € K, A+ B wverifies a uniform discrete inf-sup condition with
constant C'.

Proof. We apply Proposition A.5.2 in [7]. For every B € K, one can construct a ball B(B,rg) of center B and
radius rg sufficiently small, such that for B’ € B(B,rg), A+ B’ verifies an inf-sup condition independent of 5’.
Denote the corresponding constant by Cp. Since {B(B,rg), B € K} covers K, we can extract from it a finite
subcover. Let C' be the worst inf-sup constant in this finite family. Then for all B € K, A+ B verifies a uniform
inf-sup condition with constant C'. This concludes the proof. O

Proposition 2.14. Let X and Y be two Banach spaces equipped with respectively the norms || - ||x and || - ||y,
a(+,-) a continuous bilinear form on X x Y.

Then let (Xy) and (V) be two families of subspaces of equal finite dimension of X and Y respectively. We
suppose that a(-,-) verifies a discrete inf-sup condition on X, X YV,. We consider Ty, : Y — X, such that for
allue)':

a(Thu,vg) = {(u,vp), Yop € Vp, (2.12)

and T} + X' — Wy, such that for allv € X':

a(up, Tjv) = (up,v), Yu, € X, (2.13)
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Let X1 and Y_ be two other Banach spaces (with respective norms ||.|x,. and ||.||y_) such that X C X, and
Y_ C Y, and suppose that if v € X\ then Tjv € Y_ and one has

1 Tholly- < Cllvllay.- (2.14)

Then for all u in ),

[Thullx, < Cllully .
Proof. Existence of solutions is guaranteed by inf-sup conditions. From (2.12)—(2.14), we deduce:

T Ty T! T!
|Thul|x, = sup T, v) _ sup a(Thu, Tyo) sup (u, Tjv)
vexy vllar wexr  llvllay verty Mol

This proposition generalizes to the time dependent case in an obvious way.

These preliminary results are valid for arbitrary dimension n. From now on we will consider a domain ()
included in R?, and study the Maxwell Klein Gordon equation in this case. However all along the article the
difficulties in dimension n = 3 will be pointed out.

3. EQUATION AND DISCRETE FORMULATION

Let n = 2 so that £ C R2.

3.1. Continuous formulation

3.1.1. General setting
Let T' > 0 be given. Solving the Maxwell Klein Gordon equation consists in finding:

a(t)

e a time dependent gauge potential defined on [0,T], t — A(t) = ( A()

) where «a(t) is a real function

on Q and A(t) a real vector field on €; and
e a time dependent complex scalar function on €, defined on [0,T]: ¢t — ¢(t),

which constitute a critical point of the action:

1 T . .
S(A,¢,a) = 5/0 lcurl A[|Z2(g) — lgrad o — A|72q) + [1DAd)172() — 16 + iad|2(q)-

As before D denotes the spatial gradient operator acting on complex functions and Da¢ = D¢ + iA¢ is the
covariant derivative of ¢.

We can express the variation of § at (a, A, ¢) in the direction (o/, A’; ¢’). Then the stationarity of the action
gives Euler-Lagrange equations:

e variation with respect to A’ gives an evolution equation for A,
e variation with respect to ¢’ gives an evolution equation for ¢,
e variation with respect to o/ gives a constraint on the flow.

For more details on this we refer to [9].
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3.1.2. In the temporal gauge

From now on we turn to the Maxwell Klein Gordon equation in temporal gauge, that is, we impose a(t) = 0.

The equations to solve on [0, 7] are then:

- _E,

711)7

curl(curl(A)) + I(Da¢o),
—  DiDao.

<. =" e. P

The constraint is given by:

A(0,.) = A°) € Hy(curl,Q)nH(Q),
#(0,.) = ¢°() € Hy(2,0),

E(0,.) = E°)eL*Q)

$(0,.) = 9°() e LXQ, <C)

and that they verify the constraint given by (3.5) (in H~1(Q)).
We define the energy of the field at time ¢ by:

H(t) = <E7 E> + (curlA, curl A> + <1/)71/)> + <DA¢a DA¢>7

and have that
H(0) < +o0.

Proposition 3.1. This energy is conserved in time for smooth solutions.

In the rest of the paper we often drop the complex sign C for simplicity of notation.

Weak solution. We introduce the notion of weak solution to (3.1)—(3.4).

Definition 3.2. (E, A1, ¢) is said to be a weak solution of (3.1)—(3.4), if

o We have:
- Ec C(OaTaH 1( )) n LOO(OvT,LQ(Q))a
— A €C(0,T;L%(2)) N L>(0,T; Hy(curl, Q) N Wh4(Q)) for ¢ < 2,
— € C(0,T: H-(Q)) N L=(0, T; LA(Q),
— ¢ €C(0,T;L3(2)) N L>(0,T; H(Q)).
. { A = -E,
¢ = —.
e For every (E',¢') € C2°(]0,T[ x Q)% x €°(]0, T[ x ), there holds

T

T T T T
7/0 <E,E’>dt7/0 <¢,¢’>dt:/0 <curlA,curlE>dt+/O (Dao,i0E >dt+/0 (Dag, Dayp")dt

N TN TN TN
B W N =
NN N AN

TN TN N TN
© o N o
N ANCANG NG

(3.10)

(3.11)

(3.12)
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3.2. Discrete formulation

3.2.1. A saddle point problem

Considering the variational formulation of (3.3) and (3.4), and simply discretizing in space in X}, provides
a scheme which violates the constraint (3.5). In order to preserve it we consider the following constraint
preserving scheme proposed in [9] and formulated as a saddle point problem:

For T > 0, find t — (Ap(t), ¢n(t)) € Xp, and a Lagrange multiplier ¢t — 3 (¢) € Y, such that for all ¢ € [0, T:

A, = -Ei, (3.13)
bh = —tn, (3.14)

and for all (E},v}) € X}, and all 3, € Y2

(En, E}) 4 (n, ) +(E),, grad B,) — (0, i6401) = (curl Ay, curl E}))+(Da, ¢n, ionE}) +(Da, én, Da, 0}),

(3.15)
(En,grad §;) — (dn,ionf;) = 0, (3.16)
with initial conditions:
AL(0,.) A) €Y}, (3.17)
E,(0,.) = E)cY;, (3.18)
on(0,.) = o) €2, (3.19)
wh(oa ) = inL € Z}(iv (32())
where we suppose that A%, E?L, qb?w w,ol are chosen such that:
(i) AV P A in Hi(curl, ), Vg < +oo (for n > 3 replace by ¢ < 2*),
(ii) EY P E° in L2(Q),
(i) ¢ — 6" in H'(5),
11—
(iv) 29 = 0 in L2(9),
and the following constraint is satisfied initially:
(Ep,grad 3,) — (), i0p0,) = 0, VB € Yy, (3.21)
The rationale behind the discrete constraint is as follows. Differentiating (3.5) in time gives:
div(E) + S(é + 1) = 0. (3.22)
Then we remark that for solutions: . B
(1) = ~3(¢D) = 0. (3.23)
Finally we remark that for a € C and b € R we have:
(Sa)b = R(aid) (3.24)

so that testing the constraint with a real 3’ leads to (3.16).
Notice that it is possible to choose initial conditions satisfying the given constraint. Indeed, one chooses ¢,
¥9 and AY such that (iii), (iv) and (i) are verified. One then considers the Helmholtz decomposition of E:

E’ = ]:30 + grad p’.
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Then defining pY as the solution of (grad pY,grad ;) — (¢?,i¢93,) = 0 for all 3, € Y9, one concludes using
) o o
results from Section 2.2 that p) converges to p® in H'(€2). Choosing E,, such that E(,JL = £ in L2(Q), and
- 0
defining EY := E,, + grad p), gives the desired property.
3.2.2. Existence of a solution to the discrete formulation

The above equation can be viewed with (Aj, ¢n) € X, as given parameters. We then can rewrite equa-
tions (3.15) and (3.16) as:

(Eha E%) + (%, %) + <E;wgrad ﬁh> - (1%, i(b}zﬁ}z) = fA;mﬁh (E;L) + 9A b (w;z)v (3'25)
(Ep,grad 8,) — (Yn.ignf,) = O, (3.26)
where
fAm¢n (E;L) = (Curl Ay, curl E%) + (DA;L ®h, i(bhE;L)
and

9A L, ¢n (w;L) = <DAh ¢, DAhw;L>'

Proposition 3.3. Let h > 0 be fized. The system given by (3.25) and (3.26) with unknowns (Eh,z/}h,ﬂh) has
a unique solution in Xp X Yho. Furthermore, the solution depends smoothly on the parameters (Ap, ¢p).

Taking Ej = grad 3], and v}, = 0 gives the following discrete Babuska-Brezzi compatibility condition:

<Elhvgradﬂ;z> B <w271¢h6;b> > i
- C’

inf sup T T

BLeYy (&, wp)exn (16,17 + [grad 5 12) 2 ([EL [ + [, )2

where C'is a positive constant independent of the time ¢ and of ¢;,. Since h is fixed and all spaces we are dealing

with are of finite dimension and all the considered operators are polynomial in the unknowns, we have proved

the proposition. 0
We denote PYi the projection from X x Y,? on Y}, and Pzg the projection from X x Y;? on Z,?.

If S is the solution operator associated to equation (3.25), we are able to solve in X}, the equations

Ay = —Py1 0 S(An, én), (3.27)

¢n = —Pzo 0 S(An; ¢n), (3.28)

locally in time with initial conditions given by (3.6)—(3.9).
This implies that we have existence of (A, ¢p) € X}, for the discrete formulation locally in time.
We define the discrete energy at any time:

1

Hn(t) = 5 ((En, En)(t) + (curl Ap, curl Ap)(t) + (Yn, ¥n)(t) + (Da, én, Da, $n)(t))-

The constraint associated with the discrete formulation of (3.1)—(3.4) is given by:
(En, grad 8;) — (¢n,i600;,) = 0, V3, € Yy, (3.29)
One can find in [9] a detailed proof of the following:
Proposition 3.4. Equations (3.13)—(3.16) preserve the constraint (3.29) and the energy of the system.

Energy conservation guarantees that the solutions of equations (3.13)—(3.20) are defined on the whole time-
interval [0, T].

We now would like to prove that the sequence (Ep, A, p, ¢rn) converges (in a sense which has to be made
precise) to a weak solution of the Maxwell Klein Gordon equation (in the sense of Def. 3.2).



CONVERGENCE OF A DISCRETIZATION OF THE MKG EQUATION 751

4. CONVERGENCE OF THE SOLUTION

The rest of the paper is dedicated to proving the following result:

Theorem 4.1. Let E°, A°, 40, ¢° be given as in (3.6)~(3.9). There exists:
e E€C(0,T;H () N L>(0,T;L*(2)),
e A cC(0,T;L%(Q)) N L>(0,T;Hy(curl, Q) "N Wh4(Q)), for a q < 2,
o Y €C(0,T5H1(Q)) NL¥(0,T; L*(9)),
e 6.2 C0.T; L(9)) N L¥(0,T; HY(9)),
such that the sequence (Ep, Ay, ¥n, dn) solution of (3.13)—(3.20) converges to (E, A, v, ¢) with:
o E; = E in C(0,T;H 1)), Ep o E in L>=(0,T;L3(Q)) weak-star,
— 11—
o Ay — A in C(0,T;LI(Q)), ¢ < 2*, curl A}, — curl A in L*(0,T;L?(2)) weak-star,
® iy P P in C(0,T; H-H(Q)), ¥ oo Y in L>(0,T; L*(Q)) weak-star,
— 11—
° oy — ¢ in C(0,T; L)), Vg < +00, grad ¢, - grad ¢ in L>°(0,T; L*(Q)) weak-star.
Furthermore (E, A v, @) is a weak solution of the Maxwell Klein Gordon equation given by (3.1)—~(3.9) in the
sense of Definition 3.2 with initial conditions given by (3.6)—(3.9).

Strong convergence in LY spaces of either ¢, or Ay, is used to handle the nonlinear terms in the right hand side
of (3.12). Energy and constraint preservation give boundedness a priori and some weak convergence properties
whereas Sobolev embeddings and the Aubin-Lions lemma give the needed strong convergence.

We first obtain strong convergence for ¢, thanks to a priori estimates on Ay, (Sects. 4.1.2 and 4.2). Then
Section 4.3 is dedicated to strong convergence on the gauge potential Aj. Finally Section 4.5 leads to strong
convergence for Ej, 1, and weak-star convergence on the Lagrange multiplier 3y,.

4.1. A priori estimates

4.1.1. Bounds in the energy norm

From energy conservation (see Sect. 3.2), we deduce the following bounds

ERI Lo 0,7512(0)) < C (4.1)
lleurl Ap|| oo 12(0)) < C, (4.2)
nll Lo 07522 (0)) < C (4.3)
||DAh¢h||Loo(o,T;L2(Q)) <C, (4.4)
Kato’s inequality, Theorem 2.2 gives:
| D |én| L2 < C, ae. in [0,T7,
where D still denotes the standard spatial differentiation operator. And so:
[ [én] | 0,111 (02)) < C- (4.5)
Using the Sobolev embedding gives for each ¢ < +00 a bound:
|0l o< 0,7509(0)) < C. (4.6)

We deduce some weak convergence properties, after extraction of subsequences.
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(a) Tt follows from (4.6) that there exists ¢ € L>°(0,T; LY(Q2)) such that
¢n — ¢ as h — 0in L*°(0,T; LI(QY)) weak-star, for all ¢ < +o0. (4.7)
By (4.3), we can get also
dn — ¢ in L=(0,T; L(2)) weak-star. (4.8)
(b) In a similar way, from (4.1) we deduce weak-star convergence for Ay:
A, — A in L®(0,T;L*(Q)) weak-star. (4.9)
Also, using (4.2), we deduce:
curl A;, — curl A in L*°(0,T; L*(Q)) weak-star. (4.10)
In order to prove strong convergence of ¢, we shall first obtain some uniform estimates on Ay in L? norms, for
q < +o0.

4.1.2. Estimate for the gauge potential Ay,

The idea here is to exploit the discrete Helmholtz decomposition of A} and give uniform estimates for each
part of its decomposition.

Uniform estimates on the curl of Aj, give estimates on the discrete divergence free part of the gauge potential.
In order to have estimates on Ay, we will use the constraint which gives some control over the divergence of Ay,.

The discrete Helmholtz decomposition consists in decomposing the vector field Ay uniquely as the sum of
two orthogonal fields (see Sect. 2.2):

A (t) = An(t) + grad pu(1),

where Ay, (t) € Vi, and pp(t) € Y} for almost all ¢ € [0, 7.

Estimates on discrete divergence free part. To obtain a uniform estimate in the L? norm in space (for all ¢ < +00)
of the discrete divergence free part in terms of the L2 norm in space of the curl of the gauge potential Aj,, we
apply the estimate of Proposition 2.7 to Ay:
Then there holds:
[ Anll Lo (0,7510(0)) < C, Vg < +o0. (4.11)

Remark 4.2. In 3D, we obtain HA}lHLoo(O’T;Lq(Q)) <, Vq <6.

Estimates on the gradient part. The expression of the constraint, if verified at ¢ = 0, gives us that for all
B €Yy,

(Ah (t)7 grad ﬁ;],> = <¢h(t)7 i¢h (ﬂﬁ%) for every t € [07 T]'
Integrating once more, we obtain

t
(A (1) grad ) = (An(0),grad 55) + [ (Gn.i6n).
0
Using the discrete Helmholtz decomposition, we deduce that

(grad px(t), grad 3;,) = (fu(t), 54),
where

t
f}l(t) = diVA?l +/ %((/J)h(gh).
0
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Lemma 4.3. f;, € L>(0, T, W~=149(Q)) for all ¢ < +o00 and is bounded independently of h in this norm.

Proof. Let ¢ < 400 be given.

(a) divAY is bounded in W~14(2) by construction.
(b) By Section 4.1.1, én is bounded in L>°(0,T; L%(R)), |¢n| is bounded in L>(0,T; H}(2)), so we have:
bnn is bounded in L‘X’(O T; L7(2)) for all r < 2.

Put up(t fo (¢nn)dt. For each r < 2 we have a bound llunll Lo 0,1 L7(2)) <C.
Using the Sobolev embedding of Proposition 2.3, we deduce that (up) is bounded in L°°(0,T;
W=14(Q)) for all ¢ < +oc.

(a) and (b) allow us to conclude. O
From Proposition 2.9 and the previous lemma, we deduce that for all ¢ < 400 there exists C(q) such that:
[Pl Lo (0,7, wr.a(0)) < C(a).

Remark 4.4. In the 3D case, we have uniform bounds associated with the right-hand sides: f, € L*(0,T;

W=14(Q)) where ¢ < 3, dpdn € L"(Q) with r < 2, and p, € L>(0,T, WH9(Q)) for ¢ < 3.

4.1.3. Conclusion
Closing 4.1.1 and 4.1.2 we have:

| Anl Lo 0, sLa(02)) < C(q), Vg < +oo. (4.12)
Remark 4.5. In the 3D case for all ¢ < 3 we have bounds:
| AR Lo (0,7Le(02)) < C. (4.13)

4.2. Strong convergence of ¢p,

We shall obtain strong convergence of ¢, in C(0,T; L4(Q2)) for all ¢ < +o0.
We recall that Da, ¢n, = Doy, +iAp¢n, so that:
[1Dén || 0,riL2(2)) < DA, Ol 0,m120)) + [AndnllLoe(0,7512(0)-
From estimates (4.12) and (4.6), we can now deduce:
Pnll Lo 0,111 (02)) < C-

Remark 4.6. To have this in 3 dimensions, we use that A, € L>(0,T;L3(Q)) and ¢, € L*(0,T; L°(2))
which are the limit cases.

Since ||(Z.§h||L7‘(O’T;L2(Q)) < C for some r > 1, we deduce by Theorem 2.4 that for a subsequence:
bn — ¢ as h — 0in C(0,T; L*(Q)). (4.14)
Then since for all ¢ < 400, (¢p) is bounded in L>(0,T; LY(f2)), we deduce by an interpolation inequality:

¢n — ¢ as h — 01in C(0,T; LI(£2)). (4.15)
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Remark 4.7. In dimension 3, we can extract a subsequence ¢, converging to ¢ in C(0,7T; L4(Q2)) for all ¢ < 6.

In order to be able to pass to the limit in equations (3.13)—(3.16), we also need a strong convergence for Ay,
To do so, we use the discrete Helmholtz decomposition as before and deduce strong convergence separately on
the discrete divergence free part and the gradient part.

4.3. Strong convergence on the gauge potential

4.3.1. Strong convergence of the discrete divergence free part

We know from energy estimates that:
chrl Ah||Loo(07T;L2(Q)) < C,

and from Section 4.1.2:
| Apl Lo (0,rLa(0)) < C.
Since time derivation preserves discrete Helmholtz decomposition, we obtain:

<, forr>1.
(0,T5L2(2))

=)

Therefore, we can apply Proposition 2.7 to A, and conclude:
There exists A € C(0,T;L9(Q)) N L>°(0,T; V) such that after extraction of a subsequence, for all ¢ < +oo0,

A, = A in C(0,T; L9(Q)). (4.16)

Remark 4.8. In dimension 3, after extraction of a subsequence, A}, p—t A in C(0,T;L9(R)), for ¢ < 3.
11—

4.3.2. Strong convergence on the gradient part

We shall now derive strong convergence for grad p, appearing in the discrete Helmholtz decomposition. We
keep notations of Section 4.1.2.

Let f = divA® +f0 S(¢¢), we have f e L0, T; W~14(Q)), for ¢ < +o0.

We recall that

t
up = / S(d)h(,bh)dt, and HU}L”LOO(O,T;LT(Q)) <Cforr< 2,
0

and since (Z-Shq_sh € L*>(0,T; L"(2)), r < 2, bounded independently of h, we deduce from Proposition 2.3:
HuhHLw(O,T;W*LLI(Q)) < (.

From Theorem 2.4, we deduce that there exists u € C(0,T; W ~14(Q2)) such that we can extract a subsequence
still denoted wy, that converges to u in C(0,7; W~14()), for all ¢ < +o0o. Furthermore, from weak convergence

of ¢, and strong convergence of ¢y, in L*(0,T; L?(£2)), we deduce that u = fo d)d))dt on [0,7].
Remark 4.9. In the 3D case, u, — u in C(0,T; W~14(Q)), Vg < 3.

Since A?l P AP in LY(Q) for all ¢ < +00, we deduce also that up to extraction of a subsequence
o fin C(0,T; W~ 14Q)), Vg < +oo.

Applying Proposition 2.9 yields that there exists p € C(0,T; W, %(€)) such that py, Py in C(0,T; Wh4()).
—
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4.3.3. Strong convergence

The decomposition A, = Aj, + grad p;, and the last two sections yield, after extraction of subsequences:

Ay — A := A +gradp in C(0,T;L4(Q)) for all ¢ < +oo. (4.17)

Remark 4.10. In 3 dimensions we get Ay, s A in C(0,T;L%()) for all ¢ < 3.
1—

4.4. Conclusion
To sum up, after extraction of a subsequence we get:
A, = A in C(0,T;L9(Q)) for all ¢ < 400,
b, s ¢ in C(0,T; L9(Q)) for all ¢ < +o0.
11—

We then have strong convergence in L? spaces for both ¢, and Aj,. We are now looking at some estimates on
the second time derivatives of these fields and on the Lagrange multiplier.

4.5. Estimation by compact perturbation

Let q € |1, +o0[ given, and X7 = L4(Q) x L?(Q) x W14(Q) equipped with the canonical norm.
Let a be the bilinear form given by:

a(E, v, B,E, ¢, ) = (E,E) + (¢, ¢') + (E',grad ) + (E, grad '),

and b, the one given by:
by(E, v, B;E 4, f') = —(¢',i68) — (¥,1¢0").

In the discrete setting, we will denote by X} the space X}, x Y,? equipped with the L9 x L? x W19-norm.
Finally ¢’ is such that: % + % =1.

4.5.1. Estimates
This section is dedicated to the proof of the following:

Proposition 4.11. Fiz ¢ > 2. Let (E;l,ibh,ﬁh) € X, x Y2 be the solution of (3.13)—(3.20), so that

(a+ b¢h)(Eh71/)haﬂh; ;ul/};wﬂz,) = fA)L@h,(E;z) + gAh@h(w;L)

Then By, € L0, T; H1()), ¥, € L=(0,T; HY(Q)), fn € L0, T; Wh4(Q)) with uniform bounds:

IEnll L0, rm-1 () < C,

||"bh||L°°(O,T;H*1(Q)) <G,

and

||6h||L°°(O,T;W1*‘1l(Q)) =C.
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Proof. First claim. The bilinear form a is continuous on X% x X7 and verifies a uniform discrete inf-sup
condition in this norm. This fact is proved in the following two steps:

(a) We have a discrete inf-sup condition on (85, E}) — (Ej, grad G):
Indeed grad maps Y)Y to Y}, so we deduce by Remark 2.10 that:

(E},, grad ) S 1
- C

inf  sup : (4.18)

arev? e eyt [1Bnlwra@) By llLe g

The symmetric inequality (with ¢ and ¢’ exchanged) holds also.
(b) We have also a discrete inf-sup condition on the associated kernel:
Indeed as the L? projection is stable in the L4(Q)-norm (Prop. 2.8), and Helmholtz decomposition
is stable in the L%-norm (Prop. 2.12), we deduce:

E., E 1
inf  sup (En, }}> > —- (4.19)
E.eVig ev, [EnllLao By llLe @ — C
Furthermore,
!/
1
inf  sup <wh’wh/> > —. (4.20)
YREZY g1 €29 Vnll L2 |1¥h ] 2) — C
The following inf-sup condition follows:
E;, E 4 1
inf sup (En, Bh) + Wn, 1) (4.21)

Z —.
(En,vn)EVLXZE (B 41)EV), x 20 (HEhHLq(Q) + Hq/;hHLz(Q)) (HE;lHqu(Q) + ||¢§l||L2(Q)) C

This proves the claim.

Furthermore, the space of bilinear forms on X7 x X a being equipped with the canonical norm, for any ¢y,
by, is a compact bilinear form and H'(Q) 3 ¢ — by is also compact.

From Proposition 2.13, since ¢p,(t) is in a bounded subset of H!(2), we deduce that a+by, verifies a uniform
discrete inf-sup condition independent of h and ¢.

We will now use duality estimates to deduce estimates for solutions (Eh, Un, Br) by applying Proposition 2.14
to special spaces X, YV, &}, Vh, X4, V—.

We define:
X =x7, (4.22)
V=41 (4.23)
Xy =YL x ZIx Y0 = X7, (4.24)
Vh=Yi x Zp x Y = &, (4.25)
X, =H Q) x H(Q) x W' (Q), (4.26)
V. =H!(curl, Q) x HL(Q) x W, 4(Q). (4.27)

Let a =a+ by, . For v = (Eg, 0, f) € X} define Tyv = (E},, 4}, ;) € Y to be the solution of:
a(up, Thv) = (up, v), Yup € Xj,.

We denote any uy, € X), by up, = (Eh,ﬁh,ﬁh). We have Tjv € Y, so Tjv € Y_. We are looking for a bound
on T} v in the space Y_.
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e A bound for 3 in W14(Q) is given by the previous uniform discrete inf-sup condition on a. One
obtains:

18 llwra) < C (IEollar ) + 1Yol ) + 11Bollw-1.a¢)) - (4.28)

o One has (¢, ¥n) — (¥n, dn ) = (o, Pn) for all ¥y, € Z7.
The stability for PY, the L? projection, in H~1(Q2) and ¢ > 2 give that:

lnll ) < CUlonBrll @) + IWollar ) < CUldnllar ) llBhllwra) + 1Yol 21 (@))-

Then using that [|¢nl| 1 (0,7; 11 (0)) is bounded independently of ~ and (4.28), we deduce:
[n 1 0) < C(1Eolle ) + %ol @) + 1Bollw—1.a())-
e Furthermore (E}, E;) + (Ey, grad 8;) = (Eo, E,) = (PL(Eo), Ey) for all E, € Y.

We have the upper bound of Ej, in the L9-norm by the inf-sup condition on a.

Concerning the L2-norm of the curl of E}, since E} + grad 3, = P}(E), we deduce that curl E} =
curl P! (Eg). By the stability of the L? projection from H'(Q) to H(curl,Q), [[curlE}|120) <
C|Eoll1 (). And so ||E},[|Leq) + [[curl B ||lr2 ) < C([|Eolle ) + 1Yol a1 @) + [|Bollw-1.a0))-

We conclude:

3l @) + 1By llLa ) + leurl By lluzq) + |8 llwa@) < C([[Yollar ) + 1EBollar @) + [|Bollw-1.a¢0))s (4.29)

which means that
ITholly- < vl - (4.30)
Let [ be defined by:

<Zh7 (Ela wl7ﬁl)> = (curl Ah7 curl EI> + <DA;L¢h7 ¢}1El> + (DA;L¢}17 DA;L¢I>7 (431)

then Hl}l”LO"(O,T;yL) S C
We can now use Proposition 2.14 with u = [; to conclude that:

IEn Loo 0,011 () + 19l Lo 0,701 () + HﬁhHLw(O,T;Wl,q/(Q)) <C. (4.32D)

4.5.2. Conclusion on the convergence

e Ej is bounded independently of h in L*(0,T;L?(Q)), and Ej, is bounded independently of h in
L>(0,T; H1(Q)). It follows from Theorem 2.4 that after extraction of subsequences:

E,=—-A, — —AinC0,T;H*(Q)) forall 0 < s < 1.
e A similar conclusion holds for v, and :
V= —dn — —¢ in C(0,T; H*(Q))for all 0 < s < 1.

e Concerning the Lagrange multiplier 35, one concludes that there exists 3 € L‘X’(O,T;WO1 A (Q)) such
that:
On hAO B in L*(0,T; whd (Q)) weak-star,

and by Sobolev embeddings:

B th B in L*(0,T; L"(})) weak-star for all r < 5 q’.
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4.6. The limit equation

We are now able to study the limit of equations (3.13)—(3.20). The convergence obtained on ¢, and Ay
permits to take the limit on the right hand side of (3.15). The results obtained in Section 4.5 leads to convergence
on the left hand side. A weak convergence on (3, in the appropriate space is here sufficient due to the strong
convergence obtained for ¢,. We then deduce that for all (E',+’, ') € C°(]0,T[x Q)% x C(]0,T[ x Q) x
cz=([0.7] x )

T T T T
/O (B, E)d + /0 (W) + /0 (E', grad B)dt — /0 (W, i68)dt
T T T
:/ <cur1A,cur1E'>dt+/ (DA¢,1¢E’>dt+/ (Dad, Datp')dt  (4.33)
0 0 0

and
T . T .
/ (B3, grad #')dt — / (0, i63)dt = 0. (4.34)
0 0
Remark 4.12. This formulation is meaningful since we know from Section 4.5.2 that E ¢ L>(0,T;H 1(Q))
and ¢ € L>=(0,T; HY(Q)).

Remark 4.13. The convergence on Ay and ¢, obtained in the 3D case (see Rems. 4.7 and 4.10) is insufficient
for passing to the limit in the non-linear terms on the right hand side.

Remark 4.14. From (4.34), one deduces that divA € L°(0,T;L"(f2)), with » < 2, and in consequence
A € L>=(0,T; WhT(Q)), with r < 2.

4.6.1. Value of the Lagrange multiplier

Omne can prove that § vanishes as follows. Pick ' € C°(]0,T[ % §2). Due to the regularity in time of the
solution, this formulation is also valid almost everywhere on [0, T]. We then apply the almost everywhere version
of (4.33) to test functions E' = grad ' and ¢/ = —i¢(’ and obtain using (4.34):

(grad §', grad ) + (¢, ¢3) = 0. (4.35)

Since 8 € L*>(0,T; Wol’q’ (), |#?°8 € L>(0,T; L*()) and one then deduces by regularity of solutions of elliptic
equations that 3 € H(Q2). Then we can write:

(grad 3, grad ) + (43, ¢3) = 0, (4.36)
which gives § = 0.

4.6.2. Weak solution of Mazwell Klein Gordon equation
One concludes that for all (E', ') € C2°(]0, T[ x Q)% x C2°(]0, T[ x Q):
T

T . T . T T
- / (B, /) dt — / (), )t = / (curl A, curl E)dt + / (Dad,i6E)dt + / (Dad, Dat)dt.  (4.37)
0 0 0 0 0

(E, ) is then a weak solution of Maxwell Klein Gordon equation in the sense of Definition 3.2.
This completes the proof of Theorem 4.1.
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4.6.3. The question of uniqueness of a weak solution

The solution (E, A, 1, ¢) obtained verifies equation (4.37), and due to its regularity, following Lemma 8.2
from [23], one obtains:

(E, A, 9, 0) € Cp(0,T;L*(Q) x H*(Q) x L*(Q) x H'(Q)) with s < 1. (4.38)

To the best knowledge of the authors, no uniqueness result is available in the literature for this specific
regularity and gauge. However, due to the various cases already treated by many authors, we expect uniqueness
to hold in this setting. We now discuss some of these results. In [16], uniqueness results are proved, in the
entire space and in a bounded domain, in temporal gauge for a class of more regular solutions in H*, s > 2.
Uniqueness for the entire Minkowski space for MKG in the Coulomb gauge for fields in H®, s > 1 spaces is
proved in [20,24]. Unfortunately we only have s < 1 and change of gauge to the temporal gauge poses the
question of the regularity available for the gauge transformation, which is not clear to us. But for the Yang-
Mills equation, reputedly harder to solve than the MKG equations, uniqueness has been proved in [31] for the
temporal gauge for some H?®, s < 1. Such a result for the case of MKG would be sufficient for our needs. We
also notice that in [27] a mixed regularity of the type we obtain (energy control of the electromagnetic field but
not full H! control of A) is used for uniqueness in Lorenz gauge.

5. CONCLUSION

We have proved that the constraint preserving scheme converges to a weak solution of the Maxwell Klein
Gordon equation.

This result leads also to a result of existence of solution with data of finite energy. Unfortunately the proof
of convergence does not extend to the three-dimensional case (due to the default of compactness of the Sobolev
embedding), as pointed out by the corresponding remarks throughout the paper. But this problem could be
investigated in a further work using the notions of concentration compactness and Strichartz estimates.
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