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DISCONTINUOUS GALERKIN METHODS FOR PROBLEMS WITH DIRAC
DELTA SOURCE*
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Abstract. In this article we study discontinuous Galerkin finite element discretizations of linear
second-order elliptic partial differential equations with Dirac delta right-hand side. In particular, as-
suming that the underlying computational mesh is quasi-uniform, we derive an a priori bound on the
error measured in terms of the L?-norm. Additionally, we develop residual-based a posteriori error
estimators that can be used within an adaptive mesh refinement framework. Numerical examples for
the symmetric interior penalty scheme are presented which confirm the theoretical results.
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1. INTRODUCTION

In this article, we will consider the numerical approximation of the boundary value model problem

—Au = g, in 2, (1.1)
u =0 on 0f2,

based on employing discontinuous Galerkin (DG) finite element discretizations. Here, 2 C R? is an open bounded
polygonal domain, and d,, denotes the Dirac delta distribution at some given point g € (2. Throughout, in
order to avoid technical difficulties due to corner singularities, we suppose that the domain 2 is convex (this
assumption can be relaxed in some parts of the article; this will be remarked on later). The weak formulation
of (1.1)-(1.2) is to find u € Wy (£2) such that

a(u,v) = /Q Vu - Vude = v(xo) Yo € W (£2), (1.3)
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with 1 < p < 2, and %—l— % = 1. In this manuscript, for s € Ny and t > 1, W**(2) signifies the standard Sobolev

space of all functions whose (weak) derivatives up to order s are bounded in the L*(£2)-norm. Moreover, W (£2)
is the subspace of functions belonging to W*?!(§2) with zero trace along the boundary 9£2. If t = 2, we simply
write H®(£2) = W*2(£2). Following [3], Section 2, the above weak formulation is well-posed.

Second-order elliptic partial differential equations of the form (1.1)—(1.2) are employed, for instance, in the
modelling of diffusion processes, heat flow, structural mechanics applications, or electric potentials, whenever
point sources or loads occur. In addition, problems with a J-source appear as dual problems in deriving point-
wise error estimates for finite element discretizations; see, e.g., [6,10,12]. From an analytical point of view, the
challenge in describing such problems in a proper manner lies in the fact that the Dirac d-distribution in R? does
not belong to H1(2); thereby, the solution of (1.1)-(1.2) is not an H!-function. Consequently, the numerical
approximation of (1.1)—(1.2) by, for example, finite element methods, requires a non-standard analysis. Here,
in the context of conforming FEM, we mention the a priori results in [7,17], as well as the a posteriori error
analysis in [3]. For DG approximations to low-regularity problems, see, e.g., [13,19].

The focus of the current paper is to extend some of the results developed for standard FEM to the context of
discontinuous Galerkin methods. In particular, we shall derive a priori, as well as residual-based (global upper
and local lower) a posteriori error estimates with respect to the L?-norm. Whilst striving to keep matters rather
general, we will use the symmetric interior penalty discontinuous Galerkin method (SIPG), see [4,9, 18], as
an example to illustrate our results. To the authors knowledge, the analytical results contained in this article
represent the first attempt to analyze DG methods for the numerical approximation of second-order elliptic
partial differential equations with a Dirac delta source.

The outline of the article is as follows: in Section 2, we recall some basic definitions for discontinuous Galerkin
discretizations. Then, in Section 3 the a priori error analysis of a general class of DG methods on quasi-uniform
meshes is presented. Section 4 presents the residual-based a posteriori error analysis. Subsequently, in Section 5
numerical experiments are undertaken to confirm the theoretical results. Finally, in Section 6 we add some
concluding remarks.

2. DISCONTINUOUS GALERKIN METHODS

In this paper, we are interested in solving (1.1)—(1.2) numerically by means of suitable discontinuous Galerkin
discretizations. Before discussing these schemes, we will first introduce a suitable finite element mesh framework
for them.

2.1. Meshes, spaces, and element boundary operators

We consider shape-regular meshes 7 that partition (2 into open affine disjoint triangular or quadrilateral
elements {K} e, ic., 2 = UKeT?. We suppose that 7 is constructed in such a manner that xg lies in the
interior of some element Ko € 7. Furthermore, we permit meshes to be 1-irregular. Each element K € 7 is an
image of the open reference triangle T' = {(Z1,22) : =1 < 21 < 1,—1 < T2 < —Z31} or of the open reference
square @ = (—1,1)2, respectively. By hg, we denote the diameter of an element K € T; the elemental diameters
are stored in a vector h = [hx|keT.

Moreover, we will define some suitable element boundary operators that are required for DG methods. To
this end, we denote by £z the set of all interior edges and by £ the set of all boundary edges in 7. Additionally,
we set £ = 7 U ER. The boundary 0K of an element K and the sets 0K \ 92 and 0K N 02 will be identified
in a natural way with the corresponding subsets of £.

Let Ky and K, be two adjacent elements of 7, and @ an arbitrary point on the interior edge e € £z given
by e = 0Ky N 0K,. Furthermore, let v and g be scalar- and vector-valued functions, respectively, that are
sufficiently smooth inside each element Kj/,. By (vys,qy45), we denote the traces of (v,q) on e taken from
within the interior of Kj,, respectively. Then, the averages of v and g at x € e are given by

() =5 +w), (@) =3(a+a),
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respectively. Similarly, the jumps of v and q at @ € e are given by
[v] = vk, + v, nk,, la] = q; - nKk, + ¢ -7k,

respectively. Here, for K € 7, we denote by ng the unit outward normal vector to K. On a boundary edge
e € &g, we set (v) = v, (@) = ¢q and [v] = vn, with n denoting the unit outward normal vector on the
boundary 0f2.

2.2. DG discretizations

For a given finite element mesh 7 and a fixed polynomial degree £ > 1, let us consider the DG finite element
space
Voa(T)={ve L2(Q) culg €S(K) VK €T}, (2.1)

where, for K € T, Sy(K) signifies either the space P;(K) of all polynomials of total degree at most ¢ on K,
when K is a triangle, or the space Q¢(K) of all polynomials of degree at most ¢ in each coordinate direction,
when K is a quadrilateral.

Let us now consider a DG bilinear form apg(+,-) which discretizes the problem (1.1)—(1.2), i.e., we seek a
DG solution upg € Vpg(7) such that

apc (upa,v) = v(xo) Yo € Vpa(T). (2.2)

We assume that the matrix corresponding to apg(-,-) on Vpa(7') X Vpa(7) is non-singular, so that the discrete
solution upg is uniquely defined. Moreover, we suppose that apg(-,-) is of the form

apg(w,v) = / Viw - Vivde + F(w,v), (2.3)
o)

where V), denotes the elementwise gradient, and F(-,-) is a bilinear form featuring the numerical fluxes of the
DG scheme under consideration.

In order to give an example, we recall the symmetric interior penalty discontinuous Galerkin method (SIPG);
see, e.g., [4,5,15,18]. More precisely, for a fixed parameter v > 0, we define the DG form

apa (w,v) = /thw -Vpvde — /g«vhw» ~[v] ds —/

&

[w] - (Vo) ds + ’y/ h ' w] - [v] ds. (2.4)

&

Here, h € L>(€) is given by

h(z) = min(hg,, hg,) forx € 0KyNIK, € &z,
T ) hk forx € 0K NOS2 € Ep.
For sufficiently large v > 0, the form ap (-, ) is coercive with respect to a suitable DG energy norm and hence,
using the SIPG form (2.4) in (2.2), the matrix corresponding to the bilinear form apg(-,-) is invertible; cf.,
e.g., [16].

3. CONVERGENCE BEHAVIOR ON QUASI-UNIFORM MESHES

The aim of this section is to prove an a priori error estimate for the DG method (2.2) with respect to the
L?-norm. To this end, let us suppose that the mesh 7 is quasi-uniform, with mesh size h := maxge7 hi, that
is, there exists a constant p > 1 such that h < p hg, for any element K € 7.
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3.1. A discrete d-function

Following the approach [17], we commence by constructing a discrete approximation d;, € Vpg(7) of the
Dirac delta function d,,. More precisely, let

5 0 on 2\ Ko,
b (5[{0 OHK(),

where K € 7 is the unique element which o belongs to. We define dx, € S¢(Ky) by
0, v dae = v(xo) Yo € Sy(Kop).
Ko

Clearly, we have that

/ opvde = v(xo) (3.1)
7

for any v € Vpa(7). We now write II§ to be the L?-projection operator onto S¢(Kp); more precisely, given
w € L?(Ko), we define IT§ w € Sy(Ky) as follows:

/ (w— Hﬁow)v de =0 Yo € Se(Ko). (3.2)
Ko
Thereby,
Spv de 5p 1l vda
I0nll 2y = sup  TEE—— = sup o ——— (3.3)
uegu’;({o) HU”L?(KO) vegu';({o) ||11||L2(K0)

Now, using that [[wl| 2k, = ’|H§<ow”LQ(K0) for any w € L2(K), we obtain

o1l vda ¢
[19n | < sup RO — = sup [ i, v(@o)| sup HHKUUHL“’(Ko)
2 0 = M= 1 T M=
2@ = 2 Mty et Mt et Tl aen
H;f{ouzo nﬂovzo H;f{ouzo
Furthermore, employing the inverse estimate
[l oo (rgy < Chigy 1wl pa(reyy Y € Se(Ko), (3.4)
it follows that
1]l L2y < Chiy- (3.5)
In addition, letting v = 1 in (3.3) leads to
’U(IB()) 1 1
[[6 |l > = > Chy . (3.6)
PO = ol oy M2 fro

3.2. A priori error analysis
The function Jy, from (3.1) is used to define the ensuing auxiliary problem:
—AU"=¢, in 0,
Uh=0 on 912.
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The standard weak formulation is to find U™ € H{(£2) such that
a(U" v) = / opv de Yo € Hi (92).
Q

Since §2 is convex, the Laplace operator A : H2(£2) N H}(2) — L?(§2) is an isomorphism; see, e.g., [8,11]. In
particular,

A ) < 0. (3.7)

- ||L2(Q)HH2(Q)HH5 (2

Thus, we have
||Uh||H2(Q) < ClIonllp2(q) - (3.8)

Referring to [17], the following error bound holds
= U 2y < C, (3.9)

where u is the solution of (1.1)—(1.2), and C' > 0 is a constant depending on the distance of xg to 92.
In addition, using (3.1), we notice that the DG solution upg from (2.2) satisfies

apa(upg,v) = v(xg) = / opvde
9
for any v € Vpa(7). Consequently, upg can be seen to be the DG approximation of U”". Hence, provided

that (3.7) holds, we may assume that we have the estimate

[U" = unc|| 2y < CR? ||U" (3.10)

20

Indeed, this bound is true for various DG schemes in the literature (such as, for instance, the SIPG method (2.4));
see [5]. Thus, employing (3.5) we conclude that

|Uh — unc|| o) < Ch? |61l 2y < Ch. (3.11)
Thereby, exploiting the triangle inequality, gives
le = uncll 2 < flu = Uh”L"’(.Q) +[U" - upc|| 20 ; (3.12)
inserting the bounds (3.9) and (3.11) into (3.12), we deduce the following result.

Theorem 3.1. Let T be a quasi-uniform mesh of mesh size h. Furthermore, suppose that (3.7), as well as the
L2-error estimate (3.10) hold. Then, we have the following a priori error bound

lu = upcll 20y < Ch,

where u and upg are the solutions of (1.1)~(1.2) and (2.2), respectively, and C > 0 is a constant independent
of h.

Remark 3.2. We remark that the above error bound may be improved on meshes that are appropriately graded
about the point xg; see [2].

4. RESIDUAL-BASED A POSTERIORI ERROR ANALYSIS

We now proceed by developing an L?-norm a posteriori error analysis of the DG schemes defined in (2.2).
Here, we derive both general upper and (local) lower bounds on the error measured in terms of the L?-norm.
Additionally, in order to present a specific example, the general results will be applied to the SIPG method.
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4.1. Upper bound
For any p € L?(£2), let us consider the dual problem

—AY=p in 2, (4.1)
=0 on 0{2. (4.2)

The weak formulation reads: find ¢ € Hg(£2) such that
a(y,v) = / pvde Yo € HY (),
7
where a(-,-) is the bilinear form defined in (1.3). By (3.7), we have the elliptic regularity estimate

\WHH?(Q) <C ||p||L2(Q) : (4.3)

For the L?-norm of the error u — upg in the DG discretization, we may write

/(u—uDg)pd:I;
HU—UDGHL2(Q): sup = :

pEL2(Q) Hp“L?(Q)
pZO0
Here, for the integral we have

| (w=wcpde = atu.v)+ [

upc Ay de = ¥ (x) —|—/ upg Ay de.
o) Q

Twofold integration by parts (element by element) of the last term results in

/ upcAvde = — / Vupg - Vi dx + Z / V’(/J ’I’LK upg ds

£ KeT KeT
Z / Y Aupg de — Z / VUDG ng ’(/st—l- Z / Vlb ’I’LK upg ds.
KeT KeT KeT

Furthermore, applying some elementary calculations, we obtain

/uDGA¢dx_ > / wAungac—/

[[thDG]]w ds + /[[uD(;]] . V’(/J ds.
KeT &z

13

For any ¢y, € Vpa(T), there holds
Yn(xo) = apc(upc, ¥n) = / Viupa - Vihn dx + F(upa, ¥n);
Q

¢f. (2.3). An elementwise integration by parts and elementary manipulations as before, yield that

/VhUDG Vith de = — Z/%AUDde—I- Z/ (Vupc - nx)¢n ds

KeT KeT

=— > / Yndupc dw-l—/((VhUDG)) [¥n] d5+/ [Vhupc](¥n) ds

KeT Er
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Therefore, we obtain that

[ = weipde = - i)(en) + X [ @) Auncde

KeT

_ /g [Viupc] (W — ¢n) ds + Rlupa, ¥] (1),

where
Riunc, v)(6n) = [ (Fnunc) - [l ds+ [ fuc] - Voods + Func, vn) (4.
is a residual term. We make the assunfption that ’
[Rlupc, ¥1(¢n)] < CT(upc)l|¥ = nlln, (4.6)
where C' > 0 is a constant independent of h, ¥'(upg) is a computable quantity, and | - || is a semi-norm such

that we can find an interpolant ¢, € Vpg(7) of the solution ¢ of (4.1)—(4.2) with
hicy sup 16 —vn) (@) + D At 16 —¥nlzagey + D A IV = ¥u)lzacrey + IV = ¥allh < C 1672y
zeKo

KeT KeT
(4.7)
for a constant C' > 0 independent of h. Here, Ky € 7 is again the element containing the point &y which the
o-distribution dg, from (1.1) is centered at.
In order to proceed, we recall the L?-projection onto S;(Kp) from (3.2). Then, applying (3.1), gives

(¥ — ) (o) = (¥ — e, 1b) (o) + i, (¥ — tn) (20)
= (4 — T ) (o) + /K 1T (4 — d)on dee

= (1/1 - quﬂ/’)(wo) + / (’1/1 — wh)(sh dx.

Ko
Hence,

| wmunelpde = -ie )@+ 3 [ i) (Aunc+5,) de [ [Vauncl(v—in) ds+Riua,vl(wn)

KeT 7K 22
Therefore, using (4.6), it follows that

‘/Q(u—uD(;)pdas

h% [thDG]] H

< sup |(Hf<o¢ - ¢)(ﬂ3)| + Z [l — ¢h||L2(K) | Aupc +5hHL2(K)
©€Ko KeT

|

[ — v

+ CT (upc)l¥ — ¥ulln

L2(&7) L2%(&7)
<C (h%(() + Z hi | Aupe + 5h||2Lz(K) + ‘ h5[[thDG]]‘ e +T(UDG)2>
KeT (&7)
1
_ 2 _ _3 2 2
< (02 sup |6 = M@ + 3 bt o= vl + [t o), +10 -l
€Ky

KeT

Here, employing a standard trace inequality, we notice that

5 2
thﬂw - wh»’ pen = > h 1Y = vnll iz k00

KeT

<03 (h Y = vnlliage) + REIV @ = ¥nllFa)) -

KeT
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Furthermore,

sup |(v — I, ¥)(x)] < sup |(¥ — ¥n)(2)| + sup [, (¥ — ) ()|
xcKy xeKy

e Ko

Applying the inverse estimate (3.4), leads to
sup |Tie, (4 = vn)(@)] < Chigy | Tiey (& = ¥n)l| sy < Oy 11V = ¥l ey
zEKo

It follows that

‘/ﬂ(u — upg)pdx

X <hz<§ sup | =) @)* + D bt 19 = dnllTeey + Y b IVE = )y + I —%IIZ)

KeT KeT

N

2
<C ( + § h | Aupc +5hHL2(K) + E hi IIVrunc]lz2ox\00) +T(UDG)2>
KeT KeT
1
2

Recalling (4.7), this becomes

1

<C <h2 + Y (upc)?® + Z 77K> H¢“H2(Q)7

KeT

‘ / u — upg)pdx

where, for each K € 7, the local error indicator 7k is given by
~ 4 2 3 2
Nk = hi | Aunc + Onllz2 (k) + P [Vaunclllzzox\00) -
Thereby, for any constant x > 0, defining the error indicators
2 2 2
e,k = hi || Aupc + 5hHL2(K) + i H[[VWDG]]”m(aK\aQ) + K hi ||[[UDG]H|L2(8K) J (4.8)

noting that [u]le = 0 (for u € Wy*(£2)), employing the elliptic regularity bound (4.3), and recalling (4.4),
yields the following result.

Theorem 4.1. Let upg be the DG solution given by (2.2) and v be the solution of (4.1)—~(4.2). Assume that
the residual Rlupa, ¥](1n) defined in (4.5) satisfies (4.6) and (4.7) for some semi-norm || - ||n and some inter-
polant ¥y, € Vpa(T). Then, the a posteriori error estimate holds

2

Laey = C (hﬁ(o + T (upc)” + Y m,x) ; (4.9)

KeT

1
= un () + 12| fu — unl)|

where 1. i, K € T, are the local error indicators defined in (4.8). The constant C > 0 is independent of h
and K.

2
h[u — UD(;]]’ oo and ) cr hi H[[ch;]]||2LQ(8K) have been added

on both sides of the a posteriori error estimate (4.9) since the extended L?-norm

Remark 4.2. The two equivalent terms ’

2

1
lu = wnal3 4 = lu = upG [ 3(g) + 2 [B¥ [u — uncll

L2(€)

of the error appears to be a suitable norm for proving local lower a posteriori error estimates; see the subsequent
section.
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4.2. Local lower estimates

Whilst our result in the previous section proves the reliability of the proposed a posteriori error estimator,
we now focus on efficiency bounds in the sequel. We note that the convexity of the domain (2 is not required in
this part of the article.

Let us consider the individual terms in the error indicator 7, x, K € 7, from (4.8).
Proposition 4.3. For each K € T, the lower error bounds

| Aun + 0nll 2 iy < Chi (10 = ool -2y + 1t = 1Dl L2(scy) )

and

[Aupc + Onllp2r) < Chi |lu — uncllpz k) » K e T\ {Ko},

hold.

Proof. For each element K € 7 we define a smooth bubble function bx on K that satisfies

suppbx C K, bx >0, sup b (x) =1, brlox =0, Vbklox = 0. (4.10)
zeK

Then, focusing on K first and using the equivalence of norms in finite dimensional spaces, we have that

Ol Aup + 02 g/ o(Aupg + 6,) dz :/

(0p, — Ogy)vda + / vA(upg — u) de,
Ko 2

Ko

where v := b (Aupg + 0p). Noticing that v|px, = 0 and
Vlok, = brlok,V(Aupa + 0n)lox, + Vbk|ox,(Aupc + 6x)lar, =0,

integrating by parts twice in the second integral yields

C||Aupg + 5h\|2LQ(K0) < / (0 — Oz )vd + Av(upg — u) dz
n Ko
< (190 = Gl -2y + Il = w0 2 ) 10l 2o
Again, due to equivalence of norms in finite dimensional spaces, and scaling, we have
H’UHH"’(KO) < Ohl_(i ||UHL2(KD) :

Hence,

C | Aupc + 0nll72 k) < P (||5h — ol 2y + llu = UDG||L2(KD)) 101l L2 (k)

< B2 (160 = Bao 20 + Il = 1D iey) ) 1AuDG + 80l 2y

Dividing both sides of the above inequality by ||Aupg + x| L2(K,) Proves the proposition for Kj.



1476 P. HOUSTON AND T.P. WIHLER

For K € T\ {Ko} we let v = bxg Aupg and notice that 6|k = 0 and v(xg) = 0. Thence,

C||Aupg + 5h||2Lg(K) =C HAuDGHiQ(K) < / vAupg de = / vA(upg — u) dz.
K K

The remainder of the proof is very similar as before. O

Proposition 4.4. On Ky, the following local lower bound holds
iy < C (Ilu = unclla ey + 100 = Sall -2

Proof. On the element Ky consider a smooth bubble function by, that satisfies the properties (4.10) as well as

1 - -
by (®0) =1, HbKo||L2(K0) < 9 ”(ShHL;(KO) = O(hk,), ||AbKoHL2(K0) < ChKi'

Due to (3.5) and (3.6), this construction is possible by choosing a bubble function possessing a sufficiently small
support in Ky. Then,

1= / Oxobr, do = V(u—upg) - Vb, dx + Vupg - Vbg, de.
2 Ko Ko

Integration by parts, leads to

1= _/ (u - UDG)AbKD dx — / bKoAUDG dx
Ko Ko

= —/ (u — ch;)AbKo dox — / (6h + Ach;)bKO dx + Onbr, d
Ko Ko Ko

< flu— uDGHL?(KO) ||AbKoHL2(KO) + [[0n + AUDGHL2(KD) HbKoHL?(KO) + H(ShHL2(KO) ||bKo||L2(Ko)

- 1
< Chigy llu = uncl gy + Chico 190 + Aunc () + 5

This implies the bound
hicy < € (lu = unclla ) + k190 + Aunclla( ) -
Invoking the bound from Proposition 4.3 shows the estimate. O

In order to bound the term [|[Vhupc]llp29x\s0) from (4.8) we assume that the mesh 7 is regular (i.e., it
does not contain any hanging nodes).

Proposition 4.5. Let T be regular. Consider two elements Ky, K, € T that share an interface e = (0K4 N
0K,)° € E7. We let we == (Ky U K,)°. Then, the lower bound holds

Proof. Pursuing a similar approach as in [13,14] (i.e., by choosing a suitable smooth nonnegative cut-off func-
tion on w, and by applying norm equivalences in finite dimensional spaces), we find an auxiliary function

h? [[VUD(;M

< C( lu = upcllp2 (. + ‘ hs [u — UDG]]‘ o 160 = Oaoll r-2() )

L2(e) 12
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Xe € H}(we) NC>®(w,) (which depends on the function [Vupg]|.) with the following properties:

Xe‘@wg =0, vXe|8we =0, [[vXe]He =0,

as well as
IV uncllfzq < € [ x[Vunclds,
e

and

Hh—%VXe (4.11)

1572 gy + ez, < €|Jn~F [l

L2(e) L2(e)

Then, we have

Xe(Vupg - ’I’LKn) ds + / Xe(Vupg - nKb) ds.

ClVupclla < [ x[Vunclds =
€ 19] 8Kb

Ky

Applying Green’s formula, we obtain

CllIVupcllize

IA

VXe - Vhupg dz + / XeArupag dx

We We

:—/ Vxe'vh(u—uD(;)diB-i-/

We

Xe(Apupg + 6p) de — / (0n — 0y ) Xe d,

We

where Ay, signifies the elementwise Laplacian. Integrating by parts we get

- Vxe - Vi(u —upg)de = — /VXe : HU - UDGH ds + / (u —upg)Anxede.

We

Thence,

1 1
MVUDGHHiz(e) < C(Hh 2V Xe hz[[u—ch]]‘ )+ lu —upcll ey 1ARXell L2 (0.

L2(e) L3(e

+ Ixell 2w, 1Anuna + 0l 2,y + 108 = Oaqll -2 |Xe||H2(we))'

Furthermore, we have

i 2
h2fu — uDg]]’ Lo

2 2
IVupcll3s < € (\ = unalgaq, + B3 (Anue +00) [ 2.,

1

2
+ ||h_2Xe||2LQ(we) + |Xe||3{2(we)>

1
+ (6 — 5moH§{*2(Q)) " x (Hh_%VXe

L2(e)

Using (4.11), and recalling the previous Proposition 4.3, it follows that

1

2 2
+ e~ un6 s,y + 165 — &,-onH_z(m)

. 2
hdu— ’
[u —upc] o)

IFuncllzi <€ |
% [Ih=% [Vupa]l|2(e)-

Now, noting that h

we ~ hx, ~ hg,, completes the proof. O
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Finally, we have the identity

by observing again that [u]|s = 0.

KeT, (4.12)

h% [[uD(;ﬂ ’

h% [[u — ch;}]’

L20K) ’ L2(0K)

Remark 4.6. The term [|65 — 0z, | -2y appearing in the lower error estimates above takes the role of a data
approximation term. We note that

/ (B — B1) d = (4 — ) (o) — / 5 () — tn)
0 N

< s [ = Yn) @)+ 10l ey 1V = nl 20

for any v € H?(£2) and any v, € Vpa (7). Let us choose 9y, € S1(K), K € T, to be an interpolant that satisfies
the standard approximation estimate

i 1 = Ul + V@ = 90l 720y < Ch 18l iy, K €T (4.13)
Evidently, since V24, = 0 on each element, we additionally have that
HVQW—%)HH(K) SCH'(/JHH2(K)’ (4'14)

where the constant C' > 0 is independent of h. Furthermore, due to the continuous Sobolev embedding H?(2) —
L>(02) (see, e.g., [1]), and by using a scaling argument, we conclude that

sup [(¥ = ¥n) (@) < Chi 19| 2 gy - (4.15)

Therefore, using the above bounds, together with (3.5), we obtain

/Q (80 — 00)00d@ < Chicy 10112100

for a constant C' > 0 independent of h. Therefore,

/ (5;1:0 - 5h)1/) dx
102 = Onll -2y = sup = < Chg,.
verm2(2)wzo | Vllg2o)

4.3. Application to the SIPG method

We will now apply Theorem 4.1 to the SIPG method (2.4). More precisely, the quantity 7 (upg) from (4.6)
will be defined explicitly. To this end, we start by noticing that the numerical fluxes in the SIPG form apc(-,-)
from (2.4) satisfy

F(upa,¥n) = —/

&

(Vhupa)) - [n] ds — /

&

[upc] - (Vrion) ds + W/tahflﬂUDG]] [¥n] ds

for any ¢y, € Vpg(7). Consequently, the residual R from (4.5) satisfies

Rlupa, ¥](¢n) = /

&

[unc] - (Va(@ — ) ds + /g b~ [ung] - [¥x] ds.
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Using that ¢ € HE(§2), we notice that [¢/] = 0 on €. Therefore, we obtain

Rlunc, l(n)] < ‘ /E [unc] - (Vb — ¥n)) ds

<|

Employing the Cauchy-Schwarz inequality, this implies (4.6), with

+ |y [nuncl v - wrlas
ot funcl |, . [ (90— )|

+ H'Yh%[[uDG]]HL,Z(g) Hh_%W - ¢h]]‘

L2(€) L2(&)

Y(upg) == /142 ‘

S0

<CyV1+792 (Z hi |[[upc ||L2(8K)> ; (4.16)

KeT

and
I = 0l = a3 = v, + [n 300 -l
<oy (m - 7/’h||L2(aK) + R IV =) o) -

KeT

Applying the trace inequality, with scaling, yields

b= vnll; <C 3 (Rt 110 = dnlFagaey + RR2 IV = )3y + 928 = ) ) -

KeT

We choose 15, € Vb (7) to be an interpolant of ) that fulfils the bounds (4.13)—(4.15); this then implies
that (4.7) holds.

Thus, employing Theorem 4.1 and recalling (4.16), we deduce the following result.

Theorem 4.7. The SIPG method (2.4) for the numerical approzimation of (1.1)~(1.2) satisfies the a posteriori

error estimate
2
SIPG
4.17
o < (1t ), ()

KeT

1
= %2 e + 2 |54 u - unl)|

where

Mok = hi [|Aupg + 5h||2Lz(K) + i H[[VWDG]]HzL?(aK\aQ) + (1472 + r*)hi ||[[UDGH||2L2(8K) ;

for any K € T, and any constant k > 0. Here, C' > 0 is a constant independent of h, upa, 7, and of k.

Remark 4.8. Local lower a posteriori error estimates for the SIPG scheme are given by the generally valid
estimates from Section 4.2. Evidently, a sensible choice of  is given by k ~ 7. This will ensure the equivalence
of the terms

w |

appearing on the left and right-hand side of the a posteriori error estimate (4.17), respectively; cf. (4.12).

2
2
~ (1492 + 52 Y b funcll3ox,)
KeT

h% [[u — UDG]]‘ L26)

Remark 4.9. We note that the convexity of (2 is not essential in the a posteriori error analysis above. In the
non-convex case, however, the presence of possible corner singularities in the solution ¢ of (4.1)—(4.2) implies
that 1 € W2P(§2) for some p < 2 rather than ¢ € H?(£2); see, e.g., [11]. Consequently, a refined analysis based
on LP spaces is required. This can again be done along the lines of [3]; ¢f. also [19].
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FIGURE 1. Initial mesh, consisting of 988 elements.
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FIGURE 2. Convergence of ||[u—upg| r2(0) and [[u—upc|o,» on quasi-uniform triangular meshes
with (a) £ =1; (b) £ =2.

5. NUMERICAL EXAMPLES

We consider the case when the computational domain {2 is the unit disc, i.e., 2 = {x € R?: |z| < 1}. Setting
xo = 0, the analytical solution to (1.1)-(1.2) is the fundamental solution of the Laplace equation; namely,

1
u(x) = o In |x|.

Our numerical experiments are based on the SIPG method (2.4); here, we choose v = k = 10. Firstly, we
investigate the asymptotic convergence of the SIPG method on a sequence of successively finer quasi-uniform
unstructured triangular meshes for £ = 1, 2. The initial mesh consists of 988 elements; cf. Figure 1. Here, curved
elements have not been employed on the boundary of the computational domain; however, when elements which
lie on the boundary are refined, then new nodal points are automatically placed on the circular boundary of the
domain. In Figure 2 we present a comparison of the L?(§2)-norm, as well as the extended L?(2)-norm defined
in Remark 4.2, of the error u — upg for £ = 1,2, as the initial mesh is uniformly refined. Here, we observe that



DISCONTINUOUS GALERKIN METHODS FOR PROBLEMS WITH DIRAC DELTA SOURCE 1481

10 6
—&—Error Bound
—6—True Error
5L
10

Effectivity Index
R g =

-
T

" ‘
2 3 ‘ ‘ ‘ ‘ ‘

10 2 10 % 2 4 6 8 10

(Degrees of Freedom) Mesh Number

(a) (b)

FIGURE 3. (a) Comparison of the actual and estimated extended L?(2)-norm of the error with
respect to the number of degrees of freedom; (b) effectivity indices.

(asymptotically) [|[u —upc||L2(e) converges to zero at the rate O(h) as h tends to zero, cf. Theorem 3.1. Similar
behavior of the norm ||u — upcllo,n is also observed asymptotically.

Secondly, we now investigate the performance of the a posteriori error estimate derived in Theorem 4.7 within
an automatic h-version adaptive refinement procedure which is based on 1-irregular triangular elements, with
¢ = 1. The h-adaptive meshes are constructed by marking the elements for refinement/derefinement according
to the size of the local error indicators defined on the right-hand side of (4.17); this is done by employing
the fixed fraction strategy. This involves choosing two numbers ¢ref and @gerer in the interval (0,100) with
Pderet + @ret < 100, ordering the local refinement indicators, according to their size, and then refining those
elements x which correspond to ¢.t% of the largest entries in the ordered sequence, and derefining those
elements x which correspond to the pgeret% of the smallest entries in this ordered sequence; further variations
on this strategy, with dynamically varying e and @geret, are also possible. For the purposes of this section,
we set refinement and derefinement fractions ppof and pqeret, respectively, equal to 25% and 10%, respectively.
In two-dimensions, this leads to roughly a doubling of the number of degrees of freedom in the underlying finite
element space at each refinement step.

The initial starting mesh for adaptive refinement is the same one depicted in Figure 1. In Figure 3a we show
the history of the actual and estimated extended L?(§2)-norm of the error on each of the meshes generated
based on employing h-adaptive mesh refinement. Here, we observe that the a posteriori bound over-estimates
the true error by a consistent factor. Indeed, the effectivity index tends to a value of around 4 as the mesh is
adaptively refined, cf. Figure 3b. In Figure 4 we plot the meshes overlayed onto the corresponding computed
DG solution after 0 (initial mesh), 2, 4, 6, 8, and 9 adaptive refinement steps have been undertaken. Here, we
observe that the mesh has been significantly refined in the vicinity of the origin of the computational domain,
where the delta-source term is centered, as expected.

6. CONCLUSIONS

In this article we have developed both the a priori and a posteriori error analysis of a general class of
DG finite element methods for the numerical approximation of linear second-order elliptic partial differential
equations with Dirac delta right-hand side. In particular, the a priori bound indicates that the L?-norm of the
discretization error converges to zero at the rate O(h) as the mesh size h tends to zero. Secondly, computable
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FIGURE 4. DG solution and mesh. (a) Initial mesh, with 988 elements; (b) 2 adaptive refine-
ments, with 3358 elements; (c¢) 4 adaptive refinements, with 11032 elements; (d) 6 adaptive
refinements, with 33 538 elements; (e) 8 adaptive refinements, with 96 646 elements; (f) 9 adap-
tive refinements, with 162259 elements.
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residual-based a posteriori error indicators have been derived when the error is measured in terms of an extended
L?-norm; the use of this norm facilitates the derivation of local lower bounds. These theoretical results have
been confirmed numerically; in particular, the a posteriori error bound has been employed within an automatic
adaptive mesh refinement algorithm.
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