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A STATIC CONDENSATION REDUCED BASIS ELEMENT
METHOD: APPROXIMATION AND A POSTERIORI ERROR ESTIMATION

DINH Bao PHuoNG HuyNH!, DAvVID J. KNEZEVIC!? AND ANTHONY T. PATERA®

Abstract. We propose a new reduced basis element-cum-component mode synthesis approach for
parametrized elliptic coercive partial differential equations. In the Offline stage we construct a Library
of interoperable parametrized reference components relevant to some family of problems; in the Online
stage we instantiate and connect reference components (at ports) to rapidly form and query parametric
systems. The method is based on static condensation at the interdomain level, a conforming eigen-
function “port” representation at the interface level, and finally Reduced Basis (RB) approximation
of Finite Element (FE) bubble functions at the intradomain level. We show under suitable hypotheses
that the RB Schur complement is close to the FE Schur complement: we can thus demonstrate the
stability of the discrete equations; furthermore, we can develop inexpensive and rigorous (system-level)
a posteriori error bounds. We present numerical results for model many-parameter heat transfer and
elasticity problems with particular emphasis on the Online stage; we discuss flexibility, accuracy, com-
putational performance, and also the effectivity of the a posteriori error bounds.
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1. INTRODUCTION

The Reduced Basis Element (RBE) method is a computational approach for the approximation of partial
differential equations which combines domain decomposition with parametric model order reduction. In partic-
ular, the “classical” RBE method typically appeals to nonconforming approaches — mortar [24] or Discontinuous
Galerkin [9] — at the interdomain level and then Reduced Basis (RB) approximation [28] at the intradomain level.
The RBE method enjoys several advantages relative to the standard “mono-domain” RB method: we are never
required to solve the truth Finite Element (FE) problem over the full domain — we may thus address very large
problems; we pursue many RB approximations over low dimensional parameter spaces rather than a single RB
approximation over a very high dimensional parameter space — we may thus consider many parameters, as well
as more general geometries and topologies. Also, related ideas for viscous fluid flows have been developed in the
RB hybrid element approach of [19]. The RBE method is particularly efficient for problems which might contain
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many repeated subdomains as in this case a single intradomain RB preparation can be shared by all similar
subdomains. Reduced basis element approximations can also be integrated with finite element approximations
over regions of the domain not readily amenable to model reduction [1,2].

In this paper we develop a static condensation RBE approach: we consider standard static condensation at
the interdomain level and then RB approximation of the requisite “bubble” functions (and associated Schur
complement entries) at the intradomain level. This approach extends the reach of the classical RBE in several
important ways. First, in the classical RBE approach the RB spaces for a particular subdomain — which we may
view as a “component” — must be aware of neighboring subdomains: components are not generally interchange-
able or interoperable and hence the analysis process is “top-down” from system to components. In contrast,
in our static condensation RBE approach, the RB space for a particular component is designed to reflect all
possible function variations on the component interfaces (which we shall denote “ports”): components are thus
completely interchangeable and interoperable and the analysis is “bottom-up” from a library of components
to many possible systems. (A similar component interchangeability is achieved in [12], based on an integral
equation formulation of the RB, for electromagnetic scattering problems). Second, in the classical mortar RBE
approach, the computation of a posteriori error bounds necessitates appeal to the intradomain truth FE approx-
imation in order to correct for jump terms. In contrast, in our (conforming) static condensation RBE approach,
the a posteriori error bounds may be computed solely in terms of interface degrees of freedom and intradomain
RB quantities — in essence, at very little additional cost relative to the field and output prediction.

It follows from these advantages that the static condensation RBE provides for a more favorable Offline-
Online decomposition than either the standard RB method or the classical RBE approach. The Offline stage
is performed once: we prepare, for each component in a library, the RB bubble spaces and collateral RB data
required to populate the approximate Schur complement. The Online stage is then performed many times: we
may assemble any system — we require only compatibility of ports — from multiple instantiations of components
from the library; we then compute the system field and outputs, and associated a posteriori error bounds,
for different values of the parameter in a prescribed parameter domain. The operation count and storage
requirement for the Online stage depends only on the number of interface degrees of freedom and the dimension
of the intradomain RB spaces. In summary, the Online stage of the static condensation RBE is much more
flexible than the Online stage for the standard RB method, in which the system is already assembled and
only parametric variations are permitted, as well as the Online stage of the classical RBE method, in which
the RB intradomain spaces already reflect anticipated connectivity. The “bottom up” approach and associated
Online flexibility is particularly attractive in interactive design environments, in real-time parameter estimation
contexts, and more generally in discovery and optimization processes.

These advantages do of course come at some cost: increased degrees of freedom on ports (which we recall
are the interfaces between the components). The RB spaces associated with the classical RBE approach reflect
connectivity and thus relatively few port (Lagrange multiplier) degrees of freedom are required to ensure con-
tinuity; in contrast, in the static condensation RBE method, we must (in effect) reflect in our RB spaces any
behavior of the solution over the ports. In order to minimize this parasitic effect we choose a particular inter-
face representation (and associated lifting into the interior of the components) which (i) respects the relevant
trace theorems and FE Schur complement theory [7] to ensure a stable discretization, (ii) leads to relatively
economical RB spaces for the intradomain bubbles, and finally, (iii) permits, through a hierarchical approach,
subsequent (adaptive) Online economization of port degrees of freedom, as pursued in [11]. In some cases we
may pursue in (iii) a more Draconian economization in the spirit of the classical RBE approach; indeed, in the
quasi-one-dimensional limit we may even consider a single degree of freedom on each port [4].

Our approach is also closely related to the multiscale Reduced Basis Method (MsRBM) proposed in [26]
(see also a more recent MsRBM proposal [21]). The macroscale discretization of the MsRBM corresponds to
the “system” in our static condensation RBE approach, and the microscale or cell of the MsRBM corresponds
to the “component” in the static condensation RBE approach. In the MsRBM the emphasis is thus on many
and more homogeneous macroscale elements with a very simple treatment of the macroscale-microscale inter-
face; in contrast, in the static condensation RBE aproach, we will typically address relatively fewer but more
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heterogeneous components for which we must include a general interface representation. Nevertheless, there are
many similarities between the MsRBM and the static condensation RBE method, and indeed the MsRBM can
perhaps take advantage of the system-level a posteriori error bounds developed in the current paper to bound
the error between the MsRBM and associated truth MsFEM [16].

In the above we discuss the provenance of the static condensation RBE from the reduced basis perspective.
However, our approach is also quite similar to the Component Mode Synthesis (CMS) approaches which are
in widespread and very effective use in industry for many years. These CMS approaches are first proposed in
the seminal papers [10,17], but there is much subsequent development, refinement, and applications. As in the
static condensation RBE method, the CMS approach combines static condensation at the interdomain level
with model order reduction at the intradomain level. In the earlier work [10,17] the CMS model order reduction
is typically of the intradomain eigenfunction modal truncation variety, however more recently Krylov spaces are
also considered [14] as well as spaces relevant to MsFEM approaches [15].

In our approach we directly adopt the CMS anatomy, vocabulary — components and ports — and even strat-
egy, however we replace the intradomain modal model order reduction with RB model order reduction. This
substitution can offer several advantages within the parametric context: from an approximation perspective,
our approach will provide rapid convergence [5,8,25] over an entire parametric solution manifold compared
to typically algebraic convergence of the CMS modal expansion [6,15]; from a computational perspective, we
amortize the expensive construction of the reduced order model over many system analyses (corresponding
to different parameter values from the prescribed parameter domain). In short, our approach provides greater
flexibility in the inexpensive Online stage: interchangeability of components is extended to include parametric
variations which arise in geometry, constitutive laws, and sources and loads. Furthermore, in the static conden-
sation RBE approach, a posteriori error bounds for the RB approximations at the component level permit us
to develop a posteriori error bounds at the system level without recourse to the truth FE residual over the full
domain [14,20]. We should note that in this paper we consider only elliptic coercive partial differential equations
and not the more difficult eigenproblems or dynamic problems to which CMS approaches are typically applied.

In Section 2 we pose the symmetric coercive second-order partial differential equation for which we shall
develop our approach. In Section 3 we introduce the truth approximation which we wish to accelerate: a fine FE
discretization defined (but, in our approach, never invoked) over the full domain. Finally, we develop the static
condensation formulation of the truth FE discretization; we focus on the treatment of the interface degrees of
freedom. In Section 4 we develop the static condensation RBE and we prove the well-posedness of the static
condensation RBE approximation based on stability estimates developed in Brenner [7]. In Section 5 we develop
the static condensation RBE system level a posteriori error estimates: we combine standard RB error estimates
at the component level with matrix perturbation analysis [13] of the approximate Schur complement at the
system level. We demonstrate that our error estimates are strict upper bounds for the actual error between the
static condensation RBE approximation and the underlying truth FE discretization. In Section 6 we discuss the
Offline and Online computational procedures and provide detailed operation counts and storage requirements
for the Online stage in particular. Finally, in Section 7 we present numerical results for a scalar field problem
(heat transfer) and a vector field problem (linear elasticity); we report the accuracy and computational cost for
different representative systems and we discuss the quality of the a posterior: error bounds.

2. CONTINUOUS PROBLEM: COMPONENTS AND SYSTEMS

2.1. Physical domain formulation

We first introduce a set or library of regions, which we shall denote “archetype component” domains,
Q%(ﬂ%neo),l < m < M, for geometry parameters [i5;°. The mth archetype component has P,%fo geometric
parameters, which reside in an associated geometry parameter domain '[)%fo C RP%°. For each archetype com-
ponent domain 22, (/£%°) we further identify elements of the boundary, Yo i55°), 1 < j < my (where nj, > 1),
which we shall denote “archetype component port” domains. We require for simplicity that the intersection
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of any two ports in any given archetype component is empty; this “mutually disjoint port” condition may be
relaxed, as we discuss further below. Here the " indicates archetype and the ¢ refers to a quantity defined over
the physical domain (we will later introduce reference domains).

We associate to each of these archetype component domains bilinear and linear forms: for w,v €
H(0,(15°)), we define a5, (w, v g™ ). 5, (03 AS9°T5550), 05, (03 07 f50) 1< m < M, for
coefficient parameters ,ucoe{'f in associated coefficient parameter domains ’DCOE{'f € RP%™. Note that the forms
a2, (w, v; coe: fgeoy and fo (v; icoef: 4290 will define the PDE weak form, and £°, (v; Mggeff [8°) will define
the output functional. (These bilinear and linear forms may include trace terms over 0120 0 (£18%°)). We also
define for future reference D,,, = 15%50 X ’15‘;,?83, 1 < m < M; D,, is the parameter domain (both geometry and
coefficient) for the mth archetype component. Also, we let fi,, = (8, acoeft) € D, denote the parameters for
the mth archetype component. Recall also that for any domain O in R¢, H*(O) = {v € L?(0): Vv € (L?(0))%},

where L?(O) = {v measurable over O: [, v* finite }.

We next introduce “instantiated component” domains, 2¢(uf*) = Q?\/l(i)( £99),1 < i < I, where M is a
mapping from {1,...,I} (component instantiations) to {1,..., M} (component archetypes). The correspond-
ing instantiated component port domains, also denoted more succinctly as “local ports,” are thus given by

geo geo

VO (E) = r”y;’\/l(i)j(ufeo), 1 <5< n}w(i). Here p8° = (uf*°,...,p5*°) € D&°, where D& is a subset of
I De®  which ensures that a geometric compatibility requirement (defined below) is satisfied (as well as
i=1 " M(7)

any problem-specific constraints on parameters). Note these instantiated components no longer bear the " of the

archetype components but retain the © associated with the physical domain. For future reference we also define

peoett = Hle Dfef(fif). Also, we set pu = (u&°, ucof) € D = peeo x peoett,
We now consider a “system domain” 2°(12°°) which is the union of instantiated component domains,

I
geo U geo

i=1
Our geometric compatibility requirement states that,

(i) the instantiated component domains must not intersect;
(i) 27 (&) N2 (u5°°) must either be empty or an entire local port in each of the two (distinct) instantiated
component domalns i and i’;3 and

(iii) the system connectivity as reflected in the local port connections must remain fixed for all u € Dge°.

It is important to note that geometric parameters define either “internal” geometric transformations of a
component (such as dilation or shear), or “rigid body” transformations (translations, rotations). Both types
of geometric parameters affect the geometric compability of our system domain. For future reference, we refer
to the “rigid body” transformation parameters as “docking parameters.”

We may now also define a set of global ports Iy (u#°),1 <p < n!': each global port is either the intersection
(in fact, coincidence) of two local ports or a local port on 9£2°(u8%°). We illustrate in Figure 1 two archetype
components with associated local port domains as well as a system of three instantiated component domains
with associated global port domains. We can summarize the port connections with index sets m,,1 < p < n',
which for the case of a global port corresponding to (coincidence of) two local ports 7§ s Vv o takes the form

={(¢, "), (@", ")} and for the case of a global port corresponding to a single local port 7, ;s takes the form
7rp = {, "} We can also define a local to global port index mapping G such that m, = {(¢',7'), (¢", ")}
is equivalent to p = QZ () = Giv(j"); this mapping is invertible for a given instantiated component such
that j' = G, ! ( ) and j” = G;,' (p). We observe from the geometric compatibility condition (iii) that the sets
T, 1 <p < n'', and the mapping G do not depend on p € D&e°.

3Note that in the case of an arbitrarily thin crack between two instantiated components we must interpret the respective
instantiated component domains to be separated by an arbitrarily small gap such that the closures do not in fact intersect.
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M, 7 2(85%) A2 5 .

FIGURE 1. (a) An archetype component, Q0(f15°°), with two local ports indicated in red. (b)
An archetype component, 29 (i %), with two local ports. (¢) A system of three instantiated

component domains with associated global port domains.

We may now introduce a global function space X°(u#®°) = {v°® € H(£2°(us°)) : v°]909 (useo) = 0} where
0829 (u8%°) represents the part of the system domain boundary over which we impose homogeneous Dirichlet
conditions (note inhomogeneous Dirichlet conditions are readily treated by appropriate lifting functions). We
shall assume for simplicity that 9629 (p8°°) is the union of (at least one) entire instantiated component port
domains. We endow X°(1%°°) with an inner product (-, -) xo(uee0) and induced norm || - || xo(eeo).

It is then natural to form the system bilinear and linear forms, defined with respect to X°(u8), in terms
of the corresponding archetype component forms introduced earlier. In particular, for all w®, v® € X°(u8), we
introduce

a’ U) U ,,U, ZG’M ’U} ‘Q“(ugpo)v i(u’feo);:u’foeffa/i;geo)a (21)
%) = me)(v (e 15 ), (2:2)

i=1
%) = D Ly (0 o guseoys 150 ). (2:3)

i=1
We may then introduce coercivity and continuity constants for pu € D,
a’ (v, v°; )

a V), (2.4)
voex2u5e) [0 e

Q
=2
A

i

aO ,UO wO’
sup sup - ©° OM) . (2.5)
voeXc(ngo) woeXo(ngo) H'U HXO(MgSO)Hw HXo(lugeo)

A
i

We shall assume that there exists ap > 0 and finite y§°™ such that a®(u) > ap and ¥ () < 45" for all
p € D. We also assume that our linear functionals are bounded over X °(18%°).
We may now state the system problem. Given p € D: find the field u°(u) € X°(u8°°) such that

a®(u®(p), 0% p) = fO(u% ), Vo2 € XO(us*); (2.6)
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evaluate the system output of interest s(u) = £°(u®(p); ). Under the assumptions on coercivity and continuity
this problem is well posed by the Lax—Milgram theorem.

2.2. Reference domain formulation

For our subsequent reduced basis treatment we shall require a fixed reference domain for each archetype
component (and hence associated instantiated components). We take this reference domain to be 2, =
Q%(ﬂ%neo’ref) for some ,&%neo’ref € ﬁ%fo; we denote the corresponding archetype component reference port do-
mains as ym,j, 1 < j < nj,. Note that these reference archetype domains and reference archetype port domains
implicitly bear a”and a superscript "f; for simplicity, in particular since we will almost exclusively work with
the reference quantities in what follows, we instead use the absence of the superscript © to indicate an archetype
and reference (rather than physical) domain.

We then suppose [28] that there exists a piecewise affine (invertible) mapping A, (-; 18%°) such that
00 (fi8°°) = A (02,3 15°) for all [i8° € D, Also, we introduce the constants p(12%°) and pi'y > 0, where

(8 (E)) 4
Pl 7Ty pA - yyse0 ¢ peeo, 2.7
<<l (Y ) B @7)

5 al
1SS0

oA e0) =

Here, for a domain v C R?~!, p(vy) denotes the diameter of the largest (d — 1)-dimensional ball that can be
contained within «. Hence (2.7) simply implies that our geometric map is not “degenerate” on any of the ports.
Note that our geometric compatibility condition (ii) implies that for any two instantiated components i’ and

i" which share a port, I (18%°) = 7 . (15°) = v5r ju (15:°),

Apaiy (Iminy, g 15 ) = Anagrny (Y g 15°)-
This condition provides a practical means to verify that the geometric compatibility condition (ii) is satisfied.
We may now express our space X °(18°°) as

XO(uE?) = {v” € L2(02°(4E)) = v°| ooy = [v]i © (Amaqo) (1 457)) T 1 < i S LV € X},

7

where v = [v1,...,v7] and

X ={[vr...,v7): fori=1,....1, ] € H' (2me));
[/U}i/"yj\/l(i’),j’ = [/U]i”|’yM(i//)1j// for rYio’,j' (/’(‘Zg’eo) = ’Yio",j” (/’(‘Zg’?o);
[ilyaney,; = 0 for 77 ; € 002 (1)},

is a parameter-independent space. (We can express the space X without reference to any parameters but to avoid
complicated notation we prefer the choice above in which parameter-dependent quantities serve to implicitly
define parameter-independent indicial relations). Note it is the continuity condition on the ports in X which
ensures that X°(18%°) C H(£2°(u%%°)). In what follows we shall let W(u#®°) : X — X°(18°°) denote the one-
to-one transformation between a function v° € X°(p#°°) and its pre-image v € X — hence v° = W(u2°°)v. Note
we define [v]; to be the ith component of v € X. We also let {e;,1 <4 < I} denote the canonical basis of Rf,
such that say [v]zes = [0,0, [v]3,0,...].

For each archetype reference component m, 1 < m < M, we introduce an inner product, (-,-)x,., on H*(£2,,)
and we let || - | x,, denote the corresponding induced norm. In fact — to anticipate subsequent developments
with regard to bubble spaces — we shall only require that || - || x,, is a semi-norm on H'(£2,,), but that it is a full
norm on {v € H'(2) : v|,,,, = 0,1 < j <n},}. We then define the inner product and norm for v,w € X as

I

(w,v)x =D (Wi, 0)xX0i>  vlx = V(0,0)x. (2.8)

i=1



STATIC CONDENSATION REDUCED BASIS METHOD 219

Due to the one-to-one correspondence between X and X°(u8), (2.8) also provides an inner product and norm
on X°(12°°), and we shall henceforth suppose that

(W, %) xo(useoy = W (UE) T Lw®, W(pB©) 0% x, Yoo, w® € X°(us), (2.9)
[0l xo ey = [W(1E°) 00|, Yoo € XO(ut), (2.10)

define the inner products and norms over X °(u8°) introduced formally earlier.
We may now introduce archetype component bilinear and linear forms defined over the reference domains as
fim = (0850, 19 € Dy — @ (W, 5 fimn )y fon (V3 fim )y (W, 03 fim ), 1 < m < M, where for all w,v € H(£2,,),

U (W, 03 firn) = A (w0 (A (5 25:°)) 71 0 0 (Am (5 155°)) 7 ™™ ),
Fn (03 fim) = f (v 0 (Am (5 f55°)) 5 fige ™ 150,
b (V3 fim) = 7 (0 0 (A (-3 f55°)) ™5 s f15°).

Il
> S

We reiterate here that the absence of any ° or "~ symbols in the forms introduced above means that these are
archetype reference quantities. Note that these reference-domain bilinear and linear forms now depend on both
the geometric and coefficient parameters and in fact the former will now also appear as “coefficients” which
reflect the change of variables.

It is important to note that, under modest assumptions [28] on a2, (-, ; acoef; 4geo), fo (.; peoeft, feeoy,
and E"( peoeft, ugeo), it follows from our piecewise-affine hypothesis on the mappings A, that the
am (-, ,um), fm( s fim), and £, (¢ iy, ) are affine in functions of parameter in the sense that
Qarm
A, (W, V5 fim) Z O (fim)al, (w,v) (2.11)

with similar representations for f,, and ¢,,. We shall denote by Qmax the maximum of Q,,,, @y,,, and Q,, over
allm=1,..., M.
We may then further define, for w = [wy,...,w;] € X, v =[v1,...,v;] € X, and p € D,

a(w, v; 1) ZGM (o) ([wis [Vi5 1),
vip) = Zf/vt(i)([v]i;ﬂi),
i=1

I
v ) = ZKM(i)(['U]ﬁMi)v

where g = (5, po™) for (p§°°, u5%, .. 5% p§oom, psoo, L pgoet) € D.

We may now rewrite our system equations in terms of reference-domain quantities. For given p € D: find
u(p) € X such that

alu(p),v;p) = flo;p), YveX; (2.12)
evaluate the system output of interest as

s(p) = L(ulp); 1) (2.13)

It is readily demonstrated that u®(p) = W(u#®)u(p). These reference-domain equations will be our point of
departure for subsequent discretization. (As required for visualization of numerical results we shall invoke u°
over 2°(ug°)).
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Also, from the definitions above, it follows that the coercivity and continuity constants associated with (2.12)
are given by

. o o o.
a(u) = inf 20U gy SV o
vex ol%  weexousen) 071 peen
a(v,w; a’(v?, we;
cont(M) = sup sup ( 9 v:U') _ sup sup ( ) M) — ,Yo,cont(ﬂ)’

veX weX H’UHXH’U}”X B voE X0 (puBee) wo e Xo(pseo) ||UOHX0(Mgeo)HwOHXo(ugeo)

and hence (2.12) inherits the well-posedness of (2.6).

3. FINITE ELEMENT TRUTH FORMULATION

3.1. Discrete spaces

We now introduce finite element approximation spaces X over the archetype component reference domains
2,,,1 < m < M. For each m, the spaces X,’}l are endowed with the inner-product and induced norm, (-,-)x,,
and | - [|x,,, from Section 2. We may also define port spaces P}, ;: for any w € X! there exists a v € Pf}m- such
that v = wl,,, ;. We set N} ; = dim(P}: ).

We require our spaces to collectively satisfy a port discretization compatibility (conforming) condition: for
any doubleton port connection set, m, = {(¢’, '), (¢”,7")}, and for any v € P/}\LA(Z,,)J.,, there exists w € PJ’\’A(Z.,,)J.,,
such that v o Ax/}(i,)(’yM(i/),jI;ng,eo) =wo A/_\j(i//)('}//vl(i"),j"; 155°), Yugee € D% We also require an analogous
condition when the roles of v and w are exchanged, and hence there is a one-to-one correspondence between
P/’\“‘A(i,),j, and P/}\l/l(i”),j”' It might appear that this condition would impose system-specific constraints on the
archetype components which are intended to form many different systems. In fact, it is possible to satisfy
the port discretization compatibility condition for all possible connections of various appropriate subsets of
archetype components. For example, consider the case of two-dimensional archetype components with ports
which are straight segments: a uniform mesh with the same number of degrees of freedom on each port will
ensure that the port discretization compatibility condition will be satisfied for all possible connection sets.

In subsequent developments we shall extensively employ finite element bubble spaces. The bubble spaces on
the archetype reference domains are given by

BZ“OE{UGX:;:U

=0,1<j<nL}, 1<m<M, (3.1)

Ym,j

and we have associated coercivity and continuity constants

m (0, 03 fim)

h ~ . .
a. = inf , 3.2
molim) = T ol (32)
heont(n ) = sup  sup A (U, W5 fin). (3.3)

veley went, Tolx. ol

These constants are positive for all f,, € D,, for each archetype component — positivity of o/;l;o(/)m) follows
from our assumption that || - ||x,, is a semi-norm on X
(since n, > 1 for 1 <m < M).

The system truth finite element space is then given by X" = (¢, X J’%A(i)) N X. (Here the intersection with

and that B,};;O has a non-empty Dirichlet boundary

X imposes our continuity conditions on the component ports). Note that for b € Bj\l/l(i)-ov the I-tuple bl'e; is

in X" due to the condition that bubble functions vanish on ports. The associated system truth coercivity and
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continuity constants are given by

h — CL(’U,’U;M)
al(p) = inf DTH (3.4)
vexr lvl%
a(v,w;
,yh,cont(/i) = sup sup ( M) (35)

veXh weXh ||'UHX||U)HX

We note that since X" C X, we have a(u) < o/ () and 7% (1) < 0 (u).
The truth discretization may now be stated. Given p € D: find u”(u) € X" such that

a(u(p),v;p) = fo;p), Yo e XM (3.6)

evaluate the system output of interest,
s" (1) = €(u" (1); ). (3.7)
The formulation (3.6), (3.7) is well-posed due to our conditions on o/ (x) and ym¢"(;). We shall build our

reduced basis element approximation upon this truth discretization, and we shall measure the error in our
reduced basis element approximation relative to this truth discretization.

3.2. Static condensation

To prepare for static condensation we must construct a basis for our truth approximation (which in fact will
be inherited by our reduced basis element method).

First, we introduce an eigenfunction basis for each port space, PL’M, 1<j<n),1<m <M. In particular,
for a given port (i.e. m, j fixed), we introduce the eigenfunction basis {xm,jr € Pn};’j: 1<k< NJL]} These
eigenfunctions are associated with the discrete generalized eigenvalue problem

VXm.jk VU= Amd’k/ Xm,j.k Us Vove PL’M, (3.8)
Ym,j Ym,j
IXm.gkllL2 () = 15 (3.9)
here the A, ;r € R denote real positive eigenvalues ordered such that (Amin =) Amj1 < Amj2 < ... <

Amj, NI Note that rather than the simple Laplacian inner product we might consider an energy inner product
or even more beneficially a singular Sturm-Liouville problem [11] to ensure more rapid decay [3,6] of the modal
amplitudes (for purposes of truncation). It follows from (3.8), (3.9) that the X, j satisfy the orthonormality
property
(X gk > Xmogik ) L2 (ym ) = Okrkrrs 1< KK <N o (3.10)

where §;; denotes the Kronecker delta function. For treatment of more general port topologies which do not
honor the mutually disjoint port assumption we would need to introduce “wire-basket” representations such as
developed in [15].

The port eigenmodes are then elliptically lifted to the interior of the archetype reference domain to yield
Yk € X, 1<i<nl, 1<m<M,1<k< N, j- We construct ), j 1 such that it satisfies the Laplace
equation on the component interior, coincides with X, j.x On Ym jk, and vanishes on the remaining ports,

/ Vm k- Vv =0, Vo€ B,};‘T;O, (3.11)
‘Q"YL
Vm.jk = Xm.jik> on Yrm,j, (3.12)
wm,j’k =0, Ol Y, j, vj/ S {1,,]—1,]-’-1,,77,:”} (313)

We have employed the Laplacian in (3.11), but of course other elliptic operators are also possible. Also, we
emphasize that in (3.8) and (3.11) we are referring to the Laplacian operator in R4~! and R?, respectively.
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Xm,1,1 Xm,1,2
Xm,1,3 Xm,1,4

FIGURE 2. The first four modes of the eigenproblem (3.8), (3.9) for port 7,1 of a archetype
reference component (2,,. Here 7, 1 is a square port (0,0.4)? with a uniform 4 x 4 Q1 (d = 2)
mesh.

For purposes of illustration we consider an archetype reference component (2, = (0,0.4) x (0,0.4) x (0, 3),
with truth space XﬁL meshed with 4 x 4 x 30 Q1 (d = 3) elements; the component has two square ports,
Ym,1 = (0,0.4) x (0,0.4) x {0} and 7,2 = (0,0.4) x (0,0.4) x {3}, perforce each meshed with uniform 4 x 4 Q1
(d = 2) elements. Figure 2 presents the first four eigenmodes for v, 1; Figure 3 shows the result of lifting these
four port eigenmodes to the interior of the parallelepiped component.

We comment on the choice of eigenexpansion: orthonormality will ensure stability in appropriate norms [7];
hierarchy will permit possible modal truncation [3,11,20]; modal structure will ensure rapid decay of lifting
functions into the component interior (as demonstrated in Fig. 3) and ultimately more rapid RB convergence.
We will return to this latter point subsequently in the context of our numerical examples.

We have defined interface functions local to archetype reference domains; we shall also require interface
functions lifted over instantiated components connected to a global port. We denote the latter by ¥, €
Xh1<k< Npp, 1< p<nl;the ¥, 1 are indexed by the global port number, p, and the port mode number,
k. Also, Npp denotes the number of port modes on global port I)(u#°°), where m, = {(i',5'), (i",j")}, and
hence Npp = NX/t(z"), o= NXA(Z.,,)’],,,. We prefer to define the ¥, with respect to our reference domains, and
thus we construct the ¥, as I-tuples: for an interior port m, = {(¢’,j"), (¢",5)}, and for port mode k (where
1<k <ND), Wi = Up(ry,jr k€ +ragir),jo k€ € X" Similarly, for a boundary port m, = {(i’,5')}, and for
port mode k, ¥, x = (i, k€. As in Section 2, we can map ¥, € X" to the system domain via W(us°).

We now discuss the static condensation procedure which we employ to eliminate the degrees of freedom
internal to each component. First, it is clear that we can express u"(y) € X" in terms of bubble and interface
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o v

¢m7171 wm,l,Q

” 7

Ym,1,3 Y14

FIGURE 3. The elliptically lifted interface functions (3.11)—(3.13) corresponding to the modes
in Figure 2 on a “stem” archetype reference component (0,0.4)2 x (0, 3) with two square ports.

contributions as

I nt N;
ul () = b wei + > 0> Upklp) Yk (3.14)
i=1 p=1k=1

where b?(u) e Bﬁ/l(i);o. Here, Up (1), 1 <p < nl,1<k< NPF, are interface function coefficients.

Now, since b'(u)e; € X", we can eliminate bubble functions from (3.6) in favor of global port degrees of
freedom. To wit, we substitute (3.14) into (3.6) and test on ve;, for v € Bjtvl(i)nv to obtain,

M) N s
amy | VF) + D D Ugiyw () Yangay g vi i | = Faag (0i i), Vo € By (3.15)
j=1 k=1

Recall that G is a local to global port index mapping such that m, = {(i, '), (¢",5”)} is equivalent to p =
Gir(j') = Gin (5"). Tt follows that bl (u) € le\/l(i);o satisfies,

N7

5
M (i)

M(i), 5
apeay (0F (1), v5 1) = Fancay (vs i) — Z Z Ug, (). (1) @pey (rmiy g 0 1)y V0 € Blygngr  (3.16)
=1 k=1

for each 1 < i < I. The existence and uniqueness of b/ (u) from (3.16) is guaranteed due to coercivity (and
continuity) of ay( -, - ;@) on Bﬁ/l(i),o.

From (3.16) and linearity, we can reconstruct b(u) as

b (1) = b " (i) + Ug, (e (1) 07 5 1. (1a), (3.17)
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where b/ (1) € B?\A(i);o satisfies

ey (07" (1), 03 113) = Faaoy(vi ), Vv € BRyaon (3.18)

and the b}’ ; (1) € Bh(i);o are defined by the set of Nﬁj(rf)s subproblems
ey (07 .5 (1), 03 1) = =A@y (Vanciy ok V3 1), Y 0 € Blygiyos (3.19)

where NPorts = Z '" m = 1,..., M. Both (3.18) and (3.19) are well-posed again thanks to coercivity

mg’

and continuity of a g z)( )+ ki) over B?\A(i),o.
Forlgpgnrandlgkg./\f;,let

Bpr() =T+ Y b s(ui)es = D (Wi ok + b o (pir))eir (3.20)
(i5")€mp (#.5") E€mp
Also, we define the “skeleton space”

XE(p) =span{d, 1 (n): 1 <p<nl 1<k < NJ} nxh, (3.21)

where we intersect with X in order to impose Dirichlet boundary conditions. The skeleton space X[2(u) is
endowed with the inner product and norm,

r

(v,w)goz (W(/igeo)'u,W(ugeo)w)L2(F5(Mge°)) and H’UHSOE (’U,’U)So, (3.22)

3

]
Il
-

for any v,w € X g(,u) Note that we include a superscript o to emphasize that the inner product and norm are
defined with respect to the physical domain.
It follows from (3.14) that on component 4, 1 < i < I, u"(u) is given by

n e NY
M) N M)
[w" ()i = 0} () + Ugi(3).k (1) ¥ g k- (3.23)
j=1 k=1
Hence, from (3.17) and (3.23), we have
. ") N s
bl =00+ D D Unale) (i +buiu). (3.24)
j=1 k=1

It then follows from (3.24) and (3.20) that the global solution can be expressed as

I nl NY
SILLTINES ) SEMP PN} 025
i=1 p=1k=1

We now insert (3.25) into (3.6) and restrict the test space to X2(u) to arrive at

nt NF I
DO Uprl) By k() v; 1) ) =Y abf (e vip), Vo e X&(u), (3.26)
p=1k=1 i=1

which completes the static condensation.
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We now proceed to identify the linear algebraic statement associated with (3.26). In particular, we test
in (3.26) on @p (p) for 1 < p’ < 1<k < ./\/;5, to obtain the static condensation system of dimension
r
Nsc = ZZ=1 Npra
A(w) U() = Fp), (3.27)

for the vector U(p) € R™< of coefficients Up 1 (11). We may also express our system output (3.7) as

1
Ulp) + Y L0 (pa)ess ps)

i=1

" (1) = (LY () + L2 (w) "

We now define these static condensation quantities more explicitly.
The matrix A(u) € R™<*"s< and vector F(p) € R™< are defined as

Ay k), o) (1) = a(Pp i (1), Py i (10); 1), (3.28)
and .
For e (18) = f (P (1) 12) = > a(b]" (12), By (10); 1), (3.29)
i=1

respectively, for 1 <p <nf, 1 <k <Nl and1<p <nl 1<k < ./\/;5; from (3.28) it is clear that A(u) is
symmetric. The output vectors L!(1) € R and L?(u) € R™< are given by

Lpal) = i), L) = 30 (b aluien), (3.30)

(@37 Emp

forl<p<n! 1<k< N[f. To better understand the matrices and vectors A(p) and F(u) (a similar procedure
applies to L', IL?) we consider the assembly of the static condensation system; this assembly process, similar to
finite element assembly or “stamping,” is crucial to the general implementation of our approach.

Let Af(n) € RMM NG and Fi(u) € RMX6 denote the “local stiffness matrix” and “local load vector”

on instantiated component 7, respectively, which from (3.20) has entries

Al 1y oy (1) = am(ay (amiy g + 085 (1) Cancay g + Do g (1025 24), (3.31)
7 _ H
Foo o (1) = Faae) @m0 o g (1) 1) — a/vl(i)(b{ (1a)s Yaaiy g + OF o o (1) ), (3.32)
for 1 < j < nj\/l(i), 1 < k< NX/[(i) ,and 1 < §/ < nj\/{(i)’ 1 <k < NX/[(Z,)J,. Algorithm 1 then defines

the assembly procedure by which we construct (in practice) (3.28), (3.29) from (3.31), (3.32); we employ the
notation “A 4+= B” to represent an increment “A «— A + B.” Note that in the case in which we require
a Dirichlet condition on a port, Algorithm 1 needs a slight modification: once the assembly is complete, we
eliminate the Dirichlet port degrees of freedom from the system. This post-processing step is analogous to the
standard procedure for elimination of Dirichlet rows and columns from a finite element stiffness matrix.

We close this section with a result which confirms well-posedness of the (square) system (3.27) and which
will later serve to demonstrate well-posedness of our RB approximation.

Lemma 3.1. There exists a constant C' > 0 such that the minimum eigenvalue of A(p), Amin(pt), satisfies
)\min(/i) > C, V/J e€D.

Proof. From Lemma 3.1 in [7] we obtain,

n[‘

GO(W(MgeO),U’W(MgeO),U;,ucoeff) > CI(QO(N)) Z(W(Mgeo)v,W(Mgeo)v)L2(rﬁ(l‘geo))’ Vovée Xg(/i), (333)

p=1
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Algorithm 1. Assembly of truth Schur complement system
L F(p) =0, A(p) =0
2: fori=1,...,1 do
3:  for j = 1,...,n7\/1(i) do

4: for k' =1,... ,NX/I(Z.)J, do
5: Fg, )y ,e += ]F;",k/(:ui)
6: forj:l,...,njw(i) do
7 fork::l,...,./\/x/t(i)’j do
8: A, (1) k)G (1) k) T= Alyr 1y, k) (143)
9: end for
10: end for
11: end for
12:  end for
13: end for

for C1(£2°(p)) > 0; since D is compact, we can further conclude that there exists Co > 0 such that

nF

a® (W (1), W(p8)v; ucoy > Oy Z(W(ugeo)v,W(ugeo)v)Lz(ppo(ugeo)), Voe Xhu), YpeD. (3.34)

p=1
We can rewrite (3.34) in terms of simpler notation as follows
a(v,v; ) > Co(v,v)s0, Y& XE(pn), VueD, (3.35)

recalling (3.22).
Next, for any v, w € X%(u) expressed in terms of the basis {®,;: 1 <p <nl 1<k < ./\pr} with coefficient
vectors V, W € R"s, we obtain from (3.10)

(v, w)s0 = WID(u8)V, (3.36)

where D(u8°) € R"s<*"sc accounts for the effect of W(u8°). Note that we assume that W(u8°°) maps each
reference port affinely, and hence D(p8°°) is diagonal since the orthogonality of our port modes from (3.10) is
retained even though orthonormality is, in general, not preserved. Also, the diagonal entries of D(u8%°) are given
by the determinant of the Jacobian of the port mappings, which from (2.7) are positive and bounded below by
(pis)4~1. Also, from (3.28)

a(v,w; p) = WEA()V. (3.37)
Hence, from (3.34), (3.36) and (3.37) we obtain the Rayleigh quotient lower bound,

VIA@V . a(v,oip)

)\0 . = : R L > (5. 3.38
min (/’(‘) Vgﬁg}sc VTD(MgeO)V vEXg(/A) (’U, ’U)So = V2 ( )
Finally, the result follows by noting that
- VIA(pV A Nd—1 VTA(W)V
4 - i /A - e >
Amin (/i) Vgﬁg}sc VTV = (pLB) VIGIIIRI,,I}SC VTD(MgeO)V =G,

for C = (p{'z)4 1 Cs. O
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4. STATIC CONDENSATION REDUCED BASIS ELEMENT METHOD

The static condensation procedure described above is of course very computationally expensive due to the
many “bubble solves” required on each component. However, we now introduce a Reduced Basis (RB) approx-
imation: in particular, we follow exactly the same procedure as in Section 3.2, except now we introduce RB
approximations for the bubble functions bif ), bﬁ ;x(pi). As we shall demonstrate, the resulting numerical
approach will offer considerable computational savings.

To begin, from (3.18), for each instantiated component we define the RB approximation l;f (i) € E/fvt(i);o’

ap(e) (0] (113), 03 1) = Faaoy (v ), Vv € BM(Z) 01 (4.1)

where the RB spaces By, .0 are constructed for each ¢ = 1,..., M from the standard Greedy algorithm [27].
Note that there is one RB bubble approx1mat10n bf (p) for each instantiated component. Next, from (3.19), we
define the RB approximations b; k() € BM(Z)J k:0

(i) (0i g,k (1), 03 1) = —apacy (Wany ks V3 13)s - Y0 € Bagiy.jokios (4.2)

for 1 <i<I,1<j<n},
approximation space for each {m,j, k} — obtalned by a standard Greedy [27] procedure.

The problems (4.1), (4.2) are well-posed due to our coercivity assumption. Note that thanks to our eigen-
function port representation the higher-mode (larger k) bubble functions will typically vanish rapidly into the
interior of the component — as seen in Figure 3 for example — and thus in many cases these higher modes will
depend relatively weakly on the parameter. Therefore we expect that for most of the bubble degrees of freedom
a small RB space will suffice.

Next, in analogy to (3.20), for 1 <p <nf and 1 <k < NPF, we define

(i)’ 1<Ek<L N RE . Here ij ;0 is an RB approximation space — a different RB

5p,k(/i) = Wp,k -+ Z Bi/,j/’k(/ji/)ei/ = Z (wi’,j’,k + l;i/’j/,k(lui/))ei/, (43)
(i/vj/)e‘“'p (i/vj/)eﬂp
and then
Xs(p) = span{®, ,(p): 1 <p<n'1<k<NIInX" (4.4)

We endow Xg(u) with the same inner product and norm as X%(x). From (3.25), (3.26) it is then natural to
define a(p) € Xs(u) as

I nt N;f
)= bl (e + D> Upl) Sp(h), (4.5)
i=1 p=1k=1
where the coefficients U, (1) satisfy
nl /\/’F I
ZZU’ oo (), U5 ) = Za bf (wi)es, v ), Youe Xs(p). (4.6)
p=1k=1 i=1

We now identify the linear algebraic structure associated with (4.6).
In particular, we test in (4.6) on Py p(p) for 1 < p/ < )1 <k < ./\/15, to obtain our “RB static
condensation” system of dimension ngc,

A(w) T(u) = Fw), (4.7)



228 D.B.P. HUYNH ET AL.

for the vector U(p) € R« of coefficients ﬁp’k(u). Note that the RB system (4.7) is the same size as the truth
system (3.27): a priori, there is no reduction of the truth port degrees of freedom. Furthermore, our RBE system
output can be expressed as

I

5(w) = (L () + L2(w) " Ul + > 0] (mi)es; ). (4.8)
i=1

We now define these RBE static condensation quantities more explicitly.
The matrix A(u) € R™<*"s< and vector F(u) € R™< are defined as

A k), (k) (1) = @@y, (10), Py o (10); 1), (4.9)
and
Fpropr (1) = F (B e ()5 12) = D a (b (112), B e (1) 1), (4.10)
=1

respectively, for 1 < p <nl, 1<k < NPF, and 1 <p' <nl, 1<k < N;; from (4.9) it is clear that A(u) is
symmetric. The output vector L' is defined in (3.30) and the output vector EQ(M) € R™s-e is given by

lel,k(ﬂ) = Z E(Ei/’j/,k(ﬂi/)ei/), (411)
(i",5")Emp
for 1 <p<n',1<k<N/.
We now introduce the reduced basis versions of the “local stiffness matrix” and “local load vector”: for each
instantiated component, from (4.3)

Al G (1) = apm) Oamey gk + bi gt (1 )s Wiy, g ke bigr e ()3 1), (4.12)
Fi o (1) = Faaiey @anay oo + bigr g (142); 113) — apeay (0 (1) Uangiy g e + b ()i ), (4.13)

for 1 < j < n’/y\/l(i)’ 1<k< NXA(i)j, and 1 < j’ < n}w(i), 1<k < NXA(Z.) ;- Algorithm 2 then defines the
assembly procedure by which we construct (4.9), (4.10) from (4.12), (4.13). As in the truth case, Algorithm 2
requires minor post-processing in the case of Dirichlet boundary conditions.

Algorithm 2. Assembly of RB Schur complement system
1: F(p) =0, A(u) =0
2: fori=1,...,1 do
3: forj =1,...

-
T do

4: for k’zl,...,./\/x/l(i) ; do

5: ]ng(j’),k/ += ]F;’,k/(:u”b)

6: forj:l,...,njw(i) do

7 fork::l,...,./\/x/t(i)jdo

8: A(gi(j’),k’)),(gi(j),k) += Azj’,k’)y(jyk)('ui)
9: end for
10: end for

11: end for

12:  end for
13: end for
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We prove well-posedness of the discrete problem in:

Proposition 4.1. If [|A(x) — A(x)ll2 < Amin(), then Amin (1) > 0, where Amin (1) is the minimum eigenvalue
of A(u). Also, we have

'Yh cont(/i) .
102 < 1G5l xmys (4.14)
\/)‘mln ”A ) (M) H2
where f(v; 1) = (v 1) = Sy alb] (i) i, vs ), and
g f (v )
1G5l xmyr = sup :
BT exn Tvllx
Here for v € R™ (respectively, A € R"*") || - |2 refers to the Buclidean norm |[v||2 = (vTv)/? (respectively,

induced norm || A||l2 = sup,cpn ||Av|l2/]|v]2)-

Proof. First we consider the bound for S\min(u). We have

< _ VTA(R)V
Amin (1) = min |~ —
L VIAG) + () — A@)Y
VERnse VTV
(VTAV WT(A (1) — AQ)W
< IR U
= VeRmee ( Vv + WeRne WTW
VAV VT (A () — Aw)V
= Ve T VIV vae. VTV

and thus

. oy <
Amin () = Amin (1) < Vrélﬂgéc

VT(A(p) — A@)V|
VIV

Exchanging the roles of Apyin (1) and S\min(,u) permits us to conclude that

. N <
[ Amin (1) = Amin (10)| o

VI (& (p) - A@)V |
Vv

We may then bound the right-hand side as

VT (A(n) — A(p)V V]2l (A(g) — Ap) V]2
<
Voo VIV = vekne VI3
— e NAR) — A)V2
R P

= [|A(w) — A2
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Positivity of Amin (1) then follows from our hypothesis on ||A(x) — A(x)||2 and the lower bound for Amin (1) in
Lemma 3.1. N
Next, we consider the bound for ||U(u)]|2. Let

W AT
as() =YY Upslp) Ppi(p) € Xs(n)-
p=1k=1
Then from (4.6) we have
aliis(p),vip) = f(v;p), Yo € Xs(p)- (4.15)

Since Xs(p) C X", it follows from coercivity that

(s (w)x < alis(p) as(w)p) = fas(u);m) < 1FCmlloony s x. (4.16)
Hence, from (4.16) and continuity of a( -, -; ), we have
h,cont R
(atis(. sl ) < i) sl < Y20 1 sl (4.17)

Next, we invoke the eigenvalue bound Amin (1) > Amin (1) — [|A(1) — A(p)||2 from above to obtain

(i (1), s (n); 1) = D) BT 2 (i) — [1AG) — Bl 1D . (4.18)

Finally, substitution of (4.18) into (4.17) yields the desired result. Note that || f( - s 1)||(xny is finite thanks to
boundedness of f, continuity of a, and well-posedness of (4.1). a

Proposition 4.1 implies that the static condensation RBE approximation is guaranteed to be well-posed in
the limit that the errors in the RB bubble approximations tend to zero; the proposition furthermore establishes
stability of the approximation. Further a priori results in particular related to convergence are difficult [5, 8]
and we instead pass to computable a posteriori bounds. Note that the dual norm over (X")’ is a global quantity
that we will in fact eschew in our actual computational procedures (e.g., for error bounds).

5. A POSTERIORI ERROR ANALYSIS

We now develop a bound for the error in the system level approximation. Our approach exploits standard RB
a posteriori error estimators [28] at the component level to develop a bound for ||A(x) — A(u)||2; we then apply
matrix perturbation analysis [13] at the system level to arrive at an a posteriori bound for ||[U(u) —U(u)||2 and

|s" (1) — 3(n)]-
5.1. Reduced basis preliminaries

) Foreach1 <i<I,1<j< njvl(i), 1<k< NXA(Z.)J, the residual rif;h( ) B?vl(i);o — R for (4.1) is given
y
ih — 7
I (03 ) = Faacey (3 1) — anacsy (0] (1), v3 1)), ¥ v € Blygiyos (5.1)

similarly, the residual rf’ TAGIOE B?vt(i);o — R for (4.2) is given by

i k() = —apey (Yamgygon + bige (), vi ), Yo e Bl (5.2)
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Let Rfc(uz) (respectively, R; j (i) denote the dual norm of the residual (5.1) (respectively, (5.2)),

f I (0 )
veBl o 11X M
h
T k(U3 a)
Rijk(pi) =  sup  —H— (5.4)
veBM( %0 H,U”XM(i)

Note the dual norms are defined with respect to the truth bubble spaces, as our static condensation RBE error
is defined relative to the truth FE.

The a posteriori error bounds for the bubble approximations may then be expressed in terms of these residuals,
as demonstrated in

Lemma 5.1. For instantiated component i (where 1 <i < 1), and p; € ﬁM(i), we have

~ . R (1)
167" (113) = B (1) | X pusy <~ (5.5)
aM(z) O(IU/Z)
z R (i)
1B 1 (113) = iy (1) | xpaey < iR s (5.6)
Q0 1(4);0 o(4:)
for1<j <nM(Z), 1<k <N}, Mg Here /5P (fi,n) satisfies
0 <l (fum) < yo(ftm), Y fim € Do, (5.7)
and ol o(fim) is the coercivity constant from (3.2).
Proof. We refer to the RB literature for the proof of this standard result (e.g. [27,28]). O

Note that, in actual practice, we evaluate «
constraint method [18, 28].

B, LB(,um) via the “min-©” approach [28], or by the successive

5.2. System level bounds
We first derive bounds for the perturbation error in the statically condensed system matrix and load vector

in

Lemma 5.2. For any p € D, |[F(i) — F(u)||l2 < o1(p) and ||A(r) — A(w)||p < o2(p). Here || - ||p denotes the
matriz Frobenius norm and

! 5 ("M Ny 1/2
o1(pn) = QZ (A{(/ii)) Z Z (Qijn(13)? ’ -
i1 =

o2(p) (5.9)

1l

[\
M~
N
M5
M§

*;

’5
\/
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where
Al (i) = R () [\ a0 (1), (5.10)
Do (1) = Ry p1s) ) Jolgk o (1), (5.11)
h,LB

for agro () satisfying (5.7).
Proof. The proofs for (5.8) and (5.9) are similar and we thus restrict attention to the more involved case, (5.9).

To derive a bound for [|A(;) — A(u)||, we start with a component-level bound for [|A%(1) — A%(y)|| . For the
error in a single entry on instantiated component i, we have

[AG 1), Gy (1) = Al 1oy, oy (1)
= lana(o) (Yanoy g (1) + 075 1o (1)s Yangy i ()5 p1a) + B s (i) i)
— (o) Py gk (1) + Dok (183), Y ra iy, (12); 1) + Do (i) )|
— laagiy (00 1 (10)s ©raciy grope (110); 112) + anaciy (Yaciy gop (1) + 005 o (112, O o g (112 1)
= @iy (B (1) Yangay oo ()i 13) = anacey (Yvacay g (1) + big (i) bigr o () i) |-+ (5.12)

Since b?,j,’k, (i) € le\/l(i);O’ it follows from (3.19) that

i) Yoy, g (1) 05 1 (1), 02 51 o (1) i) = 0. (5.13)

Also, from (3.19) and symmetry of a, we have

apiy (0 5.1 () iy g (1) 1) = —anaqay (08 5 (1) b o o (112)5 102
= an(s) (Oagiy e (1) OF o g (112); i) (5.14)

and
iy (b g (1) Wiy, g (112)5 11) = —apacsy (Do (1), O 50 o (p12); p1z) - (5.15)

Hence, (5.12) with (5.2), (5.13)—(5.15) implies

Ay k). Gy (1) = By iy (1)
= Jama(i) (Yrtciy. g (1) + i (i), O o (1) 24
— am(iy (Vg e (1) + B (1) bi o ()3 ) |

= Jarea) (G, gor (1) 4 bij k(1) 0] g1 o (1) = bi o e (i) 1) |
= [ (0 g o () = Do () i) |-
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It thus follows from (5.4) and Lemma 5.1 that

Al .y (1) = Al iy .o (1)

|T?jk(b?j’ k/(ﬂi) _bZ] k! Mz )| -
= ™ : : b 5! ’ - b 5! ’ 4
Hbﬁj’,k'(/ii) b 0,5k’ ,ul HXM() H itk 'ul) b3tk (MZ)’|XM@)

< Ri,j,k(/li) ||bfgk (Mz‘) - Bi,j',k’ (Mz’)Hme

< Riju(pi) Rijr i (Mi)/aﬁj&g;o(ﬂi)

= Aijk(pi) Aijrp (). (5.16)

Then, a Frobenius norm bound for the error in the “local stiffness matrix” for instantiated component 7 is
given by

4 - oy Ny ,g Py Nagiy o )
A () = A (o)l < D> > (A k(1) Qi jr w (p12))
j=1 k=1 j'=1 k=1
o) Naacay g ey Naaciy, i
= S Ak || D0 DD Aiyw ()
j=1 k=1 j'=1 k'=1
2
e N, s
= Ajr(pi)? | (5.17)
j=1 k=1

Finally, we recall that we suppose that each entry of A(x) and &(u) is assembled from a sum of terms from at most
two different local stiffness matrices; thus (5.9) follows from (5.17) and the inequality (a+b)? < 2(a® +0%). O

We note that the proof of Lemma 5.2 relies on the symmetry of the a( -, -;u); the proof can be generalized
to the non-symmetric case with a primal-dual RB formulation [28].
We now bound the solution error in

Proposition 5.3. If S\min(u) > o9(u), then

[U() = U()]l2 < AY(p), (5.18)
where _ B L
A9 = 7100 + () TG+ [Fn) = BT 510)
Amin (1) — 02(f1)
Recall that || - ||2 refers to the Euclidean norm.

Proof. Let 0A (1) = A(u) — A(p), 0F(p) = F(p) — F(), and 0U(u) = U(p) — U(p). Then, from (3.27), we have
the identity

[A (1) + 6A(w)] 6U(u) = 6F (1) — 5 (1) D(p) + (F() — A()T(1). (5.20)

(Note if (4.7) is solved exactly then the last term on the right-hand side of (5.20) vanishes; however, we
retain the term to accommodate (for example) iterative solution error). We pre-multiply (5.20) by 0U(u)T
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and divide by 6U(u)T 6U(u) to obtain

U (1) A (1) 6U ()
SU(u)ToU(k)

Aumin (1) < < ‘W(M)W(m‘ ‘6@( 1) TIA ()T u)’

(
= 500 T60(w) | | 30 To0(w) i
’wm)mw)&um‘ ’ U™ (F (k) - <>1U<m>’

U (1) 78U (1) U (12)ToU (u)
ISF (1) 12 + 194 (1) T(w)ll2 + | F (1) — A)U(w)|l2
ISF (1) ll2 + 1GA ) ]I2 1T 12 + IIF (1) — A)T(w)]l2
< UG + [16A ()2
< ) + () [0l + [F() = AT o) (522)

16U ()2

where we have employed the bound ||JA(u)||2 < [[6A(u)||F < o2(p) (recall that ||-||2 < ||-||F is a consequence of
the Cauchy—Schwarz inequality). The desired result (5.18), (5.19) then follows straightforwardly from (5.22). O

It is a consequence of Proposition 5.3 that as our RB bubble approximations converge then the system level
RBE approximation also converges:

Corollary 5.4. IfU(u) = A(p)'F(y) (i.e. the RB Schur complement system is solved exactly) and oy (1) — 0,
oa(p) — 0, then AY(u) — 0.

Proof. The result directly follows from Proposition 4.1. O

Note we do not yet have bounds for the effectivity of our system level error estimator AY(p).

In this paper we shall primarily invoke the error bound of Proposition 5.3 in particular since the different
contributions to the error bound (5.19) are readily identified. However, it is possible to develop a sharper bound
as demonstrated in

Corollary 5.5. If S\min(u) > oo(p),

10(s) = O(u)llz < A (w), (5.23)
where B L
AV () = T o300 + [F(r) — AUl (5.24)
Amin (1) — o2(p0)
and

I (" N, ey Ny, 2 1/2
u)z{?Z(Z 3 (Aol )(z > 0t I |)} )
k=1 7j=1 k=1

i=1 \ j=1

Np orts

Note for instantiated component 1, Ut € RVMO s the subvector of U € R™c with entries U k= Ug 7).k

) 5 5
1<j<nyu 1<k SNM(i),j'
Proof. We first develop a (sharper) bound for

U(u)™ 0A () Up) |
SU()T 6U(k)

(5.26)
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To begin we invoke (5.16) to develop a bound for a single entry of the contribution from instantiated component i,
(A — A U, to the vector A (u) U(p)
N’Y

v ¥
M(i),j nM(i)N

nY

M (i) M(i),§
Z Gy (1) = Ay o (1) Us k()| < Ay () D> Y Aigae(a) |Uf ()] (5.27)
=1 k= j=1 k=1
It thus follows from (5.27) that
‘ o o ) M N, i) N, - ?
([ (A7 (1) — A% (i)Y U* () ||, < Z Ag gy (i) Y Ak (i) U g ()]
=1 k'=1 j=1 k=1
vy Y Y 2
o) Naa.s " N, .
= Ai i (pi)? S Ak UL m)] ] - (5:28)
j=1 k=1 j=1 k=1

We now recall the assumption that a component has at most one neighbor per port; hence, with the inequality
(a+b)? <2(a® + b?), we can accumulate (5.28) over all i = 1,...,I to obtain

10A (k) U(w)ll2 < o3(p). (5.29)
The result then follows from (5.21) and (5.29). O
We anticipate that |T7 ;k| will decrease (potentially quite rapidly) with k, and thus we can expect AY(u) <
AY(u). As AY(p) and AY(u) can be calculated at roughly the same cost, clearly AY(u) is preferred in actual
computational practice.
We close this section with error analysis for the system output. An a posteriori error bound for the system
output §() is given in
Proposition 5.6. Suppose that for all € D, (-, p): X" — R satisfies
I

L) =0, Yve@D B (5.30)
i=1
Then
8" () = 3(p)| < A% (), (5.31)
for
A*(p) = AY() I ()2 (5.32)

(and. similarly, |s" () — 5(u)] < AV() L ()ll2 = A3 (1),
Proof. From (3.14), (4.3), (4.5), (5.30), and the Cauchy—Schwarz inequality, we have

|s" (1) = 3(p)| = [€(u () — a(p); p)| = i Z (UM(M) - ﬁp’k(ﬂ)) o
e p=1k=1 1/2 ol N 1/2
< Z Z (Up,k(/i) - fjp,k(/i))Q Zg(gp,k;,u)
p=1 k—1nF o ¥ p=1k=1
< A%(p) p; k=1z(u7p’k, )
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We note that outputs that satisfy (5.30) are common in applications and in particular many outputs are
defined only over component ports. In fact, arguably the most common outputs of interest are defined by

I
average quantities over ports, in which case all but a few terms in the sum ZZ; Zﬁfz”l (W, 1; p)? will vanish.
Tt is straightforward (but somewhat cumbersome) to extend Proposition 5.6 to the general case in which ¢ does
not vanish over the bubble spaces and hence (5.30) is not satisfied. We omit this extension here since all of the
outputs we consider in Section 7 do indeed satisfy (5.30).

A system level error bound is derived for the classical RBE method of Maday and Renquist in [24]. A key
difference between the result in [24] and Proposition 5.3 is that in our static condensation formulation we do
not require component level truth calculations to estimate interface correction terms since our approximation
is globally conforming.

6. COMPUTATIONAL PROCEDURES

6.1. Overview

The computations proceed in two stages: Offline and Online. These two stages are connected through an
Online Dataset which is constructed in the Offline stage and then invoked in the Online stage. The Offline stage
is performed once for any given library of archetype components; the Online stage is then performed many times
for each new system (composed of instantiated elements from the library) or each new set of parameter values.
The Offline stage is very expensive, whereas the Online stage is very inexpensive. Thus, as is always the case in
the model order reduction paradigm, we focus on the real-time/interactive and many-query contexts in which
the Offline stage investment is either irrelevant (e.g., given a real-time imperative, as in parameter estimation)
or amortized over many Online evaluations (e.g., given a many-query requirement, as in design).

In the Offline stage we construct the bubble spaces Ef;;o and By, j g0 from (4.1) and (4.2), respectively,
associated with the archetype components which comprise our library. We then generate the affine decomposition
for the reduced basis archetype component stiffness matrices and the affine decomposition for the reduced basis
error bound inner products to form the Online Dataset; note that the affine decomposition follows “standard”
reduced basis practice [28]. In the Online stage we compute the reduced basis bubble approximations, evaluate
the reduced basis Schur complement entries, solve the (reduced basis approximate) Schur system, compute the
stability eigenvalue Amin, and finally evaluate the reduced basis and system error bounds. We shall address each
of these steps in further detail below.

In contrast to the standard reduced basis method, RBE methods (our static condensation approach, as well as
the classical RBE methods) consider many small reduced basis models each with only relatively few parameters
rather than one reduced basis model with many parameters; we thus mitigate the curse of dimensionality
as regards the number of parameters which may be feasibly treated. Furthermore, in RBE approaches we may
consider many different systems and indeed different topologies and hence we may amortize or justify the Offline
cost over many more Online appeals. Our static condensation RBE method offers further advantages relative
to the classical RBE method: we can treat components as completely interoperable without reference to any
generation configuration, and we may thus consider for any given Offline library a much wider class of Online
systems. However, the increased flexibility afforded by the “configuration agnostic” static condensation RBE
library does come at some computational cost in particular related to the many bubble functions associated
with each component.

We discuss in this section the operation counts associated with the Offline and Online stages, respectively. We
also propose some metrics for comparison of the computational cost of the static condensation RBE approach
relative to the computational cost of more standard finite element approaches. In Section 7 we apply our frame-
work for computational cost analysis to several numerical examples; in particular, we provide computational
timings which justify our claims. Note we report all timings for an effective platform (an AMD Opteron 2382)
though in some cases actual timings are performed on different machines and then translated to our common
reference.
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Before embarking we recall some notation and introduce some additional notation that will figure prominently
in what follows. We recall that M denotes the number of archetype components in our library, and that I refers
to the number of instantiated components in a particular system. In our formulation we obtain considerable
savings in the case that we have “component repetition”. With this in mind, we introduce the concept of
component clones: two instantiated components are clones if they share the same archetype component parent
and the same parameter values. In fact, as regards the latter condition, for two components to be clones they
need share only the same non-docking parameter values; recall that docking parameters are parameters which
may affect the geometric configuration of the instantiated component but do not affect the bilinear form (e.g.,
translation or rotation for a homogeneous and isotropic bilinear form). We let I/, denote the number of “clone
sets”, where each clone set is the equivalence class of instantiated component clones.

Also, we note that the static condensation RBE formulation fits naturally within an iterative design process
in which a sequence of simulations are performed with parameters or component connectivity varied from one
iteration to the next. Within this context, the relevant “component repetition” concept is not the number
of clone sets, but rather the number of clone sets in which the parameter values are varied relative to an
immediately preceding Online evaluation — we define I/, to be the number of “varied clone sets.” (Note that
of course a given instantiated component need not remain in the same clone set from one design iteration to
the next). We also highlight an important special case in which all component parameters remain the same but
the component connectivity is modified in some way — we refer to this as a rearrangement of the system. In the
case of a rearrangement we obtain I/, = 0.

We recall that Qax refers to the maximum number of terms in the affine sums over all affine decompositions
over all archetype components in our library. We further define Ny,.x to be the largest reduced basis bubble
space dimension over all bubbles over all archetype components in our library. We recall that ng. is the size
of our Schur complement system, which in turn is bounded by the product of n!" and AL ; here n! is the
number of global ports in a system, and N/ is the maximum number of (truth) degrees of freedom on a global

max

port over all global ports. Finally, it shall be convenient to introduce NP as the maximum number of port
degrees of freedom in a component over all components; note that the number of port degrees of freedom in a

component is the sum over the local ports of the number of (truth) degrees of freedom over each port.

6.2. Offline stage and online dataset

The Offline operation count has two main contributions. The first contribution combines the Greedy
development of the bubble spaces (4.1), (4.2) with the associated formation of the reduced basis approximation
and error bound affine decompositions [28]. It can be shown that this operation count scales roughly as

MNportsntrain(QmaxNiax + Qyznaeriax + Nrérllax) + MNIHaXfFE(M%C;I)r:) (61)

max

where V2% denotes the maximum number of truth FE degrees of freedom in a component over all components
in a system, FFE(A\) denotes the operation count to solve a sparse finite element discrete system of size NV, and
Ntrain 1S the number of parameter points in the Greedy training set. The second contribution reflects the affine
decomposition of the reduced basis Schur complement entries, which we may view as (multiple) outputs. It can
be shown that this operation count scales roughly as

MNEZE)? Quax Nimax- (6.2)

ax

Note that in general in all of our operation counts (and memory estimates) we will neglect the cost associated
with the bubbles associated with the inhomogeneity f — one per component — compared to the cost associated
with the (many more) bubble functions associated with the port degrees of freedom.

The storage (memory) for the Online Dataset comprises two similar components. The storage associated with
the affine decomposition of the reduced basis bubble approximations and associated error bounds is given roughly
by MNP (Qumax N2 o + Q2% V2. ); NOte that the Greedy training set is only required in the Offline stage, not
the Online stage, and hence the Online Dataset memory does not scale with (or indeed, depend on) 7yain. The
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storage associated with the reduced basis Schur complement entries is given roughly by M (NP)2Qax N2 -
We should emphasize that the Online Dataset scales with the number of archetype components, M, and not
the number of instantiated components in any (future) system, I, and with NP and not NSO,

The Offline stage is expensive, and the Online Dataset extensive, for two reasons. First, we might have several
or even many components in our library, and hence M may not be small. Second, we will typically have many
port degrees of freedom: NP appears both in the formation/storage of the bubble affine decomposition,
linearly, but also in the formation/storage of the Schur entry affine decomposition, quadratically. The first
proliferation, in M, is shared by all RBE approaches; the second proliferation, in NP is peculiar to the
static condensation RBE approach — and a direct result of the “configuration agnostic” training of the library
archetype components.

We close with a small technical remark. Our reduced basis error bounds require a coercivity lower bound,
which, in the most general case, must be computed by the Successive Constraint Method (SCM) [18]. For
some problems, in particular linear elasticity with high aspect ratio members, the Offline operation count can
be considerable. However, in all cases, the contribution to both the Online Dataset memory and the Online
operation count is negligible. (Indeed, only one Online SCM evaluation is required for each component in the
Online stage). For this reason, and since the coercivity lower bound is entirely component local, we do not dwell

further on this topic in the current paper.

6.3. Online stage

It shall be instructive to decompose the Online stage, and associated operation counts, into two parts. The
first part entails (i) computation of all the reduced basis Schur complement entries (4.12), (4.13), and (ii)
evaluation of all the reduced basis error bounds (5.10), (5.11). We shall denote the operation count associated
with this part of the Offline stage by 7RE. (Note in the next section we shall use this same TXE to denote
computational timings associated with this part of the Online stage). The second part entails the solution of
the reduced basis approximate Schur complement system of equations, (4.7), and evaluation of the minimum
eigenvalue of the reduced basis approximate Schur complement, ;\min, required in (5.19). We shall denote the
operation count (and in Section 7, the computational timings) associated with this part of the Offline stage by
T§B. Note the total operation count/timing is simply the sum of 72B | the reduced basis contribution, and TEB,
the Schur complement contribution.

It is important to emphasize that both these operation counts/timings are defined as marginal operation
counts/timings: the additional computational effort required to evaluate the reduced basis output and output
error bound at the next step in a design sequence. Of course we include within this definition the important case
in which we form and analyze for the first time — for a first parameter value — a new system constructed from
our library. For our purposes below, we define I.g to the the effective number of instantiated components in our
computation, hence Ig = min(I/,, I/, ). Note that for a new system with no replicated components I.g = I,
whereas for either a new system with replicated components, or a parameter variation for an existing system, or
a rearrangement of an existing system, l.g “counts” only the number of instantiated components for which the
component stiffness matrix must be (re)constructed. There are many important cases in which we can expect
replicated components and perhaps even more cases — in particular within the interactive design or parameter
estimation contexts — in which we would expect to vary only a few parameters in any given analysis step.

We now turn to 728 (interpreted here as an operation count, and in Section 7 as a timing):

T;:EB = leff (M};gl;(ts (QmaxNiax + Qrznaerzlax + N;?lax) + (erl?lzl;cts)QQmaxNglax) . (63)

Note the first term, which scales linearly with NP reflects the computation of the reduced basis bubble
coefficients, (4.2), and associated error bounds whereas the second term, which scales as (NP*)2 reflects the
evaluation of the reduced basis approximate Schur complement entries, (4.12). This strong dependence of 728 on
the number of port degrees of freedom is a first and perhaps the most important motivation for a port reduction
strategy [11]. We also note the beneficial effect of replication or incremental parameter variation through the

prefactor Iog.
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We next turn to TEB (interpreted here as an operation count, and in Section 7 as a timing). Here we do
not provide an explicit operation count, but rather note that TSRB will of course depend at least linearly and in
practice superlinearly with ng., the rank of the (reduced basis approximate) Schur complement. We recall that
ngc 18 the total number of degrees of freedom summed over all the global ports; the dependence of ng. on Nrﬂax is
a second motivation for port reduction. We do note that the (reduced basis approximate) Schur complement has
many nice features: the Schur complement will be sparse as dictated by the relatively few component neighbors
with which any component is connected (through a shared global port); the Schur complement will be relatively
well conditioned, with condition number O(1/h) [7]. We may thus consider solution (and eigensolution) by either

sparse direct techniques or sparse preconditioned iterative techniques.

6.4. Comparison framework

We shall compare our approach to two alternatives. Alternative I, characterized by operation count/timing
71, is the static condensation truth Finite Element (FE) formulation described in Section 3. Alternative II,
characterized by operation count/timing 7', is a standard “global” truth finite formulation over X", (3.6). We
make two remarks. First, we shall presume that we are in the real-time or many-query context such that we
may plausibly consider in our comparison only the Online operation count, and Online Dataset requirements, of
the static condensation RBE approach. (Of course, the Offline cost even in such situations can not be ludicrous,
and in Section 7 we shall provide representative timings for the Offline stage as well). Second, we compare only
operation counts/timing and not accuracy, as our rigorous error bounds in some sense ensure “equivalence”
between the static condensation RBE and truth FE results.

We first consider Alternative I. We note that 78 = 7EE 4 752, The first term is given by

AP = Lo (VR FIE(N ) + (VRS2 CopNiom), (6.4)

where recall N9 denotes the maximum number of truth FE degrees of freedom in a component over all
components in a system, and F¥F(N') denotes the operation count to solve a sparse finite element discrete
system of size N (note for our purposes here we may ignore the particular structure of the equations); also Cyp
is a rough indication of the sparsity of the finite element discrete system in terms of the nonzero entries per row
(for example, in three space dimensions we might expect Csp, ~ 20 for a low-order finite element approximation).
The second term, 757, is simpler: 752 = 758,

We may thus conclude that if 7RB < 7EE then the static condensation RBE approach should be advantageous
relative to the truth static condensation approach. (We implicitly assume here that 7EF is at least of the
same order as, and more likely much greater than, TEE; this “volume predominance” will typically be realized
unless the components are mostly surfaces and hence ports). We directly observe from (6.3) and (6.4) that the
operation counts for formation of the Schur complement for the reduced basis approximation and the truth
finite element discretization include similar terms — a first term which scales as NP9 and a second term which

max
RB

scales as (NP2I*)2. Thus, the comparison 728 versus 7EF reduces to the standard “reduced basis calculus”: if

Ninax < NSO we anticipate that 788 < 7FE. In fact, we expect the static condensation formulation to further
tip the balance in favor of reduced basis treatment: our port functions are designed to decay rapidly into the
interior of the component and should thus arguably depend relatively weakly on the parameters; the latter, in
turn, suggests relatively small Ny ax. In Section 7 we will provide numerical evidence which supports this claim
(at least for our particular examples).

We next consider Alternative II. It is in general difficult to make a direct comparison between the static
condensation RBE approach and a standard global finite element discretization. First, from a theoretical per-
spective, the comparison can be very problem dependent (as regards degrees of freedom, sparsity, and condition
number) and also “solver-dependent”; second, from an empirical perspective, the comparison may be very cum-
bersome — by construction, the static condensation reduced basis element approach avoids global quantities and
instead considers solely I-tuples. For these two reasons, both in this section and Section 7, we consider a simple
sufficient condition, rather than a more complicated necessary condition, under which the static condensation
RBE approach will be much more efficient than a standard global finite element approach.
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e g

stem component plate component “T”-junction component

FIGURE 4. Three archetype components for the thermal fin library: a stem, a plate, and a
“T”-junction. Ports are shaded in red.

In particular, we claim that if 7%B is of the same order of magnitude as (or at least not much larger than) TEB,
then — again presuming “volume predominance” — the static condensation RBE approach will be considerably
faster than a standard global truth finite element formulation. The argument: 728 + TEB ~ TEB = gE will
be much smaller than 71! = FFE(A*!) given that ng will be much smaller than A'** = dim(X™"). Inspection
of the 7B of (6.3) suggests that in cases in which I.g is small compared to I, and hence in which g /NP
is small compared to ng., 728 should indeed be small compared T§B. In Section 7 we shall provide numerical

evidence which supports this claim (at least for our particular examples).

7. NUMERICAL RESULTS

In this section we present numerical results to demonstrate the capabilities of the static condensation RBE
method. We present results for model problems from heat transfer and solid mechanics. The results presented
here are obtained with rb00Omit [23], 1ibMesh [22], and Matlab.

7.1. Heat transfer: thermal fin library

We consider here a library with which we can subsequently build a variety of “thermal fin” systems. Note the
ultimate application, here thermal fins, dictates both the underyling physics and hence bilinear/linear form, but
also typically the kinds of geometries, geometric variations, and port connectivities which must be anticipated.
These components are shown schematically in Figure 4. We shall discuss the stem archetype in detail, and then
we consider the plate and “T”-junction more briefly.

_The dimensional physical domain for the stem archetype component, m = 1, is of width 0.4W and height
3HW, where W is a dimensional length scale. We then non-dimensionalize to obtain the physical domain
09(p5°°) = (0,0.4) x (0,0.4) x (0,3H) C R*. We then set i§*® = H with Df*® = [2/3,4/3]. As shown in Figure 4,
this component has two ports, 47 ; (45°°) = (0,0.4) x (0,0.4) x {0} and 47, (45*°) = (0,0.4) x (0,0.4) x {3H}.
Note that there are also docking parameters (translation, rotation) that are implicitly associated with the stem
component but which we do not explicitly list. We also introduce the associated reference domain (2,,—1 =
0Q9(B°™ = 1) = (0,0.4) x (0,0.4) x (0, 3); this domain is meshed with 4 x 4 x 30 Q; (d = 3) elements.

We consider equilibrium heat conduction for this archetype component with heat transfer from the component
surface to the ambient and subject to uniform volumetric heat generation ¢. Hence we introduce the thermal
conductivity kin, nondimensional conductivity ratio k = ke /kY, (where £ denotes a nominal conductivity),
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heat transfer coefficient hth,A and Biot number Bi = hy,W/ky. The coeflicient parameters are then given by
aseet = (Bi, k), and we set Dt = [0.001,0.01] x [0.5, 2].
We define nondimensional z as z/W, and we introduce the nondimensional temperature v = k% (T —

Tambient)/(¢W?). Then on the physical domain we have the nondimensionalized PDE

— kAu =1 over 29(pB%°), (7.1)
au _ o geo
Ko = kBiu on 9095, (7.2)

where 9629 (/i5°°) denotes the boundary of £22(/i5°°). We now consider the corresponding forms reformulated for
the archetype reference domain.

We have
U w; ,ul Z@al /’(‘1 )a (73)
where (note that we avoid 5° and $°°" in favor of H, Bi and & for the sake of clarity in the functions presented
below)
6L (in) =rH, 2 (jn) =r/H, 62 (in) =BixH, 0% (jn) = PiBix, 03 (i) = P:Bi, (7.4)
and
al(v,w) = / (Vp Wy + vywy) (7.5)
2
al(v,w) = / VW, (7.6)
(o2

3o, w) = / o, (7.7)

aj(v,w) = / vw, (7.8)
1,1
aj(v,w) = / vw; (7.9)
Y1,2
also, we define a volumetric source term on {24,
filv;p)=H | w. (7.10)
(o2

Recall that all these forms are defined over the archetype reference domain, and hence the appearance of the
geometric parameter H.
We employ for the (2 inner product

(U, U})Xl = / (waw + 'Uywy)"@minﬁmin + ('Uzwz)"fmin/ﬁmaxa (711)
21

where H1n1n = 2/3, Hmux = 4/3, and Kpin = 0.5. With this choice we may set ah LB — 1 for the coercivity

constant lower bound; note the coercivity constant is defined with respect to the bubble space B{“‘;O and hence
the semi-norm in (7.11) suffices.
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We observe that the operators af and a3 vanish for all v, w € B{‘;O; these terms are included in the formulation
to permit us to impose general natural boundary conditions on the ports via the interface functions. To wit, we
include the scalars Py, P, € {0,1} in order to turn the port Biot terms “on” or “off” as desired. For example,
we would set P; = 0 if a stem component has a connection on port ~; 1; similarly, we would set P, = 0 if
there is no connection on 71,; and we wish to impose a homogeneous Neumann condition on v; ;. On the other
hand, we would set P, = 1 if we wish to impose a Robin condition on 77 ;. In essence, we take advantage of the
general port treatment to impose general boundary conditions. We note that P, and P, are similar to docking
parameters in the sense that they do not affect the component-level RB approximations.

The other two components of the heat transfer Library represent similar physics but in different geometries;
we shall define the geometric domains and parameters for these components, but omit the component operator
equations for the sake of brevity. Let m = 2 denote the plate archetype component, with the non-dimensional
physical domain 029, _, (5°,) = (0,2W 40.4) x (0, 2W +0.4) x (0, H/2). The plate has two ports at 491 (A5%°) =
(W, ,V[7+0.4) X (W, W+O.4) x {0} and %”2([@80) = (W, W—I—OA) X (W, W—I—OA) X {ﬁ/Q} In this case we define
£° = (H,W) and D = [2/3,4/3] x [0.5,2]. The plate reference geometry is given by 2,—p = 29(45%° =
(1,1)) = (0,2.4) x (0,2.4) x (0,0.5), and this domain is meshed with 24 x 24 x 5 @1 (d = 3) elements. The
coefficient parameters for the plate are 15°° = (Bi, k), with domain f)goeﬂ = [0.001,0.01] x [0.5,2]. Also, we set
fo = 0. Similarly, let m = 3 denote the “T”-junction archetype component. In this case there is no geometric
variation so that £2,,—3 = 29 = (0,0.4) x (0,0.4) x (0,0.8). The geometry is meshed with 4 x 4 x 8 Q; (d = 3)
elements. The “T” component has three ports: 31 = (0,0.4) x (0,0.4) x {0}, v3,2 = (0,0.4) x {0} x (0.4,0.8),
and y3.3 = (0,0.4) x {0.4} x (0.4, 0.8). This component has coefficient parameters 15 = (Bi, x) with associated
parameter domain f)goeﬁ = [0.001,0.01] x [0.5,2]. We set f3 to be a uniform volumetric source term analogous
to f1~

We note that for m = 1,2, 3, the thermal conductivity parameter scales out of (4.2). This can be seen (in
the m = 1 case) from the presence of the  factor in each ©¢ in (7.4): thus a; scales linearly with x, and hence
from (4.2) the bubble is independent of x. (Note to achieve this independence we scale the Biot number by the
ki rather than k9 to get a  factor on both sides of (7.2)). Therefore, the thermal conductivity is a “free”
parameter with regards to the reduced basis approximation for the bubble functions of (4.2). In fact, it is not
only free as regards the cost of the RB approximation, but also free in the sense that ps can take on any positive
value quite independent of the definition of D;. Note that the docking parameters and additionally Py, P, are
also “free” — in the sense that these free parameters are handled by the Schur complement rather than the RB
approximation.

We now perform the Offline stage for this library of three thermal fin components. We have 25 nodes on each
port, hence NP = NP = 50, and NP = 75. For each component, we set the (absolute) tolerance for
termination of the Greedy algorithm to 107°, and we also set the limit for the dimension of each RB space to
Nim = 15. We present in Figure 5 a plot of dim(By 1 x,0) for 1 < k < 25. We do observe that in general the
dimensions of the RB spaces are relatively low and furthermore that the dimensions of the RB spaces appear to
slightly decrease with k — as suggested by the decay of the v; j 1, + lN)Z . (1q) into component interiors. Note that
the m = 2 component has one more parameter and more complicated geometric variations; as a result, in this
case all RB spaces saturate at the Ny, = 15 limit. Also, we note the total offline times for each component:
157 s for m = 1; 5750 s for m = 2; 6 s for m = 3.

We now consider the Online stage. In all cases we use the maximum RB space dimension (i.e., at most
Niim = 15). To demonstrate the flexibility of the static condensation RBE method we shall assemble and solve
several different systems from the three references components introduced above. We first consider System;
which has 6 stem components and 5 plates — I = 11 with six instantiations of archetype component 1 and five
instantiations of archetype component 2. We “stack” the components vertically in the order (starting at the base)
stem; — plate; — stemg — plate, — ... — stemg, where M(1) =--- = M(6) =1, M(7) =--- = M(11) = 2.
We also introduce two system outputs: s1(p) is the average temperature over the base port of stemy, and sa (1)
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10

FIGURE 5. The dimension of the RB bubble spaces on port v i: dim(ﬁl,l’k;o), for 1 <k < 25.

is the average temperature on the top port of stems. System; has 38 parameters in total, and there are no
geometric constraints so D& is simply the tensor product of the Dii(zi).
For our first analysis, the stem parameters are

fistem, = i1 = (0.67;0.01,1.2), figtem, = pt2 = (1;0.0075,1), fistem, = pt3 = (1.33;0.002,0.5),
fistem, = fta = (1.33;0.002,0.5), fistems = 5 = (1;0.0075,1), fistems = p = (0.67;0.01,1.2);  (7.12)

and the plate parameters are

fplate, = 17 = (1.33,0.75;0.01,1),  iplate, = fis = (1,1;0.01,1),  fiplate, = 1o = (0.67,0.5;0.005, 1),
Pplate, = #10 = (1,1;0.01,1),  piplate, = p11 = (1.33,0.75;0.01, 1). (7.13)

We set Py =1 and P, = 1 in order to impose a heat transfer (Robin) boundary condition on the bottom port
of stem; and the top port of stemg.

The system temperature profile is shown in Figure 6A; the associated RB system outputs are §1(u) = 4.10,
§2(p) = 7.85. We obtain the field output bound AY(u) = 0.14, and the system output error bound A% (1) = 0.34
for both 1 (1) and §2(u). The true field error is ||U(p) — U(u)||2 = 4.06 x 1075, The effectivity of the error bound
AV()/|[U(p) — U(p)||2 = 3.40 x 103 is quite poor; however, when we employ the sharper error bound AY(y)
we obtain an effectivity AY(u)/||U() — U(w)||2 = 1.37 x 102, which is certainly improved and commensurate
with standard RB error bound effectivities reported in the literature. We anticipate that the effectivity will
increase as the size of the system, ng., increases — which in turn could necessitate compensating increases in the
dimension of the RB spaces. However, the improved bound should mitigate the effect by exploiting the decay
of the port degree of freedom coefficients.

The Online computation time in this case is 0.72 s, with 788 = 0.67 and TSRB = 0.05. The truth static
condensation approach (Alternative I) requires 7EF = 191 s in this case, and hence the RB approach yields a
speedup factor of roughly 265. Also, since TSRB is only a factor of roughly 13 smaller than 728, we plausibly
satisfy our sufficient condition from Section 6 for the static condensation RBE approach to be much more efficient
than a standard global finite element approach (Alternative II). Indeed, the static condensation system is of
dimension ng. = 300 — compared to dim(X") = 38 900; we enjoy here the benefits of the “quasi-one-dimensional”
limit with relatively few port degrees of freedom compared to interior degrees of freedom.
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FIGURE 6. Temperature profiles for our system with 6 stems and 5 plates for two different
values of the parameters.

(A) Detail of plates from Figure 6A; (B) Detail of plates from Figure 6B; mini-
minimum is 7.52 (blue), maximum is mum is 1.36 (blue), maximum is 2.20 (red).
7.90 (red).

F1GURE 7. Temperature profiles for our system with 6 stems and 5 plates: detail for the middle
plate.

We next demonstrate a “parameter sweep”: we predict the field and outputs of our system as we vary the
“horizontal scaling” parameter W for plates from 0.5 to 2; we hold all other parameters fixed per (7.12), (7.13),
and hence now l.g = 1. Figure 6A presents the temperature field for W = 0.5, while Figure 6B presents
the temperature profile for W = 2; Figures 7A and 7B provide a “zoomed-in view” of plate; extracted from
Figures 6A and 6B, respectively. We note that the change in W results in a significant change in the overall
temperature as well as the temperature distribution. We show in Figure 8 the system output 3 () and associated
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FIGURE 8. Plot of §3(p) (solid line) and error bounds (dashed lines) at 21 evenly spaced param-
eters for the plate; horizontal scaling parameter W in the range [0.5,2] — all other parameters
are as defined in (7.12), (7.13). The output error bounds in the left and right plots are based
on A®(u) and A2 (u), respectively.

output error bounds at 21 parameters in the range [0.5, 2]; the error bounds confirm good accuracy in each case.
In this case we have TRB = 0.10 s, which is now only twice TSRB, and hence the static condensation RBE is
clearly advantageous with respect to both a truth static condensation approach (Alternative I) and a global
finite element approach (Alternative IT).

We now consider a new system, Systems, which has many repeated components. We instantiate 15 stems
and 14 plates and stack them in the same way (stem — plate — stem) as in System;. In this case we set zero
Neumann boundary conditions on the bottom and top ports of stem; and stem;s, respectively. This system
accommodates up to 101 independent parameters, however for our homogeneous system we set each stem
parameter to fggem = (1;0.01,1), and each plate parameter to ppiate = (1,1;0.008,1). The solution field is
shown in Figure 9A; we obtain a relative error bound of AU(M)/H@(M)HQ = 0.010. In this case we have I.g = 2,
and 7RB = 0.12 s compared to TEB = 0.14 s. The dimension of the static condensation system is ng. = 750 —
compared to dim(X") = 107 500. This case with many repeated components unequivocally satisfies our sufficient
condition for the static condensation RBE approach to be much more efficient than a standard global finite
element approach.

As our next example we consider a system Systems which is a rearrangement of Systems (recall our definition
of a rearrangement from Sect. 6). We now disconnect stemy from plate, to introduce a “crack,” and we set
P, = 0 to impose a zero Neumann condition on the crack. This yields a slightly larger static condensation
system, ng. = 775. The temperature field in this case is shown in Figure 9B: the crack leads to a significantly
higher temperature in stemy, as expected; the accuracy of the prediction is confirmed by the relative error bound
AY(11) /| U(p)||2 = 0.0102. Since Systems is a rearrangement of Systems (the immediately preceding simulation),
we obtain Ig = 0, and 788 =0 s, TEB = 0.14 s. This example illustrates the ease with which we may consider
topology variations.

Finally, as our last thermal case we construct the system shown in Figure 10 which contains all three types of
reference components: the system contains 7 stems, 3 plates, and 3 “T”-junction components, with parameters
set as follows

fistem; = (1;0.01,1),  fstem, = (130.01,1.25),  frgtem, = (1;0.01,1),  figtem, = (1;0.01,1.2),
fistems = (1;0.005,1),  figteme = (0.7;0.01,1),  figtem, = (0.7;0.01, 1),

fiptate, = (1,150.01,1),  fiplate, = (1,0.8;0.008,1.2), fiplate, = (1,1;0.01,1),

AT-junction, = (0.01,1),  prjunction, = (0.001,1),  pT-junction, = (0.005,1).
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F1GURE 9. Temperature fields for two system configurations with 15 identical stems and 14
identical plates.
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FiGURE 10. Temperature field for a system which contains all three types of thermal
components; minimum is 3.22 (blue), maximum is 9.06 (red).

The temperature field is shown in Figure 10, and we obtain the relative error bound AY(p)/[[U(x)]|2 = 0.014.
Here the total Online computation time is 0.56 s, with 788 = 0.47 s and TEB = 0.09 s; ng. = 425 compared to
dim(X") = 26,425. This example illustrates the good side of the curse of dimensionality: we obtain combinatorial
flexibility in system design but cost increases only algebraically.

Note that in the thermal fin examples above we employ the heat transfer coefficient as a simple (but typically
quite effective) engineering approximation for the much more difficult coupled conduction/fluid flow problem in
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(A) pillar (B) arch

FI1GURE 11. The two components of the historic structure library: the first archetype component
is a pillar, the second archetype component is an arch. Ports are shaded in red.

the fin and the surrounding air. The latter is not amenable to our techniques due a fundamental, and perhaps
the main, limitation of our approach: linearity as required by the static condensation procedure.

7.2. Linear elasticity: historic structure library

We now move to the solid mechanics example. In this case, the solution is a vector field of displacements.
The port mode and interface function constructions directly apply to this case, except that we now solve vector
problems in (3.8) and (3.11), (3.12), (3.13). In this case, well-posedness of the Schur complement system relies
on Korn’s inequality, and we do not analyze this issue here — though we do note that our a posteriori error
bound results in Propositions 5.3 and 5.6 still apply.

We consider the two archetype components shown in Figure 11: (i) a “pillar” component, and (ii) an
“arch” component. The dimensional physical domain of the pillar archetype component, m = 1, is (0, W) x
(0.5?[ W), where W is a dimensional length scale. We then non-dimensionalize to obtain the physical domain

Ag,:l(ﬂ%,fil) =(0,1) x (0, Sfl) as shown in Figure 11A. The pillar has two ports corresponding to the bottom
and top boundaries of the domain, respectively. We consider 7 = H and the domain DE° = [0.02,2.0]. We set
Q1 = 29(j15°° = 1). We consider equilibrium elasticity on the archetype component (we also permit transla-
tions but not rotations) for a linear isotropic medium with Young’s modulus EE° (nominal Young’s modulus
E) subject to a uniform body force pp’g (nominal density p°, acceleration of gravity g) in the (negative) vertical
direction. We introduce the coefficient parameters o = (E,,B) and the corresponding coefficient parameter
domain is DT = [1,10] x [1077,10]. (The small magnitude of 5 is due to the ratio of gravitational and
elastic stress effects for realistic values of the Young’s modulus). We refer to [28] for the construction of the
operators; the affine forms are recovered with Q,, = 3 and @, = 1. The nondimensional displacement is scaled
by p’gW?/E°.

Let m = 2 denote the arch archetype component with domain §2,,—o = fZg as shown in Figure 11B; this
component has no geometric parameters. The arch has four ports corresponding to the four boundaries shown
in Figure 11B. We consider two (non-dimensional) coefficient parameters: u$°°® = (E, p) with domain Dgoeff =
[1,10] x [1077,107%]. The physical model is again a linear isotropic medium subject to a uniform body force.
Given the absence of geometric variations, Qq, = Qf, = 1.

For both m =1 and m = 2 the parameters corresponding to the Young’s modulus and the material density
are both free. The m = 2 component is particularly simple: the Young’s modulus E scales a in both (4.1)
and (4.2); the material density p scales (only) the right-hand side of (4.1). It follows that for m = 2 there are in

fact no “real” parameters: in (4.1), the bubble functions scale as 1/5; in (4.2) the bubble function scales as p/E.
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FiGURE 12. The “pont du Gard” bridge structure.

We now perform the Offline stage for the two components in our library. We have 5 nodes on each port, and
since the problem is defined for a vector (displacement field), we obtain NP = 20 and N2 = 40. We set
the (relative) tolerance for termination of the Greedy algorithm for each component to 1075 or Ny, = 15. For
the pillar component we obtain dim(§17j7k;0) =15 for each j € {1,2}, 1 < k < 10. For the arch component we
obtain only one basis function in each RB bubble space: the RB Greedy algorithm detects the free parameters
automatically.

We then consider the Online stage. In all cases we use the full RB dimension available. We first consider
a “pont du Gard” system, System;, consisting of four layers of components stacked as shown in Figure 12.
The first and the third layers have 6 pillar components each; and the second and fourth layers have 6 arch
components each. The ordering of the first and second layers are pillar; — pillaro — ... — pillarg, and arch;
— archs — ... — archg, respectively, from the left to the right; similarly, the ordering for the third and fourth
layers are pillar, — ... — pillar,, and arch; — ... — archjs. We also introduce our system output: s(u) is the
vertical displacement of the top port of arch;. The system has 60 parameters in total; note, however, that in
this system D2 is a strict subset of IT1<;< Iﬁ%\io(i) since all the pillars in the third layer must be of the same
length 1§,

For our first analysis we set pillar parameters for the first layer to

fpitiar, = (0.6;1,1077),  pipintar, = (0.8;1,1077),  ppittar, = (1.2;1,1077),
fipitar, = (1.0;1,1077),  ppinar, = (0.8;1,1077),  ppintar, = (0.6;1,1077); (7.14)

all pillar parameters in the third layer are set to
,Upillar7 - ,Upillar8 - /fépillar9 - ,upillar10 - ,Upillar11 - ,Upillaru, = (125 1a 10_7); (715)

all the arch parameters are set to flaren = (0.2, 107 7). (The situation is depicted in Fig. 12). We apply (clamped)
zero Dirichlet boundary conditions on all the bottom ports of all the pillars on the bottom (foundation) layer,
as well as on the four arch ports on the extreme left and extreme right sides of the structure.

The displacement field of the structure is shown in Figure 13A. The associated RBE system output is
5(n) = —5.65 x 107°. We obtained the field output bound AY(x) = 1.537 x 1077 and the system output
error bound A* = 9.72 x 1078, The true field error is |[U(x) — U(p)|s = 4.47 x 1079 the effectivity of the
error bound is AY(1)/||U(p) — U(p)|l2 = 34.38, which is very good; we can further improve this result to
AV(u) /| U(w) — I[NJ(M)HQ = 17.43. The Online computation time in this case is 0.47 s, with 788 = 0.30 s
and T‘?B = 0.17 s. The truth solution computed wia the truth static condensation approach of Section 3.2
requires computation time of 7EF = 46 s. The static condensation system is of size ng. = 440 — compared to
dim(X") = 23208.

_ We next demonstrate a “parameter sweep”: we predict the field and output of our system as we vary the height
H of (all) the pillars in the third layer from 0.1 to 2.0; we hold all the other parameters fixed per (7.14), (7.15)



STATIC CONDENSATION REDUCED BASIS METHOD 249

(A) H=1.2

(B) H=0.2

Ficure 13. Displacement field of the bridge for different values of the height H of (all) the
pillars in the third layer; the displacement field is scaled by a factor of 40 000.

x107°

_.4 L L L L L L L L L
6 02 04 06 08 10 12 14 16 18 20

FIGURE 14. Plot of 5(x) (solid line) and error bounds (dashed lines) at 20 evenly spaced values
of H.

and fiaren = (1,1077). Note that we have I.g = I/, = 1 in this example because the pillars in the third layer
constitute a single clone set. We show two displacement fields for two different values of H , H = 12 and
H = 0.2, in Figure 13. We present in Figure 14 the output 5(x) and associated error bounds at 20 parameter
values in the range [0.1,2.0]. Since g = 1, 7B is now reduced to only 0.03 s for each new value of the sweep
parameter, while we still have TEB =0.17s.

For our final example, we consider a Systems which is the same structure as in Figure 12, except now we
disconnect the top port of the second pillar in the third layer, pillarg, from the arch on the fourth layer, archsg,
to model a broken column. We consider the same parameter values as in (7.14), (7.15) (and faren = (1.0,1077))
except Now fipinar, = (0.1; 1, 10~7) to represent a column “stub.” Hence in this case we change the component
connectivity with respect to System;, and we also only modify a single component’s parameters: I.g = 1.
We show the displacement field in Figure 15; as expected, the deflections near the broken column are greatly
amplified. This example illustrates the ease with which we may consider both parametric and topological
variations in design exercises.
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F1GURE 15. Displacement field for the bridge system with one “broken pillar”; the displacement
field is scaled by a factor of 10 000.
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