ESAIM: M2AN 47 (2013) 1765-1781 ESAIM: Mathematical Modelling and Numerical Analysis
DOI: 10.1051/m2an/2013087 WwWw.esalm-m2an.org

CONSERVATION SCHEMES FOR CONVECTION-DIFFUSION EQUATIONS
WITH ROBIN BOUNDARY CONDITIONS *> **

STEPHANE FLOTRON! AND JACQUES RapPpaz!

Abstract. In this article, we present a numerical scheme based on a finite element method in order to
solve a time-dependent convection-diffusion equation problem and satisfy some conservation properties.
In particular, our scheme is able to conserve the total energy for a heat equation or the total mass of
a solute in a fluid for a concentration equation, even if the approximation of the velocity field is not
completely divergence-free. We establish a priori errror estimates for this scheme and we give some
numerical examples which show the efficiency of the method.
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1. INTRODUCTION

A standard numerical method for the approximation of the solution of a time dependent convection-diffusion
equation for a variable ¢ transported with incompressible velocity u, consists in multiplying the full equation
by a space dependent test function v, in integrating it on the computational domain (2, and in discretizing it in
space with a finite element method and in time with a finite difference scheme. The diffusion term is integrated
by parts on (2 unlike the advected term w.Vp. The velocity field u is approximated by a velocity field uy,
which is not completely divergence-free. For this reason, the standard numerical method does not preserve the
energy or the mass when we model and approximate the evolution of the temperature or a concentration. In the
convection dominated regime, a streamline upwind method SUPG is used in order to stabilize the numerical
scheme, but it has no action on this advected term.

More precisely, when the flow is incompressible and confined in (2, i.e. when div(u) = 0 in {2 and u.n = 0 on
the boundary 02, the integral of the variable ¢ on the domain {2 remains constant in time when the source term
is vanishing and when Neumann boundary conditions are applied on the boundary (conservation of the mass
balance). When Robin boundary conditions are applied on the boundary 942, as for example in a convection-
diffusion thermal problem, an energy mass balance can be established by taking into account the energy crossing
through 0f2.
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From a practical viewpoint, the velocity u is often computed with a Navier-Stokes solver which leads to an
approximation w;, which is not exactly (elementwise) divergence free. As an unwelcome numerical effect, the mass
balance or the energy balance are not conserved when the time increases. These losses can be important when the
equation is integrated on a long time. In this article, we present an original modification of the standard numerical
scheme in order to eliminate this drawbacks which appears when Neumann or Robin boundary conditions for
¢ are imposed on 2. We show that this novel scheme is L2-stable and allows to obtain a constant stationary
solution when the source term is vanishing. We also establish some error estimates produced by this new scheme.

Let us mention that the discretization of the convection term has been widely studied, due to the fact that
it has not all desired properties. For example, in [11], Temam studied a discretization of convection which is
L?-stable, because the standard discretization doesn’t have this property. Another example is the combination
of a finite element method and a finite volume method in order to conserve the numerical fluxes, as done in [1].
However, this approach has the major drawback that two grids coexist during the computation: one for the
finite element method and one for the finite volume method. The method that we propose here doesn’t suffer
from this drawback, can easily be implemented, and ensures the conservation of the numerical fluxes on the
boundary of the domain.

2. STATEMENT OF THE PROBLEM

Let us consider a cavity 2 C R bounded and with a boundary 942 Lipschitzian. An incompressible fluid
flows in this cavity, with velocity u depending on ¢ € (0,00) and @ € {2, while a passive scalar or a temperature
field ¢ is convected and diffused. If n is the external unit normal to the domain (2, we assume that

div (u) =0 in 2 and u.n =0 on 012, (2.1)

where w.n is the Euclidean scalar product of w with n.
The convection-diffusion equation for ¢ is given by:

dp

T eAp+u.Vo=f in (0,+00) x §2, (2.2)
with Robin boundary condition:
0
ea—i = a(pr — ) on 02, (2.3)
and initial condition
© = o at time t =0, (2.4)

where ¢, is a given constant number and « is a non negative parameter. In equation (2.2), f is a source term
that depends on ¢ € (0,400) and & € {2, and € > 0 is the diffusion coefficient.

Let us observe that it is not restrictive to assume that ¢, = 0 since it suffices to change the unknown ¢ onto
(¢ — ¢r). Thus, in this sequel we assume that ¢, = 0.

From a mathematical point of view, we assume that T' > 0 is the final time and that f € L?((0,7T) x £2) and
o € L?(£2). Using the standard notations for Sobolev spaces H* (£2), H? (£2), H'((0,T); L*(£2)), C*([0,T];
L2 (12)), (see [6,7]), we assume that u € H2 (£2)" is given and not depending on ¢ (in fact it is not difficult to
adapt the following discussion to the case where u is depending on t).

A classical weak formulation of (2.2)—(2.3) with ¢, = 0 (see [6,10]) consists in looking for ¢ €
L2((0,T); H (£2)) N C°([0,T]; L? (£2)) satisfying for every ¢ € H* (£2) :

o
Qa—fz/de—&—e/QVgo.Vz/de—&-a/a ¢¢ds+/9(u.vgo)¢dx=/ﬂf Wdz. (2.5)

9]



CONSERVATION SCHEMES FOR CONVECTION-DIFFUSION EQUATIONS WITH ROBIN BOUNDARY CONDITIONS 1767

Since we have assumed that div (u) = 0, then u. V¢ = div (up) and (u. V) = 1 div (up?) . Moreover with

u.n = 0 on 92, we obtain by using the divergence theorem:

Property 1. If ¢y = 1 in (2.5), we have:

i/ <pdx—|—a/ gods:/ fdz. (2.6)
dt Jg Ye) 0

This property is important since it describes the conservation of the thermal energy if ¢ is a temperature
variable or the conservation of the mass of material if ¢ is a density variable. For example if the source term is
vanishing and if the physical system is isolated (f = 0 and « = 0), the integral of ¢ on {2 remains constant in
time (conservation of total energy or conservation of total mass in {2, i.e. fQ pdx = fQ podzx for every t > 0).

Let us now denote by [|v]| the L?(§2) norm of v € L*(£2) and |[v||; =aes (€ [, Vol da + afy0 |u]? ds)z for
v € H' (£2). Taking ¢ = ¢ in (2.5), we have

Ld

55z I+ 1l = [ fod (27)

= o

If A\ = infye (o) ‘IZHQ, by using the Cauchy-Schwarz inequality, we obtain

Property 2.
d
3 el Al < £ (2.8)

In particular, if a > 0, then ||.|[; is a norm equivalent to the standard H' norm and ); is strictly positive.
Moreover, when f = 0, the variable ¢ is exponentially decreasing and ||¢|| = e=*1||¢]|. In the case a = 0, we
obtain the same behavior for ¢ — @ where ¥ is the mean value of ¢ in (2. Finally we have

Property 3.

if « =0 and f =0, then ¢ = constant is a stationary solution of (2.5) (2.9)

Let us remark that in these three properties, the velocity w has no influence since it is divergence-free.

In the next section, given an approximation u; of u, we would like to define a semi-discretization in space
of (2.5) (by taking ¢y € Vi, € H*(£2)) that allows to compute an approximation ¢y, of ¢ that satisfies the above
properties, i.e.

Property 1h. conservation of the integral of ¢,:

i/ gohd:r—i-a/ @hds:/ fdz. (2.10)
dt Jg 00 o

Property 2h. L2-stability of the scheme:

d
gelenll + Anllenl < 1I£1l (2.11)

— i [lon I}
where A1y = infy, cv, 5%

p. 699), which implies that

. Let us mention that in a standard finite element method, we have A1, > A (see [2]

d
3z lenll +Aullonll < 1171 (2.12)
Property 3h. stationary constant solution:

if « =0 and f =0, then ¢, = constant is a stationary solution. (2.13)
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3. SEMI-DISCRETIZATION IN SPACE

In order to consider a semi-discretization in space of Equation (2.5), we assume for the sake of simplicity,
that (2 is a polyhedral domain. If I}, is a conforming mesh of {2 composed by tetrahedra K € I}, with diameter
hi smaller than h, we define the standard finite element space V}, of piecewise polynomial functions Py (K') of
degree 1 on K by

Vi, ={g: 2 — R: g continuous and g|x € Py (K), V K € I},}. (3.1)

When h is small with respect to €/ [[unl|y, k) for every K € I, a standard finite element approximation
scheme in space for computing an approximation ¢y, of ¢ is to look for a function @5, € H((0,7); V4,) satisfying:

0
Lph?ﬁhdﬂt-if/ Von. V¢hd1‘+6¥/ <Ph¢hd8+/ L(uh,%,%)dﬂ?:/ [ npdz, Vi € Vi, (3.2)
00 o

(0]

where uj, € V;? is an approximation of w obtained for instance with a finite element Navier-Stokes code, and
S L(wny on, n)de is a discretization of [, (u.V)idar. The most popular approximation of [, (u.V)dz is
obtained by setting L(wp, on, ¥n) = (up.-Vop)n.

In (3.2) we assume that the initial condition g is given in V}, and if it is not the case, we take a projection
©% €V, of g as initial condition ¢y, (0).

Of course if h is greater than €/ [|un| 1, ) for some K € I, (convection dominated regime in a neighborhood
of K), an artificial term, SUPG-like is added to (3.2) (see [3]) which is

w Y o i / (wn-Vion) (un. Vi )da. (3.3)

Kel, 2 HuhHLg(K)

This term allows to eliminate some spurious numerical oscillations. In (3.3), w is an appropriate constant and
i = max(0,1 — 2¢/hk |[unl|p,(x)). Another possibility to eliminate spurious numerical oscillation is to add
to (3.2) an edge stabilization (see [4]). In the following we neglect the addition of these artificial terms which
have no influence on our conclusions.

Let us assume that uy, is an approximation of w with the following properties: there exists a constant C' such
that

= wnl| + 1 |V (u = wy)|| < CH2, (3.4)

and
up -n =0 on 0f2. (3.5)

Even if div(uy) is not vanishing but only of order A in the L?-norm, we would like the trilinear functional
L:(u,p,9) € H(2)3 x HY(2) x H(2) — L(u, ¢,v) € R to satisfy the following properties, for consistency
reasons and in order to satisfy (2.10), (2.12), (2.13):

D[ Lwe)s = [ (@ Veyide, Ve € 1Y ()
2) L(up, ¥p,1)de =0 Vb, € Vy;
L(upythn, n)dz =0 Viby € Vp;

L(up, 1,¢p)dz =0 Vipy, € V.
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TABLE 1. Conservation properties for different discretizations of the convective term L when

div up 75 0.
L(wn, pn,¥n) | Property 1h | Property 2h | Property 3h
L1 no no yes
L2 yes no no
L3 yes no no
L4 no yes no
L5 yes yes yes

In order to satisfy the consistency relation 1), the standard versions of L for the discretization of [, (u.V)idx
by [, L(wn, n,¥n)dzx are the following:

L1) L(u,,v) = (u.Vo)y,

L2) L(u,p,9) = —(u. V),

L3) L(u,p,v) = div(pu)y,

L4) Lu, ,9) = 3(u. V)i — (u.Vi)p).

Unfortunately, none of these choices satisfies the relations 2), 3), 4) at the same time when divuy, is not vanishing.
Hence properties 1h) to 3h) cannot be satisfied simultaneously. A summary of the conservation properties is
shown in Table 1. In this article, we advocate the following discretization of L:

L5) Llus0,9) = 5 [(w.¥g)(§ ~ F) ~ (w.V) (o — )

where the notation w = ﬁ [ wdz denotes the mean value of a function w on £2. It is easy to verify that the
above relations 1), 2), 3), and 4) are simultaneously satisfied with this choice and consequently the properties
1h), 2h) and 3h) are simultaneously satisfied with choice (L5), as shown in Table 1.

Replacing L(un, ¢n,¥n) by (L5) in Scheme (3.2), we advocate the following space approximation of (2.5): we
are looking for @5, € H((0,T); V},) satisfying:

a 1 _
IOk ppdz + e/ Vo Vibpda + a/ nibnds + —/ (wn- Vo) (bn — ¥y, )dz
o Ot Q 20 2 Jq

(3.6)

~5 | @nVien —pide = [ funds, Ven €.

Remark 3.1. As said before, if we want to eliminate some spurious numerical oscillations in dominated con-
vection problem, we can add a SUPG term of the form (3.3) in numerical scheme (3.6). We can easily show
that this term has no influence on the conservation of the three desired properties. In particular, the addition
of (3.3) into (3.6) increase the L2-stability of the scheme and (2.12) still holds.

From a practical point of view, it is not convenient to work with Scheme (3.6). Indeed, the support of ¥, —Eh
is {2 and hence the matrix obtained by Scheme (3.6) is not sparse anymore and becomes full. To avoid this,
we use a partition of the function space. More precisely, if W is a space of integrable functions defined on (2,
we denote by W = {g € W : fQ gdz = 0}, and we use the partition W = W @ R. Hence, if w € W, we set
W= ﬁ Jowdz and w =& +© with W € R and @ = w — @ € W. Let us consider @, € HY((0,T); V) and 3, €
H'((0,T);R) solution of both equations:

9pn
o Ot
1 _ ~
~5 [ @nVongde = [ funde, Ve i,
Q Q

- _ . 1 .
Ypdx + e/ Vo - Vipdr + a/ (@), + @n)Ynds + = / (up.Vop)pde
Q EYe) 2 Jo

(3.7)
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and

d N
G [odera @oraas=[ fan (3.8)
dt /o a0 Q

with initial condition @, (0) = ¢) — By, where ¢ is an approximation of ¢y and B = $,(0) = ﬁ [ hda.
Taking consecutively iy, € Vi, Yy, = 11in (3.6) and using ¢, = o5, + @, we easily verify that Problem (3.6) and
Problem (3.7)—(3.8) are equivalent.

In (3.7) the mean value of the test function v, is equal to zero, which is not standard in the finite element
method. Thus this constrain is taken into account by a Lagrange multiplier A. On the other hand we add
an equation in order to impose fQ @opdr = 0. Consequently we are looking for ¢, € H((0,T);V4), @, €
H((0,T);R) and A € H'((0,7T); R) satisfying:

0z B N 1 N
IOk pndz + e/ V5. Vibnda + a/ (@, + Pn)tnds + = / (w- V@) nde
ot Q 00 Q

) 2

_% /_Q(uh-V'(/Jh)QZhdl‘ + A/(l¢hdx = /Qf Ypdx, Vi € Vi, (3.9)

d _
G [edera [ @+aas= [ 7 (3.10)
dt Jg, o0 Q

/ Fndz = 0. (3.11)
(]

If the dimension of V}, is N, then (3.9), (3.10) and (3.11) is a system of ordinary differential equation in time
with (N + 2) equations, in which the unknowns @, ;, and A are coupled. In the case & = 0 (Neumann boundary
conditions) the unknown %, is not coupled to the other variables @, and A. In conclusion, Problem (3.6) is
equivalent to (3.9), (3.10), (3.11), but on a practical point of view, this last formulation is easier to solve than
the previous one.

4. ERROR ESTIMATES

Now we establish error bounds between ¢ and ¢, in various norms, when ¢y, is solution of (3.6). To do this,
we follow [12] and assume the realistic hypothesis (3.4) on the velocity field u and its approximation wp,.

Let us remark that estimate (3.4) holds in a lot of standard finite element methods when u € H? (£2). In this
case u is continuous on (2. By using the inverse inequality when I7, is quasi-regular [5], it follows that there
exists a constant C' such that

e = wn| oo ) < ORI, (4.1)

and consequently ||up || ) is bounded, independently of . In order to simplify the presentation, we assume in

the following that wp.n = 0 on the boundary 942 of £2, but div (u},) is not necessarily vanishing. A consequence
of (2.1) and (3.4) is that

|[div (up)|| < Ch. (4.2)

In the following, we suppose that « is strictly positive. Then (p,w); =def efQ Vu.Vwdr + af(,m pwds is
a scalar product on H' (£2) equivalent to the standard H'(f2) scalar product. In this case we can define the
projector Ry, : € H' (2) — Rupu € Vj, by:

(v — Rpp,w), =0, Vw € Vi,V € H (12), (4.3)
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and it is well known that if the triangulation is regular, in the sense of [5], there exists a constant C' satisfying
I = Bl + 2|V (1= Rup) | < CW? ||l oy Vi € H? (2). (4.4)
In order to prove convergence results, we introduce, as in [12] the following notations:

0 = on — Rryp and p = Rpp — o, (4.5)

and we have 6 + p = @), — .
In order to establish some error estimates, we assume that the initial conditions ¢y and ¢ satisfy

po € H?(2) and @) = Ripo. (4.6)
Lemma 4.1. We assume that o € C([0,T]; H?(£2)) and that there exists a constant C independent of h such

that [|nl| e (o) < C, Vt € (0,T) (L*-stability). Moreover we assume that Hypothesis (3.4) is satisfied, that

wp -n =0 on 082 and that the mesh Iy, is quasi-reqular. Under theses assumptions, there exists a constant C
independent of h and € which satisfies:

t
16 )] < e g (0)] +/ lpe(s) e~ *)ds +Cht, 0<t<T, (4.7)
0
_d
where py = g;p-

Proof. By taking ¥ = 6 in (2.5) and (3.6), we obtain:

0 1 _
/Q En (¢ = on) 0dz + (p — pn,0), + 5 /Q((9 —0)[u. Vo —up,. Vo] + (on —2p)un-V0 — (¢ —p)u.Vo)dr = 0.

In order to evaluate the first term above, we write:

0
51 [ 5o tas

0 0
—/Qa(<P—Rh¢)9d$+/na(3h<ﬁ—@h)9dl‘

1d .
—— [ oo~ 35 100"

In order to evaluate the second term, we use (4.3) and we write:

So = (¢ — ¢n,0),
= (¢ — Rnp,0), + (Rrp — ¢n,0),
=—(0,0), <M.
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It remains to evaluate the third term. Integrating by parts and using (2.1) with w,.n = 0 on 92, we obtain:

S3 = %/ (0 — 0)[u.Vp —un.Vop| + (pn — 7p)un. VO — (¢ — p)u.Vo)dr
17}
— % / (200 — O)u. Vi —2(0 — 0)upn.Von — (on — 3,)(0 — 0) div uy,)dr
Q
1

= 3 [ 20 -0V (o~ Rig) + 200~ .V (Rup - 1)
2

+ 2(9 — 5)(1,1, — uh).Vgoh — (9 — 5)((,0},, — @h) div uh)dm

! / (=200 — 0)u.Vp— w. V6> +2(6 — 9)(w — up).Von
2 /o

— (60— 0)(on —By,) divuy,)dz
1

=3 / (—2(0 — O)u.Vp+2(0 — 0)(u—up).Vo, — (0 —0)(on — ) divuy,)da,
o)

and consequently:

1 _ . —
|S5] < |:||U|L<>0(.Q) Vol + flu— uh”m(n) HV<Ph||Loo(Q) + ) llen — ‘ph”L‘X’(Q) ([ div s | ||9 - 9” :

Taking into account the inverse inequality [[Vn| 1o o) < Ch! ol Lo () (see [5]), the inequality 6] < 116]]
and the fact that [|¢n| () is assumed to be bounded, we obtain with (3.4)-(4.2):

1S3] < C([IVpl +R) (0]l

where C' is a generic constant independent of h and ¢ € (0, 7).
Since we assumed that ¢ € C1([0,T]; H%(£2)), then by (4.4), ||Vpl|l is bounded with respect to h and
consequently:

|S3] < Ch|6] -
Using Estimates S1, S, S3 we finally obtain:
- <
52 1612+ 2 1012 < (el + ) 0]

which implies
d
g 161+ A 181 < (llpell + Ch).
Setting v (t) = [|0 (t)[| e*'t, we have Lo (t) = (£ [|0]] + A1 [|0]))e*t < (||pe]| + Ch)eMt and finally:
-t ! —A1(t—s) Ch -t
10 @ <e "o (0)] + ; loe(s)lle™™ d5+>\—1(1—€ ). O

Theorem 4.1. We assume that ¢ € C1([0,T]; H*(£2)) and that there exists a constant C independent of h
such that [|¢pl| (o) < C, VE € (0,T) (L — stability). Moreover we assume that Hypotheses (3.4), (4.6) are
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satisfied, that up -m =0 on 02 and that the mesh I, is quasi-reqular. Under these assumptions there exists a
constant Cy independent of h which satisfies:

H‘p - (ph”LOO(O,T;L?(Q)) < Cih. (4.8)
Proof. From (4.4), (4.6) and Hypothesis ¢ € C1([0,T]; H?(£2)), we have:

¢ 3
lp()|| < Ch? and (/ lloe(s)]1? ds) < Ch? for every t € (0,7),
0

16.(0)]| = llen (0) — ¢ (0)]| < C?,

where C' is a generic constant. Using Lemma 4.1 and the equality ¢ — ¢ = 0 + p, we easily prove inequal-
ity (4.8). g

In order to estimate ||V (¢ = ¢n)| 1o (0. 7,12(2)) We start by proving

Lemma 4.2. We assume the hypotheses of Lemma 4.1. Then there exists a constant C which satisfies

1d

5 < 1613 < 6ul lodl + CCh + 1611 (49)

16:11* +

where 0, = %9, pr = %p.

Proof. By taking ¢ = 6, in (2.5) and (3.6) we obtain:
0
[ 50— o) 0ude (0 - .00,
Q

1 _
v / (0, — 0)[-V'o — un-Von] + (on — By )un-V, — (¢ — B)u.Vo,)dz = 0.
(9]

In order to evaluate the first term above we write:
0
= — (¢ — 0,d
S /Qat (¢ — ¢n) Ordz
—/g( - R )Od—&-/g(R —p) 0:d
—Qat@ hp) UrdT Qat hY — $h)UrdT

_ / Pz — (6,
(9]

In order to evaluate the second term we write:

Sy = (¢ — ¢n,0),
1d

o _la 2
= (0= Rnp,0) — 5 10ll1 -
The third term is evaluated like in Lemma 4.1:
1 _
S3 = 5/ ((Qt — Qt)[u.Vgo — ’UJhoVSOh} + (QOh - ah)’UJh.Vgt — (QO — @)u.V@t)dx
Q
1

5 / (2(9t - ét)U.VQD - 2(015 - gt)’UJh.VQOh - (QOh - @h)(Qt - 51:) div ’UJh)d.’E
2

1 — _
= / (—2(0,5 - Qt)u.Vp — 2(9t - Qt)u.VQ
2

2
+ 2(9f — ?t)(u — 'LLh)-VgOh — (%Oh — @h)(Ot — gt) div 'LLh)d.T
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It follows with | Vp| < Ch (see (4.4)) and V0| < L||6]]7 that:

(. _ =
195 < |l poe ) C(A+11011) + 1w = wnll IV pnll oo ) + 5 Idivun]l [(on = Bu)l oe () | ([0 = 01|

and with (3.4), (4.1), and the inverse inequality [[Vp e (o) < Ch™! [onll o () » we obtain |S3| < C(h +
16]]1) [|6¢]] and finally the announced result of Lemma 4.2. O

Theorem 4.2. We assume that ¢ € C1([0,T]; H?(£2)) and that there exists a constant C independent of h
such that ||gnl|pe (o) < C, VL € (0,T) (L> — stability). Moreover we assume that Hypotheses (3.4), (4.6) are
satisfied, that up, -n =0 on 082 and that the mesh I, is quasi-reqular. Under these assumptions, there exists a
constant Cy independent of h which satisfies:

o — <PhHLoo(o,T;H1(Q)) < Cah. (4.10)
Proof. We have

18]l Tloell + Ch+11011,)] < 5 e+ HlptHJrC(thH@H )

| /\

5 161 + [l pe|* +2C2 (A2 + [|6]|7).-

The inequality of Lemma 4.2 implies, if C' is a generic constant, that

1
3 161 + 017 < O+ 116113) + ol

2dt‘

From this above relation we obtain ||0(t)||§ < C(]|6(0 )H1 +h? + fo o (s)])? ds).
Since ¢ € C1([0,T]; H%(£2)), there exists a constant C such that:

16(t)12 < C(|6(0)])? + h?) for every ¢ € (0,T).

Relations (4.4) and (4.6) imply that ||# (0)||; < Ch. Finally by (4.4) : [|¢ —¢nll; = |0+ pll; < Ch for every
te[0,T]. O

5. DISCRETIZATION IN TIME WITH A CONSERVATIVE SCHEME

As before, we assume that « is strictly positive. Let us consider a backward Euler scheme in order to
discretize (3.6) in time. If 0 = t) < 1 < to < ... <t, < ... <ty =T is a discretization of the time interval
[0, 7] and if we assume that we know the approximations ¢} = ¢y, (t,) at time ¢, we are looking for ¢! € V3,
satisfying

(anrl -
/ h hwdx—l—e/ Vpth, deac—l—oz/ ortlyds
Q tng1—t an

+3 [ @I (=) de - 5 [ @) (7 -7 do (51)
:/ £ pdz, Y eV
02
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Remark 5.1. In practice, in order to solve Problem (5.1) with the finite element method we decompose cp”“

"'H + @Z'H and we introduce a Lagrange multiplier in order to take into account that (¢ w) has mean value

zero as in (3.9)—(3.10)—(3.11).
Remark 5.2. When we take ¢ = ¢} in (5.1) we obtain:

i+ s = ) [P < [ o0+ (i — ) ) ™

and it follows
(1+ M (a1 — ta)) [l ™| < lpll + (tnr — ta) || £ (1) ]| - (5.2)

Properties (1h), (2h), (3h) mentioned in Section 1 are satisfied with the scheme (5.1).

In order to establish an error estimate we proceed again like in [12] . We limit us to the case a > 0 and we
set analogously to (4.5)

0" = pp — Rup (tn) and p" = Rpp (tn) — ¢ (tn) - (5.3)

In order to simplify the notations, we denote by

Tn4+1 = tpy1 —tn and (Pn =@ (tn)v (54)
00" = (0" —0™) / (tny1 — ty)
T = max 7.
1<n<N

Theorem 5.1. We assume that ¢ € C1([0,T]; H?(£2))NC%([0,T]; L3(£2)) and that there exists a constant C in-
dependent of h-andn such that | oy || e o) < C, (L™ -stability). Moreover we assume that Hypotheses (3.4), (4.6)
are satisfied, that up-m = 0 on 082 and that the mesh I}, is quasi-reqular. Under these assumptions, there exists
a constant Cs independent of h which satisfies:

lo(tn) — €rllz2(0) < Cs(h+ 1) for every 0 <n < N. (5.7)

Proof. The proof of Theorem 5.1 is very similar to the proof of Theorem 4.1 via Lemma 4.1. By choosing
¢ = 6" in (2.5) and in (5.1), we obtain, with an integration by parts of the term 3 [,,(ws. V)¢ ntdg:

/50n+1.9n+1dx+ HenJrle :/ n+1 +wn+1)0n+1dx (58)
9} (9]

with 1
w;ﬂrl _ u.VgOnJrl — up. VgonJrl _ 5 div (Uh) (QOZJFI 4,02+1)

and

" 0
WQH = 8_:50 (tng1) — 3Rh90

The error estimate for [, w;"'"+1dx is obtained as for S5 in Lemma 4.1 by replacing 6 by 6", i.c.

/ w;’H’l.en-‘rldx
0

<c(|[vp

(5.9)
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where C, D are two constants independent of h and n. The error estimate for [, whTonHde follows from (4.4):

+

/ W;+19n+1dl“ <
2

/ (8—(p (tng1) — D" 1o da
o Ot

/ gpn+19n+1dx
n

and consequently, since we have assumed ¢ € C1([0,T]; H2(£2)) N C?([0,T]; L*(£2)):

/ whttertdy
2

From (5.8), (5.9) and (5.10) we obtain:

< C(rns1 + 1 h?) |07 < Drjj" ). (5.10)

6" < [10™]| + Crysr (7 + B)].

Taking into account that Z?:l rj = ln, we finally obtain:

67| < [|6°]| + Ctu(r + h) < ||6°]| + CT(r + ).

In order to complete the proof of Theorem 5.1, we use the same arguments as the ones in the proof of
Theorem 4.1. O

By choosing 1 = 99"*! in (2.5) and in (5.1), like in Theorems 4.2 and 5.1, the following result is standard
(see [7,12]):

Theorem 5.2. We assume the hypotheses of Theorem 5.1. Then there exists a constant Cy such that

[V (e(tn) = o)l 120y < Ca(h+7) for every 0 <n < N. (5.11)

Remark 5.3. It is possible to improve the L? estimation (5.7) in Theorem 5.3 by ||¢(t,) — ¢7|| < Ca(h?® +
7) V0 < n < N, but under the stronger hypothesis ||[Vp(t)|[p=o) < C Vt € (0,T) (the stability of the
gradient). To prove this result, it is enough to replace the projection Ry used in Lemma 4.1 by the projection
Ry :p € HY () — Ry € Vi, defined by

a(p — Rpp,w) =0, Yw € Vi, Yu € HY(2)

where the coercive bilinear form a(.,.) on H'(f2) is given by:

Q('u, -Vw)(p — p)de + 04/ pwds.

Gle)
About Neumann boundary conditions B

If a =0 then (1,w); =des € [, Vii.Vwdz is a scalar product on H' (£2). In this case we can define the
operator Ry : p € H1 (£2) = Rpp € Vi by:

(v — Rpp,w), =0, Vwef/h,V/zeﬁll (92), (5.12)

and in this case A\ = inf,ueffl(ﬂ) (\Tu—lﬁ)?l is positive. Moreover we have seen that if we decompose ¢ and ¢j by
¢ =0+ ¢ and ¢y = P;, + @p, then the equations for ¢ and @ are not coupled and analogously for ¢, and @,,.
By defining 0 = ¢, — Rpp and p = Ry — @, then Lemmas 4.1 and 4.2 remain true for functions with zero
meanvalue and allow to obtain Theorems 4.1, 4.2, 5.1 and 5.2 even if o = 0.
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6. NUMERICAL RESULTS

We now check numerically that the conservative scheme presented in this article has the desired properties,
even if the stabilization terms (3.3) are added into (3.6). Let 2 C R? be the domain [—1,1]? x [-0.1,0.1] and

atacn )= (o (222 st (222) i (225 ) s (22 o). o

It is easy to remark that w-n = 0 on 92 and that divu = 0. We also define the following exchange coefficient

_ {1 if 2] < 0.1 6.2)

0if |z| =0.1

which implies that the domain is isolated on its top and bottom and in this particular case, the flow is two-
dimensional. We numerically solve the following problem: find ¢ : (0,T) x {2 — R such that

—eAp+u-Vo=f in 2

8t
eg—i = —ap on 01?2 (6-3)
©(0) = wo.
Let 73, be a uniform discretization of the domain {2 such that h := maxge7, (diam(K)) = 0.2, At = T'/N,
tn, = nAt, n = 0,...,N and V), the space of piecewise linear finite elements defined on 7;. The space-time
discretization using the backward Euler method in time of (6.3) becomes: given go?L =g, forn=0,...,N—1,

we are looking for cpZH € Vj, satisfying

opt! — o
/hTthwhdx+/ eVpth. thdw+/ Lup, @)™ op)da
2

+/8 aph nds + 3 / Bidr T uh-VsOZ“)(Uh-th)dw (6.4)

KeTy,

£ 3 [ s (Ve oo = [

KeTy,

for all ¢y, € V},, where (1 is a stabilization parameter, 35 an artificial diffusion parameter, dx is a function of
local Péclet number Peg, i.e. 0 = 1if Pex > 1 and dx = Peg if not. In (6.4), L(up, cpZ“, 1y, is a discretization
of the convective term, where u;, is an approximation of the velocity field (6.1). In our computation, wuy, is
obtained using a P; — P; stabilized stationary Navier-Stokes solver in which the force term is such that (6.1) is

a solution of the Navier-Stokes equations with pressure p(z,y, z) = L(cos(3mz) + cos(37y)). The velocity field

1
uy, is computed only once, before solving (6.3), and then used at each time step for the computation of 4,0”“.

In (6.4), we have added a SUPG stabilization term and an artificial diffusion term, because hx > ¢/|u| r2(x)-
These stabilization terms do not influence the conservation of the integral, because both terms vanish when
the test function ¢, = 1 is taken. Nevertheless we have to take them into account for L? stability verification,
because they do not vanish when v, = @Z'H. Actually, both are positive and contribute to stabilize the scheme.

We describe here the conservation properties that we claim our scheme satisfies numerically. The first one is
the conservation of the integral, which states that

St gpdx—/ fdac—i—/ a(pr — @)ds.
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In our numerical tests, ¢, = 0 and using backward Euler for time discretization of this relation, we obtain the
discrete integral conservation: for n =0,..., N — 1

/<p2+1dx+At/ agozﬂds:/ goﬁ—i—At/ frHlde. (6.5)
Q o9 e e

The L2-stability has not to take into account the convective term as shown in (2.7), (2.8) for the exact
equation in which [, (u-Vp)edz = 0. In order to quantify the effect of the approximation [, Ly (wn, ¢n, pn)dx
in scheme (6.4), we propose to evaluate the L? stability of the approximate problem with the following criterion.
We take 15, = ¢! in (6.4) and we remove the convection term to obtain

I ey + 4t ([ alel™Pas+ [ evaptPas) + 20 (s e ) + Salel o)

(6.6)
/c,ohJrl "dx—i—At/ f"“goﬁ“dx,

where

S1(en,¥n) = Z / 516 K (up - Veop)(up - Vipp)da

KeTy,

and

Salgm ) = 3 / Bobrchic [unl| (Vg - V) da

KeT,
Remark that S1(on, pn) and Sa(¢n, @n) are positive and contribute to the L2-stability. If follows that Equal-
ity (6.6), together with the Cauchy-Schwarz inequality, implies that

lon ™12 + Atlleh T < Nen - Nenll + AL - Hlep ™

HUhHl

By using the fact that Ayj, = inf,, cv, TonT? > A1, we obtain

(1 + XAl ] < llghll + AtllF+1|

or
+1|| .

At

which is the backward discretization in time of (2.12) and proves that our scheme is L? stable.
Finally, the third property is the conservation of a constant solution, i.e.

K Ienl n
. B Ml < L (6.7)

when f =0, then ¢, = constant is a stationary solution of (6.4). (6.8)

We now focus on the discretization of the convective term L(wp,, @n,¥n). We recall that they are mainly four
standard possiblities other than the scheme proposed in this article

L1. L(un, on, ¥n) = (wn - Vor)Pn,

L2. L(un, on,¥n) = —(un - Vbn)pn,

L3. L(up, ¢n,¥n) = div(unpn)in,

L4. L(un, @n, n) = 5(un - Vor)n — 5 (up - Vbn)en,

and our scheme is

L5. L(wn, ontbn) = 5(un - Von)(¥n — ) — 5 (un - Vion)(on — By)-
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Due to the fact that divwj, is not equal to zero, each of the first four discretization conserves in principle
and a priori only one of the three desired properties, i.e. (6.5), (6.6), (6.8). Of course, scheme L5 is the only
one which conserves the three properties. We recall that Table 1 summarizes the conservated properties of each

L(uha Ph, ¢h)
To check the (6.5) and (6.6) equalities, we compute f and g in (6.3) so that the solution ¢ is given by

+ sin(l)} [

with A = 0.005. With this right hand side f, we compute ¢} "' solution of (6.4) with « defined in (6.2) and
e = 107°. For numerical approximation, we use At = 1 and make 3000 iterations. At each time step n, we
compute the quantity

cos(z) — cos(1) cos(y) — cos(1)

QO(t, €, Y, Z) = (]— - ei)\t) + Sln(l) (69)

€ €

I — I
AP1(n) = DL
|11
where I;, I are respectively the left-hand side and right-hand side of (6.5). We note that if the integral
conservation property is satisfied, AP1(n) = 0 for n = 0,..., N — 1. Similary, for L? stability, we compute at

each time step the estimator

|1 — Ja|
AP2(n) = ———

) | 1]

where Jy, Jy are respectively the left-hand side and right-hand side of (6.6). If AP2(n) = 0, then the discrete
L? stability is achieved.

Let ¢, = 10, ¢, @ and w as before. To verify the conservation of constant solution, we solve the following
problem

(6.10)

g—f—eA<p+u~Vg0:O in 2
O _ (6.11)
“on =alpr —¢) on 0f2

90(0) = ¥r,
and the solution is ¢ = ¢, for every t. Of course, we adapt numerical scheme (6.4) to problem (6.11) by adding
/. 50 Privndx to the right hand side of (6.4). The estimator we use to check the conservation of constant solution
at each time stepn=0,...,N —11is
n+1
AP3(n) = Lo = h L= (6.12)
10
Defining
o I} = maxg<p<n_1 AP1(n),
L] Hg = maXp<n<N-1 APQ(H),
° H3 = maXp<n<N-1 AP?)(TL),
results are shown in Table 2.

The results of Table 2 exactly match the claims in Table 1. We can also notice that the numerical scheme L5
is the only one which numerically satisfies the three conservation properties up to computer precision.

We now focus on error estimates for our new scheme. The exact solution we use to numerically verify
Theorems 5.1 and 5.2 is the function defined in (6.9) with e = A = 0.1. With this value of €, we do not have
to stabilize the numerical scheme. We have performed our computations on a structured mesh of parameter
h = 0.1,0.05,0.025 and 0.0125. We set T' = 4 x 10~%[s], At = h* and compute ||o(T) — ¢} (T)| r2() and
IV (@(T) = on(T))|lL2() for each h. The approximated velocity field wy is computed as for the verification of
properties P1 to P3. We obtained the results of Figure 1, which show that [|o(T) — @} (T')||12(¢) is of order two
and that ||V (¢(T) — i (T))||L2(s) is of order one. This shows that error estimates of Theorem 5.2 are optimal,
but that we need stronger hypotheses in Theorem 5.1 to ensure the convergence of order two for the L? norm
of the solution (see Rem. 5.3).
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TABLE 2. Numerical verification of the properties 1 to 3.

L(un, on, ¥n) 15 11, 113

L1 1.56 x 10~ 0.0015 1.50 x 10710

L2 4.17 x 1071 0.0014 0.0035

L3 4.02 x 1071 0.0015 0.0035

L4 8.48 x 107° | 1.21 x 1072 0.0018

L5 114 x 107 | 338 x 1072 | 7.11x 107
107

_______ L? Error on gradient
I? Brror ---777

Error

10 10

Mesh size h

FIGURE 1. [|o(T) — o (T)|| 20y and [[V(o(T) — @3 (T))||2(0) for various mesh size h.

7. CONCLUSION

In this work, we have developed a new finite element numerical scheme for a convection-diffusion equation,
which numerically conserves the integral, is L? stable, and conserves the constant solution even if the given
convection field uy, is not completely divergence-free. We compare this new scheme with standard discretizations
of the convective term and we show that only our scheme is able to conserve the three properties simultaneously.
We have also derived a priori error estimates for this scheme and the numerical results show that these bounds are
optimal. We haven’t observe any numerical drawbacks for this scheme, except that the linear system associated
with it has two full rows and two full colums in addition to those in the classical schemes. However, it has almost
no incidence on CPU time. Thus we claim that only the finite element numerical scheme corresponding to L5 is
efficient for numerical applications coupling the incompressible Navier-Stokes equations with the convection-
diffusion equation, as in [8,9].
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