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NUMERICAL SOLUTION OF THE VISCOUS SURFACE WAVE
WITH DISCONTINUOUS GALERKIN METHOD *

LEr Wu'! anD CHI-WANG SHU!

Abstract. We consider an incompressible viscous flow without surface tension in a finite-depth domain
of two dimensions, with free top boundary and fixed bottom boundary. This system is governed by the
Navier—Stokes equations in this moving domain and the transport equation on the moving boundary.
In this paper, we construct a stable numerical scheme to simulate the evolution of this system by
discontinuous Galerkin method, and discuss the error analysis of the fluid under certain assumptions.
Our formulation is mainly based on the geometric structure introduced in [Y. Guo and Ian Tice, Anal.
PDFE 6 (2013) 287-369; Y. Guo and Ian Tice, Arch. Ration. Mech. Anal. 207 (2013) 459-531; L. Wu,
SIAM J. Math. Anal. 46 (2014) 2084-2135], and the natural energy estimate, which is rarely used in
the numerical study of this system before.
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1. INTRODUCTION
We consider an incompressible viscous flow in the moving domain

Aty ={y=(y1,92) € TxR : —1<y2 <7 (y1,1)}, (1.1)

where T denotes the 1-torus. We denote the initial domain A(0) = Ag. For each ¢, the flow is described by its
velocity and pressure (u,p) : A(t) — R? x R which satisfies the incompressible Navier—Stokes equations

Ou+u-Vu+Vp=vAu+S in A(t),

V-u=0 in  A(t),

(pI = vD(u))p = gnp on  {y2=n(y1,t)},

u=20 on {y2 =—1}, (1.2)
O = uz — u10y,n on  {yz =n(y1,t)},

u(t =0) = uy in Ao,

n(t = 0) = no on T,
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for p the outward-pointing unit normal vector on {ys = n}, I the 2 x 2 identity matrix, (Du);; = d;u; + 0ju;
the symmetric gradient of u, g the gravitational constant, v > 0 the viscosity and S = S(t,y1,y2) an external
source term. The fifth equation in (1.2) implies the free surface is convected with the fluid. Note in (1.2), we
have shifted the actual pressure p by the constant atmosphere pressure put.,, according to p = p + gy2 — Patm-

We always assume the natural condition that there exists a positive number § such that no+1> 4 > 0 on X,
which means the initial free surface is strictly separated from the bottom.

Traditionally, based on the handling of the free surface, this type of problems can be solved via moving-grid
technique as in [17], marker-and-cell method as in [13], volume-of-fluid method as in [14] and level-set method
as in [9]. In each case, finite difference method, finite volume method and finite element method can be applied
to solve the Navier—Stokes equation in A(t). However, to the best of authors’ knowledge, there is very little in
the literature on solving this problem with discontinuous Galerkin method other than [9]. On the other hand,
in spite of many computational tests presented in the literature, there is very little discussion on the stability
and convergence of the numerical scheme. In this paper, we employ the idea from [10,11,20], to construct a
stable numerical scheme and give detailed analysis.

Our central idea is to flatten the free surface via a coordinates transform. First, we define a fixed domain

R={x=(z1,22) e Y xR |- 1< a9 <0}, (1.3)

for which we write the coordinates x € 2. In this slab, we take X' : {z2 = 0} as the upper boundary and
Xy : {xg = —1} as the lower boundary.
Consider the geometric transform from (2 to A(t), which is first introduced in [2] and further extended
in [10,20]:
& (21, 22) — (21,20 + 1 (1 + 22)) = (y1,92) - (1.4)

We may directly verify this transform maps {2 into A(t) with the Jacobi matrix

Vo = (1}13) (1.5)

and the transform matrix

_\T 1 -AK
= (o) = ({7, (16)
where
B:1+$2, A:61775,
J=1+n, K=1/J (1.7)

Here we denote the derivative with respect to x1 as 07 and with respect to xo as do. Define the transformed
operators as follows:

(Vo f); = ;05 f,
V- g = %00,
Agf =V -Vgf,
N = (=0, 1),
X = o,
(Dwu);; = FikOku; + jiOkus,
Ser(p,u) =pl — Dyu, (1.8)
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where the summation index should be understood in the Einstein convention. If we extend the divergence V .-
to act on symmetric tensors in the natural way, then a straightforward computation reveals Vo - Sy (p,u) =
Vap — Agu for vector fields satisfying Vg - u = 0.

In our new coordinates, the original system (1.2) becomes

Oyu — 8t775K82u +u-Vygu—vAyu+Vyp=Sin {2,
Ve u=0 in £,
Se(p,u) N = gnA on X,
u=0 on X, (1.9)
u(z,0) = ug(x) in {2,
on=u-N on X,
n(a’,0) = no(z’) on X.

Since & depends on 7 through the transform, most of the operators in the Navier—Stokes equations are related
to the free surface 7. Hence, the Navier—Stokes equations and the transport equation are essentially coupled.
Based on [10], equation (1.9) with S = 0 possesses a natural energy equality as follows:

2 2 ! 2, 2 2
/Q IO lu®)f + g /2 n(t)2 + v / /Q J(s) [Dogu(s)? ds = /Q J(0) [u(0) + g L WO, (110)

Hence, we try to construct a numerical scheme to recover this energy stability for the numerical solution.

In the following, we refer to the term “continuous case” when we consider the exact solution triple (u,p,n)
which is sufficiently smooth. On the other hand, we refer to the term “discrete case” when we consider the
numerical solution triple (up, pr,nn)-

Throughout this paper, C' > 0 denotes a positive constant that only depends on the parameters (2, g and v
of the problem, and the exact solution (u, p,n). It is referred as universal and can change from one inequality to
another. When we write C'(z), it means a positive constant depending on the quantity z. a < b denotes a < Cb,
where C' is a universal constant as defined above.

The method we discuss in this paper belongs to the class of discontinuous Galerkin (DG) methods. DG
methods are finite element methods which use completely discontinuous piecewise polynomial solution and
test spaces. They are particularly useful for convection dominated wave problems, and have the advantage of
flexibility in adaptivity and efficient parallel implementation. We refer to the references [3-5,19] for more details.

2. NUMERICAL SCHEME

2.1. Fundamental settings

In our construction and analysis of the numerical scheme, we focus on the semi-discrete form of the system.
The time discretization is based on the Runge—Kutta method for differential-algebraic equations of index 2, as
presented in [12]. We do not discuss the fully-discrete scheme in this paper.

We choose the bulk domain as {2 : (z1,22) € [0,1] x [-1,0] and the surface domain as X' : z; € [0, 1], which
are l-periodic in the z; direction. The surface mesh is defined by dividing X' into N uniform elements with
length h = 1/N. The bulk mesh construction can be divided into two steps: first we divide {2 into N x N uniform
squares, where each element is sized h x h. Then, we divide each square into two right triangles by cutting along
the diagonal from the left-up corner to the right-down corner. The bulk mesh is shown in Figure 1.

Remark 2.1. Since the discretization of the weighted differential operators Vo, V- and A, depends on 7,
i.e. the surface variable, we need the bulk discretization to match the surface discretization in the vertical
direction. Hence, we need to first choose the strip-shape mesh as in Figure 2, whose projection on the upper
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FIGURE 1. Mesh distribution in N = 4. FIGURE 2. Strip—shape mesh distribu-
tion in N = 4.

boundary is exactly the surface mesh. Then in each strip, any triangulation is permitted. For convenience, we
made the choice as in Figure 1.

Let &, be the set consisting of all the triangular elements in the bulk mesh and 0&, be the set of all the sides
of the triangular cells. Let F}, be the set consisting of all the interval elements in the surface mesh and 0Fj, be
the set of all the boundary points of intervals.

Define the usual Sobolev space in 2 as H*(2) and in ¥ as H*(X). We define the space PF({2) where
[ € PF(2) if and only if f|g € P*(E) for all E € &, (P*(E) denotes the set of polynomials of degree at most k
defined on E). Similarly, we can define the space PF(X).

We define the solution spaces as

xp = {un e (L2(2)": w € (PE(2))’}, (2.1)
My = {pn € L*(2) : pn € P;(2)}, (2.2)
Si = {m € LX(2): my € PY(2)}, (2.3)

for k> 1.
For discrete functions f5, € XF and g), € SF, we may define the Hj, norms as follows:

2 2
Hfh”Hh = Z HthHl(E)7 (2.4)
Ee&y,
lgnllF, = > llgnlF e - (2.5)
FeFy

Define the X} norm for vy, € X,’f as
2 2 1
lonll, = = (190l + [ Fi). 2.5
Ee&y,

Before stating the scheme, we announce the notations used below. For a given boundary belonging to a reference
cell E € &, and a function f defined in £2, f*(®) denotes the value of f read from the exterior direction on the
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boundary and () denotes that read from the interior direction. Also for the boundary shared by two cells,
we define

{f} _ % (fext(E) + fint(E)) , (27)

[f] _ fint(E) . fext(E). (28)

For the side on the boundary of 2, we make a special definition that on X, f"(¥) = { f} = [f] and f&tF) =0,
while on X, fint(E) — fext(E) — [£1 and [f] = 0. The definitions are reasonable, since the system (1.9) for u
gives Dirichlet-type condition on X} and Neumann-type condition on X.

The numerical scheme is based on the weak formulation of the system (1.9). Taking test functions v, € XF
and qn € M}’f*l. We multiply Jovp and Jgqp respectively on both sides of the Navier—Stokes equations and
integrate over F € &, to obtain

/ JOyu - vy, —/ J (@775[(6211) v,
E E

—I—/J(u-Vdu)mh—l// JAthu-vh—l—/JV,dp-vh:/J(Smh), (2.9)
E E E E

/ J(Vor - u)gn = 0. (2.10)
E

Considering the transport equation in (1.9), we make an addition and subtraction to modify two terms in above
formulation as

(/ Jowu - vy, — / J (@775[(6211) “vp + l/ o (u - vh))
E E 2 JoEns

+([EJ(u-ku).vh—%/mz(u.m(u.vh))—V/EJAW-vh+/Evap-vh=[EJ(s-vh), (2.11)

/ J(V - u)gn =0, (2.12)
E

where JF denotes the boundary of the triangular element F. This trick is to enforce the transport relation and
shows its power in the stability proof.
Multiplying a test functions ¢y € S}’f on both sides of the transport equation and integrating over F' € F,

we obtain
/5t77¢h+/ u101mPn —/ uz¢p = 0, (2.13)
F F F

where 77 and @y denote the traces of u; and ug on X.
The weak formulations of the system (1.9) are based on the integration by parts of (2.11), (2.12) and (2.13).
In the following, we define and analyze the numerical scheme term by term.

2.2. Discretization

We define the semi-discrete scheme as follows:
KF (hy un, ¢n) = 0,
Ar (X, ¥n) = 0,

2.14
Ce (Mhs un, vn) + YE (Uhy hy Un, V) + vag (Mh, Wn, M, UR) ( )

+6E (Ph, M, vn) + giE (ks Mk, UR) = WE (M, Vh) ,
PE (Whs Mhy qn) = 0,
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for any test functions ¢, € SF, ¢, € SF, v, € XF and ¢5 € M,’ffl, where the first two equations denote
the transport discretization and the last two equations denote the fluid discretization. This forms a complete
differential-algebraic system for 7y, (t) € SE, xn(t) € SF, un(t) € XF and py(t) € My 1. The detailed definitions
of above multi-linear terms k, A, {, v, «, 3, i, w, and p are in the following.

2.2.1. Discretization of transport terms as kp and A

We define

KE (Mh, Un, On) = /Fat77h¢h - /F (u2);, pn — /Fal (@1)y, nndn — /F (@1), MnO16n
1
+ (1), by | pgry2— (1)), ﬁh¢7{|F—1/2+§ (& [un] |Fs1/2—mif &3 [un] [p—1/2) (2.15)

AF (Xn, ¥n) = /FXh% + /F MO1n — MUy 1o + 0 Ur [po1 )2, (2.16)

where F'—1/2 and F'+1/2 denote the left and right boundary points of F. Here, for each boundary point, “—”
means the value read from the left and “4” means the value read from the right. Also, (1), 7, denotes the
numerical flux on the boundary. We always take

(@), = {(@1),} (2.17)

and 7, should be determined from the sign of {(@1),} following the upwinding rule as

. m, it {(@1),} >0,
N = + - _ (218)
ny, if {(ul)h} <0,

where (1), is the trace of (uy), on X. Note % (n;@: [un]|py1/2 — nyor [uh]|p,1/2) are extra penalty terms,
which helps to show the stability. Since uy, is also discontinuous across the boundary point, these penalty terms
are used to transform wuy, into {uy} on the boundary after integrating by parts in (2.15).

In all the applications below, we use yj to discretize 917, and 7y, to discretize 1. Hence, we denote .45, for
the vector (—xp,1). Also, Ay, Jn, Kj, and o, can be defined in the same convention.

2.2.2. Spacial discretization of temporal terms as (g
We define

Ce (M, Un, vn) = / Oy (Jnun) - vp +/ dennbuy, - Dovy, — / Aynnb (fbh ‘v;lnt(E)) N
E E oF

1

+3 / O (un - vp) (2.19)
OENY

where ng = (n1,n2) denotes the outward normal vector on JE. The last term in (2.19) is the newly-added
penalty term in the formulation (2.11). The argument 7, in (g(nn, un,vy) denotes 7, and its derivatives. We
utilize the upwinding flux in this scheme, i.e.

+ 7
w, if Ompb >0,
g = 4 oY = (2.20)
u; if 8t’l7hb <0,
where “+” denotes the value read from the up direction and “—” denote that from the down direction. If a side

is vertical, then its contribution is zero.
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2.2.8. Discretization of convection terms as vg

We define
1
YE (Uhs Mhs U,y VR) = —5/ (up - An) (up - vp) +/ In (un - Vg, un) - op
dENS E
1 1 uint(E) . Uint(E)
—I——/ In (Vg - un) (un - vn) — —/ [up - Jny] - np—L— e
2JE 2 Jopan 2
_|_/ |{Uh . Jhﬂh} . nE‘ (uihnt(E) _ uZXt(E)> . ,U;lnt(E)’ (221)
OB~
where V4, is understood as in (1.8) with &7 replaced by <%, and
OE™ = {.’E coF : {uh . Jhﬂh} e < 0} . (222)
The first term in (2.21) is the newly added penalty term in the formulation (2.11). Since
Ity = (‘{)” ”{“) : (2.23)

we only need one 7, argument in yg (up, np, Un, Vp).

2.2.4. Discretization of diffusion terms as ap

We utilize the Symmetric Internal Penalty Galerkin Method (SIPG) or the Nonsymmetric Internal Penalty
Galerkin Method (NIPG) to define

1 in
ap (Nh, Uny Mhyvn) = 3 /E InD g, up : Doy vp — /é)E\E Do unJnn} -np - vht(E)

1 in in in g in
+-— /BE\E]D)Q{M(E)% t(E)Jh t(E)dh UE) ng - [un] + — [up] -vht(E). (2.24)

2 ““h h oOF

For the third term, if we take +, it is NIPG and if we take —, it is SIPG. The penalty constant o can always
be taken as 1 for NIPG and a sufficiently large number for SIPG. Note that we need two 7, arguments in
g (Nh, wh, Mp, v1,) to denote the dependence of 7.

2.2.5. Discretization of pressure terms as g

We define

BE (PhsMhs Vh) = —/ InprV e, - Vn +/ ,U;Lnt(E) ApnIny} - ng. (2.25)
E OE\X
2.2.6. Discretization of forcing terms as pg
We define
- Lo _ Lo o

pE (s Mh, V) = us (02);1 - nhO1MN (Ul)h + = [Wh] vy, \8Enz+1/2 - [77h] vy, \8En2—1/2» (2.26)

ENS 9ENS 4 4

where OE N X 4+ 1/2 and 0F N X — 1/2 denote the left and right boundary points of 9F N X' respectively, i.e.
similar to F' —1/2 and F' + 1/2. Note that the forcing term is nontrivial only for the top cells and for all other
cells it is zero, wg (Nn, M, vn) = 0. %[nz]@; loEns+1/2 — %[77}%]17,;" laEnx—1/2 are extra penalty terms, which help to
show the stability. Since 7, is discontinuous across the boundary, these penalty terms are used to transform 77,%
into {n?} on the boundary after integrating by parts in (2.26).
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2.2.7. Discretization of source terms as wg

We define
wg (1h, Un) =/ JnS - vp. (2.27)
E
2.2.8. Discretization of divergence terms as pg
We define
1 in in in
pE (Un, Mh, qn) = —/ Inan NV ez, - un + 5/ [un] - g5, t(E)Jh t(E)szh t(E) ng. (2.28)
E dE\X

2.3. Properties and estimates of discretization

2.3.1. Estimate of temporal terms

We consider the temporal terms, i.e.

- 1
</ Jou - vy, —/ J (&anagu) “vp + —/ o (u - vh)> . (2.29)
E E 2 Jorns
In the continuous case, a direct integration by parts reveals
/ Jowu - vy, = / 8t(Ju)-vh—/ OJ (u-vp), (2.30)
E E E
—/ J (&ngKagu) Svp = —/ 8t771~782u~vh
E E
= / dynbu - Dyvp, +/ 0o (8t175) (u-wvp) — Amb (u - vp) ng. (2.31)
E E OF

Since 8;.J = 82(8;nb), we can simplify above terms into

/ JOou - vp, — / J (81577(;[(8211) cop = / O (Ju) - vy, —I—/ dimbu - Oyvp, — omb (u-vp)ng.  (2.32)
E E E E OB

Hence, we may define the discretization of the temporal term as (2.19). Since in our bulk mesh, there are only
two effective boundary integrals for each triangle, we may call them the upper boundary 0F + 1 /2 and lower
boundary 0F — 1/2 without ambiguity. If we denote f(up) = —0mrbus, then (2.19) is actually

1
Ce (nyun,vp) — —/ O (up - vp)
OENS

2
= /Eat (Jhuh) s VUp — /Ef (uh) . 82vh + /aEurl/zf(uh) -U}; — /('gEl/zf(Uh) -’U;, (2.33)

where the flux reduces to

R X f(wh) if 9mub >0,
f(un) = f (@) = (’1). o (2.34)
f (uh) if Oympb < 0.
Lemma 2.2. If we take vy, = up, the discretized temporal term satisfies
1
> e meuncun) = 500 [ ilunf”. (2.35)
Q

Ee&y,
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Proof. Note the fact that 0;J, = 02 (8t77h5). We can directly compute

1
Ce (M, un, un) — 5/ Ay |un|?
OENXY

/E O (Juun) - un — /E £ (un) - Baun + /8 IRCORTS /8 RRLCORT:

1 1 1 -
5(‘% /E Jh "Lbh|2 + i/EatJh ‘Uh‘z — §/E(32 (8t77hb> |uh\2
1 _ _ 1 A _ A
)ty [ fh g [ Fa - [ )
2 Jop+t1/2 2 Jop-1/2 OE+1/2 OE—1/2

2/8E+1/2f(“h) uy, + 2/8E1/2f(Uh) up, +/3E+1/2f(uh) uy, /8E1/2f(Uh) ujl

1 . .
= Eat/ Jn |unl® + Fogi1/e — Fap_1/2 + O,
B

where

. 1 _ _ A _

Fopii2 = 3 /{)E+1/2f (Uh) “Up T+ /(’)E+1/2 I (un) - uy,

. 1 _ _ 2 _

Fop_1/2 = _§/£9E1/2f (Uh) S Uy, +/8E1/2f(uh).uh7
and

1 . N
Or =g [ D=1 ) )+ [ () = F ) uf).

Based on the flux definition (2.34), we have the estimate

~ + -
@E:/ (8t77hb(uz_u}:)'(ah—iuh;uh))ZO~
OE—1/2

Hence, combining with (2.36), we obtain

1 1 . R
Ce (Mh, Un, un) — = / A un|® > —3t/ I lunl® + Fopt12 — Eom_1)a-
2 Jopns 2 Je

1027

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

When summing up over all E € &, we can easily see when OF C §2, all the terms involving F are canceled out.

Therefore, only the terms on 92 remain, i.e.

1 1 . .
pRe: (Uh,uh,uh)—§/28t77h Jun|” > > §8t[EJh\uh|2+ > Foprip— Y, Fop_ip

Ecég, Eecégy, OENX#0D OENY,#0

On X} we have u;, =0, so —FaE_l/Q =0, i.e.

Z F@E—1/2 = 0.

GEOZH&(Z)

(2.42)

(2.43)
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On X we have u;f =u;, = up|x and we always take @y, = uy, so it implies
. 1 N ; _ 1 2
Fypqi2=—5 f (uh) uy, + flup)u, =—= O, |un!” . (2.44)
2 Jog+1/2 OE+1/2 2 Jopns
Then summing up over E € &, gives a full integration over X, i.e.
R 1 )
Z F3E+1/2 = —5 at’I]h |Uh‘ . (245)
OENS A0 =
Therefore, combining (2.42), (2.43) and (2.45), we deduce
1 2 1 2 1 2
> Co (nyun, un) — 5 [ G lunl” 2 500 | Jnlunl” =5 | Ovnnfun|” (2.46)
o) E x
Ecé&y
Hence, our result easily follows. O

Remark 2.3. This proof is based on the mesh as in Figure 1. For general triangulation, it is possible to have
three effective boundaries for each element. However, it is easy to see Lemma 2.2 still holds.

2.3.2. Estimate of convection terms

We consider the convection term

1
/EJ(u~V.Q¢u)~vh—5/(u-,/1/)(u-vh). (2.47)

F

This is the key nonlinear term in the Navier—Stokes equations. Our discretization is inspired by the idea in [7].
In the continuous case, when summing up over all E € &,, we can see

Z'yE(u,n,u,vh):/QJ(u~Vdu)-vh—i—%/QJ(Vg{~u)(u~vh)—%/E(u-ﬂ/)(u-vh), (2.48)

Ecéy,

where all the other boundary terms vanish. Hence, considering the continuous .«7-divergence-free condition for u,
this discretization is consistent.

Lemma 2.4. If we take vy, = up, the discretized convection term satisfies

Z VE (Wn; ks Un, un) = 0. (2.49)
Ecé&y

Proof. We divide the proof into several steps:

Step 1: Direct integration by parts.
We plug the test function v, = up, into (2.21) to obtain

1 1
vE (Why Mk, wp, up) + 3 / (up - A7) |Uh\2 _ / JIn (up - Vg, up) - up + 5/ In (Vaz, ~up) (up - up)
E E

F

1 uint(E) . uint(E) . N .
—5/ [un - Jnth] nEhfh-i-/ AR (uht(E)—uZ “E)) ™) (2.50)
OE\ON OE-
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A direct integration by parts yields

/ Jn (un - Vg up) - up = —/ In (un - Vg, un) - up —/ I (Vg - un) (up - up)
B B B

+/ (ui}?t(E) . J’ilnt(E)bQ{}int(E) nE) <uihnt(E) 'ui}?t(E)>. (2.51)
OFE
Therefore, (2.50) can be simplified as

1
98 i) + 5 [ ) o
0ENXY

=— ([E I (un - Vg, up) - up + % /E I (Vg - un) (un - “h)>

1 uint(E) . uint(E)
__/ (- Intp] - i
2 Jor\on 2

+/ ‘{’U/h . thQ{h} . nE| (ul}?t(E) _ UZXt(E)) . ul}?t(E)
OE—

+/ (uihnt(E) . J}islt(E)d}int(E) TLE) (uihnt(E) .ui};lt(E))
oF

= I+ 11+ IIT+1V, (2.52)

where
1
I=— (/ Jn (un - Vg up) - up + 5/ In (Vg - un) (un - “h)> ; (2.53)
E E
and [I, II] and IV can be understood respectively.

Step 2: Estimates of 11 and V.
In IV, for e € OE\O{2, we have the decomposition

in in in 1 in in in X X X
WPE) | JinE) ) g g 5 (uht(E) | JH(E) fint(E) _ext(B) | gext(E) e “E)) . (2.54)

For e C OE\0{2, we can sum up the second term on the right-hand side of (2.54) over E and its neighboring
cells, which have the opposition outward normal vectors, to show

1 in in in X >'e X in in:
/5 (uht(E) I t(E)f‘afh HE) uy, . Jy, t(E)%;f t(E)> ‘ng (uh t(E) .uht(E))

1 ext(E ext(E ext(E int(E int(E int(E ext(F ext(F
+/§<uht( ) R g ) ) k() i) () (1Bt
e

_ / [ - Inth] - me {un - un} (2.55)

where n. denotes the normal vector read from the same reference cell as [uy, - Jp%,]. Note for e C OFE N 912,
u;lnt(E) . J,llnt(E),Qf,int(E) = {up, - Jpo,}. Therefore, we obtain

S v=3 [fun-duan}one (0w ) S Jah) ne {un - wn} . (256)
E€gy, e€dER ¥ ¢ ecdER\ONR Y
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Also, in I1, for e C OE\O{2, we can sum up over E and its neighboring cells to achieve

1 uint(E) . uint(E) 1 uext(E) . uext(E)
_ 5/[% - Inaty) HE% —_ 5/(_ [up, - Jnh)) - (—nEg) %
1
=-3 / [un - Jn] - me {up - up}, (2.57)
e
which further leads to
1
orr=- Y 5/[uh~Jh@7h} e {un - up} . (2.58)
Ecé&y, e€AEL\ON €

Step 3: Further estimates in (2.52).
Hence, summing over all E € &, in (2.52) and combining (2.56) and (2.58), we deduce

1
Z e (Uhy My Uny un) + —/ (up - ) \Uh\z
by

2
Ee&y,

1 1
= — / Jh('LLh‘Vﬂh'LLh)‘Uh"‘—/ In (Vg - up) (up - up) — Z —/[uh-Jhﬂh]~nE{uh~uh}
Q 2 Jo eeash\aQQ ¢

+ Z (/ Hup - Jpatp} - nEI(uihnt(E)—uZXt(E))~ui,ft(E)+/ {up- I} np (uzlt(E)~uzlt(E)>>. (2.59)
9B oF

Ee&y

We can further estimate the last two terms in (2.59) as follows:

Z (/ {un - Jnth} - ngl (uihnt(E) - uZXt(E)) '“ihnt(E) +/ {up - I} - ng (uihnt(E) ~ui,ft(E)>)
OB~ o

E€&y
- Z / |{uh . JhJZ{h} . TLE‘ u‘ZXt(E) . (u';Xt(E) _ uznt(E))
E€&y, OE—
" / st (w5 ) 4 2 37 / fun-nctiyom (w0 i) (2.60)
Ecg, Y OETNoR & Jop-ns

Then combining (2.59) and (2.60), we have the complete form

1
> e Gy un) + 5 [ (an )

Ecé&y z

1
= - / Jn (un - Vg, un) - up + —/ I (Vg - un) (up - up)
Q 2 /e

1 / ext(E) ext(E)  int(E)
— — uy, - Jp ) - ng {un - up + / up - Jpah 't onelu lu —Uu
> 5! Jn { }) > o bl (g )

ecdEy, € FEe&y

+ Z / {up-Jnh} ng (uihnt(E)-uihnt(E)>+ Z / {thhﬂh}-nE(uth(E)-uihnt(E)). (2.61)
EcEs OE+NoN EcEs OE—NXY
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Step 4: Synthesis.
Summing up (2.50) over E € &, and adding it to (2.61) imply

1
D e (s mn, wns un) + —/ (un - A7) fun
X

Ecéy, 2
1 ex in 2 1 in in
=5 Z / {un - I} - ngl |uy, tW(E) uht(E)’ n Z 5/ {un - Jnth} - np (uht(E) . uht(E))
Ec&y OE~ E€&y, OE+tNoN
1 in in
+ Z —/ {un - Jnh} -np (uht(E) -uht(E))
E€&y, 2 OE—NXY
1 in in 1 in in
Z Z 5/ {un - Jnh} - nE (Uht(E) 'uht(E)> + Z 5/ {un - Inath} -ng (uht(E) -uht(E)>
Bee, 2 JoETNY Bee, £ JoE-NX
1 in in
= 5/ {un - Inh} - np (uht(E) -uht(E)>
=
1 2
=3/, (un - ) [un|”, (2.62)

where the last equality can be directly verified by the definitions of Jp,, o, and .A47. Then our result naturally
follows. O

2.3.3. Estimate of diffusion terms

In order to show the coercivity of the diffusion term, we need the discrete form of Korn’s inequality. The
proof here is based on [18].

Lemma 2.5. Assume fj € X,’f satisfies for e C 9E, N Xy, it holds that f&**|c = 0. Then for sufficiently large
og > 0, we have

g
> [ oal X2 [ 2 10 2 16l (263)
FEe&), E ecOEy €

Proof. The second inequality has been shown in [7], so we turn to the first one. It is easy to see the key part is
to show the derivatives of f; can be controlled. Hence, we only need to show

SN LTS DRy IFAET TP (264)

Ecéy, ecoEy,

If this is not true, then we can construct a sequence f;' € X ,’f satisfying

17, =1, (2.65)
and
n ago n12 1
DDy + D 5 [ T <~ (2.66)
Eeé&), e€IE, €

To abuse the notations, we can extract the weakly convergent subsequence

fir— fn in HYE) for VE € &. (2.67)
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By the compact embedding theorem in each cell E and the weak lower semi-continuity of H'(FE) norm, we have
the strongly convergent subsequence

fr— fn in L*(92). (2.68)
By (2.66), we also have

Z ISR 120y = O (2.69)

Ee&y

Notice the fact that in each cell E, we still have the continuous Korn’s inequality
I = Fh ey S ISR = DI L2y + IR = fR N2y for Vm,n € N. (2.70)

Hence, combining all above, we know f}' is a Cauchy’s sequence under the norm H L(E), which means it is a
Cauchy’s sequence under the norm Hj. Then

fi — fn in Hp. (2.71)
Thus this means
Il g, =1, (2.72)
which further implies
Dfy, =0 in VE € &, (2.73)

and

> 00/ > =o0. (2.74)

ecOEy

This means
fn=(a,b) +c(—x1,229), (2.75)

for some constant a, b, c and fj, is continuous in 2. Certainly, the zero bottom implies f;, = 0, which contradicts
| fall gz, = 1. Therefore, our hypothesis is invalid and (2.64) holds. d

Lemma 2.6. Assume f), satisfies for e C 0, N Xy, it holds that f3**|. = 0. Also, ny satisfies n, +1 > >0
and

Q= sup [|nallyr )y < 0. (2.76)
FeFy,
Then for sufficiently large o¢ > 0, we have

> 2 (167 2 C@Inlk, 2 €@ 1, .m)

/ Jn Dy, ful” +
Ecé ccoE,

Proof. Note that in each cell E, the free surface 7y, is smooth. Hence, we can change it back by the transform @;1
to a curved cell églE which satisfies

| @ P fu@ dr= [ DAl d. (2.78)
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Hence, in this curved cell, we have the Korn’s inequality
Hfh”Hl(qS;lE) 5 ||th||L2(q5;1E) + Hfh”[,?(qs;l);) . (2-79)

Since the transform 45,:1 is a diffeomorphism between E and <15;1(E)7 then the H' norms in these two spaces
are comparable. Hence, we have

[l < C(Q) ( [ sl + |fh||L2(E)) | (2.80)

Then a similar proof as that of Lemma 2.5 naturally yields the desired result. g
Lemma 2.7. Assume fy satisfies for e C 0E,N XY, it holds that f**|. = 0. Also, ny, satisfies n,+1> 6 > 0 and
Q= sup [0y < o0 (2.81)
FeFy,
Then there exists a sufficiently small constant 6" > 0 such that for ' satisfying
sup |11, = Iy gy < 0, (2.82)
FeFy,

and for sufficiently large of, > 0, we have

2 ol
> /E TP se] + 3 %2 / [F)” 2 C@ Inll%, 2 C@Q) £l (2:83)

Ecé, e€dEy,

Proof. By Lemma 2.6, we know

> /E I D o+ Y 3 [ 1] 2 C@ IAal%, 2 C@ 1l (2:84)

Ecé&), ecoEy, €

We can rewrite our formula in a perturbed form as

2
> [apun| -2 [ nipans
Eeg, VB Eeg, VB
/ / 2
= Z/Jh (Ddgﬂthfh) (2Ddhfh+Dmf,§—mfh>+ > / (i = Jn) Dz, fnl
Eeg, VB Eee, VB
S8 N fnll, (2.85)

Naturally, when taking ¢’ sufficiently small, we can absorb the perturbation into the principle part. Then our
result easily follows. O

For the diffusion term
—/ JAgu - vy, (2.86)
E
a direct integration by parts implies

1 in
. Z / JAgu-vp, = 5/ JDgu : Dgvp— Z {DduJﬂﬂE}[vh]—/ (]D)du)ﬂ/wht(E). (2.87)
pee, VB 2 ecdEL\X Y € ¥
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Also in the continuous case, our discretization yields

> ap (n,u.n,vm) / IDgt: Dogvn — / {Dyute -ng}-[vs]. (2.88)

Eeé&, e€OER\ XY

We can notice the difference is the extra physical boundary term — / (Dgu) A - vmt(E) which contributes to

=
the boundary condition on Y. This is separately added to the scheme as a forcing term later combined with the
pressure contribution. Hence, our scheme is consistent.

Lemma 2.8. Assume ny, satisfies np+1 > 6 > 0. If we take vy, = uyp, and choose the penalty constant o properly,
the discretized diffusion term with NIPG satisfies

Z ag (M, W, M, Un) 2/ Tn D un]? . (2.89)
Ee&y, 2

If we further assume ny, satisfies

Q= sup ||nnllyr.epy < 00, (2.90)
FeFy,
then the discretized diffusion term with SIPG or NIPG satisfies

> ap (s un) 2 CQ) llunll, - (2.91)
Ee&y,

Proof. We can directly compute

> ap (n, un,mh,va) = /Jthuh Dejvn— Y /{Dmthhﬂh ne}t - [vn]
Eecg), Ees e€OER\ XY

+ Y e{mmvthﬂh.nE}.[uhH% S [un] [on] - (2.92)
e€OER\Y ecdEy,

For NIPG, when vj, = up, (2.92) reduces to
> ap (n un, mn, un) = / I IDag,unl® + & 5 Z [un)?. (2.93)
Ee€&y,

Hence, we may simply take the penalty ¢ = 1 and by the discrete Korn’s inequality in Lemma 2.6, our result
naturally follows.
For SIPG, when vj, = up, (2.92) reduces to

> g (h, wn, s un) = / Tn D un>~2 Y {Dmthhﬂh%E}‘[uhH% > [un). (2.94)

Ecgy, ecdEL\E " € ecdEy

By the discrete Korn’s inequality in Lemma 2.6, we have

a
> [ nmaur+ 3 5 [l 2 0@ lul, 2 0@ i, (2.95)

EcEy, ecdEy,
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Then we utilize Holder’s inequality, the trace theorem and Cauchy’s inequality to estimate

> /{Dmthhﬂfh np}-lun] <CQ) Y IVunll L2 ey HunlllL2e)

€€DEL\O c€OEL\ON

< C(Q) Z ||uh||H1(e) ||[Uh]||/;2(e)

e€OEL\ON

C
<00@Q Y Mg+ G2 Y s,

c€OEL\ON c€OER\DN

C 1
<cc@ 3 hlunlpam+ DL S 2,

Ecé&y, 4c hee&fh\&()
cQ)1
<00@luly, + G2 Y e (2.96)
eEag;L\aQ

The last inequality is valid since u, € PF. Then we take C sufficiently small, and o > o + C(Q)/(4C) to
absorb (2.96) into (2.95). Hence, our result easily follows. O

2.8.4. Estimate of pressure terms

For the pressure term

/ IV p - vp, (2.97)
E

a direct integration by parts reveals the following equality in the continuous case

Z/ng{pmh:—/ JIpVg - vp + Z /[vh}-(de)-ne)—k/pJV-v;lnt(E). (2.98)
E 9] e X

Eeéy, c€OEL\ T

It is easy to see in the continuous case, our discretization reduces to

Z Be (p,n,vn) = —/QJPVM “vp + Z /[vh] (pJ ) - ne. (2.99)

Eeéy, e€OEL\Z

We can notice the difference is the extra physical boundary term [p.A4" - v (B which contributes to the
)

boundary condition on Y. This is separately added to the scheme as a forcing term later combined with the
diffusion contribution. Hence, our scheme is consistent.

Lemma 2.9. When we take vy, = uy, the discretized pressure term satisfies

Z BE (Phs Mh, un) = —/ InpRV ey, - un + Z [up] - {prIneh} - ne, (2.100)
E€€y 2 ccog\5 e

where ne denotes the outward normal vector read from the same direction as [up).

Proof. This is a direct corollary of the definition, so we omit the proof here. O
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2.3.5. Estimate of forcing terms

Considering the physical boundary condition on X of the system (1.9), we need to take the upper boundary

condition as a forcing term, i.e.
(pI —Dgyu) N =nA on X.

Multiplying the test function v, and integrating over F' yield

/F77</VvhZ/Fn(172)h—/F773177(171)h~

In the continuous case, our discretization reduces to

> e (n,n,vh)=/2n(@z)h—/2773177(171)ha

Ee&y,
and the penalty terms vanish. Hence, this discretization is consistent.

Lemma 2.10. When we take v, = up, the discretized forcing term satisfies

1
> e (s s un) > 5/ Oy |nn” -
)

Ee&y

Proof. We may sum up over E € &, to obtain

Z HUE (nhvnha’uh)

Ecéy,

= th (v2), + /Enhamh (v1)), + % > (*{(ﬂl)h} (77;)2 [Fi172 — {(@1),} (77;)2 \F—1/2> .

FeFy,

Taking ¢, = ny, in the transport discretization (2.15) and integrating by parts imply
1 2 _ _ =2 _ 2
§/F8t |nn|” — /F (a2), mn + /F (1), mnO1mn — (1), ()" lpsay2 + (1)) () | Fe1/2

. . N . 1 N2 2
+ (A1), Ay | pr1y2 — (@1), AT [ p—1)2 + 3 ((Wh) [wn] [p1/2 — () [un) |F71/2> =0,

which further leads to

1
5/ O |77h\2_/ (ﬂz)hﬂh‘F/ (@1)), MhO1MA
F F F

_ N2 _ 2 . . N R
- {(u1)h} (77h) \F+1/2 + {(ul)h} (77;) |F71/2 + (Ul)h Ny, |F+1/2 - (Ul)h Uhﬁ;ﬂF—l/z = 0.

Summing over F' € F, implies

%/xat\ﬂh\z—/Z(ﬂz)thr/Z(@l)h??h@ﬂ?h— > (@)} (17) 1rsrye

FeFy,

_ 2 N N _ N N
+ > @), ) pore = D (@), iy a2+ (), iwng [po1/2 = 0.
FeFy, FeFy, FeFy,

(2.101)

(2.102)

(2.103)

(2.104)

(2.105)

(2.106)

(2.107)

(2.108)
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Since we always take 7y = {(%1), }, combining (2.105) and (2.108) yields

1 2
Z BE (Mhs hy Vn) / e |nn]* + Z ( )y}t (Uh) |F+1/2 + 5{(“1)h} (1) |po1y2
Ecé&y FeFn
+ (@)} g, [Fi12 — {(ﬂl)h}ﬁhnz_F—l/2>~ (2.109)

We can decompose the boundary terms in (2.109) to obtain

L ) g g (@) 0) Loy + ()Y i Lo — LG} i Lo

=Vpi12 —¥Yp_1/2+Or, (2.110)

where
1., 2 _ .
Upy1yp = =5 {@)n} ()" ez + L@, iy a2, (2.111)
1., N2 _ N
!prl/Q = -3 {(ul)h} (Wh) ‘F71/2 + {(Ul)h}nhﬁh ‘F71/2a (2.112)
and

P =5 (@0} 00 roro =5 (@)} 0)7 I =L@ w1 (@0} i Lo (2:113)

By the flux definition (2.18), we can derive

L
Op = {(@1),} (ny — ) (w - ﬁh) > 0. (2.114)

When we sum up (2.110) over F' € Fp,, all ¥pq/5 are canceled out due to the periodicity. Then we have

3 <_ % (@)} () gz + % (@)} () [

FeFy,

+{(@1), } inng, [Fyay2 — {(@),} ﬁhme|F1/2> > 0. (2.115)

Hence, combining (2.109) and (2.115), we can obtain the desired result. O

2.3.6. Estimate of divergence terms

In the continuous case, our discretization reduces to
> pe (u,m,qn) / J (Ve 1) (2.116)
Eec&y,
Hence, this discretization is consistent.
Lemma 2.11. When we take qn, = pp, the discretized divergence term satisfies
> pi (wn,mn,pr) = / TPV cun+ Y / un) - {pnJndh} - ne. (2.117)
Ecg), eEBEh\E

Proof. This is a natural corollary of the definition, so we omit the proof here. O
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3. STABILITY ANALYSIS
Condition 3.1. The free surface n,(t) satisfies 1 + 7 (t) > § > 0 for some ¢ > 0 independent of h and t¢.

Condition 3.2. The free surface 7, (t) satisfies suppe 7, [|78(8)[lyy1.00 (py < @ for some @ > 0 independent of
and t.

Theorem 3.3. If S =0, suppose Condition 3.1 is valid in t € [0,T] for some T > 0. Then there exists a unique
numerical solution triple (up,pn,nn) € XF x M,’ffl x Sk to the scheme (2.14) with NIPG, which satisfies the
estimate

2 t
H\/Jh(t)uh(t)‘ + gl )72y + v Tn(5) [D g, oy un(s)|* ds
L2(02) 0 o
2
< [V ©)un(0)] oy T OO, (3.1)

for any t € [0,T1.

For general S, suppose Conditions 3.1 and 3.2 are valid in t € [0,T] for some T > 0. Then there exists a
unique numerical solution triple (up, pn,nn) € X§ % M}’ffl x S¥ to the scheme (2.14) with SIPG or NIPG, which
satisfies the estimate

|V

t
2 2
L2(2) + ||77h(t)||[,2(2) +/0 Huh(s)”Xh ds

<@ ([VaTuo|, , + 1m0l + [ [sera). 62

for any t € [0,T1].

Proof. The existence and uniqueness follow from a standard argument for the differential-algebraic equations,
so we omit it here and focus on the energy estimate. In the system (2.14), we take the test function v, = uy
and g, = pp, and sum up over E € &,. Then it yields

> o (myunyun) + > v (wnymn, wn, un)

Eec&y, Ee&y

v Y am (nswn i un) + Y Be (P un) +9 Y e (o un) = Y we (h,us),  (3.3)
Ee&y Ee&y FEe&y Ee&y,

Z pE (Un,Mh, pR) = 0. (3.4)

Ecé&y

By Lemmas 2.9 and 2.11, we have

> Be (promsun) = Y pe (un,mn,pr) = 0. (3.5)

Eec&y, Ee&y

Hence, we can simplify (3.3) into

> Celmoun,un) + Y e (un,mnyunyun) +v Y ap(n wnmnun)+9 > e e un) = Y wp(n,us).
FEe&y Ee&y FEe&y Ee&y, FEe&y
(3.6)
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Then by Lemmas 2.2, 2.4, 2.8 and 2.10, we have

1
30 [t + 0 [ il + @, < X we (). (3.7

Ee&y,

Note Conditions 3.1 and 3.2 guarantee the existence of C(Q) > 0 which is independent of ¢. An application of
Cauchy’s inequality implies

1 1
2 2 2 2 2 2
> we (uh)gc’/QJh || +4C,/Q\S| <Q C/HuhHXh+4—C,/Q|S| . (3.8)

Ecé&y

In (3.8), when taking C” sufficiently small, we can always absorb it into CC(Q) H“h||§(h in (3.7). Hence, we have

1 cc
300 [ gt + 20, [ ol + 9L, < 0@ [ 157, (39)
0 b)) Q
Then integrating over [0,t] leads to the desired result. The S = 0 case is easily derived from the general case
without discussion of the source term. O

Remark 3.4. Conditions 3.1 and 3.2 are not always satisfied a priori. In [1,15,16], this type of assumptions
were also introduced in the numerical analysis.

4. DISCUSSION ON THE ERROR ANALYSIS

For the continuous solution (u,n), the analysis in [20] reveals in the Navier-Stokes equations of (1.9), we
need H! norm of n(t) to bound L? norm of u(t). However, the result in [6] implies in the transport equation
of (1.9), we need H? norm of u(t) to control H* norm of n(t). This type of inconsistent coupling cannot be
improved even if we go to higher order derivatives. Hence, this implies the coupled system in (1.9) is not closed in
the usual Sobolev norms, which means we cannot expect to obtain the error estimates for the whole system (1.9).

In the following, we mainly analyze the error in the Navier-Stokes equations provided we have the error
estimates of the free surface.

Condition 4.1. The free surface 7, satisfies the error estimates

lnn = nll 2 < *F (4.1)
I =l o S R, (4.2)
Ixn = x2S ¥, (4.3)
Ixn = xllpe S R, (4.4)
10 (o — )l 2 S B, (4.5)
10 (o = )| e S BT (4.6)
4.1. Velocity error analysis
We decompose the velocity error and the pressure error as follows:
up —u = (up, — Pu) + (Pu—u) = €, + 0, (4.7)

ph—p = (pn — Pp) + (Pp —p) = € + 0y, (4.8)
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where P is some projection such that Pu € X ,’f and Pp e M, ,’f*l achieving the optimal accuracy, i.e.
[8ull 2 S REH, (4.9)
E
10pl 2 < A7 (4.10)
Hence, the key part of the error estimates is €, and €.

Lemma 4.2. Suppose Conditions 3.1, 3.2 and 4.1 are valid. Assume the ezact solution satisfies u € C?(12),
p € CYH2) and n € CY(X). Then for h sufficiently small, the numerical solution to the scheme (2.14) satisfies
the estimate

at/ Inleal® + lleallfs, S C@Q) (R euly, + ¥ llepll o + lleulliz) for 1/2<r <1 (411)
Q
Proof. The discretization of the Navier—Stokes equations is

Cenywn, vr)+YE(Why hy Un, V) VOB (N, Uhy iy VR) + BE DR, Thy V8) +90E (MR, T, V) =wE (R, vr),  (4.12)
pE(Un, Mns qn) =0. (4.13)

The consistency of the scheme (2.14) implies the exact solution (u,p,n) also satisfies this scheme, i.e.

Ce (n,w,vn) + v (u,n,w,vn) + vag (n,u,m,v,) + Be (0,0, 00) + gue (1,17, v0) = we(n,v),  (4.14)

Therefore, taking the difference of above two sets of equations, we obtain the error equations

(Ce (1h, un, vn) = Co (0w, vn)) + (Ve (Whs Ny U, VR) — VB (U, 1, U, VR
+v (g (s wn, Mhs o) — ag (10, u,1, vp

(WE (1, vn) —wE (0, vp)) , (4.16)
(4.17)

)
)
+ (BE (Pry s vn) = Be (0,1, 00)) +9 (e (s My vR) — e (1,1, v1)) =

(e (Wnymny an) — pe (w1, qn)) =

Now we need to analyze each term in the error equations (4.16) and (4.17). We always decompose the difference
of the bilinear forms into two parts: the energy part W, and the remaining part R,, such that

Difference = W, + R., (4.18)

where W, builds the main body of the error equations and is put in the left-hand side (LHS), and R, is moved
to the right-hand side (RHS) and can be taken as the perturbed source term. The * can be ¢, v or «, etc. For
example, we can decompose the convection difference v (un, 1h, un, vn) = Y- pee, VE(Un, M, Un, vr) as follows:

¥ (Why iy Uy vR) — 7y (1, w, vp)
= (Up, h, un, — w,vp) + 5 (Wny M — 0y wyvp) + ¥ (up — w,n,w, vp)
= (th, Mhs €us V8) + ¥ (Uns Tk, O, V1) + ¥ (Whs T — 15w, 0R) + 7 (un — w1, 4, vp)
=7 (Un, s €us €u) + (7 (Un, My Ous €) + 7 (Wns M — 1,0, €0) + 7 (un — w1, 4, €4))
—W, + R, (4.19)
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where
Wy =~ (Un, M, €u, €u) (4.20)
Ry =7 (un,Mh, Ous €0) + 5 (Wnymn — 1,0, €4) + 7 (U — u, 1,1, €4) - (4.21)
W, can be bounded as in Theorem 3.3 and R, can be estimated based on the following rules:

Rule 1:
For the estimates of the product terms as

/F1F2 . Py, (4.22)

we apply Holder’s inequality to obtain two terms in the L? norm and other terms in the L> norm. The priority
of taking the L° norm is as follows:

(1) F; only containing the exact solution (u,p,n) has the highest priority.

(2) F; containing the free surface error n, — 1, xp — x or 0i(nn — n), or the numerical solution 1y, xpn or O,
has the second priority.

(3) F; containing the projection error « — Pu or p — Pp for some P has the third priority.

(4) F; only containing the velocity error up — Pu or the pressure error p;, — Pp for some projection P, or the
numerical solution uy or pp, has the lowest priority.

In this fashion, we can make the best use of the regularity of the exact solutions and the known error estimates
in the free surface to avoid the estimates of (up,pp) in undesired norms due to the embedding theorem.

Rule 2:
For the boundary term, we apply the trace theorem

1EW L20my S I1E g () » (4.23)

for r > 1/2. This introduces more regularity in the estimates, so we should always try to avoid to use it directly
and apply certain projection property to eliminate the boundary terms.

Rule 3:
Note the simple fact that for » > 0, we have

WAl fnll g zy S W Fall2my » (4.24)

where h is the mesh size and f;, € P,ff. This can bound the higher order Sobolev norm by the lower norm at
the price of some order of h.

In the error equations (4.16) and (4.17), we always take the test functions v;, = €, and ¢, = €,. Since
the estimates are standard, we omit the details here and just present the results. We can simplify the error
equations (4.16) and (4.17) as:

We+ W, +Wa+Ws=—R:— R, — Ry — Rz — R, — R, (4.25)
W, = —R,. (4.26)

Then we can utilize a similar argument as in the proof of Theorem 3.3 to bound the energy part as

1
52 [ Inled” + Q) leully, S Ry~ R~ By = Ro — By~ Ry~ Ru. (4.27)
(%
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Utilizing the estimates about the remaining part, we can further obtain
1
32 [ Il +C@Q ey, S
[0
R Newllpg, + 057 lepllpe + A5+ lleull o) leully, + leullpe leully, — for 1/2<r<1. (4.28)
The stability shows both u;, and u are bounded in L2, so €, is also bounded in L?. Then we get
1 2 2 —1—7r —r
§8t /Q Jn leu|” + C(Q) HGUHHh S hkt ||5u||Hh +R" lepllpe + ll€ull 2 ||€uHHh for 1/2<r<1. (4.29)
Applying Cauchy’s inequality to the last term of (4.29) implies

1 2 2 i _
§5t/9=7h leul” + C(Q) leullyy, S lleully, + 1" llepll 2 + leull72 +C ||€u||Hh

4C’
for 1/2<r<1 . (4.30)
Taking C’ sufficiently small, we can absorb it into the left-hand side to achieve
1 C 1 —r
30 [ e + S eull, S0 el + B gl +O@Q lealis for 1/2< 7 <1 (031
Q
This is the desired result. O

4.2. Pressure error analysis
In order for further analysis, we first need to show the inf-sup condition of our pressure discretization.

Lemma 4.3. In the pressure discretization 3(ph,nh,vn) = Y pee, BE(PhsMnyvn), suppose Conditions 3.1, 3.2
and 4.1 are valid. Assume the exact solution satisfies n(t) € C1(X). Then for sufficiently small time T which is
independent of h, there exists a constant = > 0 such that

—

inf  sup B (Phs s vn)

i LT Uh) s (4.32)
pneMf o exp [Pallpz [lvallg,

fort € [0,T], where = is independent of h.

Proof. This result is similar to ([8], Thm. 4.5), so we omit the details here. Note the fact that for Joo% which
is the value of Jo at t = 0, and Jy.o the average of Jy.o% in each cell E which is piecewise constants, we
naturally have

| Joto — Joo)|, o S B (4.33)

[PRS

Hence, the weight functions in the differential operators is only a small perturbation, which can be absorbed
into the main part. O

Lemma 4.4. Suppose Conditions 3.1, 3.2 and 4.1 are valid. Assume the ezact solution satisfies u € C?(2),
p € CL(Q) and n € CY(X). Then for sufficiently small T and h, the numerical solution to the scheme (2.14)
satisfies the estimate

t
/ HGPHLQ S_, C(Q) (hk 1—r / H6u||L2 + HGu( ||L2 / |€u||Hh) fO’f’ 1/2 <r< 1 (434)
0

within t € [0, T].
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Proof. We can take any test function vy, € XF in the error equation (4.16) and integrate over time [0,t]. Here
we do not distinguish between the energy part and remaining part, but only concentrate on

/o B (Prsnn, vn) - (4.35)

All the other terms can be moved into the right-hand side and estimated in terms of [jvp ||, . Basically, the
estimates are similar to the velocity error estimates in the proof of Lemma 4.2, so we omit the details here.
Based on the inf-sup condition in Lemma 4.3, we can deduce the desired result. g

4.3. Error analysis of the fluid

Theorem 4.5. Suppose Conditions 3.1, 3.2 and 4.1 are valid. Assume the exact solution satisfies u € C?(2),
p € CL(2) and n € CY(X). Then for sufficiently small T and h, the numerical solution to the scheme (2.14)
satisfies the estimates

lun = ull 2 S C@QRT, (4.36)
1/2

([ i) < c@ntr (437)

t
/ lon — bl e < CQB" for 1/2<r <1, (4.38)
0

intel0,T).

Proof. In Lemmas 4.2 and 4.4, we have shown
at/ Jh ‘Gu‘Q + ||€u||§—1h g C(Q) (hkflf’r ||6’U,HH’L + hk?*’r ||6p||L2 —+ HE'Uin?) fOI' 1/2 <r< 1, (439)

and

. t 1 t
[ el £ 0@ (4 [l @l 47 [, ) for 12<r <1 a0

Integrating over [0,¢] for any ¢ € [0,T] in (4.39), we obtain

t t t
—1-—r —r 2
[ rtentor+ [ e, £ 0@ (#0710 ey, 87 el + [ al:). @

Then we plug (4.40) into (4.41) to eliminate €, and obtain

[ noiaor+ [ ek,

t
R N I P Oy Ty
0 0

t 2 t
() (h%”wh%“w( / ||eu|H,L) T el + |eu|12>
0 0
2k—2—-2 K 2 k ¢ 2
(h 2V [l 0 el + ||eu||L2)- (4.42)

When T is sufficiently small, we can absorb C(Q) \/ffot HEUH?LI;L into the left-hand side of (4.42) to achieve

t
/th ‘eu / H€UHH < )<h2k—2—2r+hk—r ||6u(t)||[,2 _|_/0 ||5u|ig) (443)

S CQ)
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Since (4.43) holds for any ¢ € [0,7T], we can take the maximum to get

22 < 2k—2—2r k—r R T 22 . 4.44
s w03 5 CQ) (W27 4 e w02+ 7 e (012 (141

When T and h are sufficiently small, we can absorb C(Q)(h*™" + T') max;eo, 1 H6u||2Lz into the left-hand side
of (4.44) to obtain

2 2k—2—2r
u(t < C(Q)h . 4.45
s [leu(0)]32 < OQ) (4.45)
Then this leads to
u(t < C(Q)hF 1, 4.46
g leu()]2 < C(Q) (4.46)

Hence, we plug (4.46) into (4.43) and (4.40) to achieve

t
| e, < c@pe (4.47)
t
[ el 5 cl@m (4.49)
Combining with the projection errors ¢, and ¢,, we show the desired result. O

Remark 4.6. The convergent rate K — 1 — r is not optimal. If we can obtain a nicer error estimate of the
temporal term, then this rate can be further improved.

5. NUMERICAL TESTS

We perform the accuracy tests for our numerical scheme. Our tests are based on a set of exact solutions

n = Zsin (27 (z1 — 1)), (5.1)
uy = Z (6235 + 1525 + 1223 + 323) sin (27 (z1 — t)) + (625 + 523 + 1), (5.2)
uy = nZ° (42 + 1525 + 2125 + 13z3 + 323) sin (47 (z1 — ) (5.3)

+ 277 (42§ + 725 + 225 — a3) cos (2 (z1 — 1)),
p = Zsin (2w (x1 — 1)), (5.4)
with the source term
S1 = (u1), — e (1 + 22) KOouy + (ug (O1u1 — AKOour) + KuaOouy)
—v (Onur + (1+ AQ) K2099uy — 2AK 019u; + (AK282A — A K — K01 A) dauq)
+ (O1p — AKDap) , (5.5)
Sy = (u2), — 1 (1 + 22) KOoua + (uy (O1us — AKOausz) + KugOous)
—v (O11ug + (1 + A%) K?0y0uy — 2AKO1puy + (AK?0, A — AD1 K — K01 A) dyus)
+K0Osp, (5.6)

where 0 < Z < 1 can be any fixed constant, A and K are defined as in (1.7), and differential operators 9y, 0;
and 0;; are defined in the usual sense. In the following test, we always take Z = 0.1, v = 0.05 and T = 1/8.
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5.1. Accuracy tests with SIPG

The following are the error tables for our numerical scheme with SIPG:

(a) Free Surface Error n — ny,

TABLE 1. L? error table for X% — M,g — S,}L formulation with SIPG.

(b) Velocity Error u — up,

(¢) Pressure Error p — py,

N Error Order N Error Order N Error Order
4 | 9.4028E-4 — 4 | 4.8233E-2 — 4 | 3.1028E-3 —

8 | 2.5493E-4 | 1.8830 8 | 1.3863E-2 | 1.7988 8 | 1.6255E-3 | 0.9327
16 | 6.6612E-5 | 1.9362 16 | 3.6182E-3 | 1.9378 16 | 8.2709E-4 | 0.9748
32 | 1.7409E-5 | 1.9359 32 | 9.4871E-4 | 1.9312 32 | 4.1570E-4 | 0.9925
64 | 4.9397E-6 | 1.8173 64 | 2.4593E-4 | 1.9477 64 | 2.0818E-4 | 0.9977

(a) Free Surface Error n — ny,

TABLE 2. L? error table for X,f — M,}L — S,?L formulation with SIPG.

(b) Velocity Error u — up,

(¢) Pressure Error p — py,

N Error Order N Error Order N Error Order
4 | 1.4435E-4 - 4 | 5.8590E-3 - 4 | 9.6076E-4 -

8 | 1.6283E-5 | 3.1481 8 | 7.7408E-4 | 2.9201 8 | 2.3182E-4 | 2.0512
16 | 2.1495E-6 | 2.9213 16 | 9.8674E-5 | 2.9717 16 | 5.4527E-5 | 2.0880
32 | 2.9961E-7 | 2.8428 32 | 1.2586E-5 | 2.9709 32 | 1.2942E-5 | 2.0749

5.2. Accuracy tests with NIPG

The following are the error tables for our numerical scheme with NIPG:

(a) Free Surface Error n — ny,

TABLE 3. L? error table for X,% — M,g — S,}L formulation with NIPG.

(b) Velocity Error u — up,

(¢) Pressure Error p — py,

N Error Order N Error Order N Error Order
4 | 9.3809E-4 — 4 | 4.5428E-2 — 4 | 3.2035E-3 —

8 | 2.5179E-4 | 1.8975 8 | 1.8218E-2 | 1.3182 8 | 1.6481E-3 | 0.9588
16 | 6.5861E-5 | 1.9347 16 | 6.7565E-3 | 1.4310 16 | 8.4487E-4 | 0.9640
32 | 1.7258E-5 | 1.9322 32 | 2.1758E-3 | 1.6347 32 | 4.2453E-4 | 0.9929
64 | 4.9108E-6 | 1.8132 64 | 7.5074E-4 | 1.5352 64 | 2.1239E-4 | 0.9992

(a) Free Surface Error n — ny

TABLE 4. L? error table for X}QL — Mﬁ — S}QL formulation with NIPG.

(b) Velocity Error u — up

(¢) Pressure Error p — pp

N Error Order N Error Order N Error Order
4 | 1.4810E-4 - 4 | 6.0580E-3 - 4 | 9.2305E-4 -

8 | 1.7895E-5 | 3.0489 8 | 1.2693E-3 | 2.2548 8 | 2.8213E-4 | 1.7100
16 | 3.3218E-6 | 2.4295 16 | 1.9305E-4 | 2.7170 16 | 7.5701E-5 | 1.8980
32 | 8.5392E-7 | 1.9598 32 | 2.7534E-5 | 2.8097 32 | 2.0531E-5 | 1.8825

5.3. Discussion on the numerical tests

1045

In above accuracy tests, we can obtain the optimal order of convergence when applying scheme (2.14) with
SIPG, and the sub-optimal order with NIPG. However, in both cases, our numerical results are much better
than the analytical result obtained in Theorem 4.5.
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6. CONCLUSIONS AND REMARKS

In this paper, we construct a stable numerical scheme to solve the system (1.9) with discontinuous Galerkin
method, and discuss the error analysis in the fluid with certain assumptions.

Although we focus on the 2-D fluid throughout this paper, it is easy to see this scheme can be naturally
extended to the 3-D case with periodic settings for two horizontal directions. The main restriction to our
scheme is that we require the free surface to be a single-valued function of the horizontal variables, which is not
always true in practice, especially when the topological structure of the free surface varies during the evolution.
Our scheme is non-conservative. Hence, it might not give the qualitatively correct simulation if the exact solution
possesses singularities. However, for smooth exact solutions, our scheme can give a quite good approximation.
Here we use the piecewise polynomial P* due to the connection between the bulk discretization and surface
discretization. Note that Q*, which denotes the piecewise polynomials of degree at most k for each variables,
is acceptable in the scheme, but not suitable in analysis since it cannot satisfy the desired inf-sup condition for
pressure term in the error analysis.

Acknowledgements. The author thanks the editor and referees for their constructive comments and suggestions.
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