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CONVERGENCE OF A NUMERICAL SCHEME FOR A MIXED
HYPERBOLIC-PARABOLIC SYSTEM IN TWO SPACE DIMENSIONS *

ELENA Rossi! AND VERONIKA SCHLEPER?

Abstract. We prove the convergence of an explicit numerical scheme for the discretization of a coupled
hyperbolic-parabolic system in two space dimensions. The hyperbolic part is solved by a Lax—Friedrichs
method with dimensional splitting, while the parabolic part is approximated by an explicit finite-
difference method. For both equations, the source terms are treated by operator splitting. To prove
convergence of the scheme, we show strong convergence of the hyperbolic variable, while convergence of
the parabolic part is obtained only weakly* in L. The proof relies on the fact that the hyperbolic flux
depends on the parabolic variable through a convolution function. The paper also includes numerical
examples that document the theoretically proved convergence and display the characteristic behaviour
of the Lotka—Volterra equations.
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1. INTRODUCTION

We consider the following Cauchy problem in two space dimensions:

Opu+ div (f(u) v(w)) = (@w - Bu (
ow — pAw = (y — du)w (1.1b
u(0,z,y) = uo(,y) (
U)(O,l’,y) = wo(xay)' (

This is a generalization of the predator—prey model presented in [8]. In particular, v = u(t,z,y) and w =
w(t,x,y) represent respectively the predator and the prey densities at time ¢ € R* and position (z,y) € R2.
The parameters «, 3, v, § appearing in system (1.1) are all positive, p is strictly positive. More precisely, « is
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the predator birth rate due to feeding on prey, 3 is the predator mortality rate, v is the prey birth rate, ¢ is the
prey mortality rate due to predators and p represents the diffusion speed of prey.

Predator-prey models are widely studied in the literature since a long time, starting with the pioneering
works of Lotka [15] and Volterra [17] in the 1920s. The model proposed therein is based on ordinary differential
equations modeling the interactions of two species’ populations u (predators) and w (prey), where birth and
death rates depend on the interactions, see equation (1.2).

%u = (aw — PB)u, %w = (v — du)w. (1.2)
This basic model was extended subsequently to obtain more refined predictions of population sizes [3,4,13] or
to model the immune system response to infectious diseases [5,16]. Further applications of the Lotka—Volterra
model (1.2) and variations of it can be found in economy, see e.g. [12] for a pioneering work.

All these models are based on ordinary differential equations, thus implicitly assuming a homogeneous dis-
tribution of the species in space. Model (1.1) overcomes this deficiency and allows for spacial variations of
predators and prey. More precisely, we assume that prey diffuse in the whole space without preferred direction
of motion, while predators are attracted by prey in a certain radius around them. To model this finite-range
non-local behavior, the velocity vector v of the predators depends on a convolution of the prey density with
a kernel function measuring e.g. the ability of the predators to feel the presence of prey at a certain distance.
This non local term in the flux of (1.1a) causes the predators to move in direction of the highest prey density,
thus chasing the prey. Note that the prey does not try to escape the predators.

In [8], the well-posedness of (1.1) was shown for f(u) = u and initial data in L'NL>°(R"; R) with the additional
constraint that u, is of bounded total variation. The topic of the present work is to study the convergence of
a finite difference scheme for the mixed hyperbolic-parabolic system (1.1). We choose a Lax—Friedrichs type
method for the hyperbolic part, including a modification to deal with the non local term v, and a standard
five-point stencil for the discretization of the parabolic part, see also (2.4) in Section 2. In particular, we consider
a different diffusion constant in the Lax—Friedrichs flux, see (2.4d) and Remark 2.4. This is done in order to
balance the contributions of the space-time dependent velocity field v to obtain positivity and an L* bound
for w.

Since the velocity function v depends only on w, we could view equation (1.1a) as a standard hyperbolic
equation with space and time dependent flux function f (t,x,u) := f(u)v(t,x). Equations of such type have
been widely studied in the literature and especially the convergence of finite volume schemes is established
in [6,7,11,14] under different assumptions on v(¢,z). Recently, a Lax—Friedrichs type method for a nonlocal
hyperbolic conservation law was studied in [1,2]. Due to the coupling of (1.1a) and (1.1b) through the velocity
function v and the source terms, the above results do not apply to the present case. The same holds true for the
well known standard convergence results for finite difference discretizations of (quasi)linear parabolic equations,
since these results are usually based on estimates in the discrete {2-norm. Here, the coupling of the parabolic
part to a hyperbolic equation forces us to study the finite difference scheme in an I' setting.

To prove the convergence of the numerical scheme below, we make the following assumptions on the functions
f and v appearing in (1.1):

(f): f € C3(R;R) and f(0) = 0;

(v): v: (L' NL>®) (R%R) — (C* N W) (R?;R?) depends on w through a convolution in space, i.e. v(w) :=
v(n*w) for a space dependent convolution kernel € L*(R?; R). Furthermore, there exist a constant K and
an increasing map C € L2 (R*;R™) such that for all w € (L' NL>) (R%R)

loc
||Vv(w)HLoo(R2;R2X2) <K ||w||L°°(R2;R)
||V'U(w)||L1(R2;R2X2) <K ||w||L1(R2;R)

19V (@)l ey < € (10l pmqaazy ) -
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With slight abuse of notation, we will also write v (¢, x,y) instead of v(w)(t, z,y), to improve readability. Note
that the case f(u) = u is the one considered in [8]. An example of a function v that fulfills all requirements of
assumption (v) above can be found in Section 5. The initial data (u,,w,) are chosen to fulfill the assumption

(0): (up,w,) € (L*NL®NBV)(R%RT) x (L!NL*® NBV)(R?% RY) are positive-valued functions, i.e. u, > 0
and w, > 0 for a.e. (z,y) € R2.

Remark 1.1. Under the assumption (f), existence and uniqueness of the solution to (1.1) in the space
(L'NL>*NBV) (R RY) x (L' NL>) (R™;R™) follow by a straightforward extension of the results of [8].

The paper is organized as follows. In Section 2, we introduce basic notations and describe the algorithm in
details. To prove convergence of the given scheme, we derive bounds on the variables u and w in various norms
in Section 3 that are needed to conclude the convergence of the scheme in Section 4. Finally, Section 5 is devoted
to numerical examples including experimental convergence studies.

2. THE ALGORITHM

We introduce a uniform mesh of width h along both = and y axes, given by the cartesian grid whose points
are of the form

With slight abuse of notation, we will also write z;; 1= (2i,¥;), Tit1j2j = (Tizr,y;) = ((i +1/2)h, jh) and
2

T j41/, defined analogously. Furthermore, we define the parabolic time step 7, = 1L and let the time step 7 be
1

such that
nTp

1
T="1 max{n e N: e 10ufllLoe V]| Lee < Z} =1 MmTp.

In other words, 7 is a multiple of 7, that satisfies the following CFL condition:

T 1
7 10ufllplvllpe < 5 (2.1)

T
We also define A = —. We remark that ||[v]|L~ is assumed to be the global supremum of v throughout the paper

to simplify notations and estimates. This assumption can however be relaxed to a time-step-wise supremum,
thus leading to an adaptive time stepping strategy. The same holds for ||0,, f||L=. Note further that 7 is fixed
by the choice of 7, contrarily to the standard case for hyperbolic equations, where (2.1) provides some freedom
in the choice of 7. Finally, let us remark that the time step 7, is chosen such that the numerical approximation
of w™ has a particularly simple form (see (2.4b) below). This will improve the readability of the estimates in
the following sections. However, any time step 7, that yields a stable discretization of w™ will also lead to a
convergent scheme.

Let (u(t,z,y), w(t,z,y)) be the unique solution to (1.1) (see [8] for an existence and uniqueness result in
the case of f(u) = u and Remark 1.1 for the general case, under assumption (f)). To compute the solution
numerically we set

) 1 ) 1
ui,j = ﬁ ALJ uo(xay) dz dya wi,j = ﬁ ALJ wo(x,y) dxdyv (22)

(2[00

where
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so that uf ; and wf ; are the cell averages of u,(7,y) and w,(x,y) respectively over the (i, j)-th cell. By (2.2) it
follows easily that

[l < lluollye [ ]| < [lwol oo
[u?llpr < [luollps [y < flwollps
TV (u®) < TV (uo) TV (w°) < TV (w,),

see also [9]. For simplicity, we denote vlﬂl/m = V(NT, Ti41/5,Y5) - Migrysj, Where n; 1, ; is the normal vector of

the cell boundary at x;1/, ;, pointing from the cell with value u; ; to the cell with value u;y1 ;. The definition
of v follows analogously. Note that this definition, together with the rectangular grid, implies that v

N i+1/2,j
is the x-component of the vector v™ at x;11/, ;. Analogously, v denotes the y-component.

n
i,5+1/2

To approximate (1.1), we use a finite-difference scheme for %he/ parabolic part and a Lax—Friedrichs type
finite volume method for the hyperbolic part. In both equations, the source terms are treated by operator
splitting, using a second order Runge—Kutta method. The nonlinear coupling of (1.1) is numerically resolved
by a sequential coupling of the parabolic and the hyperbolic equation. In other words, we start computing an
approximation of w", solving the parabolic equation by an explicit scheme with smaller time step 7, thus having
to perform m small time steps to reach the hyperbolic time step 7 defined in (2.1). This step involves the values
of u at the previous time step t"~1 := (n — 1)7 for the discretization of the source term. Once, w" is computed,
we can use it to compute the velocity field v(w™) and the source term in the hyperbolic equation. This balance
law is now integrated by means of a Lax—Friedrichs type scheme with dimensional splitting, while its source
term is included using a second order Runge-Kutta method, analogously to the parabolic equation. Note that
the second order discretization of the source terms is necessary to guarantee the positivity of the approximate
solution, as shown in Section 3.1.

Note that, in order to be able to give a valid meaning to v(w"), involving a convolution, we set w" :=

i Wi X [ The algorithm is now defined as follows:

Algorithm 2.1 (Mixed scheme).

for n=0,...N -1

Wm0 =" (2.4a)
for [=0,....m—1
1
n,d+1 _ n,l n,l n,l n,l
Wii =1 (Wz‘+1,j Wi Wi+ Wi,jq) (2.4D)
n 7 n '
x[l + 7 (v — 5ui7j) (1 + Ep (vy— (5u”)>}
end
wtt = Wrm (2.4c)
1 1
F(ulaUQatvl'vy) = 5 (f(ul) + f(u2)) U(tvl'vy) - §(U1 - UQ) (24d)
n+1
U /2 _ ul; — N [F(uiyy j,ui s, (n+1) 7, 21, y5) (2.40)
—F(uﬁj, u?fl’j, (n+1)7,2i_1, yj)]
Uz.'f;rl = Ui'f;rl/z i\ [F(U:;:{z’ Ui'f;rl/z’ (n+1) 7,24, yj41/5) (2.4
_F(UZ;H/2’ Uz;rjéz’ (n +1) 7,2, yj,1/2):|
n n n T mn
it = Ut L (it = 8) (14 5 (awif = 9))] (2.4g)

end



NUMERICAL SCHEME FOR A MIXED HYPERBOLIC-PARABOLIC SYSTEM 479

The flux numerical function F'(uq,us,t,x,y), defined in (2.4d) involves the evaluation of the velocity function
v at points x; 1/, ; and z; j11/,. Due to the definition of v through a convolution of w and a kernel function
7, this necessities the numerical computation of w™ x 7). Since the algorithm (2.4) is (at most) first order, we
propose to use a standard quadrature formula on the same space mesh and compute

(W™ s n) (@i ;) = Y B2 Wf ik s, (2.5)
k4

where ;g j—¢ = 1 (Ti—k, yj—¢). Notice that algorithm (2.4) needs values of v on the edges of each mesh element,
such that we proceed as follows: whenever we are dealing with cells with the same z-coordinate, respectively
y-coordinate, we average the corresponding component of v in the z-coordinate, respectively y-coordinate, thus
obtaining

(0" (@i, y5) + 0" (@it1, 7)) = % [o (W™ *n) (i, 5)) + v (W™ ) (€it1,5))]

1
V" (Zigyn, Yj) = 3

[v (W™ *n) (@i, y5)) + v (" *n) (25, y541))] -

DN =

1
V@ Yie) = 5 (0 (@ yp) + 0" (@ yje) =

Remark 2.2.

e The values of 7; ; can be computed in a preprocessing step and stored in a matrix. This reduces the compu-
tational cost for the evaluation of v to a matrix-vector multiplication at each point z; ;.

e In principle, the above quadrature formula can also be used to evaluate (w" * 1)(;41/,,y;) directly, using
pointwise evaluations of 7 at (2;11/,—x,y;j—1). However, the double storage capacity for 1,,1/, ; and 1; j41/,
will be needed for this strategy.

o If the kernel function 1 admits an explicit form of the antiderivative, it is possible to compute the convolution
w™ *x 1 exactly for piecewise constant w™, since we have

(W™ xn) (2, y;) = Z/j wi (s — a,y; — y)dady = > wi, /1 n(w; — z,y; — y)dady.
PR k.l kol

Thus, storing the values of |’ I, n(x; — x,y; — y)dedy in a preprocessing step yields an exact evaluation of
the convolution. ’

e Observe that the differentiation property of the convolution product still holds in the discrete case. Hence, if
the function v satisfies (v) in the continuous case, this assumption holds also for its discrete approximation,
obtained using the discrete convolution product, computed through formula (2.5), substituting n by V1.

Remark 2.3. All estimates of Section 3 as well as the convergence result of Section 4 can be shown analogously
when (2.4e) and (2.4f) are replaced by

Ui'ffl =ui;— A [F(ugﬁrm, ug s, (N4 1) Ty Tigy, y5) — Fuljuiq j, (n+ 1) 7,212, 95)

F(ui'jiqsuiy, (n+ 1) 7,25, y500,) — Fuijul; g, (n+1) 7,2, yj,l/z)] .

Remark 2.4. The main reason for the choice of a non standard CFL condition as (2.1) is the space-time
dependent velocity field v. To prove the positivity of v in Lemma 3.3 we observe that the space-time dependence
of v introduces an additional constraint on A. The choice of 1/4 in the CFL condition and of 1/8 in the definition
of the Lax—Friedrichs flux are optimal in the sense that they provide the largest possible CFL condition that
guarantees positivity of u. More details on this can be found in the proof of Lemma 3.3 in the next section.
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3. BOUNDS ON w AND u

The proof of convergence of the above algorithm to the unique solution of (1.1) is based on an extension
of Helly’s theorem (see [10], Thm. 1.7.3). To apply this theorem, we have to prove the uniform boundedness
of w and w in L' as well as a uniform bound on the time-space total variation. The necessary estimates are
collected in this section, starting with positivity estimates in Section 3.1 and bounds on the L' and L norms
in Section 3.2. Once these bounds are available, we are able to prove a bound on the total variation in space in
Section 3.3. Finally, the Lipschitz continuity in time of w, proven in Section 3.4, guarantees enough regularity
of the approximate solutions to pass to the convergence proof in Section 4.

In the sequel, we will make use of the following Lemma in several estimates.

Lemma 3.1. Let a, b € R, with a, b > 0. The following inequality holds

n

azekab < %e(n+1)ab.

k=1
Proof. Recall that ab+ 1 < e®?. Hence,
n ab (. nab
kab _ € (e —1) L (nt1)ab
a) ot =a— G < g,
k=1
concluding the proof. O

Remark 3.2. In what follow we restrict ourselves to the case v > 0, in order to apply Lemma 3.1 for b = ~.
However, a modification of the estimate in Lemma 3.1 to cover also the case v = 0 is possible, at the price of
more complicated formulas in the estimates below.

3.1. Positivity of w and u

Lemma 3.3. Let assumptions (f), (v) and (0) hold. Then the approzimate solution constructed by Algo-
rithm 2.1 is such that w;fj >0 and uZ"] >0 foralli, j and n.

Proof. Consider w first, in particular, focus on the sequence (W”’Z). Suppose Wiilj’-z > 0 for all 4, j and define
S =8 =7 (y—0duf,). By (2.4b) we have

nl+1 1 n, 4
Wt = 2 (W

2
. Y Y S

J

The parabola (1 +S+5%)/ 2) assumes only positive values and, by the inductive hypothesis, we deduce that

WZLTZH > 0. By induction, we can thus conclude that wfj >0 for all 7, j and n.

n+1

1/ = ((n +1)T, aci+1/2,yj) ‘M, 5. By (2.4d) and (2.4e) we have

Consider now u and recall v

n 1
UM = (il 4+ 6l g ) — A f(ul)) (Um — oyt )

i.J 3 i+1/2,5 ~ Vi-1/2,)
\ f(u?+1,j) - f(“?;) nt1 f(u?—l,j) - f(UZ‘j) nt1
- Vit1/2,5 — Vi1/2,5
2 2
_n 1A fludyy) — fudy) an 1A fuiyy) = fdy)
=Ujqq,5 8 2 “?+1 i u:lj i+1/2,5 i—1,5 S 9 u?_Lj — u?j Ui—1/2,j
3 by ul ) — f(u. T
by |3 4 Gt ([ ), TUL)
12 ’ Uity = Ui Ui,

é a1 <f(u?—1,j)_f(u2j) _Qf(ufj)>]
2

V. .
i=1/2,j no_yn, n.
i1~ Wi Ui j
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Observe that the CFL condition (2.1) yields

1, A Sy ) = fudy) 1A
42 J gkl S L Ay N >0
) uly - ul Vit1/2,5 = S 2 [0uf g vl )

and for the remaining term

3 A i1 f(u?Jrl,j) — f(uzj) f(qu) A ntl f(U?,Lj) - f(un,j) f(uzj)
-+ = i+1/2.75 -2 __/U’712‘ -2

N R RV X] T p—— ul; 2 TR g Ui
3

2 7 = 3 vllpe 10ufllpe > 0.

Hence, using also the inductive hypothesis, we have that U: J+ 2 >0 for all 7 and j.

Using (2.4f), we can repeat the same steps as above considering U n+'/2 instead of u" to conclude that
U-"TH > 0 for all ¢ and j.

Flnally, defining R = R”+1 7 (o w’fjl ) and using (2.4g), we obtain

2

]

n+1

Analogously to w, we can conclude that u; 7" > 0 for all 4, j and n. O

3.2. L°° and L! bounds on w and u

Lemma 3.4. Let assumptions (f), (v) and (0) hold. Then for all n the approzimate solution (u™,w™) con-
structed by Algorithm 2.1 satisfies

[ [[gee < "7 Jw]| g0 3.1)

e < [0 exp ((2 K1+ Kn) S "“)”) (3.2)

where K1, Kg are constants depending on o, K, ||w®|| o, [|Ouf]l 15 -

Proof. Consider w first. By Lemma 3.3, uj; > 0 for all i, j and n. By (2.4b) we have for 0 <1 <m

|
n,l+1 Tp(y—dul ) = n,l
W@j < e ‘.7)4 (W gt W 1 St |/V J+1 W )

7 4,7—1

<em Wl
By induction over [ in the sequence W™! we obtain therefore

[0 e = V" | < €™ 7w o = €77 [J10" ||

Finally, induction over n yields

[0l < €™ [0l

Pass now to u and recall that by (v), we have

Vo™ Lo < Kffw™ Lo
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As in Lemma 3.3, by (2.4d) and (2.4e), simple computations lead to

+1/2 +1/2
‘Un =U;;
ulty | 1_2 Fluiysg) = T @) o +ul 1 + A Flui 1) = Fud)
TR 2wy, —upy Y20 RS T2y Y
e |3 A ) 7 IR gy A g) Z PO
i,j n i+1/2,5 — . n i—1/2,5
42wy —uy 2 i-1,j — Yij
A FWiy) ¢ n+1
AT \Yitr2g T Viey2
2,7
n LA fluday) = fludly) LA fluiyy) = fludly)
< ” ||L°° Q9 n n Uz+1/2] tst35 n n Ui—1/2j
8 2 Uiy — U ' 8 2 U q = U '
L3 Fufya) = FOly) an AT ) = ) g
42 uly ) ;— ul +1/2.5 2

n _n i—1/2,5
Wi—1,j = Ui ’

i
Y f(uu?]) (U”H _ontl )]

i+1/2,5 ~ Vie1/2,

<l (14 70w fllge |00 | o)
< u|poe exp (7K (10w fllgee [0 )

The estimate on U"*! can be obtained analogously using (2.4f) to get

U7, < HUn+1/z

Lo OXP (TK 0w f Iy, HwnHHLm) .
Concerning the source term, integrated by (2.4g), one can easily see that

] < Uz exp [r (autt - 9)] <

< [JUM g exp (ra o) -
Collecting the above estimates and using (3.1), we conclude that

e < e exp [ 0 (2K fllpe +0)]
Iterating over n and applying Lemma 3.1 yields

[u" oo < flu’llge0 exp [T [0l (

2K|0uflye + ) Ze’“”]

k=1

(o] n T 1 o
< Ju?llge exp [e< D79 L QKO0 + a)] .
Denoting

K1 = K |w|lge |0uf g,

K2 = a|w’[|p
completes the proof.

Positivity and uniform boundedness of the approximate solution allow now to prove the L! bounds necessary
for the application of ([10], Thm. 1.7.3) in the convergence proof later on
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Lemma 3.5. Let assumptions (f), (v)and (0) hold. Then for all n the approximate solution (u™,w™) con-
structed by Algorithm 2.1 satisfies

lw™ g < ™77 [Jw?l s (3.4)

1
el < [l exp (/@ ;ew”m) , (3.5)

where ICy is the constant defined in Lemma 3.4, depending on o, ||w®||{,« -

Proof. Consider w first. By Lemma 3.3, u"j >0 and w;fj >0 for all i, j and n. Let W™0 = w™ and 0 < I < m.

i

By (2.4b),
W g =32 D on Wit <emOmana § 0N TR Wt < em W
i€Z jET i€Z jeL
Induction over [ yields
[ | = W g < ™™ Y [w"|py < €7V [fw" ||y

Induction over n now yields
[w" [l < e" T [w?p-

Pass now to u. By the conservation property of the Lax—Friedrichs scheme (2.4d)—(2.4f) we have

Jo = o+

= el

To include the source term in the L'-estimate, we consider (2.4g) and obtain

n+1
DI ILETEED D DT A
i€Z jEL i€Z jEL

< e‘ra Hwn+1||Loc Z ZhQ Uzn;rl

i€Z jEZ

n+1
(i

N

— eTa Hu;nJrl”LOC HunHLl

Using (3.1) and (3.3), this yields
g < g exp (7 0 €07
n+1
< (]| 1 exp <T Ko Z e’“”Y)
k=1

1
< lu®llgs exp (/cz L e<n+2>”) ,
vy

where we applied Lemma 3.1. This completes the proof. O

3.3. TV estimate

Lemma 3.6. Let assumptions (f), (v) and (0) hold and fix 0 < T < oo. Then, for all n such that nt < T,
the approzimate solution (u™,w™) constructed by Algorithm 2.1 satisfies

TV (u™) + TV(w") < em7ks (TV(UO) +TV(w®) + %eﬂcs)
3

where the functions IC;, i = 3,...,5 depend on T, various norms of u™, w™ and 0, f as well as on all constants
a, 3,7,6 and K and the function C defined in (v).
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Proof. Consider w first. In particular, focus on W™ defined in (2.4b). To obtain a bound on the total variation
of w™*!, we have to estimate

w ) =37 R [l = et et - ] (3.6)
i€Z JEL

Similarly as before, we define S7'; = v — duj’; for the sake of simplicity. To obtain a bound for (3.6), we
consider

n,l+1 n,l+1
Zh‘WZJrlJ Wi,j ’
1
oY% n,l n,l n,l n,l n,l n,l
< Z e Zh (‘Wi+27j z+1j‘ + ‘W - W2 1]‘ + ‘Wi—&-l,j-&-l u—&-l‘ + ‘WZ-‘rlJ 1 Wm’—lD
+Zh‘W”l

< e’ Z h‘ij’.l - Wiyill,j’ +{] Zhrp|5§‘+1,j - Si]- ’1 + 7 (7 - g(u?+1,j + “zn,j))‘
2,7

L (1+T”sz+1j)—s;fj (1+—sn)‘

<em? Z h‘W{f;l — W{iﬁ’j’ 1 (L mp(y + 0 g ) S W™ | e - Y Ry — ]

(2]

< (S0 Wt -t e g [ b |

(2]
An analogous estimate can be derived for Z Wznjfll Wn ZH‘ Induction over [ yields now
TV () < e (TV () + 77 10l § g TV (3.7)
Pass now to u. We need to estimate the following quantity:
1 1 1 1 1
V@) =h 303 el =l i - el (3:8)
i€Z jET
Denoting R"'Irl ozw;fjl — 3 for the sake of simplicity, we obtain
+1) _ +1 +1 +1 +1
TV (u") = Zh Hu?-&-l,j —up |+ ’un]+1 — ]

IN

7o l|lw | Leo n+1 n+1 n+1 n+1
€ h Uz+1j U ’+|UZJ+1 Ui,j H

ol on R (14 GRE, ) = R (1 3R]
2

I g on RIS (14 GRL) - R (14 3R
2

o Hwn+1

IN

e oo (TV(U”H) +1ae™”? HU"HHLOC TV(U)"'H)) .

To approximate TV (U"*1), we have to estimate

S (Ui U+ U~ )
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It is a well-known fact that the standard Lax—Friedrichs scheme is TVD and thus TV (U"+1) < TV (U"+72) <
TV (u™). The situation here however is different, since the flux does not only depend on u, but also on ¢t and «
through the component v(w). The conservation law itself does therefore not satisfy the TVD-property (see [8])
and we cannot expect the numerical scheme to be TVD. To estimate the increase in total variation due to the

space-time dependent velocity field, we consider the term ZZ ih |U2"j"’+11 - UZ";H| By (2.4f), we have

grtl _yrtt = yrte

n+1/2
i1 — Uiy =V —U

(2]

Y {F (Ugj;éz’ U (n 1) T, +3/2) _F (Uﬁffj{z, Ut 4 1), xi,jwz)

_F (U:;:?, Un+1/2’ (n + 1) T, -Ti,jJrl/g) +F (Un+1/2 Un+1/2 (TL + 1) T -Ti,jfl/z):| )

] ,J P, =10

Add and subtract /\F(U:;:{Q, U:;rl/2, (n41) 7,25 j13) + /\F(Ugffl/Q, U:;r_lf, (n+41)7,2; j41/,), then rearrange
to obtain:

n+1 n+1l _ n n
Uit — Uiy = Ay — By,

where

n _ prnti/2 n+1/2
Al = Ui — Ui

AP (U U o 1) mwigian ) = F (USSR U2 o 1) 7 ) (3.9)

]

+F (U:j-l/’z’ U:J—‘:l{’z’ (n + 1) T, xi’jJrl/z) — F (U:j;:{?’ U:;-l/2’ (n + 1) T, .Z‘i,jJrs/z)] s

sz -\ |:F (UZJJS:{2’ UZ;rl/?’ (n + 1) T, -Ti,j+3/2) — F (UZ;:{?’ (/'Zf”?rl/?7 (’n, + 1) T, -Ti,j+1/2) ( )
3.10

4F (U,”fl/z i (n+1)T, :ciyj_l/Q) —F (Un+1/z e (n+1), xi7j+1/2>} .

ij  Yij-1> [V N A

From now on we omit the superscripts, n+ /2 or n+ 1, to enhance readability. Consider first the term Aﬁj and
use (2.4d) to obtain

Al =Uijt1 = U

Y [f(Uz',jJrz) + fWUir1) = fUig1) = FUsy)
2J 2 1,5+3/2

_SWig) + fWiy) = fWUig) = fWUij—1) ]
2 1,j+1/2

1
+3 ((Uijr2 = Uijr1) = 2(Uijr1 — Uij) + (Uij — Ui j-1))
3 L A fUijt2) = fUij+1)
- 4 (Ul,j+1 Uz,j) + (Uz,j+2 Uz,j+1) <8 2 Ui,j+2 — Ui,j+1 vz,j+3/2

L A fUiy) = f(Uij-1) v; j+1/2>

+ (Uij = Uij1) <§ T, U
A

—3 [f(Uij1) = FWUig)] (ijrse — Vijyy) -
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Observe that both coefficients of U; j1o — U; j+1 and U; j — U; j—1 are positive. Then, summing the modulus of
A over i, j € Z, using also (v), (3.1) and (3.3), yields:

A fUiji1) = f(Uiy)
ZZ;MA%’ < ;h Ui g1 = Ui, <1 t3 U:;il ~ 0., 2 (Vi j1je — Vijrae)

A (Ui jr1) — fUi )
+ Z h 3 \Uij+1 — U (Z]Zjﬂ —U,, |Vi 372 — Vijps]

< Zh Z”;rl{z . Zn;rl/z (1+T\|8uf||1,oc ||8y”"+1||m)
= Zh :;;—142 n+1/2 (1 + 7K [|0uf|L |‘wn+1’|Loo) . (3.11)

Pass now to an,j' We continue omitting the superscripts.

ng:)\ {f( 7])+f( ,J+1) n+1 f( ZJ)+f( 7]+1) n+1

2 ,j43/2 2 i,j+1/2

fUij-) + fWUig) i1 fWij1) + fUig) nsa
D) i,j—1/2 2 i,5+1/2

[70s) (vl = 2000+ o)

+
A
2

+ (f(UiJ-i-l) - f(Ui,j—l)) ( Z;_.ES/Q Z”j.:l/g) + f( 0] — 1) ( 7;__:3/2 - 27}?;.&1/2 + ’UZ;__11/2):| .

n+1

Since v = vg is a smooth function and recalling that v; SieyA

= v((n+1)7,24,Yj41/) - M j11/, is the y-component
of v at time (n + 1)7 and point x; ;,.1/,, we obtain

n+1 n+1 n+1 2 n+1
Vi iy T 2V TV s S h ||8yy” ||L°°'

Then, using also (v),

+1 n+1 n+1 n+1 n+1
9 f ( /2) (Ui,;zrs‘/z —2v JJrr1/2 + Yj +1/2) <5 2 h2 |0 JIHLOC ‘Ui,j 2

Cllw™ ) (3.12)

and similarly for the term with f(U; ;j—1), while the remaining term can be easily estimated as follows

A

n+1 n+1 n n n+1 n+1
(W — 1O D) (ks i) < S 10l U2~ U2 B2 | (313)
Hence, multiplying by h and summing over 7 and j, (3.12) and (3.13) yield
n 1 1 n n
Z B | < 7l|0ufllp | KlJw™ e Zh U = U 4 O ([|[w Y ) e ] - (3.14)

By (3.11) and (3.14) we have

D h|Unfh Uit < Zh
i

+7 Hauf||L<>c (Hwn-&-lHLx) HunHL1

n+1/2 n+ 1/2

i,5+1 zg

(1 + 27K ||aufHL°° ||wn+1||L°°)
(3.15)
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In a similar way we obtain

S - O £ SRS - (Kl )
i’j
+7K |0, f||L°CHw”+1HLmZh Ut - o (3.16)
+27[|0uf L C (||wn+1||Loo) [ {|q-
By (3.15) and (3.16) we have therefore
TV(U" ) £ (1437 K 0 f oo 0" ) TV (U77)
+ 37 10uf I C (|| || Loo) 1™ llp1- (3.17)
Analogously to the estimate (3.17) for TV (U™*!), we obtain
TV (U 2) < (1437 K [|0uf e 0" | ) TV ()
+ 37 [0uf llpee O (™l o) 10" s (3.18)

Then,

TV (u ) < o 10"l fexp (67 K00 fllpee [0 || o) TV (u™)
+rae™ | UM L TV (w™ ) (3.19)
+3 7100 f o O ([0 [y 1"l [1+ exp (37 K[10ufllgee [[0™ )]}
Collecting the estimates (3.19) and (3.7) of TV (u"*1) and TV (w"*!), we obtain now
TV (u™) + TV (w™)

< [er eI e exp (67 K100y )

71,+1H

+(Lrrae el e o) e s g ] TV (07)

+e™7 (1 +raefem vl ||Un+1||L°¢) TV (w")

+3re N e 10y, £l e (o | L) el [1+ exp (37 K0 Fllpoe [Jo™ | )]
<e™ITV (u) + ™2 TV (w") 4 7 Kz e K4,

where K, [ = 1,...,4 are bounded functions depending on various norm of ™, w"*! and 0, f as well as on
all constants a, 8,7,d and K, defined in (v). Defining K3 = max{K;, Kz}, K4 := K3 and K5 := K, and using
induction over n yields now

& ™ s

TV (u") + TV (w") < e" ™% | TV (u®) + TV (w°) + ©
3
This completes the proof. O

3.4. Lipschitz continuity in time

Lemma 3.7. Let assumptions (f), (v) and (0) hold. Then for all n the approximate solution (u™,w™) con-
structed by Algorithm 2.1 is such that, for any ni,ne € N withny 7 <T and noT < T,

[u™ —u™?||p < |ny —no| 7 K6 (T, 7),
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where the function Kg(T,7) is uniformly bounded for all n < max{ni,ns} and depends on «,3,7,6,K, on
various norms of u,w, Oy f, on the total variation of the initial datum and on the map C defined in (v).

Proof. Due to Lemma 3.4, ™ is uniformly bounded by some constant depending on T'. Assumptions (f) and (v)

guarantee therefore the Lipschitz continuity of the numerical flux function F' defined in (2.4d). Using (2.4e), (2.4f)
and (3.18), we can thus conclude

< TZI’L HF ( 7;:{2’ n+ /2’ (n + 1) T, l‘i’j+1/2> - F (UZ;H/2’ Uz;rjéz’ (n + 1) T, xi,j71/2)

Ui

||Un+1 n”Ll < Zh2 (’Un+1 +1/2

‘U +1/2 n

+ |F (w1 jufy, (1) T2y ) — F (uf,uly , (04 1) 7,25 ) |]
<ro2n Yo (|ori - o

2,]

+ iy ;= ul
4,7

:L:l}w Uzn+1}23 + Z;r-:l/? B UZ;_—11/2 )

<720 ((24 37K [|0uf e |0 | o) TV (u) + || V0" | 1
+37[0ufllpC ([0 | ) lu" 1)

+ |v v

where L denotes the Lipschitz constant of F. Including the source term and defining 7" such that max{ny,na} 7 <
T < o0, we obtain by (2.4g)

.
ot =t < SN | Do (g = 5) (1+ 3 (o ) )|
<ot —wtf e HU”“HLlHW”“HLOCGT“”MH”
< 7Ke(T,7),
where Cg is uniformly bounded for all n < max{ni,ns} and all finite 7. O

Remark 3.8. Using more refined estimates, the L' bound for Vv, necessary in the proof above, can be substi-
tuted by the L* bound on Vv widely used in the proofs of Lemmas 3.3-3.6. This allows to skip the assumption
of Vv being bounded in L' in (v).

4. CONVERGENCE

For each mesh width h, we define N, := |7/] and

N, N,
Uh = Z Z“?J Xijo Wh = Z Z“’?; Xivjs (4.1)

n=0 i,j n=0 1i,j

where x7'; is the characteristic function of I; ; x [n 7, (n+1) 7|, respectively I; ; x [N, 7, T for the last time step,
with I; ; defined as in (2.3).

Theorem 4.1. Let assumptions (f), (v) and (0) hold and fix 0 < T < co. Let hy be a sequence of grid sizes
such that limy_,oo he = 0 and fix A > 0 such that the sequence 1o := Ahg fulfills (2.1) for all £. Let up, and w,
be given as in (4.1). Then the sequence (up,,wp,) converges to the unique weak solution (u,w) of (1.1). More

precisely, (up,) converges in L, while (wp,) converges weakly* in L.
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Proof. Thanks to Lemma 3.4
||wh||Loo([o,T]xR2;R) < eT‘YHwOHL“’(RQ;R)
o 1
||Uh||Loo([o,T]xR2;R) < lu ||L°C(R2;]R) exp <(2 K1+ K2) ;9T7> ]

so that the sequence (up,wy,) is bounded in L°([0,7] x R?;R?). This implies the existence of a subsequence
(un,,, wp, ) that converges weakly* in L°°([0, T] x R%; R?) to (u, w). Thanks to Lemma 3.5, (up, ) is also uniformly
bounded in L*([0,7] x R%; R).

Furthermore, Lemma 3.6 and Lemma 3.7 yield a uniform bound for the space-time total variation of uy,,,

defined by
N,

TVr (up,) = Z [T v (uhk + ||un+1 o quH
n=0

We can thus apply ([10], Thm. 1.7.3) and deduce the existence of & € BV, ([0, T] x R?; R) and a subsequence
of (up,) (still denoted by (up,)) such that
up, >4 in L, ([0,7] x R*;R), (4.2)
up, (t,x,y) — a(t,z,y) for a.e.(t,z,y) € [0,T] x R?. (4.3)

LI(RQ;R)}

Due to the uniqueness of the limit % in L', shown in [8] (see also Rem. 1.1), we can conclude the convergence
of the whole sequence (uyp, ) to @.
From (4.3), it follows easily that up, converges to @ also in L ([0, 7] x R%;R). Since strong convergence

implies weak* convergence, we obtain that uy,, — @ in L>® ([0, T) x R?; R). Due to the uniqueness of the weak*
limit, we have that u = .
By (f), the continuity of the function f implies now that

flun) — f(u). (4.4)
Note that Lemma 3.4 yields also
[wa(t, -, )lpee m2gr) < eT’YHwOHLx(RQ;R) for a.e. ¢ €[0,T].

As above we can thus find a subsequence that converges weakly* in L>°(R?; R) for a.e. t € [0, 7] and due to the
uniqueness of the weak™ limit, we have

wp, (t, ) = w(t,-,).
Recalling that n € L'(R?; R), it is now easy to prove that (wp, * n)(t,-,-) converges (strongly) to (w * n)(t,-,-)
in L'(R%;R) for a.e. t € [0,T]. By (v), and in particular thanks to the fact that the Lipschitz constant of v is

bounded, we obtain
v(wp, *n) — v(w=*n) in LYR%R) for ae. t € [0,T). (4.5)

To prove that (u,w) are weak solutions of (1.1), we choose test functions ¢ € CL([0,T], C2(R%R)) and
© € CL([0,T] x R%;R). Define now 1/1?3-1 = (t™!, 2, ;), where ™! = nr + I7,, and

Yn = Z Z Z wnalXZJl

nOz,le

— nl_wnll
=3 35 A

n=0 4,7 [=0

- — 1
Ahwh:ZZZﬁ( z+lg+wznllj+wzg+1+wzg 1 41/] )injl'

n=0 4,j 1=0
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Here, XZ’; is the characteristic function of I; ; x [t™! ™!+ with I; ; defined as in (2.3). Note that ;¢ and
Apty are discrete versions of time derivative and Laplace operator. Due to the definition of ¥, and its discrete
derivatives, we have strong convergence in L ([0, T] xR?; R) for ¢, — 1 as well as for the derivatives 8310, — 9y}
and Apyp — A as h — 0.

Multiply (2.4b) by h? 1/1;3[ and sum over n, 7, j and [ to obtain

N-1 m—1 n l n, l 1 n,l n,l n,l n,l n,l
0=k > > W ( i — Vi) + Mwm,j TPt F Vi Yo — 4% )

i, 12
n=0 4,j 1=0

N- —1 n,l n,l
3 Wk W W+ W
n,l T, 1 i+l g1
Tt YD Dl (v = duly) [1+5p(7_5“?ﬁ)} . i

n=0 <,7 [=0

Using the above convergence results, we can conclude

T
/ / woh + pwAyY + w(y — du)y de dy dt = 0.
0o Jr2

Analogously as above we define

N-1 Nzl on —ontt
B IPI AP depn =D > X

n=0 1,j n=0 1,
N—-1 n n N-1 n n
5t — Pit15 —Pij n = = Yij — Pi-1j n
xs@h—ZZih Xi,j wh—ZZ n Xij-
n=0 i, n=0 1ij
N-1 n n N-1 n n
5o — Pij+1 ~ Pij n S—on = Yijg —¥Pij—1 n
son= = y¥h = —
n=0 i, n=0 1ij

and recall that we have ¢ — ¢ and (52t<ph — Opp in L2([0,T] x R%;R) for h — 0 and £ = t,x,y. Multiply-
ing (2.4e)—(2.4g) by h2g02j and summing over all n, ¢ and j we obtain

N-1 no_ -1 N-1
0= 712 Z Zu?] Pi,j T%,y 1 rh? Z Z(aw% — B¢, Un+1

n=0 4,j n=0 4,j

N—1 n n n n
1 " Pii — Pio1,j n Pir1,j — Pij
e Y Y sy (v, PR oy, PR P

n=0 1i,j

n hzzz “fU n+1/2 o ‘P?,j_‘P?,HJF ni1 Pijt1 — P
T Yij—=1/2 h Vi j+1/2 h

n=0 1,5

N-1
h? O~ 200 o n+1/2 i1 — 200+ 07
12 Z Z n- <U?] i—1,j J gy U J— J J

4 12 i\ 2
n=0 1,j
N-1
T n
+7h? YD S lowl; = B U
n=0 i3

Recall that wy, is uniformly bounded in L* for all h. This directly implies that also w% is uniformly bounded
in L> and thus converges weakly* to some function g € L>([0,7] x R?;R). Due to the smoothness of v and



NUMERICAL SCHEME FOR A MIXED HYPERBOLIC-PARABOLIC SYSTEM 491

the convergence of uy,, wy, wi and ¢y, we can thus deduce that the limit functions u, w and ¢ fulfill

T
/ / udpp + f(w)v - div (p) + (aw — B)e dedydt = 0.
0o Jre

We proved that (u,w) is a weak solution to (1.1). Since by [8] and Remark 1.1 we know that the weak solution
to (1.1) is unique, (u,w) is the unique weak solution. O

5. NUMERICAL EXAMPLES

To conclude the paper, we present some numerical examples that show on one hand the convergence of the
scheme and on the other hand some qualitative properties of the system (1.1). In all examples, we make the
following choice for the vector field v:

V(w *
v(w) = K (wem) (5.1)
2
L+ [[V(w )|l

where the compactly supported kernel function 7 is chosen as follows

3
n(z,y) =N (52 - ||(J;,y)\|2> Xp(0.0 with 7§ € RT such that //R2 n(z,y)dedy = 1. (5.2)

The positive parameter ¢ represents the maximal distance at which predators u feel the presence of prey w. It
can be easily verified that (5.1) fulfills the assumption (v).
We compute the numerical solution on the domain

D =[0,0.5] x [0,1]
and consider the following sizes of the space mesh:
h = 0.005, h = 0.0025, h = 0.00125.

Since no exact solutions are available, we use the numerical solution computed for A = 0.000625 as reference
solution (u,w). The corresponding time step sizes 7, and 7 are chosen according to the definition in Section 2,
see especially (2.1) and the lines above.
Let (up,wp) be the numerical solution associated to space mesh size h. The error is computed in the following
way
lun —ullpy = sup |lun(t) = u(®)|L1pr)»
te[0,T]

sup |lwn(t) — w(®)llg (pg)-
t€[0,T]

(5.3)

[wn = wl|L:

More precisely, we average the reference solution (u,w) on the coarse grid in order to compare it to the solution
(uha wh)’

We define EOC,, respectively EOC,,, the experimental order of convergence for u, respectively for w, com-
puted as follows:

=l o 1 =l
- lua — ul|g2 _ [[ws — w|[g,:
g ho g ho

where (u1,wy), (ug, wy) are solutions with grid size hy and hs respectively.
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5.1. Example 1

In our first example, we consider the test case proposed in ([8], Sect. 3.1), where the parameters are chosen

as
a=2 =1 k=1

y=1 §=2 pu=05 (= 0.0375 (5:5)
with the following initial datum on D
uo(z,y) = 4 x,(z,y)
wo(w,y) = 3(2y — 1) max{0, A, )} X, (2, v)
: : where (5.6)
o o h(z,y) = (4z — 1)® + (4y — 2)* — 0.25
A= {(z,y) €R?: 8z —2)2 4+ (1.25 (4y — 1))> < 1}

B ={(z,y) €R?*: y>0.5}.

0.0 0.0
00 01 02 03 04 05 00 01 02 03 04 05

f(u) as in 1b.

For this example we consider two hyperbolic flux functions

la. f(u) =u, as in [8];
2

2 (10—w)? if 0<u<10

b, flu) =4 172

0 elsewhere.

It is easy to see that both functions fulfill assumption (f). The constants in case 1b are related to the
initial datum. Indeed, this choice guarantees that f(4) = 2 is the maximal value of f. Note that ||0yf| . =
5(3 +8v/6)/144 =~ 0.78458 < 1.

To evaluate the convolution without boundary effects, we compute the solution on a slightly bigger domain
than D. More precisely, we enlarge the computational domain D by adding in all directions a constant quantity
C(n) > 0, related to the size of the support of the kernel function n. The enlarged domain is thus of the form

[=C(1),0.5+C(n)] x [=C(n), 1 +C(n)] 2 D.

In particular, we choose C(n) large enough such that, when computing the convolution for a point on the
boundary of D, the whole support of the kernel function 7 is inside the extended computational domain.

The boundary conditions for u and w are chosen to remain equal to the initial datum all along the boundary
of this extended computational domain. For the balance law, this means to assume a constant value outside the
computational domain and to compute the flux accordingly: whenever v(w) is pointing inward the domain, an
inflow due to the boundary condition is considered. Concerning the parabolic equation, this choice of boundary
conditions amounts to assume that the displayed solution is part of a solution defined on all R? that gives
constant inflow into the computational domain.

The solution is computed up to time Ty,,x = 0.3 in Example 1a and up to time Ty, = 0.5 in Example 1b.
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TABLE 1. L'-error computed as in (5.3) and experimental order of convergence computed as
n (5.4) for the solution to (1.1), (5.1) and (5.5) with initial datum (5.6) and flux function f as
in la.

h lun —ull,r EOC. |lwp —wl|px EOCy
0.005 0.56 - 0.303 -
0.0025 0.275 1.03 0.114 1.41
0.00125 0.106 1.38 0.034 1.74

TABLE 2. L'-error computed as in (5.3) and experimental order of convergence computed as
n (5.4) for the solution to (1.1), (5.1) and (5.5) with initial datum (5.6) and flux function f as

in 1b.
h lun —ull,r EOC. |lwr —wl|px EOCy
0.005 0.579 - 0.43 -
0.0025 0.273 1.08 0.185 1.22
0.00125 0.101 1.43 0.064 1.54

TABLE 3. Space-time minimum values of uj, and wy, for the solution to (1.1), (5.1) and (5.5)
with initial datum (5.6) and flux function f as in la (left) and 1b (right).

h ming j, wp  Ming j, wp h ming j, wp ~ Ming j, wp
0.005 0 0 0.005 0 0
0.0025 0 0 0.0025 0 0
0.00125 0 0 0.00125 0 0

In Tables 1 and 2 we report the values of the L'-error for the different mesh sizes and the corresponding
experimental order of convergence for flux function la and 1b respectively. Figure 1 displays the error in
logarithmic scale. The lines obtained connecting the values for u, respectively w, can be easily compared with
the line with slope 1, that represents the order of convergence we expect theoretically for smooth solutions.

To emphasize that the method is indeed positivity preserving as stated in the analytical part, we report the
space-time minimum values of u; and wy in Table 3.

Figures 2 and 3 show the results of the numerical integration for flux function f as in la and 1b respectively.
The figures illustrate well also the spatial effect of the model: thanks to the non-locality of v, predators u move
towards regions where the concentration of prey w is higher. Observe that boundary effects are negligible at
least up to the maximal time of integration.

5.2. Example 2

In this example, we modify the treatment of the boundary. In particular, we impose isolating boundary
conditions for v and Neumann homogeneous boundary conditions for w. We consider

f(u) =u(l —w), (5.7)
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FIGURE 1. Plot of the L!-error the solution to (1.1), (5.1) and (5.5) with initial datum (5.6):
case la on the left, case 1b on the right. The dotted line has slope 1 and represents the order
of convergence we expect theoretically.
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FIGURE 2. Numerical integration of (1.1), (5.1) and (5.5) with initial datum (5.6) and f as in
la at time ¢t = 0.1, 0.2, 0.3. This solution was obtained with A = 0.000625. Top row: u, bottom
row: w. Darker colors indicate higher densities.
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FIGURE 3. Numerical integration of (1.1), (5.1) and (5.5) with initial datum (5.6) and f as
in 1b at time ¢ = 0.2, 0.35, 0.5. This solution was obtained with h = 0.000625. Top row: u,
bottom row: w. Darker colors indicate higher densities.

and it is easy to see that it fulfills the assumption (f). We set

=2 6=0.28 k=1 (58)
v=10.8 §=24 pw=01 £= 0.0625 '
with the following initial datum on D
uo(w,y) = 0.05 (5 x (2, y) +4 x,.(z,9))
i we(z,y) = 0.2

NM o where (5.9)
o o E = {(z,y) € R?: (47 — 0.6)% + (4y — 3)®> < 0.01}

® - F={(z,y) € R?: (4 — 1.3)% + (4y — 0.8)2 < 0.04} .

0.0 0.0
00 01 02 03 04 05 00 01 02 03 04 05
x x

The solution is computed up to time Ti,,x = 4 on a mesh of width h = 0.00125. Figure 4 shows the evolution of
the total mass (i.e. the L'-norm in space) of predators u and preys w over time, while Figure 5 shows the spacial
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FIGURE 4. The typical Lotka—Volterra effect obtained for the solution to (1.1), (5.1) and (5.7)
and (5.8) with initial datum (5.9) and a mesh of width A = 0.00125. The graphs display the
integral of u (left), respectively w (right), representing the total mass of predators and prey.
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FIGURE 5. Numerical integration of (1.1), (5.1), (5.7) and (5.8) with initial datum (5.9) and a
mesh of width A = 0.00125. Top row: u, bottom row: w. Darker colors indicate higher densities.
The first column shows the spacial distribution of u and w at a time where ||w||r: attains its
minimum, while |lu||p: is already decreasing. The second column represents some intermediate
time, where ||u||r: is still decreasing while ||w||r: has already started to increase. The third
column shows a scenario where ||u||r: is minimal, while the forth column shows v and w when
[lw]]L: is maximal. In the fifth column, ||u||p: is maximal, while ||w||y: has started to decrease
again. Finally, in the last column, ||w||y: is again minimal, while ||u||r: is still decreasing.
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TABLE 4. Space-time minimum values of u;, and wy for the solution to Example 2 using
equations (1.1), (5.1), (5.7) and (5.8) and initial datum (5.9).

h ming jn, up  Ming ;j, wp

0.00125 0 0.04

behaviour of the solution at different times. In this example we can clearly see the typical Lotka— Volterra effect,
see Figure 4, where the evolution of the total mass of predators and prey in time is shown. One population,
in this case predators u, apparently almost disappear, then its mass rises again, due to feeding on prey and to
newborns. At the same time the other population grows, until its mass reaches a sort of maximum point: from
that instant on, predators eating prey produce a decrease in prey mass. However, when the total mass of prey is
very low, predators have nothing left to eat, hence they decrease, while prey are free to increase, and the whole
cycle begins again. This time-periodic behaviour can also be seen in the spacial behaviour, see Figure 5. There,
almost the same spacial-patterns for v and w appear in every cycle.

As for the previous examples, we report the space-time minimum values of uj, and wy, in Table 4 to emphasize
that the method is indeed positivity preserving.
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