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A ROBUST DOMAIN DECOMPOSITION METHOD FOR THE HELMHOLTZ
EQUATION WITH HIGH WAVE NUMBER *: **

WENBIN CHEN!, YONGXIANG L1u? AND XUEJUN XU??

Abstract. In this paper we present a robust Robin—Robin domain decomposition (DD) method
for the Helmholtz equation with high wave number. Through choosing suitable Robin parameters on
different subdomains and introducing a new relaxation parameter, we prove that the new DD method
is robust, which means the convergence rate is independent of the wave number k for kh = constant
and the mesh size h for fixed k. To the best of our knowledge, from the theoretical point of view, this
is a first attempt to design a robust DD method for the Helmholtz equation with high wave number in
the literature. Numerical results which confirm our theory are given.
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1. INTRODUCTION

The Helmholtz problem has many applications in acoustics, elasticity, electromagnetics, quantum mechanics
and geophysics. Efficient and accurate numerical approximation of the Helmholtz equation is of fundamental
importance in scientific computation. In the engineering application, a rule of thumb suggests that at least
8 points are needed per wavelength for the discrete problem. If we consider the pollution of the discretization
of the Helmholtz equation, which requires k"h = constant, where r > 1, then it implies that the larger wave
number k, the more points per wavelength are needed. So for high frequency problem, the discrete system is
usually huge. Another difficulty is that the discrete algebraic system is highly indefinite for large k. Though
there are many fast solvers for this equation in the literatures, such as shifted Laplacian [20], multigrid [2] and
DD 9, 10, 13, 16] methods, but nowadays how to solve this problem fast and efficiently is still a challenging
problem [8]. DD methods are important tools with their high parallel performance. In this paper, we shall
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study a new type of nonoverlapping DD iterative method with Robin transmission conditions on the subdomain
interfaces for the Helmholtz equation.

The Robin—Robin nonoverlapping DD method was proposed for the Poisson equation by Lions. The conver-
gence rate was first proved to be 1 —O(h) in [4,6,7,14], then it was improved by Gander et al. in [11] and also by
Qin and Xu [17,18] to be 1—O(h?). Furthermore, it was proved by Xu and Qin et al. in [21] that the convergence
rate is asymptotically sharp. Recently Chen et al. [3] presented a new two-parameter Robin—Robin method and
they proved that the convergence rate of the DD method is optimal, which means that the convergence rate is
independent of the mesh size h.

For the Helmholtz equation, the idea of using the Robin transmission conditions was first proposed by
Despres in [5]. He employed the zeroth order approximation of the Sommerfeld condition as the interface
transmission condition and proved its convergence by energy method. Then Gander, Magoules, and Nataf
improved the convergence rate by using so-called optimized Schwarz method in [13] with optimized zeroth order
and second order transmission conditions. Afterwards, the optimized two-sided Robin transmission condition for
the Helmholtz equation was further introduced by Gander et al. in [12], where it is shown that the convergence
rate of their DD method is 1 — O(h3) for fixed k and 1 — O(k~ %) for kh = constant.

Following the idea of Chen, Xu and Zhang’s method for the second-order elliptic problems, in this paper,
we shall present a new two-parameter Robin—Robin DD method for the Helmholtz equation by differently
choosing suitable Robin parameters, which are dependent of h and k on different subdomains. Meanwhile, a
new relaxation parameter shall be introduced. Similar as in [11-13], we shall use Fourier transform to analyze our
DD method. It is shown that the new DD method is optimal, which means the convergence rate is independent
of k for kh = constant and also independent of h for fixed frequency k. To the best of our knowledge, from the
theoretical point of view, this is a first attempt to design a robust DD method for the Helmholtz equation with
high wave number in the literature.

The outline of this paper is as follows: in Section 2, we shall present the model problem and our Robin—Robin
DD method. In Section 3, we shall analyze the convergence rate of this DD method. Numerical implementation
shall be given in Sections 4. Extension to many subdomains case is given in Section 5. Finally in Section 6, we
present the numerical results which confirm our theory. It is seen from our numerical results that the new DD
method is better than optimized Schwarz and FETI-H methods.

2. MODEL PROBLEM AND DD ALGORITHM

The model problem is as follows:
—Au—FKu=f in £, (2.1)

where the domain 2 = R2. The Sommerfeld radiation condition at infinity with r = (22 + y?)*/? can be
expressed as:
ou

lim /2 ( == —iku | = 2.2

Jim 7 5 iku 0, (2.2)
which is the boundary condition for the Helmholtz equation excluding the incoming wave. In this paper, i = /—1
is the imaginary unit. B

However, for practical computation, we consider the problem on a bounded region {2 with some absorbing

boundary condition, which actually approximates the Sommerfeld radiation condition. A usual one is the zeroth

order approximation g—z — iku = 0 on the boundary, where n is an outward normal vector at the boundary.

With this condition, the variational form of the above model problem is to find u € V' = H!({2) such that
(Vu, V)5 — k*(u,v) 5 — ik(u,v) 55 = (f,v) YweV,

where (u,v)5 := [5uT, (u,v),5 = [, 0 and T is the conjugated form of v. This variational form has a unique

solution when f € L2(£2). If there is a piece of boundary I, with condition g—z +yu = g or Iy with Dirichlet
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condition, and the other part of the boundary condition is g—z —iku = 0, it has been proved that the variational

form is to find u € V = H'(£2, T;) such that
(V’LL, V’U)f) - kQ(u,v)f) + ’Y<u,v>fr, - Zk<U,U>8f)\(f‘Pufd) = (fvv) + <gvv>fr, Vv € ‘73

where Hl(fz,fd) is the subspace of Hl(fZ), and for Vw € Hl(ﬁ, fd), the condition WO(W)‘fd = 0 holds, where
~Yo(w) is the trace of w. The above equation has a solution if Re(y) > 0,Im(y) < 0 (Thm. 3.2 in [15]).
Approximating these variational forms by finite element method is popular in practical computation.

Next, we introduce our DD algorithm for the above Helmholtz equation. The domain {2 is decomposed
into two nonoverlapping subdomains {1 = (—00,0) x R and 2 = (0,4+00) x R with the interface z = 0,
which is denoted by I''s = 9§21 N 02, and n; is an outward normal vector of §2; at I'2(i = 1 or 2). Let
f1 = flay, f2 = [lo, and 41,72 be two constant parameters whose values shall be determined later. Then the
DD iterative procedure can be defined as follows:

1. Solve for uj on (2
AUl — K2t = f; in £,
oult

n — n
T, +muy =g on I, (2.3)

ou?
. 1/2 1 agan)
Thgn r < o zku1> 0.
2. Update the transmission condition along the interface 172

ou’?
no__ 1 n
9o = Iny + Yeuy,

3. Solve for u3 on (2,
—Aul — E*ul = fo in £y,
ouy

—anz + ’}/ng = g; on [, (24)
oul
: 1/2 2 _ pamn) —
Th_{gor < g zku2> 0.

4. Update the transmission condition along the interface again

ouy
o 272 n
91 anQ Y1Ug

5. Relax the transmission condition along the interface
gt =091 + (1 - 0)gi'.

The choice of 1, 72 plays an important role in our algorithm. However, the key of this algorithm is the relaxation
step, without which we cannot get our optimal results.

3. THE CONVERGENCE RATE OF THE DD METHOD

In this section, we shall give our theoretical analysis for the algorithm introduced in the previous section.

Obviously, the solution u of the model problem (2.1) is a fixed point of the iterative procedure. We only need
to consider the transmission of the error functions u} — v and ufy — u, so it suffices to assume f = 0 and to
analyze the convergence to the zero solution. Let f; = 0, fo = 0 in (2.3) and (2.4). Taking Fourier transform in
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y direction for each iterative step, the functions u(z,y) and ¢g(y) become u = u(z,n) and g = g(n) respectively.
We obtain the following two equations:

d*uy

e (B> —n®ul =0 z<0,n€ER, (3.1)
82/\n N
- 8522 —(K*—nHuy =0 x>0,n€cR, (3.2)

which are ordinary differential equations with variable z. The conditions

ouy

8—”11 + Wla? = j(]\?, (33)
oul N
a_nz + Y208 = gy, (3.4)

correspond to the boundary conditions on the interface for each subdomain. The updates of the interface
transmission conditions are of the new forms

~n 1 ~n
_ oy , 3.5
92 oy + 72Uy (3.5)

. oul e
._ n 3.6
91 anz + Y1iUg, ( )
G = 067 + (1 0)37. (37)

Since the interface is located at £ = 0, the normal derivative is in z direction. All the partial differential
equations are now in the form of ordinary differential equations (ODE). Next, we solve each ODE without
boundary condition for fixed 1. Let A be the solution of the characteristic equation

N4 (k=0 =0,
then,
VP =k i [n =k,
Am) =9 ,
—ivE2—n? if n| < k.

The general solutions to the ordinary differential equations (3.1) and (3.2) without boundary conditions can be
written as follows:

a?(wvn) = AleA(n)x + Ble_A(n)xa T < 07
sy (z,m) = AgerM® 4 Bye™ Mz 5 50,

If we consider the absorbing boundary condition which exclude the incoming wave, then the solutions can be
expressed as

i (z,n) = @5 (0, and @5 (w,n) = U5 (0, m)e A7,

The expression form of 4} may be explained as follows: first, for the case |n| > k, A(n) is real. Noticing that
z < 0, we have e)M* — 0 as 2z — —oo0. However, for the item e "% it goes to infinity as 2 — —oo, which
is a contradiction to the meaning of the absorbing boundary condition. Second, for the case || < k, A(n) is a

complex number. e*™? means the left going wave, and e~ *()? means the right going wave, with the frequency
k2 — 12, For the third case || = k, A(7) = 0 and MM = ¢=AM= then it can be set that B; = 0 for the
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reason that these two basis functions are the same. Based on the above observation, in any case, the term
e~ MM ghould not appear in the formula of the solution u, which implies By = 0 immediately. Similarly, we
have A; = 0 in the solution uj.

Substituting these expressions into the interface transmission conditions (3.3), (3.5), (3.4) and (3.6), we have

g1 (n) = (A(n) +7)ut (0, n),

g3 (n) = (=A(n) +72)u1 (0,7)
= (A(n) +2)uz(0,7),
91(n) = (=A(n) + 7)uz (0, 7).

Combining the above equations with the relaxation step (3.7), we get the following error propagation equation
“Am) 4+ —Am) + 72
Am) +r2 A +m

Let 1 = p1 — q1%, 72 = p2 — @21, where p1, ¢1,p2, g2 > 0. By substituting these values into (3.8), the convergence
rate p may be expressed as follows:

(1) 2= (@ — VK> —1?)i p2— (g2 — VK> — )i

gt =1 + (1= 0)]g7(n)- (3.8)

, - [n] <k,
. p2— (@2 + VK> —=n2)i p1— (@1 + k> —n?)i
_ 2 _ L.2) _ y _ 2 _ L2 ;

(1_9)+9(P1 V1P — k) —qii (p2 — V/n? — k?) — goi 0l > k.

(P2 +V/n?* — k%) —q2i (p1+/m? = k?) — qui

Note that for the case |n| = k, the convergence rate is |p| = 1 for any p1, p2, q1,¢2. In another word, we cannot
get the convergence rate for this case. This phenomenon is also observed by Gander etc. in [12,13]. Similar as
in [12,13], we only consider the case || < k_ and |n| > k4, where k_ < k < k4 are close to k. For computation,
suppose that the length of 2in y direction is H, if the upper and bottom boundary is set to be the homogeneous
Dirichlet boundary, then the relevant frequencies are n = %T, J €N, so we may choose k_ =k — 5,k =k+
and leave only one frequency n = k which can be treated easily by the preconditioned Krylov method [12,13].

If k satisfies % <k< m—l)ﬂ, then 7% — k2 # 0, and the iterative method converges by choosing k_ = 4% and

H H
ky = % For this homogeneous Dirichlet boundary, the lowest relevant frequency is ||min = 7;. For other
boundary conditions on top and bottom, it is not easy to determine the value of |7|min, but it is always larger
or equal zero.

In the continuous case, the value of |n| can be arbitrarily large. However, for discrete problem, we find that
7] < [N|max, where [1|max = 7 is the highest frequency according to the finest mesh.

According to the above discussion, |1]min < [17] < [7]max, which is useful in the analysis of the convergence
rate. Let 7 := [1)|min and 7 := [)|max-

Let
(3.9)

VE =n? < nl <k,
a_{wf—k? ke <Inf <7
By some elementary computation, the convergence factor should be
A +iBy

= 1—
p=01-6)+0 D,

it n<|nl <k,

where the real part Ay, the imaginary part B; and the denominator D, are as follows:

Ay = [(p1p2 — q1q2) — &)]? + (P1g2 + p2q1)? — [(p1 + p2)? + (@1 + q2)%]?,
By =2[(p1g2 + p2a1) (@1 + q2) + ((p1p2 — q192) — &) (p1 + p2)]ey,
Dy = [(pip2 — q1g2) — a* — (q1 + g2)a* + [(P1g2 + p2q1) + (p1 + p2)a)?.
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For the another case of ||, a simple calculation leads to

N

Ag 4+ iBs

p=(1-0)+46 Dy

if k-i- X |"7‘ < ﬁa

where the real part Ay, the imaginary part By and the denominator Dy are of the forms

Ag = [(p1p2 — q1q2) + &)]? + (P1g2 + p2q1)? — [(p1 + p2)* + (@1 + q2)?]?,

By = 2[—(p1g2 + p2q1) (p1 + p2) + ((p1p2 — q1q2) + &) (q1 + q2)]ev,
Dy = [(p1p2 — q1q2) + &2 + (p1 + p2)al® + [(p1gz2 + p2q1) + (@1 + q2)a?.

In the following, we set p; = g1, p2 = g2 for simplicity and symmetry, then the expression of p is

A+iB
(1-6)+6 E’ C i g < <k,
(-6 +0=25 it ko <hl<m,
where
A= (20142)° = 2(q1 + @2)*0® + o,
B =202q1q2 — &*)(q1 + g2)a,
D= (2qq+ (1 + 32)) + (@1 + g2 + @)?a’.
Lemma 3.1. Let dy, dy and ds be defined as:
2 2q1q2 — o
L= q192 Cdy = « dy = q1q2 — & (3.11)
212 + (1 + ¢2) (@1 +q2) + 2192 + (@1 + ¢2)
then the real part of p can be bounded by
1 —20+20min{d;y,d2} < Re(p) < 1 — 20 + 20 max{dy, dz}, (3.12)
and the imaginary part of p can be bounded by
[Tm(p)| < 6]ds]. (3.13)
Proof. By careful calculation,
A 2 3
1+ =D (2019220162 + (1 + @2)a) + (1 + g2 + a)a’)
2
=5 (d1(2q192 + (q1 + g2)) + da(q1 + g2 + @)*a®) .
From the definition of D, 1+ % can be bounded by
. A
2min{dy,ds} <14 D < 2max{dy,da}. (3.14)
Note that the real part of p can be rewritten as
A A
R =1-04+0==1-20+0(1+ — 3.15
clp)=1-0+0% +o(1+5). (3.15)

then the bound (3.12) can be obtained immediately.
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On the other hand, note that D > 2(2¢1g2 + (1 + ¢2)@)(q1 + ¢2 + ), then
(29192 + (q1 + g2)2) (g1 + g2) v Cag + (@ +e)o)(a tep)o 1
D T 220192 + (1 + @2)a) (@1 + g2 + @) T 2
So % can be bounded by
1Bl 122¢142 — ®)| (20142 + (01 + @2)0) (01 + @2)ax < ’2_d5 — lds].
D] 2q192 + (g1 + ¢2)c D 2
Then the bound (3.13) is easily gotten since [Im(p)| = 9%. O
Lemma 3.2. If 0 < a < a <@, and assume that
@ < %_, g2 > Ciza, (3.16)
where 0 < C; < 1(j =1,2), then d1, do and ds in (3.11) can be bounded by
5—; <dy < Clcjr o (3.17)
2 <<y = (3.18)

C
‘dg,‘ <max{01j_1,C2}.

(3.19)
Proof. Since g1 > 0 and % > C%, then the lower bound and upper bound of d; can be estimated by

22 1

< G di >
' 201g0 + ua 1+ﬁ\1+01’ !

Since & > CLQ and g2 > a > q1, the bound of ds can be easily obtained

« Co «
dy < < , do>— 2> .
? @+a " Cy+1 2 32~ 3qo
Finally, from the definition of dz, we have

c {if em{air o)
ds| < max ¢ dy, <max<dy, — p < maxq ——, ,
s { Y2145 + (0 +q2)a} Vg Cr+1 72
so the bound (3.19) is obtained.

O
Lemma 3.3. If0 <6 <1 and 0 < C < 1, then the function

C(0) = max{u — 202 + 02T, |1 — 20 + 200)% + 9262} (3.20)
attains the minimum value 2C”

_ 1
eop Mth =17
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FIGURE 1. The function ¢(6) in (3.20) where C' = 1/3. The red line stands for the function
a(0) = |1 —26|? and the blue line stands for the function o(6) = |1 — 26+ 26C|?. (Color online).

Proof. 1t is enough for us to consider the function
¢1(0) = max{|1 — 26|, |1 — 260 + 20C|?}. (3.21)
Tt is easy to be verified that (see Fig. 1)

|1 —20+200)2, 0 < L

2—C"
G(0) = , )
11— 20|, 0>
When 0 < C < 1, the derivative of (; is negative if § < ﬁ and positive if § > %, therefore (; attains the
minimum value at 0y = ﬁ So ¢(#) also attains the minimum value at 6y and ((0y) = (22—662)2 O
Theorem 3.4. If 0 < a < a < @, and assume that
Ch 1
< —q Z —Q, 3.22
N 5e @250 (3.22)
where 0 < Cp7 < 1 and 0 < Cy < ﬁ, then the convergence rate |p| < 1 if we take 0 = ﬁ, where
= c
C = max{r_}_l, Cg}
Proof. By using Lemmas 3.1 and 3.2, the real part and the imaginary part of p can be bounded by
|Re(p)| < max{|1 —20|,|1 —20+20C|}, and |Im(p)| < 6C.
Then following Lemma 3.3, |p| attains the minimum value
ol = V2-C
P=5_C
if we set 6 = ﬁ Now since 0 < €1 < land 0 < Cs < ﬁ, then C' < ﬁ, therefore |p| < 1. O
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Remark 3.5. For simplicity, we shall set § = % in the numerical tests. In this case, |p| is still less than 1 if we
require C35 < %.

We also remark that from the definition of « (3.9),
a € [(2Ck)=, Coh™Y], (3.23)

where Cj, = min(k — k_, ky — k) is a sufficient small value compared with k, and Cj is a constant independent
of h and k. Note that @ <7 = 7, we may choose g2 dependent on the mesh size h.

Corollary 3.6. If 0 < a < a < @, and assume that

C
@ < 71% g2 =Ch™, (3.24)
where C' > C% 1s a constant independent of k and h. The parameter is chosen to be 0 = %, then the convergence
rate |p| < 1 and:

e is independent of k for k"h = constant where r > 1;
e is independent of h for fixed k with kh < constant.

Remark 3.7. In practice, we usually choose ¢2 = C3h™™ with m > 1, where C5 = constant independent of i
and k. However, in this situation, C3 is not necessarily large. We shall confirm this observation in our numerical
results.

If we set at least 10 points per wavelength, by a simple calculation, kh < £, which immediately implies
7 = bk. For practical computation, to avoid the pollution error, we usually require the mesh grid h to satisfy
condition k"h = constant for » > 1. So the above result is useful.

Remark 3.8. The convergence result of our method is quite different from other substructuring methods, like
FETI-H, FETI-DPH and BDDC-H methods. It can be seen in the above corollary that the convergent result of
our DD method is independent of i and k. For the FETI-H method, there is no any theoretical results about
the convergence rate in the literature. The numerical results in [9] reveal that the iteration number increases
as k increasing, but it may decrease as the coarse space is sufficiently large. In [16], the convergence rate of
FETI-DPH and BDDC-H is proved to be (1 — C(1 +k2H2)(11+ I )1/2 under the condition that the size of
coarse grid H is sufficiently small. Numerical results in [16] also shows that FETI-DPH and BDDC-H methods
are scalable. However, the iteration number still increase as k increasing. Meanwhile, both of these two methods
also require sufficiently small H to guarantee the positive definiteness of subproblem, which make the coarse
space very large. So these DD methods actually cannot solve the algebraic system resulting from the Helmholtz
equation with very high wave number.

4. IMPLEMENTATION OF THE DD ALGORITHM

In this section, we shall derive the preconditioned system of the new DD algorithm and discretize it by finite
element method. For simplicity we assume that (2 is a bounded domain with homogeneous Dirichlet boundary
condition on the upper and bottom boundary and the absorbing boundary condition g—z — iku = 0 on the left
and right boundary. Other absorbing boundary conditions can be discussed similarly. The Helmholtz equation

is as follows:
—Au—FKu=f in (NZ,
u=0 onlp

ou .
a—n—zkuzo on I'g, (4.1)
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where I'p, I'r are the boundaries with Dirichlet and the absorbing boundary conditions respectively. The sub-
problems in our DD algorithm can be written as:

n 2, m _ f i 0).
—Auf —k"ui = f; in §2;,

a—nj‘F'Yjuj =yg; onli,

u;’:() on I'p;
4 ik =0 on I,
%—Z ’LLj = on I Rj,

where j =1,2,I'p; =1IpnN 8(~2j,FRj =IgrN 8(~2j and 175 is the interface.
Similar as the discussion in Section 2, the discrete variational form of each subproblem is to find uly, € Vin
such that
(Vaujy, Vion) g

J

kz(u?h’ ”h)ﬁj + 7 <Hu?h’ th>F12

—ik<HU;‘Lh7HUh>FRj = (fj, Uh)f)j + (g;“, HUh>F12 Yoy, € th, (4.2)
where (th;‘h, thh)fzj = ZN (Vu;‘h, Von)e, T(ﬁj) is the triangulation of ﬁj, Vijp, is the finite element space
ecT(£2;5)

and the projection operator II shall be defined later. B .
Let A; be the stiffness matrix of each problem on subdomain §2;, then A; can be expressed as

i - { Ajir - Ajir, ] (4.3)
AjF121 AjF12F12

where the subscripts I15 and I denote the degrees of freedom on the interface and the other part of the

subdomain respectively. By changing the Robin interface condition into Neumann condition or equivalently

setting ; = 0 in (4.2), the stiffness matrix A; is of the form

4 — [ Ajir Ajir, ] .
! A]T121 AjF12F12

It is easy to Verify that Aj[] S Aj[[,Aj[plz =S AjIl’lgaAijI =S Ajflzj, Ajrmrm =S AjF12F12 + ’}/jMplz, where

Mrp,, is the mass matrix on the interface corresponding to the term (I1uf,, ITvp)r,, in (4.2).

Define II : Vji|r,, — M;p, to be the L? projection operator such that
(ITwjn, vn)rie = (Wjn, V) s Y € My,

where Mj, is the subspace of Vju|r,. If Vj, is Py conforming finite element space, M;, = Vjn|r, and IT is
the identify operator in this case; if Vj; is Crouzeix—Raviart non-conforming finite element space, M;y, is the
piecewise constant space, i.e. [17],

My == {¥jn : ¥jn|e is constant for Ve the element of the triangulation on I'2}.

A direct observation of the definitions of the space Mj; leads to the assertion that My, is the tridiagonal
matrix and identity matrix I in the cases of P, conforming and Crouzeix—Raviart non-conforming finite element
discretization respectively. B

Notice that the stiffness matrix of the problem (4.1) on {2 is

Avrr 0  Airp,
A= 0 Aorr Aorry,
Air,r Aorar A,
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The Schur complement is S = AF12F12 - AlflgIA;[l[AlIFlz - A2F121A5[1[A21F12~ ObViOUSly, AF12F12 = A1F12p12 +
Asr,y,, which leads to S = 51 + Sa, where S; = Ajr,n, — AjmeAj_IlIAj[pm is the Schur complement

corresponding to A;. The discrete Schur complement system of the problem (4.1) on the domain Qs
Swy, = f

where f = fl —|—f2 with fj = fir, — Ajpm[A;IIIfﬂ and wy, is the degrees of freedom on the interface I (see [19]
for details).
Let wj, be the degrees of freedom of uf, restricted to I'z. Then by the variational form (4.2) and the
definition of A; in (4.3), we have ) )
w;bh = Sj_l(Mflzg;‘L + fj)v

where Sj = Aj[‘w[‘l,z — Ajpm[;lﬁllflﬂpm = v;Mp,, +S;. To avoid the computation of the normal derivatives
when we update the interface transmission conditions

ou’? oul

n 1 n * 2 n

gy = ——=—— + YU and g, = ——=—— + 71Uy,
2 (9TL1 2 ! ()77,2 12

we use the equivalent form

95 = =91 +(m +eJul and g7 =—g5 + (1 +72)us

instead. Finally, the discrete form of the DD iteration procedure can be expressed explicitly as follows:
1. Solve for wf}, on 2 B

w?h = (’YlMFrz + Sl)_l(Mflzg{L + fl)
2. Update the transmission condition along the interface 172

gy = —g1 + (71 + ) [Twy),.

3. Solve for w}, on (~22 .
wgh = (72MF12 + SQ)_l(M[‘ng;L + f2)

4. Update the transmission condition along the interface again
91 = =93 + (M + ) lwy,.
5. Relax the transmission condition along the interface
grtt =097 + (1 - 0)gi.
Eliminating the variables wf}, w5, , 95, g7, we get
gt =gt + 0{(v1 +2)[(n +72) (V2 Mry, + S2) " Mpy, — I)(1 My, + 1)~ fa

+ (71 +72) (2 Moy, + 82) 7' fo = (I = (91 +72) (2 My, + S2) ™ My, — 1]

(v +72)(nMry, + 51) " Mry, — I)gt'}.
Then the preconditioned system corresponding to the above iteration method is

Pgy = fo1, (4.4)
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1
§e
N

FIGURE 2. The N subdomains partition of 0.

where
P =1—[(m+7)(2Mr, +S2)" ' Mry, —I]- (11 +72) (M, + S1) "' Mp,, — 1]
and
for = +72)[(n +72) (32 My, + S2) " Mpy, — I (n My, +510) 7' fa
+ (1 +72)(2Mry, + S2) 7 fo.
The linear system (4.4) may be directly solved by GMRES method and then u};,, u}, can be computed auto-

matically.

In the case of Crouzeix—Raviart non-conforming finite element discretization, M, = I and then

P =1~y +72)0vl +82)7" = 1]-[(n +32)(nl + 1)~ = 1]
= (v2l + S2) (el + S2)(nd + 1) — (I = S2) (2l = S1)](nd + 1)~
= (2l +82) 7 [(m +72) (St + S)] (I + S1) ™
= (1 +72)(72] + 82) 71 S(nl + 1)~

So P can be viewed as the left and right preconditioning system for the Schur complement S.

5. EXTENSION TO MANY SUBDOMAINS CASE

In this section, we shall extend the above preconditioned system to the many subdomains case. We focus on
the problem (4.1). It can also be done in the same way for the case that the absorbing boundary condition is
set on the upper and bottom boundary We split the domain 2 into N subdomains in z direction (see Flg 2).
The interfaces are I'j;11 = 8() N 89j+1,j =1,2,...,N — 1. The Dirichlet boundary I'p; = FD N 8(2 Let
Io1:=IgrN 891 and I'yy+1:=1IrN 8QN Define gl ,grj to be the left boundary conditions of (2;, and glj,grj
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to be its right boundary conditions, and note that gll1 =0, g2y = 0. Then the iterative DD algorithm can be
defined as follows:

Set g;;" =0, g°n = 0. Assume that glzj’n, 933’11’ j=1,2,...,N —1is known. As j growing from 1 to N — 1,
we have
n+1/2 P

1. Solve for w;; on §2;
+1/2 +1/2 L5
—Aufj /2 _ kQufj - fi in £2;
8u7.+1/2
+1/2 2,
# + /2= g9;;" on Ijjt1,
! e (5.1)
u;lj =0 on Ipj,
8u7.+1/2
j . n+1/2 1,n
r-~— —zk;ul. =9 on Fj—1j~
8nj J J
2. Update the transmission condition along the interface I'j;41
n+1/2
in aulj n+1/2
Irjt1 = T g T2Wy

J

3. If j # N — 1, solve for ufjf:_llm on (NZjH

n+1/2 2 n+1/2 .=
—Au —k urj+1 = fj+1 m .Qj+1,

rj+1
+1/2
ou"
rj+1 n+1/2 _ 1,n .
Tonyey P T I 00 Ljjrs
! (5.2)
n+1/2
rj+1 = on FDj+1,
+1/2
ou’"
ri+1 oo on+1/2  2n o
Py thu, ;1" =950 on Iy 4.
J
4. If j # N — 1, update the transmission condition along the interface I7;41
n+1/2
1n aurj—i—l ikl T2
Jij+1 = Onji1 gt
J
o« . 2 1 . .
Noticing that gr}\?Jr =0, as j decreasing from N — 1 to 1, we have
n+1 0.
5. Solve for u,/; on 244
n+1 2, n+l __ g 0.
—Auy — kgl = fi in 2540,
8un{,—1
rj+1 n+l _ 1n B
Dny1 T YUty = 9pipa on I,
! 1 F (5.3)
uTjJrl = on L pj+i,
8un+1
rj+1 gon+l . 2n+1 o
By thu, o =950 on L0
J

6. Update the transmission condition along the interface 1741

n+1

2,n+1/2 _8u7‘j+1 n ’ylun+1
ly - j+1>
J i ri+

, 2,n41/2 i
gfj”“ = lej" 24 (1-— Q)glzj".
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7. If j # 1, solve for u”+1 on (NZj

—Au”.ﬂ u?fl f; in £2;,
+1

u;’J'H 0 on Ipy, (5.4)
8;2—;1 zk;u”“ = glljn on Fj—lj-

8. If j # 1, update the transmission condition along the interface 1,1

n+1
2,n+1/2 Ou,.;

rJ . n+1

v = —anj — tkuy,
2,n+1 2,n+1/2 2,

gr]nJr _ eg n+1/ + (1 o e)grjn.

This algorithm is a sweeping procedure. In practical computation, we do not use the above iterative DD algorithm
directly. Actually we shall look for a preconditioner from above DD algorithm, then use PGMRES to solve the
preconditioned system.

Let Vj be the finite element space in each subdomain ﬁj. Then the above discrete variational form in each
subdomain is to find w;; € Vjy, such that

(thljhavhvh)ﬁj — k2 (wijn,vn) 5. +71<Huz;h,17vh> Iyan — tk(ITugjp, o) ¢

L1y

(fj’vh) + <gl_7’H,Uh> Ijjt1 <glyﬂvh> Ij_1j Vup, € Vﬂ“ (5'5)
and to find u,;x € Vjj, such that
(thrjh, thh)fzj - k2(u7‘jh7 Uh)f}j + 72 <Hurjh, th> i k<HuTJh7 ITvp)r Ljja
= (fjvvh)f)j + <g7"_77HUh> Ij_1j + <gr]’HUh> Ljjt Vo, € ‘/}h' (56)

Let A;j, A,; be the stiffness matrices associated with (5.5), (5.6) respectively. Define the restriction matrices
le,sz to be that leujh = II(ujn|r,_,;) and TjQujh = II(ujn|r;;,,) for Vujh € Vjn respectively. The corre-
sponding prolongation matrices can be defined as the transposes of T1 T 2 e, P1 (Tl) and P2 (T2)
Let Mp,, ., be the mass matrix which is related to the term <Hujh,ﬂ’l)h>[‘“+1 on the mterface I’”H for
Vj=0,...,N. The matrix form for the subdomain can be expressed as:

Ajjuign = fj + leMFj—ljgllj + szMFjj+1gl2j’ (5.7)
where j =1,..., N — 1. Similarly, we have

Arjurjh f] + PIMF7 1Jgr] + PQMF”-ngja (58)
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where j = 2,..., N. Now we further define

Ay = =T+ (o + k)T A PIM,
1,1 — -
Arj,zj_l =—(m+ ’72)1}'2—1"4[3'1—1]33'1—1]\4'1}7%71a

Allji’zrj = (72 + ik;)leAgllﬂgij_j+l,
1,2 - -
Arj,lj—l =1- (’71 + 72)1}271"4[3'1—1]33’271]\4'1)71]"

2,1 L 1 —1 1
Alj’,«jﬂ =1—(m+ 72)Tj+1Arj+1Pj+1MF7'j+u

2,1 . -1
Azl = (n +ik)TP AL P My,
2,2 L 1 —1 2
Alj,errl =—(n+ 72)Tj+1Arj+1Pj+1MF7‘+1j+27
2,2 . _
Ay = 1+ (n + k)T AL PP,

fllj = —(72+ ik)leAr_jlfj,

Fy=n+9) T AL fio,
[ = +2) T A fi
v = —(n iR AL ],

where [ is the identity matrix. Define matrices A1y, A1o, Aa1, Ao as follows:

I
1,1
Al2,7‘2 111
Ar3,l2 I
An = ) ;
1,1
AN 1oN-1 ) 11
Anain 1
1,2
. Ao
1o Alé,rZ
Ar3,l2
A12 - . 9
1,2
. AN-1,N-1
A NaIN—1
21
01 AlN—l,rN
- AN_1IN-1
AN _2rN-1
Ao =
21
91 Ar2,l2
A B

935
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and
I
2,2
AN LIN-1 I
AN—orn-1 1
Agg =
2.9
Ar2 2 2I2
All 7‘2
Let

1 1 1 1 \T 2 2 2 2\T

91= (92 G2---9IN-1 9rn) 292 = (GiN_1 Gin_1---9r2 9i1) s
T T

fo=(fs fhfivo BN fa=Uive Fivea-f DT

Let Zgl = 0As, ;{22 = 0Ass, EQQ(U =(1-0)I+ ;{22, and fg = 0 f5. By simple manipulation, we obtain the
preconditioned system

A22(1)(A22 Ay AT Ar)ga = A22(1)(f A ATy 1), (5.9)
which is corresponding to the iterative DD procedure. Here the parameter is chosen to be 6 = % which is the
same as the two subdomains case. Note that N = 2, system (5.9) reduces to the system (4.4), so (5.9) is a

reasonable extension of the two subdomains case.
The next theorem shows that the system (5.9) is equivalent to the global problem, and we may use the
GMRES method to solve it.

Theorem 5.1. For the algebraic system (5.9), there exists a unique solution, which is equivalent to the solution
of the original global problem.

Proof. For starting the proof, we first need to know the well-definedness of the matrices and vectors in (5.9),
which depend on the existence of matrices A;l and Ar_jl. According to the above discussion, Al_j1 and Ar_j1
correspond to solving subproblems (5.1), (5.4) and (5.2), (5.3) respectively. In fact, we already know in Section 2
that there exist unique solutions to these subproblems (see [15] for details) and then A;; and A,; are invertible.
Meanwhile, A is also invertible in (5.9) since A7 is a lower triangular matrix with identity matrices in its
block diagonal. Similarly, EQQ(U is invertible.

We then prove the equivalence. Obviously, (5.9) is equivalent to the coupled algebraic system

IR (310)

which actually is the same as system
9!3 =(n+ ’Y2)Tg+1um+1h gij-‘,—lv Jj=1...,N—-1 (5.11)
glj:—(vg—l—zk;)T.urjh +grj7 j=2,...,N—1 (5.12)
gr; = (n +72)T7 ywij—1n — G515 j=2,...,N (5.13)
9r; = —(n + k)T un + g7, j=2,...,N-1 (5.14)

together with subproblems (5.7) and (5.8).

By (5.11) and (5.13), we know that Tfuljh = T;Hurj“h for j=1,...,N —1. Denote A;; to be the stiffness
matrix in (NZj with Neumann boundary condition on I%_i; and Ijj11. Then, the matrices A;;, A,; can be
expressed as

Alj = Aj[ — ’L‘kleMrjilJT-l -+ '71P2MFN+1 R (515)

Apj = Ajr + 7P} My, ,, T} —ikP? M, T?. (5.16)

Ji+1
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By (5.7), (5.8), (5.12), and (5.14), we have

Atjuijn = Arjurin = (P} Mr,_, g5 + PIMr,, . 95;) = (P{ Mr,_, gp; + PIMr, ., 07))

= —(v2 +ik)P} Mp,_,, T} urjn + (11 + ik) P} My,

2
pie1 L Uijh-

Substituting (5.15), (5.16) into the above equation, then we get

(Aj; — ikP/Mp, , T} —ikP?Mr,

Ji+1

TP uin = (Ajr — ikP} Mr,_, T} —ikP} M,

2
vit1 L Jtrjns

which is equivalent to wij, = u,j, by the invertibility of matrix A;; — ikleij_lejl — ik;szijHle. Let

up, € Vi, where Vj, is the finite element space in the whole domain {2, which obviously satisfy that uh\f)j =

Urjh,J = 2,...,N and uh|(~21 = u1p,. Define the restriction matrix T to be that Tjv, = (va|g.), Von € Vi, and
J

the corresponding prolongation matrix P; := TjT. Obviously, szTj = TjIHTj_H and Pij2 =P leﬂ. Then we

have

N
PiApuny + Z P A upin
i=2

.

N
=S Z PjAj[E’LLh - ikP1P11Mp01 TllTluh - 'L‘kPNPg/MFNNJrlTJ%TNUh
=1

N-1 N
—ik Y PiP}Mp,, T Tjun +yn PLPEMp, TETvun + 72 Y Py P Mpy T Ty,

J
=2 =2

I
KMZ

Il
-

ijj + PlpllMFmglll + PNP]%MFNN+1Q$N
J

N N—1
+ P PEMpy,gf + > PP} Mr,_, g5+ > PiPIMr, . g7;.
j=2 j=2

By (5.11), (5.14) and simple manipulation, it is easy to verify that

N—-1 N
—ik Z Pj.PjQMrjjJrl]}-QTjuh + ’}/1P1P12MF12T12T1’LLh + 72 Z 3%1ij71jiylﬂuh
j=2 =2
N N-1
= P1P12MF129121 + ZPijlMFj—ljg%j + Z PijgMF7_7+1ggja
j=2 =2

which leads to

N
Z .PjAj[EUh - ikPlpllMF01T11T1uh - ikPNPJ%[MFNN+1T]%TNUh
j=1

N
= ijfj + PLP! Mrp, giy + PNPYMpy ., 9in-
j=1

So up, is the unique solution of (4.1), and then we finish the proof. O
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TABLE 1. The iteration numbers for different methods and different mesh sizes. The wave
number k£ = 9.57.

h RO OS T-0S
& 6 38 251
o4 7 23 126
= 7 288 132
= 7 393 153
s 7 >500 182

TABLE 2. The iteration numbers of PGMRES for different methods and different mesh sizes.
The wave number k = 9.57.

h RO OS T-OS FETI-H

&= 5 15 13 20

&4 5 19 16 28
1

a4 23 17 36
1

& 4 29 18 46

w5 4 36 21 58

6. NUMERICAL RESULTS

In this section, we shall give some numerical results to illustrate the efficiency of our new DD method.
Consider the following Helmholtz equation

—Au—Fku=f in 2,
%—ikuzo on IR,

on
u=0 onlp, (6.1)

where (2 is the unit square [0, 1] x [0, 1], I'r denotes z = 0 and = = 1, which is the Robin boundary condition,
and I'p is the boundary y = 0 and y = 1 with homogeneous Dirichlet boundary condition. The source term
f=exp{—h2%[(z —1/2)% + (y — 1/2)?]} is a gaussian function which is an approximation of the point source
(%, %) with exponential decay off the center. Here we choose the Crouzeix—Raviart non-conforming finite element
to discretize this model problem. P; conforming finite element has similar performance behavior. Our iterative
procedure is proposed for the continuous case, however for the discrete case the pollution error can not be
avoidable for the uniform mesh [1]. Because the degrees of freedoms of Crouzeix—Raviart finite element is
nearly 3 times as P; conforming finite element, it may reduce the influence of pollution.

We consider the iteration of our method with different mesh sizes. The parameter chooses 6 = % in our iterative
llwiser—uall,2

Toals < 10710 where w;ter is the iteration solution, and ug is the discrete
1

method. The iteration stops when

solution. The choices of the Robin transmission condition parameters are y; = ﬁklm(l —i),72 = h=?(1—1). We
first test our algorithm (RO) with different mesh size for fixed k and compare it to Optimized Schwarz (OS) [13],
Two-sided Optimized Schwarz (T-OS) [12] methods. Table 1 shows the corresponding iteration numbers when
the mesh is refined.

If these DD methods are used as preconditioners in GMRES iterations, the iteration number greatly decrease.
We also compare them to the FETI-H method with coarse space constituted by 4 different direction plan waves
in the preconditioned form. The terminal precision of the PGMRES iteration is 107!°. It can be seen from

Table 1 and 2 that our method is better than optimized Schwarz, two-sided optimized Schwarz method and
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TABLE 3. The iteration numbers of PGMRES for different methods and different mesh sizes.
The wave number k£ = 30m.

h RO OS T-OS FETI-H

o 521 17 42
1

= 4 24 18 51
1

e 5 33 22 63

< 5 38 25 80

TABLE 4. The iteration numbers of PGMRES with different wave number k£ and different
methods for kh = constant, where kh = 0.5.

k RO OS T-OS FETI-H

9.5m 5 15 15 20
19.57 5 18 19 32
29.5m 4 18 19 38
39.5m 4 20 21 45
59.5m 5 25 23 56
89.5m 5 29 27 65
100.57 5 30 28 70
150.57 5 35 32 82

TABLE 5. The iteration numbers for different choices of the relaxation parameter 6.

0 01 02 03 04 05 06 07 08 09 1
k=1957r 90 40 23 14 7 1221 35 73 >500
k=595r 78 35 20 12 5 1220 35 77 >500

the FETI-H method in this case. Note that the numbers of iteration for h = 1/60 in Table 1 is quite large,
one reasonable explanation is that the discrete wave number k is shifted close to the relevant frequency of the
whole domain and thus the convergence rate is close to 1 for this mesh parameter. However, this phenomenon
disappeared by refining the mesh and k is close to k. Similar phenomenon is also observed in [12,13].

Now, for a larger k, let the frequency k = 307, which is a frequency that the the convergence rate may equal 1
in the iterative procedure. So we only focus on the PGMRES iteration. We find that our DD method is still
better than other DD methods.

Next, we fix kh = constant to test how the iteration numbers depend on the wave number k. We also do
this test by PGMRES. It can be seen from Table 4 that the number of iterations of our method is stable as k
becomes larger and larger and the iteration numbers are great less than the OS, T-OS and FETI-H methods.

Now we consider how the different choices of the parameters in our method influence the iteration number.
The convergence rate sensitively depend on the choice of the relaxation parameter # in the iterative method,
which is shown in Table 5. We can see that the parameter 0 = % which we choose in our numerical test is close
to the optimal one. For the Robin parameters, the left graph of Figure 3 shows the iteration numbers for some
fixed parameters 9 and different choices of 7;. We note that in the left graph, the iteration numbers are almost
the same when C; < 31—2 and vy, = C1k'/?(1—1) for any fixed 2, and the best choice of 4y is 75 = h=2(1—1i) with
the least iteration number. So our choice of y; = ﬁkl/ 2(1 —4) in the previous numerical tests is suitable. The
right graph of Figure 3 shows the iteration numbers for some fixed parameters ; and different choices of 7.
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301 301
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1/4h7"(1-i) 16k"2(1-i)
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FIGURE 3. The iteration numbers of PGMRES for different choices of the Robin parameters.
The wave number is k = 19.57, and the mesh size is h = 0.0082, which implies kh = 0.5023. Left:
the iteration numbers with o = 1/4h=1(1 — i), h=1(1 —4),4h=1(1 — i), 16h~1(1 — i), h=2(1 — i)
over v, = C1kY2(1 — i), where C; = 2%,5 = 4,3,..., —11. Right: the iteration numbers with
1 = 16kY2(1—i), 4k /2(1—1), k'/2(1—i), 1 /4K 2 (1—4), 1/128k/2(1—i) over y; = C3h~(1—1),
where Cy = 2¢,t = —4,-3,...,6 and C3 = h~ L.

Similarly, we observe that the iteration numbers are almost the same when C3 > 16 and 72 = C3h~ (1 — i)
for any fixed 71, and the choice v; = é—Skl/ 2(1 — i) performs best with the least iteration number. Note that
h = 0.0082 and h=2 ~ 122h~!, the optimal choice that y2 = h=2(1 — i) is better than 2 = C3h~1(1 — 4)
with C3 < 16, and this phenomena is consistent with the observation in Remark 3.7. The discussion above also
implies that our choices of the Robin parameters do not affect the optimality of our DD method.

We further consider the following model problem

—Au—Fku=f in £,

Z—Z—ikuzo on I, (6.2)
where I" is the boundary of {2 with Robin boundary condition and the source term f is the same as problem (6.1).
This type problems are widely used in practical computation. We only test the iteration number of PGMRES
for this problem. The result (see Tab. 6) also shows that our method is stable and better than the other three
DD methods. If the domain is divided by = § instead of = 3, and the source term f = exp{—h~?[(z —
1/3)% + (y — 1/2)?]}, then we will have a similar result in Table 7.

Next, we shall consider two kinds of more complicated domains. Let {24 to be a diamond domain with the four

vertices (%,0),(0,1),(1,3),(3,1) (see the left graph of Fig. 4). The corresponding equation can be written as
—Au—ku=f in £,

ou
a—n—ku—O on I, (6.3)
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TABLE 6. The iteration numbers of different wave number k£ and different methods for kh =
constant, where kh = 0.5.

k RO OS T-OS FETI-H

107 5 13 14 22
20m 4 15 16 30
407 4 17 18 43
807 4 19 20 56
1607 4 21 22 68

TABLE 7. The iteration numbers of different wave number k and different methods for non-
symmetric decomposition with kh = constant, where kh ~ 0.5.

k RO OS T-OS FETI-H

107 6 14 14 24
207 7 15 16 34
40m 8 17 18 46
807 8 19 20 57
1607 9 21 22 70

FI1GURE 4. Left: the diamond domain. Right: the domain with a scatterer.

TABLE 8. The iteration numbers of different wave number & and different methods with kh =
constant, where kh ~ 0.5 (domain £2;).

k RO OS T-0OS8

107 4 13 14
20m 4 15 16
407 4 17 18
807 4 19 20
1607 4 21 22

where I is the boundary of {2; with Robin boundary condition and the source term f is the same as prob-

lem (6.1). The result in Table 8 reveals that our method is also stable and superior to other two DD methods.

Next, let (2, to be a domain [0,1] x [0,1] without inner part [Z,2] x [2,2] (see the right graph of Fig. 4).
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TABLE 9. The iteration numbers of different wave number & and different methods with kh =
constant, where kh ~ 0.5 (domain §2,).

k RO OS T-0S

107 6 16 16
20m 7 17 17
407 8 18 19
807 8 19 21
1607 9 21 23

TABLE 10. The iteration numbers of different wave number k and different methods for kh =
constant with 2nd order absorbing boundary condition, where kh ~ 0.5.

k RO OS T-OS FETI-H

107 4 11 12 20
20m 4 14 10 31
407 4 16 12 44
807 4 18 14 57
1607 4 23 17 73

TABLE 11. The iteration numbers of different wave number £ and different number of subdo-
mains N, for kh = constant, where kh = 0.5, § = 1/2.

k RO FETI-H
N=4x1 N=8x1 N=16x1 N=2x2 N=3x3 N=4x4

16 10 15 22 12 18 16

32 11 16 22 20 42 34

64 11 15 22 31 86 74
128 11 16 23 46 190 215
256 11 16 23 62 442 >500
512 11 16 23 81 >500 >500
1024 11 16 23 100 >500 >500

Then the equation is as follows:

—Au—K*u= f1 in £2,,

g—z =0 on [y,
%—iku—o on [ (6.4)
on - R, .

where I is the internal boundary, I'g is the external boundary and the source term is f; = exp{—h~2[(z —
1/2)%+ (y—1)%]}. In this case, we also find that our method is better than the other two DD methods in Table 9.

Note that we always use the lowest order absorbing boundary condition g—z — iku = 0 in the above numerical

tests. Actually, our method may still work for higher order boundary condition according to our theory. For the
problem (6.1), if we use 2nd order absorbing boundary condition % —iku— ﬁ % = 0 on I'g, where 7 denotes
the tangent direction at the boundary, we have the result shown in Table 10, which indicates that our new DD
method is still stable and outperform the other three DD methods.

For many subdomains case, we consider the problem (6.2). Because of the suitable choice of the parameters,

we also find that the iteration number of the new system (5.9) is independent of k (see Tab. 11 for details) and h
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TABLE 12. The iteration numbers of different mesh size h and different number of subdomains
N, 0 = 1/2. The wave number k = 64.

b RO FETI-H

N=4x1 N=8x1 N=16x1 N=2x2 N=3x3 N=4x4
53 11 15 22 31 86 74
755 11 15 22 43 94 86
15 11 15 22 59 104 104
o3I 11 15 22 80 117 134

(see Tab. 12 for details). However it may increase as the number of subdomains increasing, which may be due
to the lack of the coarse space. For the other optimized Schwarz methods, the iteration number also increases
as the number of the subdomains becomes large. Similar situation also happens for the FETI-H, FETI-DPH
or BDDC-H methods. But we believe that the iteration number may keep stable if the the coarse space is
sufficiently large.

7. CONCLUSION

A new and robust two parameters Robin—Robin nonoverlapping domain decomposition method for the
Helmholtz problems is introduced in this paper. We analyze the convergence rate of this method for a model
problem with two subdomains case by Fourier transform. It is proved that by suitable choice of parameters,
the convergence rate p < 1 is independent of the mesh size for fixed k£ and the wave number for kh = constant.
We also extend this method to the many subdomains case. Numerical experiments further show that the DD
method holds optimal convergence rate.

Acknowledgements. We thank the anonymous referees who made many helpful comments and suggestions which lead to
an improved presentation of this paper.

REFERENCES

[1] I.M. Babuska and S.A. Sauter, Is the pollution effect of the FEM avoidable for the Helmholtz equation considering high wave
numbers? SIAM Rev. 42 (2000) 451-484.

[2] A. Brandt and I. Livshits, Wave-ray multigrid method for standing wave equations, Electron. Trans. Numer. Anal. 6 (1997)
162-181.

[3] W. Chen, X. Xu and S. Zhang, On a Robin—Robin domain decomposition method with optimal convergence rate. J. Comput.
Math. 32 (2014) 456-475.

[4] Q. Deng, A nonoverlapping domain decomposition method for nonconforming finite element problems. Commun. Pure Appl.
Anal. 2 (2003) 295-306.

[5] B. Despres, Domain Decomposition Method and Helmholtz Problem. Mathematical and Numerical Aspects of Wave Propa-
gation Phenomena, edited by G. Cohen, L. Halpern and P. Joly. Philadelphia, STAM (1991) 44-52.

[6] J. Douglas and C.S. Huang, An accelerated domain decomposition procedures based on Robin transmission conditions. BIT
37 (1997) 678-686.

[7] J. Douglas and C.S. Huang, Accelerated domain decomposition iterative procedures for mixed methods based on Robin
transmission conditions. Calcolo 35 (1998) 131-147.

[8] O.G. Ernst and M.J. Gander, Why is Difficult to Solve Helmholtz Problems with Classical Iterative Methods. Numerical
Analysis of Multiscale Problems, edited by I. Graham, T. Hou, O. Lakkis and R. Scheichl. Springer-Verlag, New York (2011)
325-363.

[9] C. Farhat, A. Macedo and R. Tezaur, FETI-H: A Scalable Domain Decomposition Method for High Frequency Exterior
Helmholtz Problem. In 11th International Conference on Domain Decomposition Method, edited by P. Bjgrstad, M. Cross and
O. Widlund. Choi-Hong Lai, DDM.ORG (1999) 231-241.

[10] C. Farhat, P. Avery, R. Tezaur and J. Li, FETI-DPH: a dual-primal domain decomposition method for accoustic scattering.
J. Comput. Acoustics 13 (2005) 499-524.



944 W. CHEN ET AL.

[11] M.J. Gander, L. Halpern and F. Nataf, Optimized Schwarz Methods. In 12th International Conference on Domain Decompo-
sition Methods, edited by T. Chan, T. Kako, H. Kawarada and O. Pironneau. Chiba, Japan, Domain Decomposition Press
(2001) 15-18.

[12] M.J. Gander, L. Halpern and F. Magoules, An optimized Schwarz method with two-sided Robin transmission conditions for
the Helmholtz equation. Int. J. Numer. Meth. Fluids 55 (2007) 163-175.

[13] M.J. Gander, F. Magoules and F. Nataf, Optimized Schwarz methods without overlap for the Helmholtz equation. SIAM J.
Sci. Comput. 24 (2002) 38-60.

[14] W. Guo and L.S. Hou, Generalization and accelerations of Lions’ nonoverlapping domain decomposition method for linear
elliptic PDE. SIAM J. Numer. Anal. 41 (2003) 2056—2080.

[15] F. Ihlenburg, Finite Element Analysis of Acoustic Scattering. Vol. 132 of Appl. Math. Sci. Springer-Verlag, New York (1998).

[16] J. Li and X. Tu, Convergence analysis of a balancing domain decomposition method for solving a class of indefinite linear
systems. Numer. Linear Algebra Appl. 16 (2009) 745-773.

[17] L. Qin and X. Xu, On a parallel Robin-type nonoverlapping domain decomposition method. SIAM J. Numer. Anal. 44 (2006)
2539-2558.

[18] L. Qin, Z. Shi and X. Xu, On the convergence rate of a parallel nonoverlapping domain decomposition method. Sci. China,
Ser. A: Math. 51 (2008) 1461-1478.

[19] A. Toselli and O. Widlund, Domain Decomposition Methods-Algorithms and Theory. Vol. 34 of Springer Ser. Comput. Math.
Springer-Verlag, Berlin (2005).

[20] M.B. Van Gijzen, Y.A. Erlangga and C. Vuik, Spectral analysis of the discrete Helmholtz operator preconditioned with a
shifted Laplacian. STAM J. Sci. Comput. 29 (2007) 1942-1958.

[21] X. Xu and L. Qin, Spectral analysis of DN operators and optimized Schwarz methods with Robin transmission conditions.
SIAM J. Numer. Anal. 47 (2010) 4540-4568.



	Introduction
	Model problem and DD algorithm
	The convergence rate of the DD method
	Implementation of the DD algorithm
	Extension to many subdomains case
	Numerical results
	Conclusion
	References

