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ERROR ESTIMATES OF THE THIRD ORDER RUNGE-KUTTA
ALTERNATING EVOLUTION DISCONTINUOUS GALERKIN
METHOD FOR CONVECTION-DIFFUSION PROBLEMS

HaiLiang Liu! AND HAIRUT WENZ*

Abstract. In this paper, we present the stability analysis and error estimates for the alternating
evolution discontinuous Galerkin (AEDG) method with third order explicit Runge-Kutta temporal
discretization for linear convection-diffusion equations. The scheme is shown stable under a CFL-like
stability condition com < € < c1h?. Here € is the method parameter, and h is the maximum spatial grid
size. We further obtain the optimal L? error of order O(72 + h**1). Key tools include two approximation
finite element spaces to distinguish overlapping polynomials, coupled global projections, and energy
estimates of errors. For completeness, the stability analysis and error estimates for second order explicit
Runge-Kutta temporal discretization is included in the appendix.
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1. INTRODUCTION

In this paper, we present the stability analysis and a priori error estimates of Runge-Kutta alternating
evolution discontinuous Galerkin (RKAEDG) method to smooth solutions of linear convection-diffusion equation

01 + 0, = ﬂai(bv ($7t) € [a7b] x (OaT]a (1'13‘)
¢(z,0) = ¢po(x), =z € [a,b], (1.1b)

here o € R, 3 € RT are given constants. We do not pay attention to boundary conditions in this paper, hence
the solution is considered to be periodic; though other boundary conditions can also be studied along the same
lines.

The AEDG method is a grid-based discontinuous Galerkin (DG) method, which was introduced by Liu and
Pollack first in [7] for Hamilton-Jacobi equations, and further developed in [8] for nonlinear convection-diffusion
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in one and multi-dimensional setting, where f(¢) is a given flux function, and B(¢) a non-decreasing function.
These and earlier works [13, 15] are all based on the alternating evolution (AE) framework introduced in [6].
The scheme construction is carried out by allowing the neighboring polynomials to overlap. In particular, the
AEDG method involves only one approximating polynomial near each grid point, independent of the spatial
dimension, hence providing a unique high order approximation locally around each grid point. The AEDG
method is similar to the central DG method in the sense of avoiding numerical fluxes. The central DG methods
developed in [4, 10, 11, 12] use overlapping cells [5] and hence duplicative information. Developed in [12] are two
versions of the central local discontinuous Galerkin (LDG) methods for solving the diffusion equation, u; = tzy,
based on discretizing an equivalent first order system, u; — r, = 0, r — u, = 0 on overlapping cells. For one
dimensional setting of same meshes, the central LDG method involves four times the computational cost and
storage requirement than the AEDG method presented in this paper. This distinction is more pronounced in
multi-dimensional setting. We refer to [7, 13] for comments on differences between the AEDG method and the
central DG methods [4, 10, 11] for hyperbolic problems.
The one-dimensional semi-discrete AEDG scheme introduced in [8] has the following form:

/ (0@ + 0o f(25N) — B2 B(@FN))nde = (—[f (@) + [0 B(®5 ™) — [B(@F™)]82m)

IJ
1
+-— /@jandx—/ $;ndx |,
€ I; I:

J

=Xy

where x; is the grid point in cell I}, in which the numerical solution is denoted by ®;; @fN are sampled from
neighboring polynomials @;41, with [g(@fN )|z, standing for the difference of two neighboring functions at x;
in the sense that [g(®;™V)]]., = g(Pj1(x])) — g(®j-1(x})).

In contrast to other DG methods, the stability analysis of the AEDG method is more subtle since stability
property is less obvious from the scheme formulation. For linear convection—diffusion equation (1.1a), the L2
stability of the semi-discrete AEDG method has been proven if ¢ < Qh2, for some @ and mesh size h in [8],
in which the technical difficulty was resolved by a special regrouping of mixed terms combined with the use of
some inverse inequalities.

Further in [9] the authors obtained the first optimal L? error estimates based on the stability result established
in [8] for the semi-discrete AEDG scheme (2.2). For a class of fully discrete §—schemes, the stability condition
relating € to the time step 7 of the form com < € < Qh? for some ¢y > 1 is shown sufficient for obtaining the
following optimal error estimate in [9] as

de < C(|1 — 20| + 12 + hF1H)2)

N—-1 .
P[00 (@) — O, )P + |2 (2) — o, 1)
> /= S

j=1 "%
for = 0 the Euler forward method, # = 1 the Euler backward, and § = 1/2 the Crank-Nicolson. Here of course
@7 is the numerical solution at time level n near grid x;, 7 is the time step, and the positive constant Cis
independent of 7, h and the numerical solution. This estimate differs from the usual L? error since the AEDG
method uses overlapping polynomials. These features require new techniques in the error estimates.

High order fully discrete schemes are usually obtained by applying certain Runge-Kutta time discretization;
we refer to Cockburn and Shu [2] for a review of the development of the RKDG methods for nonlinear convection—
dominated problems. With the third order explicit SSP Runge-Kutta time discretization [3], Liu and Pollack
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[8] presented excellent numerical results for applying the AEDG method to both one and two dimensional
convection—diffusion problems. In this paper, we are to carry out the priori error estimates for such RK3AEDG
method approximating the smooth solutions of (1.1). The error analysis for RK2AEDG is simpler, and included
in the appendix. A general discussion of the AEDG method and background references on the error estimates
for the DG methods for convection-diffusion problems are given in the introduction to [9]. In this paper, we
have two objectives:

(i) to present the stability analysis of the RK3BAEDG method;

(i) to estimate the difference in L? norm between the exact solution and the approximate ones.

The stability analysis for (i) is based on the AE formulation and carried out by identifying a sufficient condition
on the time step restriction, relating to the method parameter e.

The error estimates for (ii) are based on Taylor’s expansion and energy estimates, following the recent works
on the RKDG methods for hyperbolic conservation laws [18, 19, 20], in which the error equations involve a
nonlinear operator. In [18, 20] the authors obtained error estimates for the second order explicit RKDG method
for smooth solutions, under the stronger time step restriction 7 = o(h). In contrast, the optimal error estimates
in [19] for the third order RKDG method are obtained under the standard temporal-spatial restriction 7 < Ch
for convection. With the RKAEDG method for linear convection-diffusion equations, our error analysis is carried
out by solving a coupled system involving two bilinear operators, and we essentially use several tools developed
in [9], including two approximation spaces V}, x Uy, associating with odd and even grids, respectively, with which
the AE scheme can be reformulated using two bi-linear operators; the two global projections on V}, and Uy,
coupled through the e-dependent term dictated by the AEDG formulation, the projection errors, as well as the
e-dependent energy norm in Vj, x Uy, involving a special term of the form A=t |lu — v| for (v,u) € Vj, x Uy,. The
error analysis for AEDG methods is more involved because the coupling between overlapping polynomials must
be carefully handled. Nevertheless, for both RK2AEDG and RK3AEDG methods, we are able to obtain the
optimal error estimates under the standard temporal-spatial restriction 7 < Ch? for diffusion, with polynomials
of arbitrary degree k > 1. The error estimate for other fully discrete DG methods has also been made available
recently, see, e.g. [16, 17] for the LDG method coupled with a third order Runge-Kutta time discretization to
solve linear convection-diffusion equations.

We now mention results related to the central DG methods in the literature. The development of the central
DG technique for hyperbolic conservation laws first appeared in [10], then stability analysis and error estimates
were obtained in [11] for linear hyperbolic problems. Further development of the central DG methods can be
found in [4] for Hamilton-Jacobi equations, and in [12] for diffusion equations. The interesting comparison
analysis by Reyna and Li [14] for linear convection problems indicates that for a fixed stable time discretization,
the time step allowed for the DG method is typically smaller than that for the central DG method.

The rest of this article is organized as follows: in Section 2 we present both the semi-discrete and fully discrete
AEDG schemes with third order Runge-Kutta time discretization for the one-dimensional linear convection-
diffusion equation, and the main results of both stability and optimal L? error estimates. In Section 3 we
reformulate the RK3AEDG scheme as a coupled system using two bi-linear operators, and then review several
useful tools and known results from [9]. In Section 4, we figure out a sufficient condition on the time step
restriction so that the RK3AEDG can be shown stable. Finally, optimal L? error estimates are given in Section 5.
The stability analysis and error estimates for second order explicit Runge-Kutta temporal discretization is
included in Appendix A.

Throughout this paper, we adopt standard notations for Sobolev spaces such as W™P(D) on sub-domain

D C [a, b] equipped with the norm || - ||, . p and semi-norm | - |, p. When D = [a, b], we omit the subscript
D; and if p = 2, we set W™P(D) = H™(D), || - lmp.0 = - |m,p, and | - | p.0 = | - |m,p. We use either || - ||o,p
or || - || when D = [a,b] to denote the usual L? norm. We also use the notation A < B to indicate that A can be

bounded by B multiplied by a constant independent of the mesh size 7, h. A ~ B stands for A < B and B < A.
We will also use C' to denote a positive constant independent of h and 7, which may depend on solutions of

(1.1).
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2. ALTERNATING EVOLUTION DG METHODS

The AEDG method consists of a semi-discrete formulation based on sampling of the AE system on alternating
grids and a fully discrete version by using an appropriate Runge-Kutta solver.

2.1. Setting of semi-discrete AEDG method

Recall the AEDG method for the one-dimensional convection-diffusion equation

0 + 0:f(9) = 02(B(9)) (2.1)

subject to initial data ¢¢(z) and periodic boundary conditions.

Partition the spatial domain [a,b] into a grid with grid points {z;} such that z; = a,zy = b. Set [; =
(xj—1,x41) for j=1,2,...,N —1, while I; = (x¢,x2) in which (z¢, 1) is the periodic shift of (xy_1,2zn) and
hj = x’“;z%’l, and we define the quantities

h= max hjandp= min h;.
1<jSN-1 1<jSN-1

For simplicity of presentation we would like to assume that the ratio of h and p is upper bounded by a fixed
positive constant »~! when h goes to zero so that vh < p < h. We shall analyze the uniform grid case v = 1,
knowing that the techniques can be easily carried over to the case v # 1.

Centered at each grid {z;}, the numerical approximation is a polynomial @|;, = ®;(x) € P*, where P*
denotes a linear space of all polynomials of degree at most k:

P* = {plp@)|, = Z ai(x —xz;)", a; € R},
0<i<k

We denote v(z*) = lim_, 0+ v(z + ¢), and Uji = U(xji) The jump at z; is [v][,, = v(m;r) —v(z; ). Note that the
solution space here differs from the usual finite element space since it allows the overlapping of two neighboring
polynomials of ij and ¢j+1 over Ij n Ij+1 = [Ij,Ij+1] 7& @

The semi-discrete AEDG scheme introduced in [8] is to find @|;, € P* such that for all n € P*(I;),

/ (0@ + 0u f(27N) — 2 B(@FN))nde = (=[f(@5™)]n + [0 B(@F ™) — [B(@F™)]1n.)

I;

T=T;

1
+- (/ SPJSNde —/ andx> , (2.2)
€ I, I

J

where @fN is defined as

HSN _ Pj_1(z), wj—1 <z <y,
! @j—‘rl(x), :L'] <z < LUj_;,_l

with periodic boundary conditions. @y (z) is regarded to be identical to @1 (x), which is computed over Iy =
[x0,22] = [ — h,a + h]. Numerical solution on [zx_1,2x] is simply taken from @, over [zg,x;1]. Note that
b1 (x,0) = P (x,0) for initial data.

The semi-discrete AEDG scheme is also shown to be conservative and stable for linear problems in [8].
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Theorem 2.1. (/8], Thms. 3.1 and 3.2) Let ® be computed from the AEDG scheme (2.2) for the linear
convection-diffusion equation

O + ad,d = SO0,

with periodic boundary conditions. Then
(i) the scheme is conservative in the sense that

/%Jr1 de = 0:and
2 b

d N-1

it \ =

(ii) the scheme using polynomials of degree k > 1 is L? stable if ¢ < Qh%. Moreover,

N—-1 2
d Tt Qi+ P L (02Pj11)% + (0295)°
el 7@ _ J =] dx
i (X ) sy [t
( ) N-1 $J+1
— - —®)dx (2.3)
2 / J+1 J
Qn ) 5
with
1
Q= (2.4)

Blk+ D2(17(k + 1)2 — 1)

2.2. Fully discrete AEDG method with third order Runge-Kutta time discretization

We now turn to time discretization of (2.2). Let {t"},n = 0,1,..., K be a uniform partition of the time
interval [0, 7] and denote the time step size as 7. The initial data for @;(z,0) is taken as the L? projection of
¢oon Ijforj=1,...,N—1:

/ ®j(z,0)pdz = [ ¢o(x)ndx, Ve P¥I;), j=1,...,N—1. (2.5)
I; I
Denote ¥ = [¢)y,...,1;] the unknown coefficients of the numerical solution against the basis in the DG space,

the ODE system (2.2) can be written as
atg/ = L(W)a

where L(-) is some spatial differential operator defined by (2.2).

We use the third order explicit SSP Runge-Kutta method [3] for time discretization. In details, let ¥ be
the solution at time level n, and W™ i = 1,2 be the solution at intermediate step between t” and t"*!, thus
we can write

gl — g0 4 TL(@”’O), (2.6)
3 1

g2 — an,o + 1 (g,n,l + TL(J/”’l)) ; (27)
1 2

gt = S0 4 2 (g2 4 L (@?)). (2.8)

3 3
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Based on the above setting, we are able to show the scheme is stable under some restriction on the time
step 7 and ¢, and further obtain the optimal L? error estimates for (2.2) with third order time discretization
(2.6)—(2.8). The main results are summarized in the following.

Theorem 2.2. Let ®" be the numerical solution computed from (2.6)—(2.8) with ¢ = cQh?, 0 < ¢ < 1, then
there exists co > 0 such that for h small,

coT < €= thQ, (2.9)

we have

2

o A o LS L
i=1 s

Theorem 2.3. Let ¢ be the smooth solution to (2.1) subject to initial data ¢o(x) and periodic boundary con-
ditions, and @ € P*(I;)(k > 1) be the numerical solution to (2.6)-(2.8) with coT < e = cQh? for some ¢y > 0
and 0 < ¢ < 1, then the following error estimate holds:

dr < C(r8 + h**2), nr < T, (2.10)

v | @ (x) — pla, t™) P + | D7 () — ¢(a, 1)
z A S

where C' is a constant independent of 7, h and n.
We defer the proof of Theorem 2.2 to Section 4 and Theorem 2.3 to Section 5.

Remark 2.4. The CFL condition given in (2.9) is a sufficient condition rather than necessary to preserve L2
stability of numerical solutions, which ensure the optimal error estimates. Therefore, in practice, such CFL
condition is strictly enforced only in the case the stability property is violated. Technically, a slightly sharper
estimate (4.26) of ¢y can be obtained in the proof of Theorem 2.2, also Theorem 4.2.

3. SCHEME REFORMULATION AND USEFUL TOOLS

3.1. Scheme reformulation

Following [9], we introduce two solution spaces of piecewise polynomials as
Vi ={ne€L*neP:I;), j=odd}, U,={nelL?necP*I;), j=even}. (3.1)

Note that for N odd, the set {j = even} = {2,4,...,N — 1}, and {j = odd} = {1,3,..., N — 2}; For N even,
the set {j = even} = {2,4,...,N — 2} and {j = odd} = {1,3,..., N — 1}. This way the periodic boundary
condition is always satisfied through &, = @, with &, € V}, no matter NV is odd or even.

Taking f(w) = aw and B(w) = fw in AEDG scheme (2.2), summing over j = odd and j = even, respectively,
we obtain a coupled system

<atv7 £> + A21(uv g) = <’LL -, £>a f € th (32)

A==

<8tu7 77> + A12(’U7 77) = </U —u, n>7 ne Uh7 (33)
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where inner product is defined as (w, &) = Zjvzzl ;”1 wédx and the two bilinear operators are defined by
J

IJ+1
Aoi(u,§) = / u)édx + Z w)|€ + Blul0x8) s, (u,§) € Up x Vp,
Jj=1 j=odd
N-1 x]+1
Aia(v,m) Z/ vpde + Y ()]0 + Bpl0en)|x,, (v,7) € Vi x Uy,
j=1 j=even

where J(w) = aw — fd,w. Note that for N odd, f;}ivil Oy J (v)nde is defined by f;ol 0, J (v)ndz; and for N even,
J I;,V,l 0. J (u)édz is defined by f;ﬂl 8, J(v)édx, using the periodicity of the numerical solution. We remark that

xT
the subscripts in the operator Ao or Aoy indicate the odd and even (or even and odd) spaces to which the
corresponding arguments belong.

For notational convenience, in the following we use [|0,v||? := f;(@mv)de and ||0,ul? := f:(@xu)zdx to
denote

Z /z |0, 0|*da, Z / |0y u|?dx (3.4)

j=odd Jj=even

respectively if (v,u) € Vi x Uy, unless otherwise stated. Also, we define the L? norm and energy norm of
(v,u) € Vi, x Uy, as

1w, w)lf* = [l + fJu]? (3.5)
and
1
(v, W)l = (v, w)|* + (90, D) |* + zllv— ull?, (3.6)
respectively, where || - || is the L? norm for functions in V;, and U}, shown in (3.4).

For semi-discrete AEDG scheme (2.2), the stability result obtained in [8] is as follows.

Lemma 3.1. For any (v,u) € Vj, X Uy, we have
B 2
Aoy (u,v) + Ara(v,u) > ||(8 v, Opu)||* —
where Q is defined in (2.4).

The AEDG method with the third order SSP Runge-Kutta method for time discretization gives the
RK3AEDG scheme (2.6)—(2.8), which can be rewritten as

(W™.6) = (07, —TAn (") + (" —v"E),  (Em) € Vi x Un, (3.7a)
() = (0 n) = T A" ) + " ), (") € Viox U (3.7h)
</Un)27£> = i<3vn + vn,1’£> - £A21(un717§) + 4l€<un7l - Un717£>7 (5777) S Vh X Uhv (383‘)

1 T
(u™?,m) = B+ u™t, ) — ZAlz(U"’lm) + =" —umh ), (V™ u™h) € Vi x Up; (3.8b)
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1 2T 2T

("t ) = §<’Un +20™2,€) — §A21(Un’27§) + §<“n’2 —o™2.€),  (&m) € Vi, x Up, (3.9a)
1 2T 2T

(u"t ) = S+ 2u™?,n) — §A12(vn’2a77) + g(v”’z —u™? ), (v u?) € Vi x Up. (3.9b)

3.2. Projection and projection errors

In this subsection, we review the global projections introduced in [9] and the associated properties proved
therein.

Suppose w is a smooth periodic function, the two coupled projections (IT,w, IT,w) € V}, x Uy, introduced in
[9] are as follows

| =

(ITyw —w, &) + Aoy (ITyw — w, &) = —(Iy,w — Tyw,§), &€V, (3.10)

A=

(ITyw — w,n) + Ar2(ITyw —w,n) = —(I,w — [T,w,n), n € U, (3.11)

Here, we again construct IT,w, IT, w over the extended cell Iy = [zg, 23], and set

va‘[zN_th] = va“fo@l]? N = Odd7

Huw\[wal’wN] = Huw|[mo’m1], N = even.

Such extension for both IT,w and IT,w is made so that they become periodic.

Theorem 3.2. ([9], Lem. 8.2, Thms. 3.3 and 4.4) Let w be a smooth periodic function that belongs to H™,
if € = cQh? for 0 < ¢ < 1, then the two projection operators II,, I, defined in (3.10) and (3.11) have the
following projection error

|(ITyw — w, Tyw — w)| g < CA™EMY ), (3.12)

(HTyw — w|| + [ Tyw — w| < C’hmi’l{k+1’m}|w|m, (3.13)

where C is a constant independent of h.

We recall some local approximation results, see, e.g.,[1], Lemma 4.3.8, which will be used for the energy
estimates.

Lemma 3.3. (9], Lem. 4.1) If w € H™({2) is a periodic function, then there exists polynomials (vi,ur) €
Vi x Uy, that satisfy optimal approzimation properties, i.e., vy € Vi, ur € Uy, are polynomials in I;, for j = odd
and j = even, respectively,

|w o UI|s,Ij < Chmin{m’k+1}75|w|m7]j,j = odd,

|w _ UI|s,I_7~ < C/hmin{m,k+1}75|w|m7]j’j = even,

for 0 < s <min{m, k + 1}, where C and C’ are two constants independent of mesh size h.

Lemma 3.4. (/9], Lem. 4.2) Let I = [c,d] C [a,b] be an interval of length |I|, and v € P™(I), then

max{[v(c)], [o(d)[} < (m + DI|7lv]lo,r, (3.14a)
0:vll0.r < (m A+ 1)v/m(m +2)|I|"v]lo.r1, (3.14b)
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f+1

[COI[=y= (I ollFs + 110a0llE ), i v e HY(I). (3.14c)

We shall also use the following bound of two bilinear operators As; and Ajs.

Lemma 3.5. ([9], Lem. 5.1) For any (§,7), (v,u) € Vi, x Uy, it holds

Ay (u,§) < WD (Jlugl| + 2o —ul))[IE]I, (3.15)
Az (v,m) < BT D([[og]| + v = ul) 7], (3.16)

where
I o= max{jalh + By + 20k + 1)(1+ 4212, 206 + 1)1 +2)Y2(alh + B}, (3.17)

with v, = (k+ 1)\/k(k +2).

4. STABILITY ANALYSIS

In this section, we present the L? stability analysis while relating time step 7 to € for the RK3AEDG method.
We start by introducing some notations:

Lol =gl —gn L12 = 29n2 — gl —gn L1763 = yntl _ 29n2 g1 (4.1a)

Lol =yl —yn L72 = 22 — b — g L103 = L — 2972 4y, (4.1b)

Lemma 4.1. For the fully discrete RKSAEDG method (3.7)-(3.9), we can write

(L,€) = —TAn(u",©) + (" —v",8), €V, (4.20)
(L02,€) = —5 An (L0, ) + (L' = L1,€), €€V, (4.2b)
(L6 = —fAm(c"?,mimtc’;vm £ Vi, (4.2¢)
(L) = =7 Aws(v" ) + Z(0" —u",n), € U, (4.2d)
(L2, m) = =S Awa(Lphm) + (L0t = L m), € U, (4.2¢)
(o) = —gAu(c“ 0+ 5 (L0 = L), e Un. (4.26)

Proof Using notations in (4.1a), (4.2a) is straightforward from (3.7a). We can obtain (4.2b) by calculating
x (3.8a) — 5 x (3.7a). To prove (4.2c), substituting the left hand side of (3.7a) into (3.8a), we have

l(u"’l +u™ — (™ ™), 6), (4.3)

T
<,U’I’7«72 - Un7§> = _7A21(’U’n’1 + u’n’g) +
4 4e

then by applying (3.9a) — 3 x (4.3), we get (4.2c). In entirely same manner, we can obtain the claimed relations

(4.2d)~(4.2f) for L1, L2 L13 too. O

Stability result in Theorem 2.2 can be reformulated in terms of (v™,u™) as follows.
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Theorem 4.2. Let v" and u" be the numerical solution computed from (3.7)-(3.9) with € = cQh?, 0 < ¢ < 1,
there exists co > 0 such that for h small,

coT < € = cQh?, (4.4)
then
1", D < I ™, u™)].

Proof. Taking (£,m) = (v™,u™) in (3.7), (&,1) = (4v™! 4u™t) in (3.8), (£,m) = (6v™2,6u™2) in (3.9) and
summing up the resulting relations, we obtain

—r (AZI(un’Un> +A21(un,17vn,1) +4A21(un,27vn,2) —|—A12(U",u") +A12(vn,1’un,1))

4 b b
—47’A12(1}n’2, un,Q) _ IHUTL _ un||2 _ z“Un,l _ un,1||2 _ len,Z _ un,2H2 — / Vdz _|_/ Udz, (4.5)
€ € € o o

in which V and U can be written as

V= —2’0”1}”’1 _ (,Un)Q _’_4vn,1vn,2 _ (vn,l)Q + 6Un’21)n+1 _ 21)”’[)”’2 _ 4(,071,2)2

=3 ((Un+1)2 _ (vn)2) _ (2’0”’2 _ vn,l _ ,Un)Z _ 3(,Un+1 _ ,Un)(vn+1 _ 2vn,2 + ,Un)7 (46)
U= _2unun,1 o (un)2 + 4un,1un,2 o (un,1)2 4 6un,2un+1 o 2unun,2 o 4(un,2)2

=3 ((un+1)2 _ (un)Q) _ (2un,2 _ un,l _ un)Q _ 3(un+1 _ un)(un+l _ 2un,2 + un) (47)

Substituting (4.6) and (4.7) into (4.5), we have
(™ w2 = 3| (", u)|* = Iy + 11, (4.8)
where II;(i = 1,2) are defined by

I, =—r (Agl(u”, V™) 4 Agp (u™ ™) 4 4 A0 (u™?, v"’Z))
T (Aw(vn’ un) + Alg(’Un’l, un,l) + 4A12(’Un’2, un,2))

4Tt

nl un,1H2 _ ?an,? _ un’2||2, (4.9)

T n n T
——[lo" —u"[* = =l
€ €
and
b
Il = / [(21}”’2 —pml = v")2 + 3("0’”rl - v”)(’u”+1 — ™2 4 v”)] dz

b
+/ [(2un,2 _ un,l o un)2 + 3(un+l o un)(un+1 o 2un,2 + un)} dz
= (L3 L0%) + 3L + L%+ L%, L37%) + (L0%, L37) + 3(L0 + L37 + L7, L37). (4.10)

Here we have used notations in (4.1) and the fact that v" T — o™ = £ + £72 4 £73 (similarly for v —u™)
in the last equality of (4.10).
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From Lemma 3.1 and the fact Q}IQ = <, it follows that

BT n n T n n
My < == [(90", Opu™)|[* = —(1 = o) [o" —u"||?
_%”(8“’”’1’ Dpu™ )| — E(l — o)™t —u™?

4
—287||(80™2, Bpu™?) |2 — — (1 — &) |Jv™2 — w22 < 0. (4.11)
€

Next we show that under some restriction on 7 and €, Il can be bounded by |II;| for 0 < ¢ < 1. To this aim,
we denote

Iy, = II; + 113 + IT3, (4.12)
where

Iy =(L32,L02) + 3(L0°, L) + (L%, L0%) + 3(L0°, L),
I3 =3(L3°, L372) + 3L, L37),
I3 =3(L3°, £3°) + 3L, L3,

Regrouping terms in 13 we have

Iy = (L2, L02) +2(L02, L372) + 3(L°, Li1) = (L0%, L0%) + 2(L02%, L0%) + 3(L0°, L)
LR — LR = rAn (L0, L) + (Lt — £t )
€

T Ag (L2, L0Y) 4+ Z(LD2 — L2 L0 — T A (L0 L) 4+ (Lt — £t L2
€ €

—T A (L2 L) + (L - L0 L), (4.13)

where we have used (4.2b), (4.2¢) and (4.2e), (4.2f) in the last equality.
For those bilinear forms in (4.13), from Lemma 3.1, we can derive

8 1

—Agi (L, L%) — A (L%, Lt < *gll(azﬁifg, D LHI” + WIIEZ’1 — L2 (4.14)
and
1
— A1 (L2, LY) — Arp (L9, L?) < —gll(amﬁlf’l,azﬁZ’z)II2 + WIIEZ’2 — Lyt (4.15)

Choosing ¢ = L™ in (4.2a), by Lemma 3.5 and the Cauchy-Schwartz inequality, we have

-
L3P = = m Ao (u”, £3) + —(u™ =", L37)

i n - n n n Tin n n
< (0eu™ [+ A7 o™ —w DILTH + o™ =" [[1£31],
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then, canceling the common term ||£2"!|| and noting ;5 = ?, we write

lent < = H5‘ ull + = (1+CQF)||v —u"|]. (4.16)

Since we can obtain a similar estimate as (4.16) for ||

27’F2

472
ey, Lahl? < 190", Ozu™)|* + 7(1 +eQI)?|[v" — "%, (4.17)

Thus substituting (4.14) and (4.15) into (4.13), noticing € = cQh?, we estimate II} as
Iy < =232, Ly)” - (H( Ly LI + 102 L32, 0a L)1)
+ et p?P 4+ Teu? - Lyt + (et - Lt Lp - )
€ € €

< =Ly L) - %T (10 L3, 02 L3 + 1(0:L£572, 0:.L37) %)

2cT

1
2 (e 1P 4+ P + 1P+ 1) + T (S - £ + St - o)
2CT n, n, T n n n n
0 BTy e - B 0ee P+ 0ns 0 ?)
4t 1, /721? un 8T\ m n
+€<c+5>( KO au>||2+—<1+cczr> o~ ) + Tl - e (4

where 6 € (0,1) in the second inequality is a constant to be specified, and we have used (4.17) in the last
inequality (4.18).
For I13, choosing £ = £7? in (4.2c) and n = £? in (4.2f), summing the results up, we have
H22 = 3<£2’3a £ﬁ72> + 3<‘C;L73’ £Z72>
= T A (L0 L0%) LD = L0 L0%) = TA(L, L0%) + (L) — L0, L0
€ €

IN

—7H(5xﬁu’2’8xﬁu’2)||2 - (1=c 1£35% = L3212, (4.19)

where we have used Lemma 3.1 and € = cQh? in the above inequality (4.19).
For II3, choosing £ = L3 in (4.2¢), in a similar way to get (4.16) and (4.17), we obtain

£33 < 3h "o, £"2||+ (L4 cQD)L32 = L£37]] (4.20)

and

7_

9h2

n n n n 4T2 n n
(L2, L) < ||( o Ly% 0oL |7 + 5 (L eQT)PIL5 = L3217, (4.21)

Thus, IT3 can be bounded by

5 = 3| (L%, L))
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27212 n n
< =5 ||(a$£v}25 am‘cu,Q) H2

2
<5 o (14 cQD)2|L0% — L0212, (4.22)

3€

Thus substituting (4.18), (4.19) and (4.22) into (4.12), we have

2ct n2 en, [37’ " " 27212 " "
m<— (127 ) ewt ey - S luest e P - (7 - 23 ) I0utr?. 0,00

4 1, /72I? 272
+ et 3 (T O 0P + (14 cQr e - o)

4
. (1 —c—6— 3—7(1 + cQF)2> L2 — £m2)2 (4.23)
€

€

Combining those estimates in (4.11) and (4.23) and collecting the common terms, we obtain

147212
Mt < =7 (5 - 4 75 ) 10", 0,00
T 1 5872 n 12
- (1—6—(C+ g)(l—FCQF) 62) |
% (1(0zv™*, dpu™H)[? + 4] (8,0™2, Dpu™2) |1 + 1|82 L3, 0 L3 ) [1?)

(1-c¢ (Hv”’l

m\\\

2
n,2 _ Un’2|| ) (1 _ CT) ||<£n 2 En 2)”2

27212 9 9\ 19 T 4T 2 2 212
n, n, —(1=¢c=86=-(1 [ L — L)%, (4.24
(ﬂT TR )|(8w£1, L0 L7l ; ( c—9 36( +cQI) ) 1£5 | (4.24)

Recall (4.8) we see that the desired stability will follow if each term on the right side of the above inequality is
nonpositive, this is indeed so if

B 147‘2]—‘2>0’ e (et 1)(1+CQF)£>O
0 (4.25)

4T
—c—6——(1—|—cQF)2
3¢

2
1—21 >0, -

for any 0 € (0,1 — ¢). These are implied by (4.4) if we choose

1y 1/2 1y /2
¢o = max { (WW) ,2(14 QD) (M) ) 2¢, 2617 401+ QL) } (4.26)

B 1—c¢ 38 3(1—-c—9)

with § = 1=

5. ERROR ESTIMATES

In this section, based on the stability analysis presented in Section 4, we obtain the optimal L? error estimates
of the fully discrete AEDG method (3.7)-(3.9). We first prepare the error function and two lemmas for later
use.
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5.1. Reference solution and error representation

Set ¢™0 = ¢(x,t"), according to the 3-stage RKSAEDG method (3.7)-(3.9), we define the reference solutions
of (1.1) as

(bn’l _ ¢n,0 — 7(ad, — Bai)(zsn’o? (5.1a)

¢n,2 — Z(bn,o 4 %(ZS”’I o i (aax _ ﬂag) d)”xl' (51b)

Lemma 5.1. If ||0{¢| is bounded uniformly for any t € [0,T], we have

2T

1 2
St 1 7) = 16™0 4 262 = 2T (a0, — 502) 6" + Fln:), (5.2
where F(n;x) is the local truncation error in time and |F(n;x)| = O(r*) uniformly for any time t € [0,T].
Proof. By Taylor’s expansion in variable t,
2 -3 A
S, " +7) = ¢2,t") + TOG(w, ") + F O (@, ") + T (") + 570/ (x, ) (5-3)

where ¢’ € (#",t"1). The right hand side of (5.2) (RHS) with notations in (5.1) reduces to

2 3
RHS = ™" —1(ad, — 52)6"™° + 5 (ady — BO26"™° — -(ady — BO)°6™ + F(miz).  (5.4)

Using the fact that ¢(z,t") = ¢™° and ¢™0 is a solution of (1.1a), we have
T4 4 /
F(n;x) = ﬂat o(z,t").

This completes the proof. O

Since all reference solutions ¢™*,i = 1,2 are smooth in [a, b], the consistency of the AEDG scheme (see [8])
yields

(@"1,6) = (6™0,€) — TAp (670, €) + — (™0 — "0, £),

& 5.5
(™t m) = (™0 m) — TA12(™0,m) + ;<¢"’° — ™Y ), (55)
(672,6) = (0™ + 66 = Tz (om, ) + (o™ - m ), o)
(@2 m) = 7(36™0 + ™) — TAw(6™ ) + 1 (@m = 6L,
(67H16) = Lign0 4 ogn2 ¢) — 2T Ay (92, 6) + ;W’Z M2, 6) 1 (F(ns ), €), .
("t ) = §<¢”’° + 2¢™2,n) — gTAm(qb”’z, n) + 3{@5"’2 — ™2 ) + (F(n;x),n),

where (£,7n) € V3, x Uy, at each stage.
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Noting that v™% = v™, u™? = 4™, we split the solution errors as follows.
Pt — ™t = et — Pt — = et — B (5.8)
for : =0, 1, 2, where

n,t __ n,i n,g o Ny __ n,i n,i
e =1I,¢™" —v™", e = I,"" — ™",
62’2 — Hu¢n7z _ un,z’ 63,% —_ Hu¢n,z _ ¢n7l.

Each equation in scheme (3.7)—(3.9) when subtracted from the corresponding relation in (5.5)—(5.7), leads to

(et — e, &) + 1A (e5®, &) =(e! — €10, &) + T Az (e, €)

-
- ;<un70 - UTMO? £>v (593.)
(est —en” m) + TAna(el” ) =(ey! — €5 ) + TAw(%,n)
T n n
=" =™, (5.9b)

n n n n n n n n T n n
(4e7? —3e™0 — ™€) + 1Ay (€5, €) =(4e? — 370 — &) 4+ 1Ay (5, €) — ;(u 1 _ymlg), (5.10a)

n n n n n n n n T, n n
<462’2 — 362’0 — 62’1,77> + TA12(61’1,’I7) :<462’2 — 362’0 - 62’1,7)) + TA12(61’1,77) — ;(v — ’1,77), (5.10Db)

(67T — 261 — 4%, €) + 4T A1 (€%, €) =(6e7 T — 2610 — 4}, €) + 4T Ao (€52, €)

4
- {W’? — ™2 €) + (6F(n; 2),€), (5.11a)
(6e5™ — 2e50 —dey® ) + A7 Ara (e}, ) =(6e5 1 — 2e5 — 4ep? ) + 4T A (]2, )
4
= (™ =", ) + (6F (ni), ) (5.11b)

for (£,m) € Vi, x Uy, at each stage, respectively.

Lemma 5.2. If the time step satisfies com < € = cQh?, then the following inequalities hold true

(e e )IIP < Cli(er, ey ) |)? + Ch#*2, (5.12a)
n,2 n,2 n,0 n,0 n,l1 n,l
(€, ex )1 < Cll(er”, ex™)|I* + Cll (el ex ) |I* + Ch*+2, (5.12b)

where C is a constant independent T, h,n.

Proof. Taking £ = e?’l in (5.9a), we obtain

et M1 — (€0, e17h) + T Az (en el ) =(el — e ) + T An (e, €] )

— €<u”’0 — ™0 ety (5.13)
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Using the Young’s inequality, ab < §a” + 75b* with § = 3/2, we have

n,O 3
(e el < S ller” °II? *II 1R, (5.14)
From Lemma 3.5 it follows
A nO n,l < E a n,0 n,0 n,l
TAa1(ey® elh) < 7 (- [10pen | + 2(II 2 ) ) lley
h h
n,0 n,0 n,l
< g2 (el + llex ™ Dller i
1 n,1 n,0 n,0
< gller 12+ Cll(er ™, 3, (5.15)

where we have used the inverse inequality (3.14b) in the second inequality and 7 < cQh?/cy in the last inequality.
Again from Lemma 3.5 and the projection error in Theorem 3.2, we obtain

n() n,0 n,0 n,0 n,l
(@) < 7 (G101 + UG+ 16D ) e

T n,
ST (el + el + kol ) e

1
glletI? + onr. (5.16)

IN

Using the L? projection error in (3.13), we obtain

1
n,l n, O n,l n,l n,0 n,l n,l
(e — ety < (e I+ et IDller | < lley™ |1 + Ch*+2, (5.17)
6
similarly,
7 n,0 n,0 n,0 n,l
(u? — 0 > (e7 _61 —(e3” —€7),e1)
< (CRM e+ lles D ller |
1 n n
< gller P+ Ol ey )P + On?2, (5.18)
Plugging (5.14)—(5.18) into (5.13) we arrive at
et 1 < Cll(er?, ex )| + CR*+2, (5.19)
Likewise, we have
leg 1* < Cll(er?, ex )| + On+2, (5.20)
Taking summation of (5.19) and (5.20) leads to (5.12a). In a similar manner, we can also prove (5.12b). O

5.2. Error estimates of RK3AEDG in L2 norm

Based on the stability analysis and the error representation, we set out to derive the error estimates of scheme
(3.7)—(3.9). The result stated in Theorem 2.3 can be reformulated in terms of (v",u™) as follows.
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Theorem 5.3. Let ¢ be the smooth solution of (2.1) subject to initial data ¢o(x) and periodic boundary con-
ditions, (v, u™) € Vi, x Uy, be the numerical solution computed through the fully discrete scheme (3.7)-(3.9),
then we have the following error estimate:

lo(-") = v" Ol + l6( ") = u" ()| < C(7° + ), n7 < T, (5.21)

where C' is a constant independent of 7, h and n.

Proof. Taking w = ¢™* with & = e’f’i in (3.10), and n = eg’i in (3.11) for i = 0, 1, 2, respectively, we have

1.
(€ ;”761 > + AQl(Eg’Zvel ) - E<672m - 6? 1761 >a
1.
(€7 €5y + Ana(e], €)= —{e]" — ", e5")
This together with v™¢ — u™? = e}" — el"" — (eb" — ') gives

o 1 .. o
Ai(e7,€17) + Aa(€], €)= (5" — e, e — ) — (e e1) — (5" e)

-761 76?217> <€?la61 > <€glaegl>a

Il

\

|
o
—

\
N

which is equivalent to
Asi(6, e) + Ana(e)™, e5") + = (0 — ™ e = ey) = —flet = e IP = (e Ler) — (657 en). (5.22)

Taking (&,7) = (e, %), (&,n) = (e, ep!) and (&, ) = (e"?, e'?) in each stage of (5.9)(5.11), respectively,
summing the result up7 noticing (5.22), accordlng to the stablhty analysis (4.8), we obtain

3ll(er ™, es™H1* = 3l (ef, en)II* + I} + IT5 + G + G, (5.23)
where
I, = —1 (Azl(eg’o,e?’o) + Agi(eht ) + 449 (e e;”'))
—T (Alg(e?’o,eg’o) +A12(6T’ )+4A12( 2 eg 2))
T n0 n,0 T n, n,l 4t n,2 n,2
—=llet® — g %l? — —llept — €5t P — —lef? — 5?1, (5.24)
€ € €
b
1= [ [(2er? = gt - LR 4 3(er - et — 260 4 e 0)] da
b
b [ [ - et - e e - ey - 2 4 )] do (525)
a

G = (@ =)+ () = ) 4G g ) ¢ ag -

+(6en T — 20 4 et 2> <66§+1 —2eY — 4el? eD?), (5.26)
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G = =3 ({0 el (e e ) ) — Al i) — Ar{eh ) + (OF (n,2), €2 + €5 %) (5.27)

From the stability analysis in leading to (4.8) and (4.24), under the stability condition (4.4), we have
I + I < 0. (5.28)

Noticing the fact that ¢™ is a solution of (1.1), using (5.1) and the Taylor expansion, we obtain

™t — "0 = —7(ad, — BO)P™° = T9p™”, (5.29a)
492 = 3¢™0 — ¢! = —7(ad, — BOT) "
—7(ad, — B2 + 72(ad, — BI2)?™°, (5.29h)

2
8" — 70 — 2672 = 36" — 39™0 4 7(ad, — BO2)¢"° — T (ad, — PO

3
-
= 27(ady — BO?)p™° — 72 (D, — BO?)2p™° — ?(oﬁx — B3¢m0, (5.29¢)
Applying the projection error (3.13) and (5.29), we have
||€711,1 _ 6?,0 " (¢n,1 _ (bn,O) _ (¢n,1 _ (bn,O)H
< CThmin{lc+1,m} |8t¢n,0|m < CThmin{k+1,m} ‘|¢n)0||m+2~ (5303)
‘ 467;,2 _ 36711,0 _ ?,1 ‘ _ Hﬂv (4¢n72 _3¢m0 _ ¢n,1) _ (4¢n72 — 30 — ¢n,l)”
< Crpmin{kthml | g0y (5.30b)
[Bertt — 2610 — 46y | =T (6671 — 2670 — 472) — (647 — 26m0 — 4g™2)|
< MR gm0 . (5.30c)
Same estimates as (5.30a)—(5.30c) hold true for e
From the Young’s inequality, for w € L?, we have
(w,ej") < [lef |1 + *||w||2, (5.31)

where 1 =0,1,2 and j =1, 2.
This when applied to each term in Gy and taking m = k + 1, together with (5.30a)—(5.30c) gives

|G1] < ZT” (el' el D|? + Crh?+2, (5.32)
Now we turn to the estimate of G, again from (5.31),

2
(Gal <7 ey e5™)1? + (Z (e, eI + 1611y, &%) 1 + 2HF( )II2> (5.33)
=0
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2 . .
< YIER, 5P + Cr(h2 4+ 10)

=0
thus, collecting the estimate in (5.32) and (5.33), it is easy to see that
2 . .
G+ Gal <273 II(ef, e )P + OT(h? 2 4+ 79) (5.34)
=0
< O, )| + Or(h?*+2 4 %)

where we have used (5.12) in the last inequality.
Plugging (5.28) and (5.34) into (5.23) leads to

1(ef ™, es ™12 <1+ Cr)|| (el ex)[|* + Cr(h*+2 + 79),
this gives
(e, el < (1+C)"2|[(eD, €9l + (1 + Cr)" 2 (BFH + 7).

From the choice of the initial data in (2.5), projection error in Theorem 3.2 and local approximation property
in Lemma 3.3, we have

el = llex (-, 0)l = 1o — v(-, 0)]| < [[1Tudo — ol + [I¢o — v(-,0)]| < CR**Y, (5.35)

similarly |[e9]] < Chk+1.
Further using the initial error as given in (5.35), so that

I(e7, )l < C(hHT +72).

This together with the projection error for € when inserted into (5.8) yields the desired estimate (5.21).

O
APPENDIX A
If one considers the second order explicit SSP Runge-Kutta method of the form
g/n,l — Lpn,O 4 TL(W"’O), (A.la)
1 1
Lpn—‘-l — 7@%0 4 7@"71 + ZL(W”J) (Alb)
2 2 2
for the time discretization, then the corresponding RK2AEDG can be reformulated as
T
(V™€) = (v™,€) — TAg1 (u™,€) + —(u" = 8), (& n) € Vi x Un, (A.2a)
T
(™t m) = (u",n) — TA (0", ) + St =t (v ut) € Vi x U (A.2b)
n+1 1 n n,l T n,1 T n,l n,l
<U ,§>:§<’U + v ,€>—§A21(’U, ’ ,§)+£<U =T ’§>7 (‘fﬂ?)EVhXUM (Aga)



1728 H. LIU AND H. WEN

T

2—6@”’1 —u™t ), (™ ™) €V, x Uy, (A.3Db)

n 1 n n T n
<U +1a77> = §<U +u ’1777> - 51412(1} ’137]) +

The stability analysis for the RK2AEDG is similar, we state the result in the following

Theorem A.l. Let " be the numerical solution computed from (A.2)-(A.3) with € = cQh?, 0 < ¢ < 1, then
for T satisfying

20eQI? 12(1 r?
T <e=cQh® with ¢ = max{ o) , (L+cQT) }, (A.4)
B 1—c¢c
we have
N—1/1j+1 (45?5:11)2 4 (¢?+1)2 e < N-1 /f.7‘+1 (@;L+1)2 4 (@?)de
- o 2 T4 . 2 ’
Jg=1 %3 j=1 J
Moreover, the following error estimate holds:
N pmi |00 () — oa, t7) 2 4 |97 (2) — ¢, t7) |2
Z/ ‘ ]Jrl( ) d)( ) )| 5 ‘ ]( ) d)( ) )| d{E<C(T4+h2k+2)7 nr <T, (A 5)
Jg=1""%

where C' is a constant independent of 7, h and n.

We now outline the main steps of the stability proof.
Step 1 (Regrouping). Taking (&,7) = (v™,u") in (A.2) and (&,7) = (20™1,2u™!) in (A.3), respectively, and
summing up the resulting relations, we obtain

V!4 U = — 7 (A1 (u™, v™) + A1 (0", u™) + Aop (u™,0™1) + A (v™h, u™1))

L U e D (A.6)
€ €
where
V=200 o™ — o2 = (o2 = TP = o = [l = o™
U = 20" ™) — a2 = [u” ] = (a2 = ) = [l = a2
Thus, we can rewrite (A.6) as
[ a2 = (", w™)|? = I+ 11 (A7)
in which
' = — 7 (Aor (u",v"™) + A1 (0", u™) + Aoy (u™,0™1) + A (v u™1))
— Ll — w2 = Lot -t
€ €
and

H2 — H,Un+1 _ ,Un,1||2 4 ||un+1 _ un,1H2.
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Step 2 (Estimate of IT"). From Lemma 3.1 and the fact ;> = ¢, it follows that

B n TL
M < = - [|(@s0", Qpu™) I — (1—C)||v I?

BT n, n, T n n
S @™, 0™ P = = (1 = o™ —u™|* <0. (A.8)

Step 3 (Estimate of IT?). Subtracting (A.2a) from (A.3a), then taking £ = v"*1 — ™! in the resulting equation,
we obtain

1
”UnJrl _ Un,1||2 :§<,Un,1 _ Un7,Un+1 _ ’Un’1> — 1Ay <u2 o un’anrl _ Un,l)

<l = |flom =

DO =

r 1 r /1
+ <Th”am(2un,1 o un)” + 7};72 <2||un,1 o Un,IH + Hun o Un)> ||vn+1 o ,Un,l |

where we have used the Cauchy-Schwartz inequality, the triangle inequality, and Lemma 3.5, respectively By

canceling the factor [[v" —v™!|| on both sides, collecting the common terms, and using the fact that 7z = %,
we obtain
1 T 1 I u™l
I I C T Y R B P ) = NN T
2 € 2 h 2
which upon squaring yields
2
[l — w2 <ot — o2 + %2(1 + CQF)2 (™t = o™ 2 + 4f|u” —o"|%)
272F 87'
10z u™ | + H(‘? u"[|*. (A.9)
In an entirely same manner, we derive
2
[ T e L A %2(1 +eQI)? (|lu™ — o™ + 4" — ")
272F 87' F
+ 5 llosv™* + 105" |2, (A.10)

Note that the bounds for £ = o™l — oy L1 = 4™ — 4™ given in (4.17) can still be used. Thus (A.9) and
(A.10) together with (4.17) allow us to bound IT? as follows.

27212 472
1% <=5 [(0a0", 000" |* + —5- (14 QD) [0 — u"||?

2 2
+ S5 1+ QD) (lu™ = v + dlfu” — " ?)
272F2 87' F2
h?

1(@av™*, Qu™)|1* + 1(@a", ™|
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107’2F2 1272 "
100", 0su™)[* + == (14 cQI)?||0" — u||?
2 2F2 2
@0 D) + 6%(1 + QI — w2, (A.11)

Step 4 (Finding stability condition) Plugging the estimate of IT* in (A.8) and estimate of IT? in (A.11) into
(A.7), we obtain

2
T 412 T 2T
-3 (5= T Nt 0P - T (1= e - o e@rp?) ot - i,

2
n1+n2<—7(5 M)n(av  Ou™)||2 — :(1—0—12;(1+CQF)2>||U"—u"||2

It suffices for the RK2AEDG to be stable if each term on the right hand side of the above inequality is
non-positive, this is indeed so if

< Bh? < (1—c)e
T=20r2 TS 12(1+ QD)2

which is implied by the assumption (A.4).

The error estimate for the 2-stage RK2AEDG method (A.2) and (A.3) can be carried out similarly to that
for the RK3BAEDG method. We outline the key ingredients in the following.

Define the reference solutions of (1.1) as

™0 = o(z, "), (A.12a)
¢n,l _ ¢n,0 — r(ad, — ﬁag)(ﬁn,o, (A.12b)

then the use of Taylor’s expansion as in the proof of Lemma 5.1 gives the following result.

Lemma A.2. If ||0}¢| is bounded uniformly for any t € [0,T], we have

n,0 n,l
O O T (ada — p3R) 6" + F(nsa)

oz, t" +71) =

where F'(n;x) = %Saf’qﬁ(m, 3, with [|[FY(n;-)|| = O(73) uniformly for any time t € [0, T].

We use the same notation as given in (5.8) for ¢ = 0, 1 only, the first part of Lemma 5.2 remains valid, stated
as follows:

Lemma A.3. If the time step satisfies c*T < € = cQh?, then the following inequality holds true
1 ) ) )
I(er,es)* < Cll(er™, e3)||? + Ch*F 2,

where C' is a constant independent T, h,n.
Equipped with Lemmas A.2 and A.3, the rest of the proof of (A.5) follows the same pattern as the proof of

Theorem 5.3, now under the stability condition (A.4). For completeness, we include the main steps.

Step 1 (Error equations). In a similar manner to that leading to (5.9)—(5.11), we write the error equations as

(0 = 1,€) + TAn (e, €) = () = 40,6) + A () — Z(um0 —o™0,), (A.13a)

€
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-
<€g71 - egﬁa 77> + TA12(61L70’ 77) = <6;L71 - 63707 77> + TAlZ(eqll,oa 77) - 7<Un’0 - un707 T]>7 (Al?)b)

2eptt — P — el &) + TAs(eh!, &) =(2e1 T — €0 — €1, €) + TAsi (57, €)

- E(u”’l — o™l €) + (2F (s 2), €), (A.14a)
(2egtt —ep? —eyton) £ T Al n) =2 — 6" — ) + TAw( T n)
= L™ =) + (2F (ni ), ) (A.14b)

for (£,m) € Vi, x Uy, at each stage, respectively.

Step 2 (Regrouping against proper test functions). Taking (£,7) = (e7°,e5%) and (£,7) = (¢!, el"!) in stage
(A.13)—(A.14), respectively, summing the result up, using (5.22) again, according to the stability analysis (A.7),
we obtain

(X, es DI = (e e3)|1* = I + I + G5 + Gu, (A.15)
where
Iy =—r (A21(€§’0» er") + Aua(er, €5) + An (e €f") + Ara(e], eZ’l))
=l = O - el — e,
Iy =|lei™ = &P + lleg ™ — e
and

Gy = (6! = e, )+ (et = e, e )+ 2 = 0 — ) + 2 - e - e ),
1

Ga= 13 (el (e ey)) + @F (n,2). e + ).
i=0

Step 3 (Term by term estimates). Under stability condition (A.4), we know that
I + I, < 0. (A.16)

Next, |G3 + G4| can be bounded as for bounding |G + G3| in (5.34). Here, instead, we use Lemmas A.2 and
A.3 so that

1
|G+ Ga <27 [I(e7", €5 ) |? + Cr(h* 2 + 74)
=0
< Crll(er?, e3P + O (2 4 7). (A.17)

Step 4 (Final substitution). Inserting (A.16) and (A.17) into (A.15) gives

I(ei ™t es ™I <(1+ CT)ll(el, e3)|I* + O (2 + 74),



1732

H. LIU AND H. WEN

this together with the initial error (5.35) leads to

I(eF, ex)| < C(R**! +72).

The above inequality and the projection error for €] when inserted into (5.8) yields the desired estimate (A.5).
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