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STABILIZATION OF BERGER-TIMOSHENKO’S EQUATION AS LIMIT
OF THE UNIFORM STABILIZATION OF THE VON KARMAN SYSTEM
OF BEAMS AND PLATES

G. PERLA MENZALA!, ADEMIR F. PAZOoTO? AND ENRIQUE ZUAZUA?

Abstract. We consider a dynamical one-dimensional nonlinear von Kdrmén model for beams de-
pending on a parameter € > 0 and study its asymptotic behavior for ¢ large, as ¢ — 0. Introducing
appropriate damping mechanisms we show that the energy of solutions of the corresponding damped
models decay exponentially uniformly with respect to the parameter . In order for this to be true
the damping mechanism has to have the appropriate scale with respect to €. In the limit as ¢ — 0 we
obtain damped Berger—Timoshenko beam models for which the energy tends to zero exponentially as
well. This is done both in the case of internal and boundary damping. We address the same problem
for plates with internal damping.
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1. INTRODUCTION

In this paper we investigate the decay properties of solutions for various models of damped beams and
plates. Recently, it was proved that the Berger—Timoshenko beam model may be derived as a singular limit of
the von Kdrmén beam model. This was done in [17,18] in the conservative case and under various boundary
conditions. Here the same analysis is developed for the corresponding damped systems.

There is a large literature on the problem of uniform rates of decay of solutions of damped beam models.
This problem has been solved both in the case where the damping term is effective in the interior of the beam
or through the boundary conditions. In this direction we can mention, for instance, the work by Lagnese and
Leugering [11]. The works by Puel and Tucsnak [15,16] and the monograph by Lagnese [8] devoted to the initial
boundary value problem and the stabilization of plates are also worth mentioning.
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It is then natural to raise the following question: Can one obtain the damped Berger—Timoshenko model as
a singular limit of the damped von Kdrmdn beam model so that the decay rates remain uniform as the singular
parameter tends to zero?

To our knowledge, this problem has not been addressed in the literature and the existing developments do
not allow to give an immediate answer to it. Indeed, the analysis in [17,18] allows to get the convergence of
solutions in bounded intervals of time. However, the decay properties we have in mind require the analysis of
convergence as time goes to infinity as well.

Let us recall that Berger—Timoshenko’s model describes the transversal vibrations of the beam while in
von Kérman’s system one also takes into account longitudinal deformations. Therefore, the problem we are
considering is very closely related to the design of efficient damping mechanisms that guarantee the uniform
decay of both, the longitudinal and transversal components, through the singular limiting process.

The problem we are analysing is only one example of a whole family of problems that arise in the context
of vibration modelling. The connections between the various available models for a given mechanical problem
may be often described precisely in mathematical terms by means of the analysis of the underlying singular
perturbation problem. At this respect, in addition to the works [17,18] discussed above on the beam models,
we also refer to the monograph by Ciarlet [2] in which various plate models are derived as singular limits from
the equations of 3 — d elasticity in thin domains, and to [3] and [22] for the asymptotic analysis of beam models.

In all these situations the problem we address makes sense: What are the damping mechanisms that guarantee
the uniform exponential decay through the singular limiting process? The problem might be easy to solve in the
context of parabolic equations or, more generally, when the underlying models have a strong enough intrinsic
dissipative nature. However, very often, as it is the case in the examples we address here, the models are of
conservative nature and the decay requires using appropriate damping mechanisms at the right scale. Obviously,
for practical purposes, it is desirable to achieve this uniform decay property with a minimal amount of damping
both in what concerns its support and its intensity. Moreover, in the context of coupled systems (as it is the
case in the problem we are addressing here where longitudinal and transversal vibrations are coupled), in order
to achieve the desired decay property, the damping mechanism has to be designed in an appropriate way in
order to capture all the components of the system. For all these reasons the right choice of damping terms is
far from being obvious and requires a careful analysis in each particular case.

The dependence of the decay rate on the amount of damping is also sensitive to the possible presence of
“overdamping” phenomena. Indeed, it is by now well known that, when one increases the amount of damping
beyond a critical limit, the decay rate may decrease, contradicting the first intuition. Therefore, the question
under consideration is even more subtle since, in a first approach, one could think that the problem would be
easily solved putting a large enough amount of damping on the systems under consideration. But, due to this
overdamping phenomena, this is far from reality.

In order to make more precise the problem we have in mind let us recall the essentials of [17,18]. In these
works the following von Kdrmén system for the vibrations of a beam occupying the inverval (0, L) was considered

1
Evtt_(vx+§wi) =0, O<z<L, t>0

) (1)
wtt"’wx;cxx_wxxtt_(wx<vx+§wi)> =0, O<ax<L,t>0

subject to various boundary conditions. In (1.1) w = w(x, t) represents the transversal deformation, v = v(x, t)
the longitudinal one and € > 0 is a small parameter that is devoted to tend to zero. With appropriate boundary
conditions and given initial data in suitable spaces, model (1.1) admits a unique finite energy solution (v¢, w*®),
the energy being given by

1 [* 1 ,]?
E.(t) = 5/ [Evf + {vx + 3 wi} +w? 4+ w2, +w?, | dz. (1.2)
0
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Moreover, this energy is constant in time. In [17,18] it was proved that, as ¢ — 0, and for appropriate boundary
conditions, the solution of (1.1) is such that w® converges (in an appropriate topology) towards the solution of
the Berger—Timoshenko model for the transversal vibrations of the beam:

1 L
Wit + Wanes — Waztt — 5 w) Az wes =0 (1.3)
2L \ Jo

in which the effect of the longitudinal component has been averaged to give rise to the integral nonlinearity
in (1.3).

It is however important to note that this limiting behaviour is very sensitive to the boundary conditions.
Indeed, as shown in [18], in some cases, the limit w obeys the linear beam equation

Wit + Weger — Waztt = 0. (14)

There is a very natural damping term for the scalar beam models (1.3) and (1.4), namely w¢ — Wyt . Thus,
instead of (1.3, 1.4), we could consider the damped models

1 L
Wit + Wogpe — Woptt — — wi dz | wey + Wi — Wege = 0 (1.5)

and
Wit + Wrger — Weztt + Wi — Wezr = 0 (16)

respectively.

It is well known that, with suitable boundary conditions, the energy of solutions of (1.5) and (1.6) decays
exponentially to zero as ¢ — co. Therefore, the following question is in order: What is the damping mechanism
in (1.1) so that when letting e — 0 one recovers (1.5) or (1.6) and such that the energy of solutions of the
corresponding damped model decays exponentially uniformly (with respect to the parameter € — 0) to zero?

Obviously, such a damping mechanism has also to damp the longitudinal component v¢ of the system (1.1).
It is then natural to consider systems of the form

1
Evtt—(vx+§wi) + %y =0, O<x<L,t>0
= (1.7)

1
Wit + Wogos — Weptt — (wm<vz+§wi)) 4wy — Wzt = 0, O<z<L,t>0
T

with o > 0, in which the presence of the term e“v; in the first equation guarantees a certain amount of damping
on the longitudinal component.

In Section 3 we shall address problem (1.7) in detail. We will show that, by choosing 0 < a < 1, the
uniform exponential decay of solutions is guaranteed. To do that we shall employ a classical method consisting
on introducing a suitable perturbation of the energy of the system for which one is able to obtain differential
inequalities leading to the exponential decay (see, for instance, [5] and [23]). In the limit case o = 0 we shall
see that the decay rate is uniform (with respect to ¢ — 0) for solutions with data in balls of the energy space.
Before doing this, in Section 2, we shall carefully analyze the “toy model”

EUt — Ugy + €YU = 0, (1.8)

where explicit spectral computations may be developed. The necessity of choosing 0 < o < 1 appears then
naturally.
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But, as we said above, in practice, one is interested on using damping mechanisms that are localized some-
where in the interior of the beam or on its boundary. In particular, the boundary damping case has attracted a
lot of attention in the last decade. In [11] a damping mechanism for systems of the form (1.1) (with ¢ = 1) was
introduced and the exponential decay of solutions was proved. It is also by now well known that the solutions of
Berger—Timoshenko’s models (1.3) as well as the one for (1.4) with appropriate boundary damping mechanisms
decay exponentially. Therefore, it is also natural to investigate the behavior of the decay rate as ¢ — 0 in the
presence of boundary damping terms.

In Section 4 we prove that, by an appropriate scaling of the damping terms introduced in [11], one can prove
an uniform (as e — 0) decay rate for the solutions of (1.1). However in this case, the limiting problem (as
e — 0) turns out to be governed by the linear parts of equation (1.3).

In Section 5 we analyze the 2 — D case: The full nonlinear dynamic von Kéarman systems with internal
damping. According to the analysis in [19] it is known that the Berger—Timoshenko plate model may be
obtained as a singular limit of the full von Karman system. Here we obtain an uniform decay rate as ¢ — 0 as
in Section 3.

Finally, in Section 6 we discuss some related issues and formulate some open problems.

2. THE LINEAR WAVE EQUATION

Let us consider the damped wave equation with homogeneous Dirichlet boundary conditions in the inter-
val (0, ):

(2.1)

Ut — Ugy + e%upr = 0, O<z<m t>0
u(0,t) = u(m,t) =0, t>0.

Here, € > 0 is a small parameter, devoted to tend to zero.

Our goal is to analyze the values of @ > 0 for which the decay rate of the energy of solutions of (2.1), as
t — 00, is uniform as € — 0.

Let us recall that the energy in (2.1) is given by

1 s
E.(t) = 5/ e u? + ui] dz, (2.2)
0
with the energy dissipation law being
dE. T,
(t) = —50‘/ us dx. (2.3)
dt 0 !

Let us first compute the spectrum of (2.1). We set u = u(z,t) = e sin(kz). Then, u solves (2.1) if and only if
A solves the quadratic equation

XN+ K%+ 2N =0, (2.4)

1.€.,

e 4 \Je2a _ Yek2 a—1 1
e — ;:E = :752 £ 5 /20 — 4k, (2.5)

When £2(@=1) < 4%? /¢ the real part of the eigenvalue X in (2.5) is —®~'/2. Thus, in order to obtain a uniform
(as € — 0) decay rate it is natural to take « in the range

a<l. (2.6)
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When 2@~ — 42 /e > 0 the eigenvalue in (2.5) with largest real part (and slowest decay) corresponds to the
+ sign. We then get

a-1 912 2
)\+=—€ +1\/52(“—1>—4k2/5: 2k /e S—k—ﬁ—i7
2 2 ga—1 + 52(0471) _ 4k2/€ o o

which is in agreement with the uniform decay rate when

a>0. (2.7)

Consequently, it is natural to conjecture that the energy of solutions of (2.1) decays exponentially to zero
as t — oo, uniformly as € — 0, when 0 < o < 1. To show that this is actually the case we employ the
classical method of perturbing the energy E. to obtain a differential inequality leading to the exponential decay
(see [5,23]). This will be the main tool for analyzing the nonlinear beam models in the following sections.

We set

F.(t) = 5/077 uug de. (2.8)

Then

dF ™ s s ™ ™
° :/ guttudx—i—s/ ufdx:—/ uidx—ao‘/ uutdac—i—zs/ u? dz. (2.9)
dt 0 0 0 0 0

Given § > 0 we introduce the perturbed energy:

Ges(t) = Bo(t) + 6 F.(t). (2.10)

According to (2.3) and (2.9) we have
dGes(t) _ —6/ u?dr — (e — 65)/ u? da — 65“/ uuy d. (2.11)

dt 0 0 0
Note that
N ™ § ™ ) 6€2a ™ ) ) ™ ) 5E2a ™ 9
de vupder| < = uw dr + —— uy de < = usde + —— uy dz. (2.12)
0 2Jo 2 Jo 2 Jo 2 Jo

The last estimate in (2.12) uses Poincaré’s inequality. Combining (2.11) and (2.12) we deduce that

dG. s(t o [T T
dGes(t) < f—/ uZde — (71— 65— 5520‘*1/2)5/ u? dx. (2.13)
Moreover
1 ™ ™
|F.(t)| < \/5{5/ u? dx + g/ ufdx} = Ve E:(t). (2.14)
0 0
Consequently

Gea(t) = Eo(t)] < 62 Eu(t). (2.15)
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In view of (2.13), in order to guarantee the uniform (as ¢ — 0) exponential decay of the energy E. it is sufficient
to choose § = §(¢) satisfying;

(a) 6y/e = £ <1ase— 0, so that, in view of (2.15), G s(t) and E.(t) are uniformly (as ¢ — 0) equivalent;
(b) 6 >¢1 >0and 2(e* 1 — 6 — 62971 /2) > ¢y > 0 then, according to (2.13), one will immediately obtain

dG. s
dt

< —min(ey, c2) Ec ().

Let us first check (b). In order to have 2(e*! — § — §e2271/2) > ¢y > 0 it is sufficient to choose § <

min (Ea4 - , %) which, obviously, is compatible with the fact that § > ¢; > 0 for all 0 < o < 1. At this respect

note that min (%, %) is a constant as ¢ — 0 when o = 0, 1, while it tends to infinity when 0 < a < 1.
Obviously (a) is also compatible with the previous choice. Overall, it is sufficient to choose

ga—l o 6_1/2
6 < min { ]

4 727 2

to guarantee the uniform exponential decay. This is in agreement with the spectral computations made above.

Summarizing, we have seen that, by choosing 0 < a < 1, the uniform (as ¢ — 0) exponential decay of
the solutions of the damped wave equation (2.1) is guaranteed. We have also shown how the classical method
of introducing suitable perturbations of the energy may be used to prove this result. This is of particular
importance in the context of nonlinear problems in which these results may not be obtained through the
analysis of the spectrum. Although our analysis has been done only for the one-dimensional case, the result
also holds in any dimension. We refer to [5,7] and [23] for other developments in the context of the decay of
solutions of damped wave equations.

3. BEAM MODELS: INTERNAL DAMPING

In this section we analyse the beam models discussed in the introduction with hinged boundary conditions
and in the presence of internal damping distributed all along the beam. This is the simplest case and the
analysis we need is close to the one of Section 2 on the linear wave equation but, this time, in order to obtain
a damped Berger—Timoshenko’s model as a singular limit when ¢ — 0, we assume that o > 0. For « = 0 a
different limit model is obtained (see Sect. 6).

Thus, for any € > 0 and 0 < o < 1 we consider

svtt:[vx—i—%wg} — %y, O<ax<L,t>0

Wit + Wegee — Weatt = {<%+%wi> wa::| — Wi + Wegt, O<zxz<L, t>0

0(0,8) = v(L,t) = 0, ' £>0 (3.1)
w(0,t) = w(L,t) = wee(0,1) = wee (L, t) =0, t>0

v(x,0) = vo(z), vi(x,0) = vy (x), 0<z<L

w(x,0) = wo(x), we(z,0) = wi(x), 0<z<L.

System (3.1) is well posed in the energy space

H=H}0,L) x L*(0,L) x [H*> N H}(0,L)] x H:(0, L). (3.2)
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In other words, for any initial data (vg, v1,wo,w1) belonging to H there exists a unique finite energy solution
(v, v, w,we) € C([0,00); H). (3.3)

The energy of solutions of (3.1) decreases in time. Indeed, the energy is given by
1 [t 1 5\
E.(t) = 5/0 [5 v? 4 w? 4 w2, +w?, + (’Ul- + 3 wg) ] dz (3.4)

and obeys the energy dissipation law

dEL(t)
dt

L
= —/ [e%0f + w] + wZ,] d. (3.5)
0

Then, for any (vg,v1,wo, w1) € H fixed, the quantities (y/€ v§,v®, we,,, ws) are uniformly bounded in L= (Ry ;

L?(0,L) x H}(0,L) x L*(0,L) x H}(0,L)). This uniform boundedness allows to perform the developments
in [17,18].

3.1. Asymptotic limit as e — 0

For the sake of completeness, we fix o > 0 and briefly recall the main steps of the proof of the convergence re-
sult in [17,18] for the model under consideration. Here, {v°,w®} denotes the solution-pair of system (3.1). Thus,
it turns out that, according to (3.5), the following sequences (in €) remain bounded in L>(0, 4+o00; L%(0, L)):

(vEue} fo+ 5 e o) fus) {u )

Extracting subsequences (that we still denote by the index e in order to simplify notations), we deduce that
there exist &(x,t), n(z,t) and w(zx,t) such that

Vevs — ¢ weakly *in  L>(0, 4o00; L*(0, L)) (3.6)
1
vS + 3 (w)? = n weakly *in L*(0,+o00; L*(0, L)) (3.7)
w® —w weakly *in L*(0, 4+o00; H*(0, L)) N W*(0, +-00; Hi (0, L)) (3.8)

as e — 0.
Clearly, the weak convergence in (3.8) suffices to pass the limit in the linear terms of (3.1). It remains to
identify the weak limit of the nonlinear term

1
s (154 5 2]
2 (s 3 e7)],
as € — 0. Since E,(t) is bounded, then {w®}.~¢ is uniformly bounded in
L>(0,4+o00; H2 N H(0, L)) N WH*(0, 00; Hy (0, L)).

Then we can use the Aubin-Lions compactness criteria (see e.g. [21]) to deduce that

w® — w strongly in  L°°(0,T; H>7°(0, L)) (3.9)
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as € — 0, for any § > 0 and T' < co. Combining (3.7) and (3.9), it follows that
(wE)Q] —w,n weakly in L?((0,L) x (0,T)) (3.10)

as ¢ — 0 for any T' < oo. The next step is to identify the weak limit 7 in (3.7). Again, we use the boundedness
of E.(t) to observe that {v:} is bounded in L?((0,L) x (0,7)). Consequently, we can extract a subsequence
such that

vS — p weakly in  L%((0,L) x (0,T)) (3.11)

as € — 0 for some p = p(z,t). From (3.9) and (3.11), we deduce that

xT

1 1
vs + 5 (we)? — p+ 3 w?  weakly in  L?((0, L) x (0,T)) (3.12)
which, together with (3.7), implies that
n=p+-w;. (3.13)

We claim that 7 is independent of x. In fact, since o > 0, due to (3.5) and Poincaré’s inequality we can bound
{v¢} in L®°(0,T; H}(0,L)) to obtain that

%y — 0 weakly in  H~1(0,T; H} (0, L)) (3.14)
as € — 0. On the other hand, due to (3.6),
evyy — 0 weakly in  H (0,73 L*(0,L)) (3.15)

as € — 0. From the first equation in (3.1, 3.14, 3.15) and (3.12) it follows that

1 2

which proves our claim. Thus n = n(¢). Integrating identity (3.13) from x =0 to © = L, we get

L 1 L 1 L
n(t)L:/ pdx—i——/ widx:—/ w? dx
0 2 Jo 2 Jo

because fOL pdz = 0. Indeed,

L L
/ pdz = lim v, dz =0,
0 e—0 0

since v®(0,t) = v*(L,t) = 0 and (3.11) holds. Hence

I
nwx:(ﬁ/o wwdx)wx.
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Consequently,

1 1 [r
[wi (Ui + 3 (wi)Q)] - (ﬁ/ w? dx) wye weakly in L0, T; H (0, L))
xT 0

as e — 0.

To conclude our result, it suffices to identify the initial data of the limit system: we know that w®(z,0) =
wo(r), 0<z <L and0<e< 1. On the other hand, since w® — w in C([0,T]; H*>7°(0,L)) as ¢ — 0, for any
0 >0and T < oo, w®(z,0) — w(z,0), 0 <z < L. Combining these facts we get w(z,0) = wo(z), 0 < z < L.
In order to prove that w¢(z,0) = w;y(x) we proceed in a similar way, using that wi(z,0) = wi(z), 0 <z < L
and 0 < ¢ < 1, and that w§ — w; in C([0,7T]; L?(0, L)). To obtain this last convergence we use the Aubin-Lions
criteria (see [21]) since

{w} is bounded in  L*(0,7T; Hy (0, L))
and
{w§,} is bounded in L>(0,T; L*(0, L))

for 0 < T < oco. The last bound can be easily obtained using identity

a2\ 1,
W = — 1_@ Wergee — Wt — Wt — Ux+§wgg Wy s

together with the boundary conditions satisfied by w*® and taking into acount that w®, w; and (vi + % (w;)Q)wg
are bounded in L*°(0,T; H*(0,L)), L°(0,T;H(0,L)) and L>(0,T; H*(0, L)) respectively.

The above convergences hold along suitable subsequences. However, taking into account that the limit w has
been identified as the unique solution of

1

L
Wit — Wegtt + Wrzrs — (E/ wg% d$) Wez + Wt — Wret = 0 In (O; L) X (07 +OO)
0
w(0,t) = w(L,t) = wpu(0,) = wye(L,t) =0, >0 (3.16)

U)(:C,O) = wo(l‘), 'LUt(IL',O) - U}l(IL'), T e (OaL)

we deduce that the whole family converges as € — 0. The energy of the limit system (3.16) is given by

1 /L 1 L 2
E(t):a/o [wf—i—wix—l—wit]dx—i—g—L [/o widx] ) (3.17)

and it is dissipated according to the law

L
dE (t) = 7/ [w? + w?,]dx. (3.18)
It is easy to see that both, for system (3.1) and (3.16), the energy decays exponentially as t — 4o00. Our goal
here is to show that, actually, the decay rate is uniform (as € — 0), provided 0 < o < 1 and locally uniformly
for bounded data when a = 0. Although, as we said above, when a = 0 the limit system as ¢ — 0 is different.
This will be analized in Section 6.
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3.2. Uniform stabilization as € — 0

The following result holds:
Theorem 3.1. Let {v,w} be the global solution of problem (3.1) with initial data in the space H. Assume that
0 < a < 1. Then, there exist positive constants ¢ > 0, u > 0, such that

E-(t) < cE.(0)e” B!, V>0 (3.19)

for all0 < e < 1.
Remark. As a limit of (3.19) when ¢ — 0, we obtain the following decay rates for the limit system (3.16):
There exist positive constants ¢, p > 0 such that
o Ifa=0:E(t) <ce TE@' E(0), Vt >0, (3.20)
o Ifa>0:E(t) <ce "E(0), Vt >0, (3.21)
for every solution with initial data in the energy space. Obviously (3.21) is better than (3.20) since it holds
uniformly on all solutions while (3.20) is only uniform on bounded sets of the energy space. However, as we
shall see in Section 6, when o = 0, the limit equation is not (3.16). Note also that, for ¢ > 0, the decay

estimate (3.19) is only uniform in bounded sets of initial data. However, when o > 0, as ¢ — 0, the dependence
on the data is weaker and, in the limit, we get the uniform decay property (3.21).

Proof of Theorem 3.1. In order to simplify notations we write w = w® and v = v*. We will prove the theorem
in three steps:

Step 1. Let us consider the functional

L L
1
F.(t) = 5/ vugda + 5/ [wwy + wywge] de. (3.22)
0 0

Using the equations in (3.1) it follows that

L 1 (L 1 (L
/ vt dz + 5/ vug dr + 3 / [wt + w Jdz + - 5 / [wwer + Wy W |da
0 0

1 L 1k
= / dac+/ U[vx—i-—wi} dac—zso‘/ thdac—i——/ [w? + w?,]dz
2 T 0 2 0
ol [ (o 3] ]
w *wzzzz“i’ vx+_wx Wy *wt*'“wzzt dl‘
0 2 T
L L 1 2 1 L
v? dac—/ [Ux+§wi] dx+§/ [w? 4+ w?,]dz
0 0

L 1 /L L
- = / w2, dr + = / W[wggt — wy]de — E“/ vug de. (3.23)
0 2 Jo 0

+

N | =

=&

o= S—

Moreover

L
1

< c/ [7} w2, + = w?} dz (3.24)
0 n

L
/ wwy dx
0
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for all n > 0, since ||wga||12(0,r) defines a norm in H? N HJ (0, L) which is equivalent to the one induced by

H?(0,L). On the other hand,

L
/ WWgzt AT
0

L 1
<ef [nwa%wL—wit]dx
0 n

L
/ Wy Wt AT
0

and

ECM

(e} L « L
SE—/ vfdac—i—g—n/ v2dzx.
2n Jo 2 Jo

L
/ vy dx
0

Moreover,

L L L 1 2
/v2dx§c/ vidxﬁ%/ Hvariwi] +wf;]d:c
0 0 0
L 1 2 L 2
cl[/ [vx—i——wi} dx—i—(/ wimdx) }
0 2 0

L 1 2 L
<a [/ |:'U;c + 3 wi} dz + EE(O)/ w2, dx]
0 0

IN

for some positive constant cy .

Step 2. Now, we set
Ges5(t) = E-(t) + 0F.(t)

with § > 0. Combining (3.5) and (3.23) up to (3.27) we obtain

dGE 6(t) ( = (5€a_1) /L ) ( 01(5) /L ) )
— < ¥ =0 — € vide — (1 - — wy + wy, dx
1t 27’ 0 t 0 [ t t]

L 1 2 S L
—6(1 - clsan)/ [vx + 3 wi] dz — 3 (I —can(l+ EQEE(O)))/ w2, dz.
0 0

We now choose 7 of the order of

A

T Iy B (0)

with A > 0 (small enough but independent of & and E.(0)) so that (3.29) reads as follows:

dG. s 1 5 IR
_ &9 < _ (0% _ o [0 (0%
I (t) < <5 ) ) (14+e“E.(0))e 5/0 vy dz
616 « k 2 2
~(1-2%areE0) [kl
0
5 [* 1 L) b} Lo

(because n < (c1e%)71).

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)
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Let us impose the following restrictions on §:

% 5(1+ e E.(0) <

DN | =

and

1
a—1 _ ¢ o a—1 >
€ ) o 0(14+e*E.(0))e“" >

|~

If these conditions hold, in view of (3.31), we deduce that

dG. s(t .
dGes(t) — min(1, §)E.(t).
dt
Conditions (3.32, 3.33) hold when
6 < ¢ min 1 a—l1

1+e0B.(0)°

(3.32)

(3.33)

(3.34)

(3.35)

with ¢ > 0 small enough, independent of 0 < & < 1 and the solution. Observe that (3.34) holds automatically if

§<— ¢
1+ e>E.(0)

with ¢ > 0 small but independent of 0 < ¢ < 1 and the solution.

(3.36)

Step 3. To get the exponential decay of E. using (3.34) we need to compare E. and G¢s. To do that we

use (3.24, 3.25) and (3.27) to obtain

. L c L L
|F-(t)] < 5/0 v?dx + 5/0 v? dx + c/0 (wi + w2y +w2,)dz
< c[E(t) + eE2(t)] < c[1 4+ cE.(0)] E.(t)
with ¢ > 0 independent of 0 < € < 1 and the solution. Consequently
|Ges(t) — Ec(t)| = 8| F= ()] < c6(1 + e E(0)) E: ().

Then, with the choice of § as above and taking, if needed, ¢ > 0 smaller, we can guarantee that

Gest) — B(0)] < 5 20

and therefore, in view of (3.34),

dG. s

=2 (1) < f% min(1, 8)Ge.s(%).

(3.37)

(3.38)

(3.39)

(3.40)

As a consequence of (3.40), (3.39) and the choice of § in (3.36) we deduce the existence of positive constants

¢ > 0 and p > 0 such that
E.(t) < GE.(0)e TFEED, V>0

for every solution of (3.1) and every 0 < e < 1.
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3.3. Other boundary conditions

Theorem 3.1 remains valid when we consider model (3.1) with Neumann conditions on v and clamped ends
for w:

v:(0,t) = v, (L,t) =0, Vt>0

(3.41)

w(0,t) = w(L,t) = wy(0,t) = wy(L,t) =0, vt > 0.

Thanks to (3.5) we obtain uniform bounds for the solution which allow us to pass to the limit as ¢ — 0 as in
the previous section. Again, the only difficulty to determine the weak limit is the identification of the limit of
the nonlinear term w¢ (v + 1 (wg)?). Proceeding as in the previous section it follows that

1 1
up (o545 i) = e (ot )

weakly in L2((0,L) x (0,T)) as ¢ — 0, and n = p + 1 w? is independent of z. It remains to identify the
value of n(t). We take the derivative in z in the first equation of (3.1) and multiply the result by a(x) =
% L? - (ac — %L)2. Integration (in space) from zero to L followed by integration by parts yields

d2 L 9 L 1 9 d L 5
S /0 vy a(z)dr = /0 [% + 3 (ws) an(z)dx -ty vy a(z)dz

k € 1 £\2 « d 2
=-2 vy + 3 (wy)*|de —e* — vy a(z)de. (3.42)
0

Note that, when integrating by parts, no boundary terms appear since ¢ = 0 at x = 0, L and also because of
the boundary conditions that v® and w® satisfy which guarantee us that v5 + % (wg)? =0 at x = 0, L. Since
a € L*(0, L), passing to the limit as ¢ — 0, we have

L L
/ v5 a(z)de — / pa(z)dr weakly in L2(0,T).
0 0

On the other hand,
d2 L d L
5—2/ v5 a(zr)de =0 and —EO‘/ vide —0

in D'(0,T) as ¢ — 0. Finally, passing to the limit in identity (3.42) we deduce that
—2Ln(t) = 0.

Thus 7 = 0. Consequently all the analysis of this section may be carried out under the boundary condition (3.41).
The uniform exponential decay of the energy holds when 0 < o« < 1. However, there is a difference with respect
to the previous case since the limit equation is now linear:

Wit + Wrzer — Weztt + W — Wegr = 0, O<z<L, t>0
w(0,t) = w(L,t) = w,(0,t) = w,(L,t) =0, t>0,

w(z,0) = wo(x), wi(z,0) =wi(z), 0<z<L.
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4. BOUNDARY DAMPING ON THE TRANSVERSAL AND LONGITUDINAL COMPONENTS

In this section we will analyze the beam model in the case where the energy of the transversal deformation
as well as the longitudinal component v are dissipated by means of boundary damping mechanisms. We use
the same damping terms as in [11]:

1
evtt[var—wi] , O<z<L,t>0
2 x
1
Wit + Wegzr — Weptt = |:(’U1+§’LU32L) wx:| s O<ax<L,t>0
v(0,t) = w(0,¢) = w;(0,¢) =0, t>0
1 2 feY
Vg + 5 Wy, (L,t) = —€ ’Ut(L,t), t>0 (41)
Way (Lyt) = —wge (L, 1), t>0
L o
Wyge — Watt — vaz+§wl Wy (Lat):wt(Lﬂt)a t>0
v(z,0) = vo(x), vi(z,0) = vi(x), O<z<L
w(x,0) = wo(x), wi(x,0) =wi(x), 0<z<L.

The energy of this system is dissipated and, as we shall see, the analysis of the uniform (with respect to e with
0 < € < 1) exponential decay of the energy may be performed as in the previous sections. On the other hand,
proceeding as in [17,18] and Section 3.2 we show that the limit of solutions of (4.1) as ¢ — 0 is the solution
of the linear Berger-Timoshenko beam model with boundary dissipation when o > 0. The limit model when
a = 0 is again of different nature and will be discussed in Section 6.

Let us now briefly recall the well-posedness of system (4.1).

4.1. Existence and uniqueness of solutions

We introduce the Hilbert space
H=V xL*0,L)x W xV
where
V={peH'(0,L):9(0) =0}, W={peH0,L):9(0)=p.(0) =0}
The norm in H is given by
1w, 5, w, I = 10l 0,y + €llyll* + lweal* + 12130 0.1)

for any (v,y,w,z) € H. Here, || - || denotes the norm in L*(0, L).
In the sequel, we present some basic results obtained in [11] concerning existence and uniqueness of solutions
for system (4.1). Concerning strong solutions, the following holds:

Theorem 4.1 (Strong solutions). Let (vo,v1,wo,wy) € [H2(0,L)NV]x V x [H3(0, L)NW] x W with v . (L) +
1 (wo,2(L))?* = —e®v1(L) and wo zo(L) = w1 4(L). Then, there exists only one pair {v,w} satisfying

v € Lige(0,+00; H*(0,L) NV), vy € Lig, (0, +00; V)

w € Lis, (0, +00; H*(0, L) N W), wy € L%.(0, +00; W)
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and

gV = [’uz + %wi} , a.e. in (z,t) € (0,L) x (0,00) (4.2)
xr

(wtss ) 0.0+ (Wt 82) = (s 0 + w20 = = [on + 02 wnv ), voev

and the boundary conditions
1
{vx + 5 wg} (L, t) = —e%v(L,t) and wyy(L,t) = —wqe(L,t), a.e., t > 0.

Observe that strong solutions, as above, are not quite classical solutions of the system (4.1). Indeed, the first
equation in (4.1), the boundary conditions in « = 0 and the first two boundary conditions in = L are satisfied
in the classical sense, but the second equation and the last boundary condition in z = L are satisfied in a
weaker, variational sense.

Let us analyze weak, finite energy solutions of (4.1): As in [11], we shall say that ¢t — U(t): [0,00) — H is a
weak solution of (4.1) if there is a sequence Uy (t) of strong solutions such that U, — U in C([0,T]; H) for each
T > 0. In what concerns weak solutions, taking into account that the set

(vo, v1,wo,w1) € [H*(0,L)NV] x V x [H*(0,L)N W] x W :
g =
1

vo,z(L) + 3 (wo,z(L))2 = —c%1 (L) and wo z4(L) = —w1 z2(L)

is dense in H in the strong topology, the following result was obtained:

Theorem 4.2 (Weak solutions). Let (vo,v1,wo,w1) € H. Then, system (4.1) has a unique weak solution with
{’U,’Ut} € C([0,00),V X LQ(OaL))a {U},’U}t} € C([Oa OO); W x V)

Moreover, the time derivative of E.(t) associated to solutions of (4.1) satisfies

dFE
d—te (t) = —e“vZ(L,t) — wi(L,t) —w?,(L,1).
As a consequence of the energy dissipation law above

Ec(t) < Ec(0)

for all ¢ > 0. This implies that, for any € > 0, ||(v, v¢, w, we)|| g is bounded for ¢ > 0 since E.(t) is equivalent to
[|(v, v, w,we)||g for all € > 0. Furthermore, it could be shown that weak solutions are in fact strong solutions
if the initial data have additional regularity and satisfy some compatibility conditions.

4.2. Asymptotic limit as e — 0

According to Section 4.1, problem (4.1) has an unique finite-energy solution. Moreover, the energy is de-
creasing in time. This provides uniform bounds for the solutions {v®, w®} which allow us to pass to the limit as
€ — 0 as in Section 3.2. The only difficulty once again is to identify the weak limit of the nonlinear term. We
have that

ws, (Ufc + - (wfc)Q) — w, weakly in L%*((0,L) x (0,T))
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as € — 0, where

2

T

1

and n = 7n(t). Multiplying the first equation in (4.1) by a(z) = ¥ and integrating in space we obtain
2 L L 1
¥ Te) ; via(z)de = /0 {’ui t3 (wi)ﬂ xa(:c)d:c
o, £ Rl I
= —c%y (L, 1) — Z/o [vx +t5 (w3) ]d:c.

The left-hand side tends to zero in D’(0,T) as € — 0. On the other hand, the right-hand side converges to —n(t)
because the boundary term tends to zero as € — 0. Indeed, thanks to the energy dissipation we have

T
50‘/ |v$ (L, t)|*> dt < E-(0)
0

for all T > 0, and therefore £*/2 v (L, t) is bounded in L?(0,T). Consequently, e v (L,t) — 0 in D’(0,T) as
€ — 0 since a > 0. Thus, n = 0 and we deduce that the limit of w® satisfies:

w € L*([0, +o0; W) N WH°(]0, +00); V)

and

T T T T T

for all ¢ € C([0,T]; W), such that ¢(z,0) = ¢(x,T) = ¢.(x,0) = ¢(x,T) = 0. Furthermore arguing as in
Section 3.1 we have that

w(x,0) = wo(x), wi(zr,0)=wi(x), 0<z<L.

Thus, w € L ([0, +00; W) N W1°([0, +00); V) is a weak solution of

Wit — Wagtt + Wrzer = 0 O<ax<L,t>0

w(0,t) = w;(0,t) =0, t>0

Wap (L, t) = —wae (L, 1), t>0 (4.3)
[Wezz — Wart](Ly ) = wi(L, 1), t>0

w(x,0) = wo(z), we(x,0) =wi(x), 0<z<L.

System (4.3) is the generator of a semigroup of contractions in W x V that we denote by S(-). Then, when
{wo, w1} € W x V, (4.3) has an unique global weak solution S(t){wq,w;} € C([0,00); W)NC*([0,00); V). Note
that the solution of (4.3) we have obtained in the limit is not, in principle, continuous in time with values
in W and C! with values in V. Thus, in order to conclude that the weak solution obtained in the limit is the
semigroup solution we need a further argument.

The semigroup S may be extended to a semigroup of contractions T'(t) in E = V x L2(0,L), where
T(t)|lwxv = S(t). It is easy to see that the solution we have obtained in the limit coincides with the one the
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semigroup 7' provides. Indeed, using the equation in (4.3) and the regularity L>°([0, +oo; W)NW ([0, +00); V)
it is easy to see that w € C([0, +00; V)NC([0, +00); L2(0, L)) and that w satisfies the weak formulation of (4.3)
corresponding to the solutions given by the semigroup T'(-). Thus (w(t), w(t)) = T(t)(wo,w1). Since, (wg, w1)
belongs to WxV and T is an extension of the original semigroup S(-) we deduce that (w(t), w:(t)) = S(t)(wo, w1)
and, as a consequence of that, the fact that w € C([0,00); W) N C*([0, 00); V).

Note that the energy in (4.3) is given by

L
BO) = [ sl +ud)do
0

with the energy dissipation law being

dFE
E (t) = _wf(Lat) - wit(Lat)'

There is a large literature on this model concerning existence, uniqueness and asymptotic behavior (see [9]
and the references therein). In particular, it is by now well known that the energy of solutions of (4.3) tends
exponentially uniformly to zero as t goes to infinity. Thus, it is natural to expect the energy of solutions of (4.1)
to tend exponentially to zero, uniformly with respect to the parameter ¢.

4.3. Uniform stabilization as € — 0
The following result holds:

Theorem 4.3. Let {v,w} be the global (weak) solution of system (4.1) obtained in Theorem 4.2. Assume that
0 < a < 1. Then, there exist positive constants c, i > 0 such that

E.(t) < cE(0)e” T F@!  ge. t>0 (4.4)

for all0 < e < 1.
We will prove (4.4) for strong solutions since, by density, the result then holds for all weak solutions.

Remark. As a consequence of (4.4), by letting ¢ — 0, we recover the exponential decay property of the solutions
of (4.3). This is in agreement with the results obtained in [9].

Proof of Theorem 4.3. As before, in order to simplify notations we will write w = w®, v =v°. Let § > 0 and
consider the “perturbed” energy G. s(t) given by

Ga,é(t) = Ea(t) + 5Fe (t)

and show that G. s enjoy the properties

¢1 Go5(t) < E(t) < ¢2 Ge5(t) (4.5)
and
7dGZ’;(t) < —c3Bc(1) (4.6)

for some positive constants c1, co and c3 that will be computed explicitly below.
In this case F.(t) is given by

L
) €
F.(t) = / |:$(6’U1-’Ut + Wywt) + Wyt (TWy )y — 3 (wwy + Wywy) — T dz.
0
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The first step to prove (4.5) and (4.6) is to estimate the time derivative of F¢(¢):

dF;
dt

L
(t) = / Z[eVzvr + eV UL + Warwy + Wwywy|d
0

L L
5
—l—/ [Watt (TWy ) + Wat (TWet )] d — g/ [wt2 + wwy]de
0 0

5 [k e [E
- = / [wit + Wypwgy)dr — — / [’ut2 + vuy]de.
8 Jo 4 Jo

Integration by parts give us that

L 5 [ 5 L 5
/ Wett (TWy ) d — 3 / Wy Watt AT = wWape (L, ) {me(L, t) — 3 w(L, t)] — / Waptt (:sz ~3 w) dz. (4.7)
0 0 0

Now, we use the equations of system (4.1) and replace evy; and wy; to obtain

dF. L 1 1
dte (t):/o (vx—i-awi)m(xvx—zv)dx
L
(et et 32)] J (e 30)
+ — Wegys + |We | Ve + W3 Tw, — —w |dw
0 2 . 8

L L L
+ 6/ TV Ao + / TWewy dr + / Wat (TWet ), A
0 0 0

5 (F , e [t
- = [w —l—wm]dx——/ vy dz
8/0 ' ! 4)y

+ wan(L, 1) {wa(L, P g w(L, t)] . (4.8)

The following identities (4.9) up to (4.15) are devoted to estimate the integrals in (4.8):

/OL (W + %wi)l (:mm — i’u) do = —%v(L, 1) [quz(L,t) — iv(L,t)]
_ /OL (vz n %wi) (:c’um + %vz)dz, (4.9)
/OL Kum + %wi)me (:muz - gw> dr = (vz + %wi) (L, t)wy(L,t) {sz(L,t) — gw(L,t)]
N /OL (Um . %wi)wx (xwm n wa)dx- (4.10)
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Adding (4.9) with (4.10) we obtain the identity

L 1, 1 L 1, 5

; U£C+§w;c ) xvx—zv dx + ; Ux+§wx Wy ) xwx—gw dx
3 [ 1 ,\° 1 [F 1 L,)\?

:71/0 <vx+§wi> d:cfi/o z[(szriwi) Ld:ﬂ

) [va(L, P i oL, t)] + (ux + %wi) (L, ywa(L, 1) [wa(L, P g w(L, t)]

1 [* 1 ,\? L ., o 1
< —- Vg + —wy | de+ —e®vi(L,t) — v (L, t) | Lug(L,t) — = v(L, 1)
1/, 2 2 4

4 vx—l—%wi (L, Oywa (L, 1) | Lwa (L, 1) — 2 w(L,1)). (4.11)
8

We also have

L 5 5 L 3
- Wyrxr | TWr — g w |dx = _w:c:cx(Lat) Lw, — g w (Lvt) + Wegs | TWze + g w, |dx
0 0

= —Waee(L, 1) [wa - gw} (L,t) + gwiz(L, t) + %wm(L,t)wz(L, t)

7 L
— = [ w?, da. (4.12)
8 0 T

To conclude this step we compute three more terms in (4.8): First,

’ dz = = L[Q]d C Ly - 5 [ kd
€ LUz de = = x|v x==Lv - = vy da
0 xt Ut 2 o t T 2 t ) 2 o t
e e (L
< — Lvi(L,t) — = v? dx (4.13)
2 2 /o
since 0 < e <1 and 0 < a < 1. On the other hand,
L I 1 /L
/ xthwtdx:—wf([/,t)——/ w? da (4.14)
0 2 2 Jo

and

L I 1 /L
/ Wet (TWet ) dx = 5 w?,(L,t) + 3 / w?, d. (4.15)
0 0
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Returning to (4.8) and using equalities (4.11) up to (4.15), we obtain

dF, 1 [t 1 L\, 7
dte(t)g—z/ <Ux+2w)dx—§/w dx — —/ vf dx
0 0
1, 1t 5
-5 dz + = d dr— = 2 d
2/0wtx+2/0wx8/0wt$8/0wltx
1 5 5
— | Wazx — Watt — Ua:+§wl Wy (L,t) szféw (L,t)

~ ey (L, 1) {LUQ(L, p— EU(L, t)} + g w2, (L, 1)

«

3 L
+ % W (L, (L) + ==} (L, 1)

L L
+§wﬂgw+§w;@¢y (4.16)

In view of the boundary conditions in (4.1), the boundary terms can be estimated as follows:

‘ (w s — (w + %uﬂ)w) (L.t) (sz - gw) (L,t)‘ = |~ wy(L, 1) }(me - gw) (L,w}

1 L
< = Jwe(L, ) + nc/ w2, da, (4.17)
n 0
for all n > 0 where c is a positive constant. Moreover,
3 3 c ) Lo,
3 Wao (L, t)wy (L, t)| = 3 | — wat (L, )] |we (L, t)] < p |wat (L, )| 4 cn wy,, dz (4.18)
0

for all n > 0. Finally, we have:
1 e
v (L, 1) [Lvm(L,t) ~1 ’u(L,t)] < e L|ve(L, t)vy (L, t)| + < |ve (L, t)v(L, t)]
9 L
<e% {— VP (Lyt) + nui(L,t) + 77/ v2 dIE] (4.19)
n 0

for some positive constant c.
To bound the term v2(L,t) we proceed as follows:

1 1
|UI(L7t)wi(Lat)| < 5 vi(Lat) + 5 w;l:(Lat);

consequently

VL) — g wh(L, D).

l\DI»—l

(ux@,t) L ul(L t>)2 >
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This inequality, combined with the boundary conditions at = L in (4.1), gives us that

v2(L, t)<2<vl(L t)+2w (L, t)) +4w (L, 1)
< 220 2(L,t) + cE. (O))/Lwizdx

L
< 2e*v}(L,t) + cE.(0) / w?, dzx (4.20)
0

because 0 < € < 1 and a > 0. Now, to bound the term fOL v2dz in (4.19) we can proceed as before, to obtain

L L 1 2y
/ ’Uidl’ﬁ?/ {<vm+—wi> + - w]d:c

2
1
< 2 (’Ul + - 5 W ) dx + ( w?m dx)
1 L
< 2 (’Ul + = 5 W ) dz + cE.( /0 w?, dx (4.21)

where ¢ is a positive constant. Returning to (4.19), from (4.20) and (4.21) it follows that

L 2 L
e*v(L,t) | Lug (L, t) — iv(L,t)] < 2¢e” K% + n5a>vf(L,t) + 7)/ <vm + ;w ) dz + nE; (0)/ w2, dx}
0 0

(4.22)
Thus, returning to (4.16) and combining all the estimates above (4.17-4.22) we have
dF.(t L L L
”g—ﬁ fdmfg/ wfdmf—/ w?, dz
dt 4 /o 8 Jo
L
~ |5~ ne(l + EO‘EE(O))} / w?, dx
] 0
1 L 1L\ L 1
-3 gacn] /0 <vm tgw > dz + {2 + E}w?(L,t)
[ 1
+ | L+ %]wﬁt(L,t) + {5 + e }ce vZ(L,t). (4.23)

We may now estimate the time-derivative of G¢ s defined in (4.5). First we recall that

dE.
dt

(t) = = v} (L,1) — wiy (L, t) — wi(L,1).
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Then, using (4.23) we obtain
dGes(t 5 [* 5 [t 5 [*
MS,?’L vfdzfg—/ wfd:cf—/ w?, dx
dt 4 Jy 8 Jo 8 Jo

—6 [g —ne(l + s“EE(O))] /OL w?, da

1 L 1L\’ L 1
- (5{1 - Eacn] /0 (vx +3 wi) dz — [1 — 50(5 + 5)]wt2(L,t)
1
— {1 — 5(L + %)]wit([/,t) — [50‘ — 5“60(5 + 775")} v (L, t)
for some positive constant c¢. Now, we choose 7 of the order of

A

T T4 E(0)

with A > 0 (small enough but independent of & and E.(0)) so that (4.24) reads as follows:

K ' 35 L 95 L 5 L 5 L
Eiﬁ()gfi vfd:ﬂ+— w?dxf—/ witdmf_/ wizdm
dt 4 Jo 8 Jo 8.Jo 2Jo

5 [* 1L\ L 1
— 5/0 <vx + 3 wi) dz — {1 - 5c<§ + E)]wf(L,t)
- {1 - 5<L + %)]wit(L,t) - [50‘ - 5a50<% + neaﬂvf(L,t).
We also choose § > 0 such that

1 op, ax
and % — 5a50< te 0) i )

A 1+e2E.(0)
If these conditions hold, in view of (4.26), we deduce that

dGes (v 9

Observe that (4.27) holds if

0 —m
~ 14 e*E.(0)

with ¢ > 0 independent of 0 < & < 1 and the solution. Moreover, proceeding as in (3.37) we have
[Fe(t)] < ¢[E.(t) + eE-(t)?] < c[l +£E:(0)]E-(t)
where c is independent of 0 < ¢ < 1. Consequently,

|Ge5(t) — Ex(t)] = 0| F=(t)] < cd[1 + e Ec(0)] Ec(t),

> 0.

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)
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and, for ¢ sufficiently small,

1
|Ges(t) = Ee(t)] < 5 E&(2)- (4.30)
Thus, taking (4.28) and (4.30) into account we obtain
E.(t) < éE.(0)e” TeEm !

and p and ¢ are positive constants independent of 0 < € < 1 and the solution.

5. PLATE MODELS: INTERNAL DAMPING

Similar problems arise for vibrating plates in two space dimensions. In this section, we consider the full
dynamic von Kérmén system for a 2 — D plate with internal damping. Let Q be a bounded domain of R? with
smooth boundary. Let us consider the deflections of a 2 — D plate occupying the domain 2. We denote by
U = (u,v) the in-plane displacement of the plate where both u and v depend on the space variables (x,y) €
and time ¢ > 0. We represent by w = w(z,y,t) the vertical displacement of the plate. The full von Kérmén
dynamical model for large deflections of the plate, with internal damping and perturbed by a parameter € > 0,
reads as follows (see [8] and the references therein):

eUy = Div (C°[e(U) + f(Vw)]) —e“Us in Q x (0, 00), (5.1)

wie + A?w — Awyy = div(CE[e(U) + f(Vw)]Vw) — w; + Aw; in Q x (0,00). (5.2)
In (5.1), C* denotes the fourth order tensor defined by

E
d(1—p?)

for any e in S, the space of 2 x 2 symmetric matrices, where I is the identity matrix and (Tr e) denotes the
trace of e. Moreover, d > 0 is the density of the plate, E > 0 denotes the Young modulus and 0 < p < 1 the
Poisson’s ratio. In (5.1), Div denotes the vector valued divergence of a matrix and div stands for the scalar
divergence of a vector field.

On the other hand, e[U] = 1 (VU + (VU)?) and the nonlinearity f: R? — S in (5.1, 5.2) is defined as
f(¢ = %5 ® & for all £ € R?2. We complement system (5.1, 5.2) with Dirichlet boundary conditions

Cole] = [1(Tr )] +e(1 — pe] (5.3)

ow

U=0, wza—nzo on 90 x (0,00) (5.4)
and initial conditons
U(z,y,0) = (u(z,y,0),v(x,y,0)) = (uo(z,y), vo(z,y)) in @,
Ui(z,y,0) = (u(z,y,0),v:(2,9,0)) = (ur(z,9), v1 (2, y)) in
w(z,y,0) = wo(x,y), wi(z,y,0)=wi(z,y) in Q.

We want to analyse the solution {U = U¢, w = w®} of (5.1-5.5) as ¢ — 0 and t — +o0.
In (5.4) 0/0n denotes the normal derivative, i being the unit outward normal to €.
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The total energy associated with the above system is given by
1
Bult) = 5 [ {etf? + o)) + (i + [Vui P+ [ A’}
(CE(e[U?] + f(Vw®)), elUf] + f(Vw®)), (5.6)

where U® = (u®,v®). The last term on the right hand side of (5.6) has to be interpreted as the inner product
in (L2(2))*. Direct calculations using the definitions given above show that

e[UF] + f(Vw®) = [b;],

where

& € 1 €12 € € 1 €12 3 & 1 € 5 £,.,E

bllzuz+§|wz| ; 22:Uy+§|wy| ; b12:b21:§(u’y+vz+wmwy)
and

b5 + b5 0 b5, b5
5 . — 11 22 1— 11 12 .
() =o{u 5" 4, S| He0-m i 3]}

Consequently

2
1
ug + vy + 3 |V |2

() ),

1
e1(t = 0I5 ey + 85l + 5 105 + 5 + S oy | >0 5)

L2(Q)

since v > 0 and 0 < u < 1, which shows that C¢ is positive definite.
We deduce from the above discussion that, when we are dealing with smooth solutions, the total energy E.(¢)
given by (5.6) is positive definite and decreasing according to the law

dE (o7 (3 13 (=
th (t) = —e*|U; ||(2L2(Q))2 — |Jwy ||2L2(Q) — |[Vwg ||2L2(Q)' (5.8)

Consequently
E.(t) < E.(0), ae. t>0.

The so-called damped Berger—Timoshenko’s model is much simpler (see [1] and [4]). It consists on a single
scalar equation for the vertical displacement w. Namely

wiy + A*w — Awy —c(/ |Vw|2dA)Aw—wt +Aw; =0 (5.9)
Q
where c is a positive constant.

The corresponding boundary and initial conditions are now

w = C{;—Q:’) =0 on 99 x (0,00) (5.10)
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and
w(z,y,0) = wo(z,y), wi(z,y,0)=wi(z,y) in Q (5.11)
The energy associated to (5.9-5.11) is given by

1 2
BE(t) = 5/Q (wi + [Vw|* + |Aw|2)dA+£ (/Q|Vw|2dA)

and the energy dissipation law is then

dE
E(t):—/wfdA—/ |V, | dA.
Q Q

Existence and uniqueness of solutions for (5.9-5.11) is by now well known and can be obtained by classical
methods. It turns out that for any (wo,w;) belonging to HZ(Q) x Ha () system (5.9-5.11) has a unique global
solution w in the class C([0, 00); HZ(2)) N C([0,00); HE(R)). Existence of finite energy solutions of the full von
Kérmén system (5.1-5.5) is also well known. In [10] (see also [20]) it was proved that for the conservative case,
finite energy solutions are unique. In the context our damped system given (U, Uy) € (HE(Q))? x (L?(92))? and
(wo, w1) € HE(Q) x HL(Q) system (5.1, 5.2, 5.4, 5.5) admits a unique finite energy solution in the class

U*® € L>(0, 003 (Hg (€2))*) N WH(0, 00; (L*(2))?).
{ (5.12)

w® € L>(0,00; HE(Q)) N WH(0, 00; Hi(R2)).

The same proof of uniqueness applies in the present case. Solutions of both the full von Kdrman system and
Berger—Timoshenko’s equation being unique there is no ambiguity in analyzing the proximity of solutions of
both models as € — 0. In the engineering literature, there is a formal procedure named Berger’s approximation
where such proximity is claimed (see, for instance [13], Sect. 7, 6.1). The mathematical justification of this
limit in the conservative case was proved in [18]. The same argument allows to pass to the limit in the present
dissipative case.

For Berger—Timoshenko and von Kdrman’s models considered here, the energy decays exponentially as ¢t —
+00. Our goal here is to show that, actually, the decay rate is uniform (as e — 0), provided 0 < o < 1 and
locally uniform for bounded data when a = 0. Note however that when o = 0, once again, the limit is of
different nature.

5.1. Uniform stabillization as € — 0

The following result holds

Theorem 5.1. Let {U,w} be the global solution of (5.1-5.5) as in (5.12). Assume that 0 < o < 1. Then, there
exist positive constans ¢ >0, pu > 0, such that

E-(t) < cE.(0)e  TFmEm!, ge t>0 (5.13)

for all0 < e < 1.

We will prove (5.13) for strong solutions since, by density, and the lower semicontinuity of the energy functional,
the result then holds for all weak solutions.
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Proof. We will prove the result in three steps:

Step 1. Let us consider the functional

1
F.(¢) zs/ Us-U;dA+ 5/[w€w§ + Vuw® - Vwy]dA.
Q Q

Using the equations (5.1, 5.2) and taking into account that we are dealing with regular solutions we obtain that

dF. 1
(1) :5/ |U§|2dA+a/ UE-U;dA+—/[(wf)2+|vwf|2]dA

1
+ 3 / [w*wi, + Vw® - Vwg,]dA
Q

=5/9|U§|2d,4+/QUE-[Div(ca[e(Ua)+f(Vw€)])]dA

1
—ea/QUa.deA+§/Q[(w§)2+|Vw§|2]dA

1
+ 3 / we [~ A2 + div(C?(e(U?) + f(Vw))Vus) — wi + Aws]|dA.
Q

Integration by parts and using the explicit expression of C¢[e(U¢) + f(Vw®)| implies that

/ UF - DIVC*(e(U?) + F(Vu))JdA + / W div(C*(e(U%) + (V') Vur)dA =
Q Q

—(C%(e(U7) + f(Vuw?)), e(U%) + F(VwT)) (2 @))s-

(5.14)

(5.15)

Observe that the right hand side of (5.15) was explcitly calculated in (5.7). In order to get an estimate for the
right hand side of (5.14) we use bounds for [, wwidA, [, w*Aw;dA and [, U* - U dA as follows: For any

n > 0 we have that

[uwrutaal e [ fpawp st @i
Q Q N

1
[ aus dA‘ <o [nIAwEIQ i1 |wa|2}dA
Q Q N

and

€ . 7€ i UEQ ,U62 Ea_n an ,UEQ
foevzaa < & [ wer s enaas [ (e oejas

EO{

for some positive constant c. Next, we use Korn’s inequality (see [6]) to obtain

/[(u€)2+(v6)2] dA < cl/ [(u2)® + (0)? + (5 + us)?]dA
Q Q
S02{||b§1||%2(9)+||b§2||%2(m+||b§2||%2(9)+/9|vw8|2df1}
< C2{||b§1||%2(9) + ||b§2||%2(9) + ||bi2||%2(9) + E.(0) /Q |Aw®|*dA}

for some positive constant cs .

(5.16)

(5.17)

(5.18)

(5.19)
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Combining (5.15-5.19) with (5.14) we obtain the estimate

2n

+%)/ﬂ[(wf)2+|wa|2]dA

1—cn[4+e*E-(0 )D/Q|Aw6|2dA

I < (1+ E“_l)g/g () + (u5)2]dA
+

—~ N

Ea_l’I]C

)s[nb B 1552+ 118512:]

2
—w/ (u oy + o IVwIQ)
Q

Step 2. Now, we set
Ges(t) = Ec(t) + 0 F.(¢)
where 6 > 0, E.(t) is as in (5.6) and F.(¢) as above. Using (5.8) and (5.20) we deduce that

5Ea71

o] [0+ )

— g [1—cn(4+4 e E-(0))] /Q |Aw®|? dA

— {15<%+%>}/Q[(w§)2+|vu;§|2}d/1
—67/1/9(u + v+ < |Vw€|2)2

Ea_l £ £ £
—ae[w—m— nc}{nbunia+||b22||%2+||b12||12}-

dGE,(;(t)
de

S—|:Ea1—5—

Now we choose 7 of the order

B A
s E.(0)
with A > 0 sufficiently small but independent of € and E.(0). From (5.21) then follows

€ J a—1 @ 5)’
%(t)g { Loyt (e EE(O))}/Q[(W) + (vf)"]d4

——/|A S2dA— [1— (— 3 (L e B )} (wf)? + |V [?]dA
Q

(CE( (U) + F(Vw©)), e(U) + (V7)) -

683

(5.20)

(5.21)

(5.22)
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We now impose the following restrictions on d:

1
5(5 + § (1+e” EE(O))> <1 (5.23)
ol _ 5O ey Lo p ) > L (5.24)
2\ -2
If these conditions hold, in view of (5.22), we deduce that
dG. s(t
37’;() < —min{1, 6} E(¢). (5.25)
Conditions (5.23) and (5.24) hold if we take § > 0 such that
§<cmin{(1+e*E.(0)""e* "}
with ¢ > 0 small enough but independent of 0 < € < 1 and E,(0).
Step 3. To conclude the proof we need to compare E. and G s.
Using (5.16, 5.17) and (5.19) we deduce that
€ €
RO < 5 [ [0+ ()7aa+ 5 [ 16 + 07l + e [ 90 + Al
< C[E.(t) + eB.(0)E.(t)] = C[1 + eE.(0)] E. (1) (5.26)
with ¢ > 0 independent of £ (0 < ¢ < 1) and the solution. Consequently,
|Ge,5(t) — E-(t)] = 0| Fe(t)| < ¢d(1 + eE-(0))E:(1). (5.27)
Choosing 6 > 0 as above and ¢ > 0 smaller (if needed) we can guarantee that
1
|Ga,6(t) - EE(t)| < ) E. (t) (5-28)
Thus, in view of (5.25), it follows that
dG, 1 .
7’5 (t) < —5 min(1,8)Ge 5(t). (5.29)

As a consequence of (5.28) and (5.29) we deduce the existence of positive constants ¢ > 0 and i > 0 such that
E.(t) < EE.(0)e” T=E0! ae. t>0
for every weak solution of (5.1, 5.2, 5.4, 5.5) and every 0 < & < 1.

6. FURTHER COMMENTS AND OPEN PROBLEMS

The methods developed in this paper allow us to address other situations. In this section we briefly discuss
some of them. We analyse first the case where o = 0 for beams with internal and boundary damping, and for
plates with internal damping. We finally mention some open problems on the subject.
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6.1. Asymptotic limit as e — 0 when a = 0: Internal damping

For any ¢ > 0 we consider

I 4
EVit = |V + < Wy — U,
x

2
1 (6.1)
Wit + Wegrr — Weztt = |:(U3L + 5 wi)wx] — Wt + Wyt
in0<z< L, t>0with boundary and initial conditions
v(0,t) = v(L,t) =0,
w(0,t) = w(L,t) = Wy (0,t) = wye (L, t) =0, t>0
(6.2)
0(2,0) = vo(2), vi(z,0) = v (x), 0<z<L
w(:c,()) = wo(l‘), wt(:c,O) - wl(z)'
This corresponds to system (3.1) with oo = 0.
The energy E.(t) is given by
1 [t 1 ,)\?
E.(t) = 3 / {51}? +w? + w4+ wi, + <vx + 3 wi) }d:c
0
and satisfies the law
dE.(t L
dt( ) = —/0 (v +wi +w?,)dz < 0. (6.3)

Let H be as in (3.2). We analyse the asymptotic limit of this system as e tends to zero.
Due to (6.3), we know that the following sequences (in €) remain bounded in L>(0, +o00; L2(0, L)):

(Eiry {megeth (wi) (i) {un)

We proceed as in Section 3.1: We extract subsequences as in (3.6-3.8). We denote by z (resp. w) the weak
limit of v (resp. w®).
We use Aubin-Lions’ compactness criteria (see [21]) to deduce that

w® — w strongly in  L>(0,T; H>7° (0, L)) (6.4)

as e — 0, for any § > 0 and T' < +o0o. Thus, we obtain that
1
w, (Ui + 3 (w§)2> —w,n weaklyin L?((0,L) x (0,T))

as € — 0, where 7 is the weak limit in L%((0, L) x (0,T)) of v + & (wg)?.
We have



686 G.P. MENZALA ET AL.

We also have
evs, =0 weaklyin H(0,T;L*(0,L)) (6.6)

as e — 0.
Thus, from the first equation in (6.1, 6.5) and (6.6) it follows that

1
Zt = {Zer —wi} .
2 x
Thus, the limit
(z,w) € L*(0,00; H} (0, L)) x [L>(0,00; H> N H(0, L)) NWH>(0, 00; L?(0, L))]

is a weak solution of

_ +1 2
2t = |24 2w1.m

1 (6.4)
Wit + Wagre — Weatt = |:<Zaz + 5 wi)wz:| — Wt + Wyt
T
in0<xz <L, t>0 with boundary and initial conditions
2(0,t) = 2(L,t) =0
w(0,t) = w(L,t) = Wy (0,t) = Wy (L, 1) =0
(6.5)

2(x,0) = vo(x), O<zx<L
w(x,0) = wo(x), w(z,0) = wi(x), 0<z<L.

Note that, in the limit process, we keep the initial data vy for z but not for its velocity z;.

System (6.4, 6.5) is the coupling between a parabolic equation and a fourth order hyperbolic equation. In
this sense it is similar to a system of thermoelasticity.

The total energy associated with problem (6.4, 6.5) is given by

1 [ 1 2
E(t) = 5/ {wt2 +wit —|—w92m + (zl + Ewi) }dx
0

and satisfies

dE(t L

dE() = 7/ {22 + w? + w?, }du.

dt 0
Problem (6.4, 6.5) is well-posed in the space
Y = [H*N H(0,L)] x H}(0,L) x H(0, L)
whenever the initial data (wg,w1,v9) € Y.
According to Theorem 3.1 and passing to the limit as ¢ — 0, the following exponential decay rate is obtained
for the solutions of (6.4, 6.5):
E(t) < c E(0)e e

for all ¢ > 0 where c and 4 are positive constants.
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6.2. Asymptotic limit as e — 0 when a = 0: Boundary damping

Let us now consider problem (4.1) with a = 0.
Following the discussion in Section 4.2, to pass to the limit as € tends to zero, we have to identify the weak
limit of the nonlinear term {w¢ (vS + 3 (wg)?) }. We know that

1
ws (vi + 3 (wi)Q) — qw, weakly in L%*((0,L) x (0,T))

as ¢ — 0 and

1 2
n:U$+§wm

where w® — w strongly in L>(0,7; H?>7%(0, L)) and v — v weakly in L2(0,T; H'(0, L)) as ¢ — 0.

Let a(x) = £, 0 <z < L. Multiply the first equation in (4.1) by a(z) and integrate in space to obtain,

after integration by parts and using the boundary conditions,

d2 L L 1
5—2/ via(z)de = / (’ui + - (wi)Q) a(x)dz
dt? J, 0 2 -

15 1 L £ 1 15
==L -7 [ (g s

1

L
— (L) — %va(L,t) - ﬁ/o (wE)? da. (6.6)

Due to the energy dissipation (see Th. 4.2) we know that {v{(L,t)} is bounded in L?(0,+00). Therefore we
can extract a subsequence of v°(L, t) which converges weakly in H}! (0, 00) to some function £ = £(t) as € — 0.
Then ¢ satisfies the ODE

§+l §+L/Lw2dx =0
L oL [, * 7|

and

L
Ln(t) = &(t) +%/O w? d.

The left hand side of (6.6) tends to zero weakly in H~1(0,T; L%(0,L)) as € — 0.
Moreover, since {v(L,t)} is bounded in H'(0,T), it follows that v®(L,t) — &(¢) in C([0,7]) for any finite
T > 0. Consequently £(0) = vo(L). Thus, the limit system in case ow = 0 is this case

§’+l §+1 : 2dz| =0 t>0
L 2 Owibm ]

1

L

(6.7)

Wit + Wagzr — Waatt —

[g(t) + % /OL w? dx} Wy =0 in (0, L) x (0, +00)
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with boundary conditions
w(0,t) = w,(0,¢) =0

Waa (L, t) = —wet (L, t)

(6.8)
1 1,
Weee — Wett — 7 f(t)+— wxd:c Wy (Lat) :wt(Lvt)
and initial conditions
£(0) =wvo(L), w(z,0) =wo(x), wi(z,0)=wi(z), 0<z<L.
The energy of the limit system is given by
1 [ 1 1 [k 2
BO = [ (wh+udorudydo s op|e g [ utds (6.9)
2 Jo 2L 2 Jo

which is the natural limit of the energies of the e-system.
A direct calculation shows that

dB(t)

— = Wi, t) —wi(L,t) — [¢]

Passing to the limit as € tends to zero on the uniform exponential decay estimates obtained in Section 4 for
a = 0 we deduce that the energy F of the limit system satisfies

E(t) < cE(0)e TEm
for all ¢ > 0 where ¢ and p are positive constants independent of the solution.

6.3. Dirichlet boundary condition on v and boundary damping: An open problem

Let us consider again the 1 — D beam model with different dissipative boundary conditions. More precisely,
let us consider the system

Evtt:[vxﬁ-%wi] , O<ax<L,t>0

Wit + Wagre — Wartt = [(%Jr%wi)wx] , O<z<L,t>0

v(0,t) = v(L,t) =0 ’

w(0,t) = wy(L,t) =0, t>0

Wey (Lyt) = —wee(L,t) (6.10)

|:w:nzz — Wart — <Ux + %Uﬁ)wx] (L,t) = we(L,1)
w(z,0) = vo(z), vs(x,0) = v (2)

O<z<L.

U)(:C,O) = wO(Z)a 'LUt(IC,O) - ’Ll}l(l‘)
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Let us consider the total energy E.(t) as in (3.4). We can verify that

dE. (1)
de

= —w?(L,t) —w2,(L,t) (6.11)

for all ¢ > 0, therefore E.(t) is decreasing and (6.11) provides uniform (as ¢ — 0) bounds on the solutions
{v =v%,w = w*} which allow as to pass to the limit as ¢ — 0.

Again the main difficulty is to identify the limit of the term: n = p + % w? . If we proceed as in the previous
sections, we deduce that 7, = 0 therefore = n(t). Integration in space implies that

L 1 L 1 L
Ln(t):/ pdx—i——/ widx:—/ w? dx
0 2Jo 2.Jo

since
L L
/ pdz = lim vy de = v (L,t) —v°(0,t) = 0.
0 £=0Jo
Thus, the (weak) limit system as € — 0 of problem (6.10) (in w) is as follows

1 L
Wit + Wrger — Weatt — ﬁ (/0 wi dI) Wez =0
w(0,t) = w;(0,1) =0

Wey (Lyt) = —wgpe(L, t) (6.12)

1 L
Wyry — Wrtt — 3 (/ wi d$) w:c:| (La t) = wt(La t)
0

w(xv 0) = U}O(IL'), wt(xv 0) = wl(x)

for0 <z < L and t > 0.

It is known (see [14]) that, for e > 0 fixed, the total energy of the solution w = w(z,t) of model (6.12)
decays exponentially as ¢t — +o0o on bounded sets of initial data. But the analysis of the asymptotic behavior
of the full system (6.10) and searching for uniform decay rates as ¢ — 0 presents new difficulties. In view of
the structure of system (6.10) and in order to obtain an estimate similar to (4.24) would be natural to use the
multiplier zu, — Bu where § is a suitable positive constant. However, when we do this some extra terms appear
with respect to previous calculations. Therefore, the uniform (with respect to €) exponential decay of solutions
of system (6.10) is an open problem.

6.4. Asymptotic limit as € — 0: Plate model with internal damping

Let us consider the plate model we studied in Section 5 in case a = 0. We can prove that the solution
{U¢,w*®} of problem (5.1, 5.2, 5.4, 5.5) in case = 0 converges (weakly) to the solution {U,w} of the following
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System
U; = Div(C°e(U) + f(Vw)]) in Qx(0,+00)
wyy + A%w — Awyy = div <CO[6(U) + f(Vw)]Vw) —wy + Awy in Qx(0,+00)
U-n=0, w:a—w:O on 9% x (0,400)
an
U(ma y,0) = (u(x’ Y, 0)7 ’U(I, y,0)) = (’U’O(x’ Y), ’Uo(I, 'Y)) in
w(z,y,0) = wo(z,y), w(w,y,0) =wi(z,y) in

where C°(A) = yu Tr(A)I for any 2 x 2 symmetric matrix A (see (5.3) with ¢ = 0). We could also rewrite
C%e(U) + f(Vw)) explicitly:

1
ux+vy+§|Vw|2 0
COe(U) + f(Vw)) =y :
0 um+vy+§|Vw|2

The total energy associated to the above system is given by
1 YL 1 2
E.(t) = _/ {w] + |Vw|® + |Aw[* }dA + — (uac +uy + = |Vw|2) dA
2 Ja 2 Jo 2
and satisfies

dE.(t
dft( ) :_/ {UJ2 +w? + |V |?}dA < 0.
Q

Note that the energy E does not provide a complete estimate for VU. Indeed, we simply get control on divU.
It is precisely for that reason that the boundary condition one gets on U is U - = 0. Moreover, the natural
space for U is then

V={Uc[l*Q):divU € L*(Q), U-n=0 on 00}-

If we take initial data (wo,w1) € [H*(Q)NH}(Q)] x HJ(Q) and U(x,y,0) = (uo,vo) € V then the above system
is globally well-posed in the space

Y = [HQ(Q) ﬁHol(Q)] x Hy () x V.
According to Theorem 5.1, the following decay rate is obtained for weak solutions
E(t) < cE(O)e_H+~<°>t, a.e. t>0
where ¢ and [i are positive constants.

6.5. Plate models with boundary damping

The problems considered in this paper may also be addressed for full von Karman systems with various
boundary conditions including feedback terms which are useful for stabilization purposes (see [16] and the
references therein). In particular, it would be natural to analyse the convergence of the solution of this system
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to a Berger-Timoshenko’s system with boundary damping as the parameter € tends to zero. The question of
the uniform decay would also be worth considering. This is an open problem.
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