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Abstract. We consider the use of finite volume methods for the approximation of a parabolic vari-
ational inequality arising in financial mathematics. We show, under some regularity conditions, the
convergence of the upwind implicit finite volume scheme to a weak solution of the variational inequality
in a bounded domain. Some results, obtained in comparison with other methods on two dimensional
cases, show that finite volume schemes can be accurate and efficient.
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1. Introduction

This paper concerns the use of some numerical schemes to obtain an approximate solution to a problem
arising in financial mathematics. Many contracts that are traded in modern financial markets involve American
options on several underlying assets. Contrary to European options, closed form or analytical solution are not
available to price the American options, so numerical approximation methods are required.

Indeed, since the pioneering works on variational inequalities and stochastic control of Bensoussan and
Lions [5], a large class of numerical methods have been developed to obtain an approximation of the price of
an American option. Hence Cox et al. [13] have introduced the binomial method based on time and space
discretizations, the convergence of which is proven by Amin and Khanna in [1]. Generalizations of the binomial
approach are given by Boyle et al. [8], and Kamrad and Ritchken [20]. Carr et al. [12] used an integral
representation of the option price, where integral formulas express the value of the American option as the
value of the corresponding European option augmented by the present value of the gains from early exercise.
These gains, in turn, parametrically depend on the optimal exercise boundary, which is the solution of a nonlinear
integral equation subject to a boundary condition. While the option price has an explicit representation, the
exercise boundary is implicitly defined by the integral equation, so that a sequential numerical procedure is
required. Brennan and Schwartz [9] introduced finite difference methods related to the discretization of the
variational inequality, the convergence of which is proven in Jaillet et al. [19]. An extension of such a method
is to use a finite difference method in time combined with a finite element in space [14, 24]. Nevertheless,
using these methods seem to be complex in high space dimension since a major difficulty is to obtain a spatial
discretization at the same time accurate and admissible with regard to the number of unknowns.
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In order to develop some new ways to overcome this difficulty, we study in this paper finite volume schemes
for pricing American options, focusing on such schemes for the following reasons:

(1) A finite volume scheme has already been successfully used by Zvan et al. in [26] on several numerical
sample pricing problems.

(2) Following an idea proposed in [2], the use of Voronöı meshes seems to yield several advantages: the size
of the control volumes can easily be reduced at the location of the moving boundary, and, for a given
space step, it is possible to get a much smaller number of grid blocks in high space dimension than that
obtained using hypercubic meshes. It is then easy to use finite volume schemes on Voronöı meshes for
the approximation of nonlinear parabolic problems [15], whereas it does not seem to be straightforward
to use finite element or finite difference schemes on such meshes.

(3) Finite volume schemes can also apply on many types of grids, including classical rectangular meshes
and simplicial meshes (triangles in 2D).

(4) There exists a strong relation between the problem of pricing an American option and a Stefan problem,
which describes the energy conservation within a material which changes of thermodynamical state [6].
Since finite volume methods respect the satisfaction of local balances, they lead to an accurate location
of the resulting moving boundaries.

Therefore we state in Section 2 the mathematical formulation of the pricing of an American option, recalling the
variational inequality issued from a stochastic differential equation, the solution of which is linked to a Stefan
problem. We then define in Section 3 four variations of a finite volume scheme for this problem, crossing time
explicit or implicit schemes with centered or upwind convection operators. We then proceed to the mathematical
study of the implicit upwind scheme in Section 4. To our knowledge, the convergence proof of a finite volume
method for a variational inequality is new. Section 5 proposes a comparison of these finite volume schemes with
other methods on some numerical examples in two space dimensions, showing that the finite volume schemes
can provide accurate and cheap results in some situations.

2. The continuous problem

We briefly recall the context of this problem. An American option is a contract which gives the right to
receive the payoff h(t) at some time t chosen between 0 and a maturity T. This payoff h(t) is then given as
a function of the prices (P (i)

t )i=1,...,d at the time t of d financial products constituting the underlying asset.
Since these prices are strictly positive, we set X(i)

t = log(P (i)
t ) for i = 1, . . . , d, and we express h(t) under the

form h(t) = ψ(Xt), where ψ : R
d → R is a given regular function. We assume that the following stochastic

differential equation is satisfied by the logarithmic transformation of the prices

dX(i)
t = (r − λi −

1
2

d∑
j=1

σ2
ij)dt+

d∑
j=1

σijdW
(j)
t , i = 1, . . . , d, (1)

where r ≥ 0 is the interest rate, (λi)i=1,...,d are the dividend rates, (σij)i,j=1,...,d is invertible matrix called the
volatility matrix and (Wt)t∈[0,T ] is a standard d-dimensional Brownian motion.

Under some assumptions on financial markets (no-arbitrage principle) [19, 22], one can take for the price of
such a contract a function U(Xt, t) such that

∂U

∂t
(x, t) +AU(x, t) − rU(x, t) ≤ 0, for (x, t) ∈ R

d × (0, T ), (2)

U(x, t) ≥ ψ(x), for (x, t) ∈ R
d × (0, T ), (3)(

∂U

∂t
(x, t) +AU(x, t) − rU(x, t))(ψ(x) − U(x, t)

)
= 0, for (x, t) ∈ R

d × (0, T ), (4)

U(x, T ) = ψ(x), for x ∈ R
d, (5)
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where A is the second order parabolic operator defined by

A : U �→
d∑

i=1

⎛⎝r − λi −
1
2

d∑
j=1

σ2
ij

⎞⎠ ∂U

∂xi
+

1
2

d∑
i,j=1

∂2U

∂xi∂xj

d∑
k=1

σikσjk.

The problem is to obtain an approximation of U(x̄, 0), where exp(x̄) denotes the initial prices, with x̄ ∈ R
2.

Setting u(x, t) = U(x, T − t), the condition (5) leads to a more usual initial condition defined at t = 0. Under
the hypothesis that A does not depend on the space variable, it is possible to make a change of variable such
that the operator A is written under the form Au = −V · ∇u+ ∆u, with V ∈ R

d. For discretization purposes,
we only consider the above problem on a bounded domain Ω ⊂ R

d, since it is possible to control the error thus
committed (see Rem. 1 below), and we now say that u : Ω × (0, T ) → R is a weak solution of the problem on
the domain Ω ⊂ R

d, if it fulfills the following conditions:

∂u

∂t
(x, t) + div(u(x, t)V) − ∆u(x, t) + ru(x, t) ≥ 0, for (x, t) ∈ Ω × (0, T ), (6)

with
u(x, t) ≥ ψ(x), for (x, t) ∈ Ω × (0, T ). (7)

This function u must verify(
∂u

∂t
(x, t) + div(u(x, t)V) − ∆u(x, t) + ru(x, t)

)
(ψ(x) − u(x, t)) = 0, for (x, t) ∈ Ω × (0, T ). (8)

We consider the initial condition
u(x, 0) = ψ(x), for x ∈ Ω. (9)

and the following boundary condition

u(x, t) = ψ(x), for (x, t) ∈ ∂Ω × (0, T ). (10)

Remark 1 (error committed by localization). An evaluation of the error committed by considering Prob-
lem (6)–(9) on a bounded domain Ω instead of R

d can be done. Indeed, let us consider the case where d = 2,
and where κ > 0 is such that 0 ≤ ψ(x) ≤ κ for all x ∈ R

2. Let us denote by (exp(x̄1), exp(x̄2)) the initial stock
prices, and let us set x̄ = (x̄1, x̄2). We denote, for some R > 0, by Ω = (x̄1 − R, x̄1 + R) × (x̄2 − R, x̄2 + R).
Let u be the solution (in the sense given below) of (6)–(10), and let û be the solution (in an appropriate weak
sense) of (6)–(9) with Ω = R

2. Then the following inequality holds:

|û(x̄, t) − u(x̄, t)| ≤ 4κ
[
2 −N

(
R− T |V1|√

2T

)
−N

(
R− T |V2|√

2T

)]
, ∀t ∈ [0, T ],

where N is the repartition function of a standard normal distribution. The detailed proof of the above inequality
is given in [7], as well as the results which can be established for other financial mathematics problems.

The following assumptions are done in this paper.

Assumption 1.
(1) d ∈ N∗;
(2) Ω ⊂ R

d is a bounded open polygonal domain;
(3) T > 0;
(4) ψ ∈ C2(Ω) ∩H1

0 (Ω) is such that ψ ≥ 0 on Ω;
(5) V ∈ R

d and r ∈ R+.
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We say that u is a weak solution of the problem (6)–(10) if it meets the following variational inequality:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

u ∈ L2(0, T ;H1
0(Ω)), ∂u

∂t ∈ L2(Ω × (0, T )), u(x, 0) = ψ(x), for a.e. x ∈ Ω,

u(x, t) ≥ ψ(x), for a.e. (x, t) ∈ Ω × (0, T ),∫ T

0

∫
Ω

[ (
∂u
∂t (x, t) + ru(x, t) + div(u(x, t)V)

)
(v(x, t) − u(x, t))

+∇u(x, t) · ∇(v(x, t) − u(x, t))

]
dxdt ≥ 0,

∀v ∈ L2(0, T ;H1
0(Ω)) such that v(x, t) ≥ ψ(x) for a.e. (x, t) ∈ Ω × (0, T ).

(11)

Under Assumption 1, it can be proven that there exists a unique solution u to (11) which is a classical obstacle
problem (see [19, 21]). This solution u is in fact closely related to that of a Stefan problem, which is the
nonlinear degenerate parabolic problem describing the energy conservation in a material which changes of
thermodynamical state (see [6]). Indeed, let us assume for simplicity that V = 0 and r = 0, and let us
set w0 = ∆ψ (thus w0 ∈ L2(Ω)). Let us consider the function w solution of the one-phase Stefan problem
wt − ∆ max(w, 0) = 0 in Ω × (0, T ), max(w, 0) = 0 on ∂Ω × (0, T ), w(·, 0) = w0 on Ω in the following weak
sense: w ∈ L2(Ω × (0, T )) is such that max(w, 0) ∈ L2(0, T ;H1

0 (Ω)) and, for all ϕ ∈ C∞
c (Ω × (−∞, T ))

(C∞
c (Ω × (−∞, T )) is the set of indefinitely differentiable functions with a compact support in Ω × (−∞, T )),∫ T

0

∫
Ω

[w(x, t)ϕt(x, t) −∇max(w, 0)(x, t) · ∇ϕ(x, t)] dxdt+
∫

Ω

w0(x)ϕ(x, 0) dx = 0.

It is then proven in [6] that the solution u of (11) is such that, for all (x, t) ∈ Ω×(0, T ), u(x, t) =
∫ t

0 max(w(x, s), 0)
ds+ ψ(x), and w(x, t) = ∆u(x, t) for a.e. (x, t) ∈ Ω × (0, T ). Since the Stefan problem is based on a conserva-
tion equation, it has been shown that the use of the finite volume method, which satisfies a local conservation
property, accurately respects the location of the moving boundary (see [4, 15]).

3. The finite volume schemes

In order to obtain a numerical approximation of the solution of (11), let us first summarize the definition
given in [15] of an admissible space and time discretization of Ω × (0, T ).

Definition 1 (space-time discretization of Ω×(0, T )). An admissible finite volume discretization D of Ω×(0, T )
is a family D = (T , E , (xK)K∈T , N), where T (the family of the control volumes), E (the family of the edges) and
(xK)K∈T (the family of the centers of the control volumes) are such that (T , E , (xK)K∈T ) is an admissible mesh
of Ω (see [15]); in the following, we shall improperly denote only by T the admissible mesh (T , E , (xK)K∈T ).
The integer N ∈ N is given, and the value of the time step is defined by δt = T

N+1 . The main property of an
admissible mesh is that, for two neighboring control volumes K and L, the line (xK , xL) is orthogonal to the
common edge of K and L, denoted by K|L, and we set dK|L = d(xK , xL). For all K ∈ T , we denote by mK

the measure of K, NK ⊂ T is the set of neighbors of K, EK ⊂ E is the set of the edges of K, Eint (resp. Eext)
is the subset of E constituted by the interior edges (resp. exterior). The measure of σ ∈ E is denoted by mσ.
For K ∈ T and σ ∈ EK , nKσ is the unit vector normal to σ and outward to K; we denote EK,int = EK ∩ Eint

and EK,ext = EK ∩ Eext, and for σ ∈ EK,ext, we set dσ = d(xK , σ). For a given admissible discretization D of
Ω × (0, T ), one defines:

size(D) = max(size(T ), δt),
reg(D) = reg(T ) = max{ dK|L

d(xK,K|L) ,
diam(K)

dσ
, K ∈ T , L ∈ NK , σ ∈ EK},

with size(T ) = max{diam(K), K ∈ T }.
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Figure 1. Notations for an admissible mesh.

An example of two neighboring control volumes K and L of T is depicted in Figure 1.

Remark 2 (variable time steps). We could as well consider variable time steps. The hypothesis of a constant
time step is only done here for the sake of simplicity.

Let us now introduce the space of piecewise constant functions associated with an admissible mesh and some
“discrete H1

0 (Ω)” norm for this space. This discrete norm will be used in the estimates on the approximate
solution given by a finite volume scheme.

Definition 2 (discrete approximation function space). Let Ω be an open bounded polygonal subset of R
d, and

let (T , E , (xK)K∈T ) be an admissible mesh of Ω. We define X(T ) as the set of functions from Ω to R which are
constant over each control volume of the mesh. For all u ∈ X(T ) and K ∈ T , we denote by uK the constant
value of u(x) for a.e. x ∈ K, and for all ϕ ∈ C(Ω), we define PT ϕ ∈ X(T ) by PT ϕK = ϕ(xK).

Definition 3 (discrete scalar product and norm). Let Ω be an open bounded polygonal subset of R
d, and T

an admissible mesh. We define the following scalar product on X(T ) by

[u, v]1,T =
∑

σ∈Eint
σ=K|L

mK|L
dK|L

(uL − uK)(vL − vK) +
∑
K∈T

σ∈EK,ext

mσ

dσ
uKvK , ∀u, v ∈ X(T ), (12)

and we denote by ‖ · ‖1,T the discrete associated norm.

We recall a lemma proven in [17], which is useful to get convergence properties for approximate solutions
given by a finite volume scheme.

Lemma 1 (relative compactness in L2(Ω)). Let Ω be an open bounded polygonal subset of R
d, with d ∈ N∗.

We consider a sequence (Tm, um)m∈N such that, for all m ∈ N, Tm is an admissible finite volume discretization
of Ω and um ∈ X(Tm). Let us assume that

lim
m−→∞

size(Tm) = 0,

and that there exists C > 0 such that, for all m ∈ N, ‖um‖1,Tm ≤ C. Then there exist a subsequence of
(Tm, um)m∈N, again denoted (Tm, um)m∈N, and u ∈ H1

0 (Ω) such that um tends to u in L2(Ω) as m −→ ∞,

lim
m−→∞

[um, PTmϕ]1,Tm =
∫

Ω

∇u(x) · ∇ϕ(x)dx, ∀ϕ ∈ C2(Ω) ∩H1
0 (Ω), (13)
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and ∫
Ω

(∇u(x))2dx ≤ lim inf
m−→∞

‖um‖1,Tm . (14)

Let us now turn to the approximation of the convective term.

Definition 4 (upwind convection operator). Let Ω be an open bounded polygonal subset of R
d, and T an

admissible mesh. Let V ∈ R
d. We define the upwind convection operator ∇V

T : X(T ) → X(T ) by

(∇V
T u)K =

1
mK

∑
σ∈EK

VKσuσ, ∀u ∈ X(T ), ∀K ∈ T , (15)

with
VKσ =

∫
σ
V.nKσdγ(x) = V.nKσmσ, ∀K ∈ T , ∀σ ∈ EK

VKL = VK K|L, ∀K ∈ T , ∀L ∈ NK ,

and denoting, for all u ∈ X(T ),

uσ =

⎧⎪⎪⎨⎪⎪⎩
uK if σ ∈ Eint, σ = K|L, VKσ ≥ 0,
uL if σ ∈ Eint, σ = K|L, VKσ < 0,
uK if σ ∈ EK,ext, VKσ ≥ 0,
0 if σ ∈ EK,ext, VKσ < 0.

(16)

Remark 3. According to the definition of an admissible mesh and of VKσ, for K ∈ T and σ ∈ EK , one gets:∑
σ∈ EK

VKσ

∑
σ∈ EK

(
(VKσ)+ − (VKσ)−

) ∑
σ∈ EK,int

VKσ +
∑

σ∈ EK,ext

VKσ = 0. (17)

We set ‖V‖L2(Ω) = V .

The above definition meets the following lemma, which depicts the convergence properties of the convection
operator in presence of usual estimates for parabolic problems.

Lemma 2 (properties of the discrete convection operator ∇V
T ). Under Assumptions 1, let T be an admissible

mesh of Ω. Then the following relations hold∫
Ω

u(x)∇V
T u(x) ≥ 0, ∀u ∈ X(T ) (18)

and
‖∇V

T u‖L2(Ω) ≤
√

2d reg(T )V ‖u‖1,T , ∀u ∈ X(T ). (19)

Moreover, for a sequence (Tm, um)m∈N such that, for all m ∈ N, Tm is an admissible mesh of Ω such that
limm−→∞ size(Tm) = 0, and, for all m ∈ N, um ∈ X(Tm) is such that there exists C > 0 and u ∈ H1

0 (Ω) with,
for all m ∈ N, ‖um‖1,Tm ≤ C and um tends to u in L2(Ω) as m −→ ∞.

Then

lim
m−→∞

∫
Ω

PTmϕ(x)∇V
Tm
um(x)dx =

∫
Ω

ϕ(x)V · ∇u(x)dx, ∀ϕ ∈ C1(Ω). (20)

Proof. We have, for all u ∈ X(T ),
∫
Ω u(x)∇V

T u(x) =
∑

K∈T uK

∑
σ∈EK

VKσuσT1 + T2, where, using Remark 3,

T1 =
∑
K∈T

uK

∑
L∈NK

VKL(uK|L − uK)
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and
T2 =

∑
K∈T

uK

∑
σ∈EK,ext

VKσ(uσ − uK).

We then have

T1 =
∑
K∈T

uK

∑
L∈NK

(
V −

KL(uK − uL)
)

=
1
2

∑
K∈T

∑
L∈NK

(
V −

KL(uK − uL)2
)

+
1
2

∑
K∈T

∑
L∈NK

(
V −

KL(u2
K − u2

L)
)
,

which gives

T1 ≥ 1
2

∑
K∈T

∑
L∈NK

VKL(u2
K|L − u2

K).

On the other hand, we have

T2 =
∑
K∈T

∑
σ∈EK,ext

V −
Kσu

2
K

∑
K∈T

∑
σ∈EK,ext

VKσ(u2
σ − u2

K).

Gathering the above results, we get∫
Ω

u(x)∇V
T u(x) ≥ 1

2

∑
K∈T

∑
σ∈EK

VKσu
2
σ = 0,

which concludes the proof of (18). Let us now turn to the proof of (19). Let u ∈ X(T ) and K ∈ T . We have

mK(∇V
T u)2K

1
mK

⎛⎝ ∑
L∈NK

(VKL)−(uK − uL) +
∑

σ∈EK,ext

(VKσ)−uK

⎞⎠2

.

Thanks to the Cauchy-Schwarz inequality, we get

mK(∇V
T u)2K ≤ 1

mK

⎛⎝ ∑
L∈NK

(VKL)−dK|L +
∑

σ∈EK,ext

(VKσ)−dσ

⎞⎠
×

⎛⎝ ∑
L∈NK

(VKL)−

dK|L
(uK − uL)2 +

∑
σ∈EK,ext

(VKσ)−

dσ
u2

K

⎞⎠ .

On the one hand, we have (VKL)−

dK|L
≤ V

mK|L
dK|L

and (VKσ)−

dσ
≤ V mσ

dσ
. On the other hand, we have

∑
L∈NK

(VKL)−dK|L +
∑

σ∈EK,ext

(VKσ)−dσ ≤ V

⎛⎝ ∑
L∈NK

mK|LdK|L +
∑

σ∈EK,ext

mσdσ

⎞⎠ ≤ V d reg(T )mK .

Thanks to the above inequalities, summing on K ∈ T , we thus conclude (19). The proof of (20) is classical (see
[15]) for the upwind convection operator, and this property holds in fact under the sufficient hypothesis∑

K∈T

∑
L∈NK

|VKL| |uL − uK | ≤ C1 size(T )−α,

where C1 is a real which does not depend on T and α ∈ [0, 1). This property is proven for the finite volume
solution of a scalar hyperbolic equation with α = 1/2, and it holds under the hypothesis ‖um‖1,Tm ≤ C with
α = 0 (thanks to the Cauchy-Schwarz inequality). �
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We can as well consider the following centered approximation of the convective term.

Definition 5 (centered convection operator). We define the centered finite convection operator ∇̄V
T : X(T ) →

X(T ) by replacing uσ in (15) by

ūσ =

{
1
2 (uK + uL) if σ ∈ Eint, σ = K|L,
1
2uK if σ ∈ EK,ext.

Let D be a finite volume discretization of Ω × (0, T ) in the sense of Definition 1. Let us now define four
finite volume schemes to discretize the problem (6)–(10), the unknown of which is un+1 ∈ X(T ) (the discrete
unknowns are then (un+1

K )K∈T ,n∈{0,...,N}).
The implicit upwind finite volume scheme is given by

u0 = PT ψ, (21)

un+1 = max
(
ũn+1, PT ψ

)
, ∀n ∈ {0, . . . , N}, (22)∫

Ω

(
ũn+1(x) − un(x) + δt∇V

T u
n+1(x) + rδtun+1(x)

)
v(x)dx + δt[un+1, v]1,T = 0,

∀v ∈ X(T ), ∀n ∈ {0, . . . , N}.
(23)

Setting v = 1K , for all K ∈ T (1K denotes the characteristic function of K), in (23), we get as many equations
as unknowns:

mK

(
ũn+1

K − un
K

)
+ δt

∑
σ∈EK

VKσu
n+1
σ + δt[un+1, 1K ]1,T + rδtmKu

n+1
K = 0,

∀K ∈ T , ∀n ∈ {0, . . . , N}.

The explicit upwind finite volume scheme is given by (21), (22) and∫
Ω

(
ũn+1(x) − un(x) + δt∇V

T u
n(x) + rδtun(x)

)
v(x)dx + δt[un, v]1,T = 0,

∀v ∈ X(T ), ∀n ∈ {0, . . . , N}.
(24)

The implicit centered finite volume scheme is given by (21), (22) and∫
Ω

(
ũn+1(x) − un(x) + δt∇̄V

T u
n+1(x) + rδtun+1(x)

)
v(x)dx + δt[un+1, v]1,T = 0,

∀v ∈ X(T ), ∀n ∈ {0, . . . , N}.
(25)

The explicit centered finite volume scheme is given by (21), (22) and∫
Ω

(
ũn+1(x) − un(x) + δt∇̄V

T u
n(x) + rδtun(x)

)
v(x)dx + δt[un, v]1,T = 0,

∀v ∈ X(T ), ∀n ∈ {0, . . . , N}.
(26)

The mathematical analysis of each of the four versions for the finite volume scheme given above can be done.
All of these versions lead to L∞ stability results, which hold under a Péclet condition on the mesh in the case
of a centered scheme, namely

1
2
VKσ ≤ mσ

dKσ
, ∀K ∈ T , ∀σ ∈ EK ,
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(this inequality is satisfied under the sufficient condition V size(T ) ≤ 2) and under a CFL condition, which is
given in the case of the explicit centered version by

δt ≤ mK

mKr +
∑

σ∈E(mσ

dσ
+ 1

2VKσ)
, ∀K ∈ T ,

and in the case of the explicit upwind version by

δt ≤ mK

mKr +
∑

σ∈E(mσ

dσ
+ V +

Kσ)
, ∀K ∈ T .

These CFL conditions are then satisfied under sufficient conditions under the form δt ≤ Csize(T )2. We prove
in the next section the L∞ stability of the upwind implicit scheme, together with the existence and uniqueness
of a discrete solution, followed by the proof of its convergence. Such a proof can be done for the four versions
(see [7]), and we restrict here the mathematical study to the simpler case, which is nevertheless sufficient to
point out the difficulties due to the nonlinearity of the problem. We thus define the approximate solution in
the particular case of the upwind implicit scheme.

Definition 6 (approximate solution given by the upwind implicit scheme). Let D be an admissible finite volume
discretization of Ω × (0, T ) in the sense of Definition 1. The approximate solution (continuous with respect to
the time on Ω× (0, T )) of (6)–(10) associated to the discretization D is defined almost everywhere in Ω× (0, T )
by:

uD(x, t) =
t− nδt

δt
un+1(x) +

(n+ 1)δt− t

δt
un(x), for a.e. (x, t) ∈ Ω × [nδt, (n+ 1)δt], ∀n ∈ {0, . . . , N},

where (un+1)n∈{0,...,N} is the unique solution to (21)–(23) (thanks to Lem. 3 below).

Thanks to this Definition, one gets almost everywhere in Ω × (0, T ):

∂uD
∂t

(x, t) =
un+1(x) − un(x)

δt
, for a.e. t ∈ (nδt, (n+ 1)δt), for a.e. x ∈ Ω, ∀n ∈ {0, . . . , N}.

4. Mathematical study of the upwind implicit scheme

We now state the existence and the uniqueness of a discrete solution to the upwind implicit scheme (21)–(23),
the proof of which gives at the same time the L∞ stability of the scheme.

Lemma 3 (existence and uniqueness and L∞ stability). Under Assumptions 1, let D be an admissible finite
volume discretization of Ω× (0, T ) in the sense of Definition 1. Then the system of equations (21)–(23) has one
and only one solution

(
un+1

)
n∈{0,...,N}, such that

PT ψ(x) ≤ un(x) ≤ max
x∈Ω

ψ(x), for a.e. x ∈ Ω, ∀n ∈ {0, . . . , N + 1}. (27)

Proof. Let us deal with the proof of the existence of a solution. We first consider, for a given K ∈ T , the
application f̃K : R → R defined by

f̃K : s �→ s+ max(s, PT ψK)

(
rδt +

δt

mK

∑
σ∈EK

(
mσ

dσ
+ (VKσ)+

))
.

Since this function is strictly increasing and continuous and verifies limx→+∞ f̃K(x) = +∞, limx→−∞ f̃K(x) =
−∞, it is therefore invertible and its reciprocal function f̃

(−1)
K is strictly increasing and continuous as well.
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Let us denote M = maxx∈Ω ψ(x). We now assume that, for a given n ∈ N, a family of values un
K ∈ [0,M ] is

given. We define the fix point application F : X(T ) → X(T ), F : u �→ û such that

ûK = max

{
PT ψK , f̃

(−1)
K

(
un

K +
δt

mK

∑
L∈NK

uL

(
(VKL)− +

mK|L
dK|L

))}
, ∀K ∈ T .

Let us assume that, for all K ∈ T , uK ∈ [0,M ]. By construction, we have ûK ≥ 0 for all K ∈ T . Let K ∈ T
be such that M̂ = ûK = max{ûL, L ∈ T }. Let us assume that M̂ > M . Then this value, which is greater than
PT ψK , must satisfy

M̂ = f̃
(−1)
K

(
un

K +
δt

mK

∑
L∈NK

uL

(
(VKL)− +

mK|L
dK|L

))
and therefore

f̃K(M̂) ≤M +
δt

mK

∑
L∈NK

M

(
(VKL)− +

mK|L
dK|L

)
.

But, using the definition of f̃K , we get

f̃K(M̂) = M̂

(
1 + rδt+

δt

mK

∑
σ∈EK

(
mσ

dσ
+ (VKσ)+

))
,

which is impossible since r ≥ 0 and

∑
σ∈EK

(
mσ

dσ
+ (VKσ)+

)
≥
∑

L∈NK

(
(VKL)− +

mK|L
dK|L

)
.

Therefore max{ûL, L ∈ T } ≤ M . We can then apply the Brouwer fixed point theorem, since the continuous
function F is such that the image by F of the set {u ∈ X(T ), 0 ≤ u ≤ M a.e. in Ω}) is included in the same
set. This proves the existence in this set of at least one u ∈ X(T ) such that u = F (u) and therefore u satisfies
PT ψ(x) ≤ u(x) ≤ M for a.e. x ∈ Ω. We then remark that, defining un+1 = u, this function un+1 is a solution
to the system of equations (21)–(23), since, setting

ũn+1
K = f̃

(−1)
K

(
un

K +
δt

mK

∑
L∈NK

un+1
L

(
(VKL)− +

mK|L
dK|L

))
,

we get

f̃K(ũn+1
K ) = ũn+1

K + un+1
K

(
rδt+

δt

mK

∑
σ∈EK

(
mσ

dσ
+ (VKσ)+

))
.

Let us now prove the uniqueness of the discrete solution to the upwind implicit scheme, by adapting the
technique used for the proof of Lemma 3.2 in [15]. Assume that, for n ∈ {0, . . . , N}, un ∈ X(T ) is given and
that u, ũ ∈ X(T ) and v, ṽ ∈ X(T ) are two solutions of (22)–(23). We subtract (23) checked by v, ṽ from (23)
checked by u, ũ, taking w = u− v as test function. This yields, setting w̃ = ũ− ṽ:∫

Ω

(
w̃(x) + rδtw(x) + δt∇V

T w(x)
)
w(x)dx + δt[w,w]1,T = 0. (28)

Hence, thanks to Lemma 2, we get
∫
Ω
w̃(x)w(x)dx ≤ 0. Since, for all a, b, c ∈ R, we have (a − b)(max(a, c) −

max(b, c)) ≥ (max(a, c) − max(b, c))2, we then get
∫
Ωw(x)2dx ≤ 0, which proves that the solution un+1 of

(22)–(23) is unique.
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Let us now state a technical lemma concerning the interpolation PT ψ of ψ, which is necessary in the course
of the convergence proof. �

Lemma 4.
Under Assumptions 1, let D be an admissible finite volume discretization of Ω × (0, T ) in the sense of

Definition 1. Then,

(‖PT ψ‖1,T )2 ≤
(
‖∇ψ‖L∞(Ω)

)2
d m(Ω).

Proof. We have

[PT ψ, PT ψ]1,T =
∑

σ∈Eint
σ=K|L

mK|L
dK|L

(ψ(xL) − ψ(xK))2 +
∑
K∈T

σ∈EK∩Eext

mσ

dσ
ψ(xKσ)2

≤
∑

σ∈Eint
σ=K|L

mK|L
dK|L

(
‖∇ψ‖L∞(Ω)

)2 (dKL)2 +
∑
K∈T

σ∈EK∩Eext

mσ

dσ

(
‖∇ψ‖L∞(Ω)

)2 (dσ)2.

We conclude, noting that
∑

σ∈E mσdσ = d m(Ω). �

We can now state a discrete L2(0, T ;H1
0 (Ω)) estimate, classical in the case of parabolic problems.

Lemma 5 (discrete L2(0, T ;H1
0(Ω)) estimate). Under Assumptions 1, let D be a discretization of Ω× (0, T ) in

the sense of Definition 1, and let (un)n∈{0,...,N+1} be the unique solution of the upwind implicit scheme (21)–
(23). Then there exists C2 only depending on Ω, T , ψ,d and V such that

N∑
n=0

δt
(
‖un+1‖1,T

)2 ≤ C2 . (29)

Proof. We take un+1 − u0 as test function in (23) and, summing on n = 0, . . . , N , we get T3 +T4 +T5 +T6 = 0,
with

T3 =
N∑

n=0

∫
Ω

(ũn+1(x) − un(x))(un+1(x) − u0(x))dx,

T4 = rδt

N∑
n=0

∫
Ω

un+1(x)(un+1(x) − u0(x))dx,

T5 = δt

N∑
n=0

∫
Ω

∇V
T u

n+1(x)(un+1(x) − u0(x))dx,

and

T6 =
N∑

n=0

δt[un+1, un+1 − u0]1,T .

We first notice that, since u0 = PT ψ, we have(
ũn+1(x) − un(x)

) (
un+1(x) − u0(x)

) (
un+1(x) − un(x)

) (
un+1(x) − u0(x)

)
, for a.e. x ∈ Ω, ∀n ∈ {0, . . . , N}.

This leads to

T3 =
N∑

n=0

∫
Ω

(un+1(x) − un(x))(un+1(x) − u0(x))dx,
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and therefore

T3 =
N∑

n=0

∫
Ω

(un+1(x) − u0(x) + u0(x) − un(x))(un+1(x) − u0(x))dx

=
1
2

∫
Ω

(
(uN+1(x) − u0(x))2 +

N∑
n=0

(un+1(x) − un(x))2
)

dx,

providing
T3 ≥ 0.

Since we have un+1(x) ≥ u0(x) ≥ 0 for a.e. x ∈ Ω, we get

T4 ≥ 0.

We have, using Lemma 2,

T5 ≥ −δt
N∑

n=0

∫
Ω

∇V
T u

n+1(x)u0(x)dx.

We then remark that∫
Ω

∇V
T u

n+1(x)u0(x)dx
∑

σ∈Eint
σ=K|L

VKLu
n+1
K|L(u0

K − u0
L) +

∑
K∈T

σ∈EK∩Eext

VKσu
n+1
σ u0

K .

Since, for σ ∈ Eint with σ = K|L, we have |VKL| ≤ V mK|L and |u0
K − u0

L| ≤ ‖∇ψ‖L∞(Ω)dK|L and for K ∈ T
and σ ∈ EK ∩ Eext, we have |VKσ| ≤ V mσ and |u0

K | ≤ ‖∇ψ‖L∞(Ω)dσ, we then get, using |un+1
σ | ≤ ‖ψ‖L∞(Ω),

T5 ≥ −T ‖ψ‖L∞(Ω)‖∇ψ‖L∞(Ω)d m(Ω)V.

We can write

T6
1
2

N∑
n=0

δt
(
[un+1, un+1]1,T + [un+1 − u0, un+1 − u0]1,T − [u0, u0]1,T

)
,

which leads to

T6 ≥ 1
2

N∑
n=0

δt[un+1, un+1]1,T − 1
2
T [u0, u0]1,T .

Gathering the above results, we get

1
2

N∑
n=0

δt[un+1, un+1]1,T ≤ T ‖ψ‖L∞(Ω)‖∇ψ‖L∞(Ω)d m(Ω)V +
1
2
T [u0, u0]1,T ,

which gives (29), thanks to Lemma 4. �

The following lemma concerns an estimate of the partial derivative with respect to t of the discrete solution.

Lemma 6 (L2(Ω× (0, T )) estimate on the time derivative). Under Assumptions 1, let D be an admissible finite
volume discretization of Ω × (0, T ) in the sense of Definition 1, let θ ≥ reg(D) and let (un)n∈{0,...,N+1} be the
unique solution of the upwind implicit scheme (21)–(23). Then there exists C3 only depending on d, Ω, T , ψ,
r, V and θ such that

N∑
n=0

δt
∑
K∈T

(∥∥∥∥un+1 − un

δt

∥∥∥∥
L2(Ω)

)2

≤ C3 . (30)
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Proof. We take as test function, in (23), the function un+1−un

δt , and sum over n ∈ {0, . . . , N}. We get T7 +T8 +
T9 + T10 = 0, with

T7 =
N∑

n=0

∫
Ω

(ũn+1(x) − un(x))
un+1(x) − un(x)

δt
dx,

T8 = rδt

N∑
n=0

∫
Ω

un+1(x)
un+1(x) − un(x)

δt
dx,

T9 = δt

N∑
n=0

∫
Ω

∇V
T u

n+1(x)(
un+1(x) − un(x)

δt
)dx,

and

T10 =
N∑

n=0

δt[un+1,
un+1 − un

δt
]1,T .

Since, for a.e. x ∈ Ω, we have either ũn+1(x) < PT ψ(x) = un+1(x) ≤ un(x), or ũn+1(x) = un+1(x), we get(
ũn+1(x) − un(x)

) (
un+1(x) − un(x)

)
≥
(
un+1(x) − un(x)

)2
,

for a.e. x ∈ Ω, ∀n ∈ {0, . . . , N}.

This leads to

T7 ≥
N∑

n=0

δt

(∥∥∥∥un+1 − un

δt

∥∥∥∥
L2(Ω)

)2

.

We now write

T8 =
1
2
r

∫
Ω

(
uN+1(x)2 − u0(x)2 +

N∑
n=0

(un+1(x) − un(x))2
)

dx,

which gives

T8 ≥ −1
2
r
(
‖PT ψ‖L2(Ω)

)2
.

We then turn to the study of T9. Applying the Young inequality and (19), we get that

T9 ≥ −1
2
δt

N∑
n=0

(∥∥∥∥un+1 − un

δt

∥∥∥∥
L2(Ω)

)2

− δtd θV 2
N∑

n=0

‖un+1‖2
1,T .

Thanks to Lemma 5, we then get

T9 ≥ −1
2
δt

N∑
n=0

(∥∥∥∥un+1 − un

δt

∥∥∥∥
L2(Ω)

)2

− d θV 2C2 .

We now remark that

T10 =
1
2

N∑
n=0

(
[un+1, un+1]1,T + [un+1 − un, un+1 − un]1,T − [un, un]1,T

)
=

1
2

(
[uN+1, uN+1]1,T +

N∑
n=0

[un+1 − un, un+1 − un]1,T − [u0, u0]1,T

)
≥ −1

2
[u0, u0]1,T .

Gathering the above results yields (30). �
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According to Lemma 3.3 in [15], we deduce the following Corollary, providing sufficient conditions for applying
Kolmogorov’s relative compactness criterium.

Corollary 1 (space and time translates estimates). Under Assumptions 1, let D be an admissible finite volume
discretization of Ω× (0, T ) in the sense of Definition 1, let θ ≥ reg(D) and let uD be given by Definition 6 from
the upwind implicit scheme (21)–(23), prolonged by zero on R

d+1 \ Ω × (0, T ). Then, there exists C4 and C5

only depending on d, Ω, T , ψ, r, V and θ such that

‖uD(.+ η, .) − uD(., .)‖2
L2(Rd+1) ≤ C4 |η| (|η| + 4size(T )) , ∀η ∈ R

d

and
‖uD(., .+ λ) − uD(., .)‖2

L2(Rd+1) ≤ λC5 , ∀λ ∈ R.

Proof. The space translate is a classical consequence of the discrete L2(0, T ;H1
0 (Ω)) estimate (see Lem. 5). The

time translate estimate is, on the one hand, a consequence of Lemma 6, on the other hand, a consequence of
the L∞ estimate (27). �

Thanks to the preceding estimates, we can state a relative compactness result.

Corollary 2. Under Assumptions 1, let (Dm)m∈N be sequence of admissible finite volume discretizations of
Ω × (0, T ) in the sense of Definition 1 such that there exists θ > 0 with reg(D) ≤ θ for all m ∈ N and
size(Dm) → 0 as m → +∞. For all m ∈ N, Let uDm be given by Definition 6 from the upwind implicit
scheme (21)–(23). Then there exists a subsequence of (uDm)m∈N, again denoted (uDm)m∈N and there exists
ū ∈ H1(Ω×(0, T ))∩L2

(
0, T ;H1

0 (Ω)
)

such that {uDm}m∈N converges to ū in the strong topology of L2(Ω×(0, T ))
and {∂uDm

∂t }m∈N converges to ∂ū
∂t for the weak topology of L2(Ω × (0, T )). Moreover, we have∫

Ω×(0,T )

(∇ū(x, t))2dxdt ≤ lim inf
m→∞

∫ T

0

(‖uDm(·, t)‖1,Tm)2 dt. (31)

Proof. Thanks to Lemma 6, we get that the sequence (∂uDm

∂t )m∈N is bounded in L2(Ω × (0, T )). Therefore
there exist Z ∈ L2(Ω× (0, T )) and a subsequence of (Dm)m∈N again denoted (Dm)m∈N, such that the sequence
(∂uDm

∂t )m∈N converges to Z for the weak topology of L2(Ω × (0, T )). Thanks to the L∞ estimate (27) and to
Corollary 1, we deduce from the Kolmogorov theorem that there exist ū ∈ L2 (Ω × (0, T )) and a subsequence
of (Dm)m∈N again denoted (Dm)m∈N, such that the sequence (uDm)m∈N converges to ū in L2 (Ω × (0, T )) (this
is the generalization to time dependent functions of Lem. 1). Moreover, since size(Tm) → 0 as m → +∞, we
get from Corollary 1 that

‖ū(.+ η, .) − ū(., .)‖2
L2(Rd+1) ≤ C2 |η|2, ∀η ∈ R

d.

Applying Proposition IX.3 in [10], we get that ū ∈ L2
(
0, T ;H1 (Ω)

)
. Furthermore, thanks to Theorem 1 in [16],

ū(t, .) ∈ H1
0 (Ω) a.e. t ∈ (0, T ). Finally, since ∂uDm

∂t weakly tends to Z and uDm tends to ū in L2(Ω × (0, T )) as
m→ +∞, we deduce that ∂ū

∂t = Z a.e. in (0, T )×Ω. Then (31) is obtained in a similar way as (14) in the case
of a steady state problem. �

We can now state the convergence result for the upwind implicit scheme.

Theorem 1. Under Assumptions 1, let θ > 0 and let D be an admissible finite volume discretization of Ω×(0, T )
in the sense of Definition 1, such that reg(D) ≤ θ. Let uD be given by Definition 6 from the upwind implicit
scheme (21)–(23). Then uD converges in L2(Ω× (0, T )) to ū, the unique weak solution to (11), as size(D) tends
to 0. Moreover, ∂uD

∂t weakly converges to ∂ū
∂t in L2(Ω × (0, T )).

Proof. Under Assumptions 1, let (Dm)m∈N be a sequence of admissible finite volume discretizations of Ω×(0, T )
in the sense of Definition 1 such that reg(D) ≤ θ for all m ∈ N and size(Dm) → 0 as m→ +∞. From Corollary
2, we get the existence of a subsequence of (Dm)m∈N and of ū ∈ H1(Ω × (0, T )) ∩ L2(0, T ;H1

0 (Ω)) such that
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{uDm}m∈N converges to ū for the strong topology of L2(Ω × (0, T )), {∂uDm

∂t }m∈N converges to ∂ū
∂t for the weak

topology of L2(Ω × (0, T )), and (31) holds.
We obtain the initial condition ū(x, 0) = ψ(x) by passing to the limit on the relation∫

Ω

ϕ(x)PTmψ(x)dx − 1
T

∫ T

0

∫
Ω

ϕ(x)
(

(T − t)
∂uDm

∂t
(x, t) − uDm(x, t)

)
dxdt,

for all ϕ ∈ C∞
c (Ω). We also obtain that ū(x, t) ≥ ψ(x) for a.e. (x, t) ∈ Ω× (0, T ) by passing a.e. to the limit on

uDm(x, t) ≥ PTmψ(x). It now suffices to prove that ū is solution to the last relation of (11), since the uniqueness
of the solution to (11) implies that all the sequence converges. This is then sufficient to conclude the proof of
Theorem 1.

The proof that ū is solution to (11) is performed in two steps. In the first step, we prove by passing to the
limit on the scheme that∫ T

0

∫
Ω

⎡⎣ (∂ū∂t (x, t) + rū(x, t) + div(ū(x, t)V)
)

(ū(x, t) − ψ(x))

+∇ū(x, t)∇(ū(x, t) − ψ(x))

⎤⎦ dxdt ≤ 0. (32)

Note that the above relation is equivalent to

∫ T

0

∫
Ω

⎡⎣ (∂ū∂t (x, t) + rū(x, t)
)

(ū(x, t) − ψ(x)) − div(ū(x, t)V)ψ(x)

+∇ū(x, t)∇(ū(x, t) − ψ(x))

⎤⎦dxdt ≤ 0, (33)

since, using ū ∈ L2(0, T ;H1
0 (Ω)), we have∫ T

0

∫
Ω

ū(x, t)div(ū(x, t)V)dxdt =
1
2

∫ T

0

∫
Ω

div(ū2(x, t)V)dxdt

=
1
2

∫ T

0

∫
∂Ω

ū2(x, t)V.n(x)dγ(x)dt = 0.

Let m ∈ N be given; we then omit the index m in some discretized expressions, denoting D = Dm. We again
introduce, in (23), the test function un+1 − PT ψ = un+1 − u0 and we sum over n ∈ {0, . . . , N}. We again get
T

(m)
3 + T

(m)
4 + T

(m)
5 + T

(m)
6 = 0, with

T
(m)
3 =

N∑
n=0

∫
Ω

(ũn+1(x) − un(x))(un+1(x) − u0(x))dx,

T
(m)
4 = rδt

N∑
n=0

∫
Ω

un+1(x)(un+1(x) − u0(x))dx,

T
(m)
5 = δt

N∑
n=0

∫
Ω

∇V
T u

n+1(x)(un+1(x) − u0(x))dx,

and

T
(m)
6 =

N∑
n=0

δt[un+1, un+1 − u0]1,T .

We again remark that we have

T
(m)
3 =

N∑
n=0

∫
Ω

(un+1(x) − un(x))(un+1(x) − u0(x))dx.
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Let us denote by ûD, the function defined by ûD(x, t) = un+1(x) for a.e. x ∈ Ω and t ∈ [nδt, (n + 1)δt).
We get that ûDm also converges to ū in L2(Ω × (0, T )), since Lemma 6 proves that ûDm − uDm tends to 0 in
L2(Ω × (0, T )). We then get that

T
(m)
3 =

∫ T

0

∫
Ω

∂uDm

∂t
(x, t)(ûDm(x, t) − PTmψ(x))dxdt,

and therefore, passing to the limit on a product of weakly-strongly convergent sequences, we get

lim
m→∞

T
(m)
3 =

∫ T

0

∫
Ω

∂ū

∂t
(x, t)(ū(x, t) − ψ(x))dxdt.

We also get that

T
(m)
4 = r

∫ T

0

∫
Ω

ûDm(x, t)(ûDm(x, t) − u0(x))dxdt,

and therefore

lim
m→∞

T
(m)
4 = r

∫ T

0

∫
Ω

ū(x, t)(ū(x, t) − ψ(x))dxdt.

Thanks to Lemma 2, we have T (m)
5 ≥ T

(m)
11 with

T
(m)
11 = −δt

N∑
n=0

∫
Ω

∇V
T u

n+1(x)PTmψ(x)dx.

With a straightforward adaptation of Lemma 2 to time-dependent functions, we get

lim
m→∞

T
(m)
11 = −

∫ T

0

∫
Ω

ψ(x)V · ∇ū(x, t)dxdt.

Thanks to (31) and to the time-dependent version of Lemma 1, we get

lim inf
m→∞

T
(m)
6 ≥

∫ T

0

∫
Ω

∇ū(x, t) · (∇ū(x, t) −∇ψ(x))dxdt.

Gathering the above results yields (33) and therefore (32).
We now turn to the second step, which consists in proving that, for all v ∈ C∞

c (Ω× (0, T )) such that, for all
(x, t) in Ω × (0, T ), v(x, t) ≥ ψ(x), we have

∫ T

0

∫
Ω

⎡⎣ (∂ū∂t (x, t) + rū(x, t) + div(ū(x, t)V)
)

(v(x, t) − ψ(x))

+∇ū(x, t)∇(v(x, t) − ψ(x))

⎤⎦ dxdt ≥ 0. (34)

Then, the subtraction of (32) to (34) gives (11) with test functions in C∞
c (Ω×(0, T )) instead of L2(0, T ;H1

0 (Ω)).
One then concludes by density of C∞

c (Ω × (0, T )) in L2(0, T ;H1
0(Ω)). We therefore introduce, for all n ∈

{0, . . . , N}, the test function wn+1 = PTmv(·, (n + 1)δt) − PTmψ in (23) and we sum over n ∈ {0, . . . , N}.
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We thus get T (m)
12 + T

(m)
13 + T

(m)
14 + T

(m)
15 = 0, with

T
(m)
12 =

N∑
n=0

∫
Ω

(ũn+1(x) − un(x))wn+1(x)dx,

T
(m)
13 = rδt

N∑
n=0

∫
Ω

un+1(x)wn+1(x)dx,

T
(m)
14 = δt

N∑
n=0

∫
Ω

∇V
T u

n+1(x)wn+1(x)dx,

and

T
(m)
15 =

N∑
n=0

δt[un+1, wn+1]1,T .

Since wn+1(x) ≥ 0 and ũn+1(x) ≤ un+1(x), for a.e. x ∈ Ω and for all n ∈ {0, . . . , N}, we get T (m)
12 ≤ T

(m)
16 with

T
(m)
16 =

N∑
n=0

∫
Ω

(un+1(x) − un(x))wn+1(x)dx
N∑

n=0

∫ (n+1)δt

nδt

∫
Ω

∂uDm

∂t
(x, t)wn+1(x)dxdt.

We then have, as previously,

lim
m→∞

T
(m)
16 =

∫ T

0

∫
Ω

∂ū

∂t
(x, t)(v(x, t) − ψ(x))dxdt,

lim
m→∞

T
(m)
13 = r

∫ T

0

∫
Ω

ū(x, t)(v(x, t) − ψ(x))dxdt,

lim
m→∞

T
(m)
14 =

∫ T

0

∫
Ω

(v(x, t) − ψ(x))V · ∇ū(x, t)dxdt,

and

lim inf
m→∞

T
(m)
15

∫ T

0

∫
Ω

∇ū(x, t) · (∇v(x, t) −∇ψ(x))dxdt.

Gathering the above results produces (34) since T (m)
16 + T

(m)
13 + T

(m)
14 + T

(m)
15 ≥ 0. This concludes the proof of

Theorem 1. �

5. Applications and open problems

We consider Problem (2)–(5) in the case of the American put option on the minimum of two underlying
assets, the payoff of which is given, for all x = (x1, x2) ∈ R

2 by ψ(x) = max ( κ− min(exp(x1), exp(x2)), 0)
where κ > 0 is the exercise price. We assume that (σij)i,j=1,2 is defined by σ11 = σ̃11, σ12 = 0, σ21 = ρσ̃22, and
σ22 = (1− ρ2)1/2σ̃22 for given reals σ̃11 > 0, σ̃22 > 0 and ρ ∈ (−1, 1). The following table provides eighteen test
cases, crossing three values for the correlation ρ and three values for the exercise price κ on two different sets
of data.

σ̃11 σ̃22 ρ (x̄i)i=1,2 r (λi)i=1,2 κ T
0.2 0.3 –0.5, 0.0, 0.5 log(40) log(1.05) log(1.02) 36, 40, 44 1
0.3 0.4 –0.5, 0.0, 0.5 log(100) log(1.05) log(1.02) 90, 100, 110 1
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Figure 2. Comparison between finite volume numerical schemes.

We have computed these eighteen test cases, using the following numerical schemes (all the computations
have been performed on a PC Pentium IV 2.66 GH computer with a RAM capacity equal to 512 Mb):

(1) the explicit DPEXP scheme [3];
(2) the DPADI scheme [25] using the same number of steps for the space and time discretizations;
(3) the KR scheme [20];
(4) the binomial BEG scheme [8];
(5) the centered explicit finite volume scheme FVCEEXP (defined in this paper by (21), (22), (26)), using

a time step equal to 0.31 times the stability condition and rectangular control volumes;
(6) the centered implicit finite volume scheme FVCEIMP (defined in this paper by (21), (22), (25)), using

a time step equal to the stability condition of the explicit scheme, a preconditioning ILU(0) GMRES
method to solve linear systems (see [23]) and rectangular control volume;

(7) the upwind implicit finite volume scheme FVUPIMP (defined in this paper by (21), (22), (23)), using a
time step equal to twice the stability condition of the explicit scheme, a preconditioning ILU(0) GMRES
method to solve linear systems and rectangular control volumes.

We take as reference values for U(x̄, 0) = u(x̄, T ) in the eighteen test cases, denoted by (ûi)i=1,...,18, which
are computed using the multinomial tree scheme with 3000 steps [8]. From the computation of the eighteen
approximations (u(NS)

i )i=1,...,18 of u(x̄, T ), given by the numerical schemes NS = DPEXP, DPADI, KR, BEG,
FVCEEXP, FVCEIMP and FVUPIMP, we define the root-mean-squared (RMS) relative error by (see Broadie
and Detemple [11])

RMS(NS) =

⎛⎝ 1
18

18∑
i=1

(
u

(NS)
i − ûi

ûi

)2
⎞⎠1/2

.

In Figure 2, we compare the number of option prices calculated per second CPU with respect to RMS(FVCEEXP),
RMS(FVCEIMP) and RMS(FVUPIMP). We obtain that, for a given computing time, the centered explicit finite
volume scheme gives a better precision on these eighteen cases than the implicit finite volume schemes, and
that, classically, the centered scheme is more precise than the upstream weighting scheme. In Figure 3, we
draw the RMS(DPADI), RMS(DPEXP) and RMS(FVCEEXP) errors with respect to the number of space steps. This
figure shows that, for a given number of space steps, the centered explicit finite volume methods gives a better
approximation of the eighteen prices than the DPADI and DPEXP numerical schemes. Figure 4 gives the
number of option prices calculated per second CPU with respect to the RMS error. We see that the computing
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Figure 4. Number of option prices calculated per second CPU with respect to the relative error.

time needed for the explicit centered finite volume scheme (FVCEEXP) is similar to that of the trinomial scheme
(KR), whereas the efficiency of these two schemes appears to be similar to that of the binomial scheme (BEG)
and of the dynamic programming explicit scheme (DPEXP) and better than that of the dynamic programming
ADI scheme (DPADI).

Hence this paper shows that the use of the finite volume scheme for solving some probabilistic problems
issued from financial mathematics leads, in some cases, to accurate results for an acceptable computing time.
The application of this scheme to Voronöı grids and the use of Sparse Grids adaptive meshes (see [18]) will be
the main points of further works.
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