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CONTINUOUS-TIME MULTITYPE BRANCHING PROCESSES CONDITIONED
ON VERY LATE EXTINCTION *:**

SOPHIE PENISSON!

Abstract. Multitype branching processes and Feller diffusion processes are conditioned on very late
extinction. The conditioned laws are expressed as Doob h-transforms of the unconditioned laws, and
an interpretation of the conditioned paths for the branching process is given, via the immortal particle.
We study different limits for the conditioned process (increasing delay of extinction, long-time behavior,
scaling limit) and provide an exhaustive list of exchangeability results.
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INTRODUCTION

In this paper we analyse conditional limit theorems for multitype branching processes. As described in the
early papers of Kolmogorov ([15]) and Yaglom ([22]), interesting non-degenerate limits for branching processes
are obtained by conditioning on non-extinction. The study of the multitype case leads to the same statement, and
Yaglom’s theorem asserting the existence of a limiting probability measure for a process X; conditioned on X; to
be alive can be generalized to the class of multitype irreducible subcritical processes ([21]). A natural alternative
is to condition the population to be still extant at some fixed time 7', but this yields time-inhomogeneous kernels.
However, considering solely the particles at each time ¢ € [0, 7] having descendants at time T, one can obtain
asymptotical results as T' tends to infinity. For this topic we refer to the literature on reduced branching
processes (see for example the seminal work of Fleischmann and Prehn in [9], or [10]). It is also meaningful to
generalize Yaglom’s results by conditioning the process X; on the event that it is not extinct at time ¢ + 6, but
does eventually die out. The extinction is thus delayed of at least 6. The first published result on this question
is due to Lamperti and Ney ([17]) and applies to one-dimensional Bienaymé-Galton-Watson processes: letting
the delay of extinction # tend to infinity yields a Markov chain known as the Q)-process. This result has been
later extended to multitype irreducible Bienaymé-Galton-Watson processes ([3]).

We are here concerned with multitype continuous-time irreducible branching processes conditioned on very
late extinction, i.e. the continuous-time analog of the Q-process, as well as with their continuous-state coun-
terpart. As proved by Feller in [6], one can indeed apply a continuous approximation for large branching
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populations, leading to processes of the diffusion type (Feller diffusion processes). Such a diffusion approxima-
tion has also been investigated in [17] for branching processes conditioned on very late extinction. However, the
result only concerns single-type processes and the convergence of the finite-dimensional distributions. In this
paper we seek to analyse the connection between conditioned multitype branching processes and conditioned
Feller diffusion processes. Multitype Feller diffusion processes conditioned on very late extinction first appeared
in [2] (see [19] for the monotype case).

It is known that the @Q-process introduced in [17] is positive recurrent under additional assumptions, and
admits as stationary measure a size-biased Yaglom distribution ([1]). In [2], the authors prove that the multitype
conditioned Feller diffusion process has a stationary distribution as well, which raises many natural questions.
Does the multitype conditioned branching process also admit a stationary distribution? Can this stationary
distribution be related to that of the conditioned Feller process? Considering the process X; conditioned on
Xi+9 # 0, the asymptotic behavior of the process conditioned on very late extinction is obtained by letting first
0 tend to infinity and then ¢ tend to infinity. Would we obtain the same limit by taking first the limit ¢ — oo
and next the limit 8 — co? We know from [2] that the answer is positive for a Feller diffusion process, and will
discuss the same question for branching processes.

The first section of this paper is dedicated to the multitype branching process conditioned on very late
extinction. We precisely define its law and in Theorem 1.1 express it as a Doob h-transform of the law of
the unconditioned process. In a second instance we provide an interpretation of the conditioned paths via an
immortal particle, and finally discuss the commutativity of the long-time limits in ¢t and 6. The second section is
devoted to the conditioned Feller diffusion process. After recalling its definition and known results, we present
in Theorem 2.2 the conditioned Feller process as a solution to a limit martingale problem, which identifies it as a
limit of rescaled conditioned branching processes. Since this convergence also holds for unconditioned processes,
we deduce from this result that “rescaling and conditioning commute”. We finally investigate the many possible
commutativity results between the long-time and scaling limits of a rescaled conditioned branching process.

Notation
Let d be the number of types. In this paper we use the following notation.

N:={0,1,2,...}, N":={1,2,...},

R4 :=[0,00[, Ri = [0,00[d.
Any d-dimensional vector z € R? is denoted (z1,...,74), and its transpose ‘. 1 and 0 denote the vectors
(1,...,1) and (0,...,0) € R% and for all i = 1...d, e; = (0,...,1,...,0) the basis vector of R?. x.y denotes

the scalar product between = and y in R%, and ||z|| the euclidian norm. We define moreover

xy = (11y1,...,zaya) and x¥ =2 . a2l
We introduce the following partial order on R%: x < y (resp. & < y) means that for all i = 1...d, x; < y;
(resp. x; < y;). We call a matrix positive (resp. non-negative) if all its coefficients are > 0 (resp. > 0).
Throughout this paper we work on the probability space (2, (X;)i>0, (Fi)i>0), where Q := D(Ry, Ri) is the
canonical space of cadlag functions from R to Ri. For every t > 0, X; denotes the canonical ¢-th projection,
and (Fi)i>o0 the right-continuous filtration generated by the canonical process (X¢)i>0-

1. MULTITYPE BRANCHING PROCESSES CONDITIONED ON VERY LATE EXTINCTION

1.1. The model

In this section we consider a continuous-time N%valued branching process with law P on the probability
space (§2, (X¢)e>0, (Ft)i>0). Let (p(j))jena be the offspring distribution of the branching process, where for all

i=1...dand all j € N% p;(j) € [0,1] denotes the probability that a particle of type i produces j; particles
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of type 1, jo particles of type 2 etc. We denote by f(r) the generating function of the offspring distribution,
defined for all i = 1...d and all r € [0,1] by fi(r) := ZjeNd pi(j)rd. Let a; > 0,3 = 1...d, be the branching
rates: each particle of type ¢ lives an exponentially distributed lifetime of parameter a; before branching. The
infinitesimal generator of the process is then, for all smooth function f: Ry x N — R and all (t,z) € R, x N¢
(see e.g. Sect. 9.2 in [4]),

d
(Lf) (t,z) == %(ﬁ, x) + Zaixi S pi®) [tz +k—e)— f(tm)]. (1.1)

keNd

From now on we assume that the first order moments of the offspring distribution are finite, and denote by M
the mean matriz with entries defined for all 4,7 = 1...d by mj; := >, cya kjpi(k). We assume moreover that
M is irreducible, i.e. that there exists no permutation matrix S such that S™'MS is block triangular. We will
thus work under the following assumption.

(A1) The mean matrix M is finite and irreducible.

Under assumption (A1), the matrix defined by C := A(M — I), where A is the diagonal matrix A =
diag(aq, ..., aq), is irreducible too and all its non-diagonal elements are non-negative. An extension of Perron-
Frobenius theorem (see Satz 13.2.2 in [7] or Thm. 2.5 in [20]) implies that C admits a real eigenvalue p larger
than the real part of any other eigenvalue. The so-called Perron’s root p is simple, with a one-dimensional
eigenspace, and there correspond right and left eigenvectors with positive coordinates. In the following we
denote by & (resp. 1) the associated right (resp. left) eigenvector with normalization £€.1 = 1, n.€ = 1. The
branching process with law P is called critical, subcritical or supercritical according as p =0, p <0 or p > 0.

1.2. The conditioned branching process as h-process

We are interested in conditioning the discrete-state branching process on wvery late extinction. In the
(sub)critical non-simple case (see definition below) the extinction of the process occurs almost surely, hence
the conditioning simply consists in delaying the extinction: we consider the law of the process at time ¢ condi-
tionally on non-extinction at time ¢+ 6, and let 6 tend to infinity. In the supercritical case however we face the
“extinction versus explosion” dichotomy: the process can escape extinction with positive probability, and if so
it explodes to infinity. In order to condition a supercritical process on very late extinction we thus need firstly
to condition the process on extinction, and secondly to delay the extinction similarly as in the (sub)critical case.

Let us now define more precisely the law P* of the process conditioned on very late extinction, for any class
of criticality. We first introduce the law P of the process conditioned on extinction,

@(.);:P(.| lim st()). (1.2)
§—00
Denoting by a subscript the initial condition, this definition makes sense if for any @ € N¢, P, (limg 00 X5 = 0) >
0, or equivalently if for any z € N%, lim,_, o, Pz (X, = 0) > 0. Thanks to the branching property, this is satisfied
if foralli =1...d, lims .00 Pe, (X5 =0) > 0. We define q(t) the extinction probability vector at time ¢ (resp.
q the extinction probability vector) as follows, for alli =1...d and all ¢ > 0,

qi(t) :=Pe, (X = 0),

qi := lim ¢;(t),

t—o0

and the assumption

(A2) The branching process has a positive risk of extinction q > 0.
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From what precedes it thus appears that under (A2), which will be assumed in all this paper, P is a well-
defined probability measure on (€2, (X¢)t>0, (Ft)i>0). If the branching process is supercritical, assumption (A2)
excludes the degenerate case for which the process explodes almost surely. If the process is critical, assumption
(A2) avoids the trivial case of a simple process, i.e. a process with a generating function f;(r) linear in
r1,...,7q with no constant term. In this case each particle has exactly one offspring and the process has a
constant number of particles.

Note that under assumption (A2) a (sub)critical process almost surely dies out ([21], Satz 5.1.7), hence
conditioning on extinction in (1.2) does not change the measure and we have P=P.

We can now condition on a delayed extinction. More precisely we define the law P* by first delaying the
extinction of at least # and then by letting 6 tend to infinity: for all t > 0 and all B € F;,

P*(B) := Jim P(B|Xes0 #0), (1.3)

if this limit exists. To draw a parallel with the Q-process defined in [3] for a multitype Bienaymé-Galton-Watson
(BGW) process, we can write the conditioned law P* as follows,

P*(B) = Jim P (B | Xito #0, lim X, = 0) . (1.4)

It appears that the law P* can be roughly thought as the law of the process “conditioned on not being extinct
in the distant future and on being extinct in the even more distant future” ([1] Sect. 1.14).

In the following Theorem 1.1 we prove that the limit P*|z, given by (1.3) is a well-defined probability measure
on F; which is absolutely continuous with respect to P|,.

In order to handle with the supercritical case, for which P # P, we need the intermediate result given by
Lemma 1.2, which states that P is the law of a specific subcritical branching process. In [11], the authors prove
that general branching processes conditioned on extinction remain branching processes, and more specifically
that supercritical general branching processes conditioned on extinction are subcritical. In Lemma 1.2 we
provide the explicit parameters of the subcritical process with law P which will be needed in Theorem 1.1.

Theorem 1.1. Let P be the law of an irreducible branching process with positive risk of extinction. We assume
moreover that

i) of p =20, all the second order moments of the offspring distribution _%f“ 1) are finite,
fp=0, all th d ord f the off distrib Boien

(i) if p<0, forallt >0 and alli,j=1...d, E., [X;;InX; ;] < o0,

(iii) if p >0, for allt >0 and alli,j =1...d, Ee, [¢**X; ;In Xy ] < oc.

Then P* is a Doob h-transform of P satisfying for all t > 0 and all x € N, a # 0,

e v
dPy |7, :e—Pt%_mt,; APy |, (1.5)

where p is the Perron’s root of the irreducible matrix C:= A(Mf I), with M defined by

s — ﬁafi
“J qi 8rj

(@), (1.6)

and;;E is the right eigenvector of b’for p with norm E.I =1.
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In particular, if the process is (sub)critical, then P* satisfies for all t > 0 and all z € N¢, & # 0,

dP% |z, = e f dP,|z,. (1.7)

Let us first introduce the following preliminary result.

Lemma 1.2. Let P be the law of an irreducible supercritical branching process with positive risk of extinction.
Then P is a Doob h-transform of P satisfying for all t > 0 and all x € N?,

~ qu,
Moreover, P is the law of an irreducible subcritical branching process with branching rates (aq,...,aq) and
offspring generating function f

~ 1

fi(r) == ;fi(qr). (1.9)

Remark 1.3. For any class of criticality we will in the following use the definition (1.9) for E and the associated
probability distributions

pi(k) == —q*pi(k), i=1...d, ke N (1.10)
In the (sub)critical case we clearly have f=fand p(k) = p(k).
Proof of Lemma 1.2. Let t >0, B € F; and « € N%. By definition,

P, (Hms—»oo X = O)

Ep (1p) =

The branching property implies that for all z € N, Py, (lims_. o, X, = 0) = q%, which together with the Markov
property leads to

~ qxi
-5 1,22

It ensues (1.8) and that (th)t>O is a (P, F;)-martingale. Defining for all z € N¢, E(:I:) := g%, the infinitesimal

generator L of the conditioned process with law P is then given for all smooth function f: N? — R by
-~ 1~
Lf:= ZL(h 1)

Hence, for all z € N,
1
( ) Zazxz sz ) [_qkf(w+k_ei)_f($)
keNd di

As a fixed point of the generating function f, the extinction probability vector q satisfies for all ¢ = 1...d,
> kena Pi(k)a® = ¢;, and it follows

(£1) @) Z%Zm fl@+k—e) f(x)). (1.11)

keNd
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Knowing from [11] that P is the law of a subcritical branching process, we deduce from (1.11) its offspring
generating function f and branching rates «;. We easily check that the associated irreducible mean matrix is
the matrix M introduced in Theorem 1.1. O

Remark 1.4. Due to the equivalence between extinction of the continuous-time process and extinction of its
embedded generation counting process, we obtain unsurprisingly the same offspring generating function f as the
one computed in [3] for conditioned BGW processes.

Proof of Theorem 1.1. The proof relies mostly on the asymptotical properties of the extinction probability
vector q(t) as t — oo, in both critical and subcritical cases. Thanks to Lemma 1.2, the supercritical case is
then simply reduced to the subcritical case.

Let t > 0 and B € F;. By definition, for all # > 0 and all € N¢, 2 # 0,

~ Ew [1B]I~Dw (Xt+0 7’é 0|]'—t)}
Ez [1B | X¢yo # 0] = B, (X9 £0) :
x t+

By virtue of the Markov and branching properties we obtain

B, [15 (1-d(0)%)]

E.[1p | X 0] = - 1.12
[B| t+97£ ] 1—q(t—|—9)”3 ( )
In the critical case p = 0 we have P = P, and (1.12) becomes
1 —q(0)*
E. (1 X O|=E, [1Ip————| - 1.13
m[B' t+97é ] w|:qu(t+9)m ( )
Let us define
d an
= i ‘1 i C < .
i,7,k=1
Then, according to Satz 6.3.4 in [21], q(¢) has the following asymptotic behavior: for all i =1...d,
26,
qi(t)wl—c—gt as t — oo.
It ensues that for all £ > 0 and all z,y € N¢, & # 0,
. 1—q(0)Y i 1 =Tz [1 49} DTS
Glnolol*q(t%»o)w e d 2, |7 e -g-'
I |1 fy] D

Using dominated convergence in (1.13) we thus obtain that

X,.
Jim Bz (15 | Xipo # 0] = Ex [13 ! 5] ,

x.£

which leads to (1.7).
In the subcritical case p < 0 we similarly use the known asymptotic behavior of q(¢) given in [21] Satz 6.2.7,
which holds under assumption (ii): there exists K > 0 such that for alli =1...d,

qi(t) ~ 1 — K&ef' ast — oo,
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hence for all t > 0 and for all ¢,y € N, a # 0,

o lma@r ML - Kee)” S g
b= 1 —q(t+60)°  6=001— Hle [1- Kgieﬂ(t+9>]”' Zle z:&

which by dominated convergence in (1.13) leads to (1.7).

In the supercritical case p > 0 we apply the previous result to the subcritical process with law P (which is
possible under assumption (iii) since Ee, [X;; In X, ;] = ¢; 'Ee, [® X ;In Xy j]): for all t > 0 and all € N,
x #£0,

~ X, ~
dP% |7, = e P t; dP |7, (1.14)

x.
which combined with Lemma 1.2 leads to (1.5).
We finally check that for any class of criticality (e ?*qX¢X;.€);>¢ is a (P, F;)-martingale. Denoting for all

(t,z) € Ry x N4, h(t,x) = e~Ptz.€ and using the fact that by definition ffét = pgt, we see that for all
(t,a:) (S R+ X Nd,

d d d
(Eh) (t,x) = e Pt [ — ﬁmg + Z 0T Z pi(k) (k — &) E] = Pt [ — ﬁa:E + Z Z; ZEUEJ} =0,

i=1 keNd

which proves that (e 7*X, .E)t>0 is a (P, F;)-martingale. This together with the fact that (@®)i>0 is a (P, Fy)-
martingale then leads to the result, and implies that P* is a Doob h-transform of P. O

1.3. The conditioned paths and the immortal particle

As already mentioned, it has been proved in [11] that a branching process conditioned to die out remains a
branching process, and that in the supercritical case the conditioned process becomes subcritical. Conditioning
on extinction in the distant future thus influences the life careers of the particles (and more precisely modifies
the offspring distribution) but it preserves the branching property. We will see that the same does not occur
when conditioning on very late extinction, and the purpose of this section is to describe the structure of the
conditioned process obtained in Theorem 1.1.

One can easily verify that the branching property is not preserved for the process with law P*. For d = 1
and p = 0 we have for instance EX(X;) = 2 'E,(X?) = = + ac?t, where o2 is the variance of the offspring
distribution. We thus obviously have EX(X;) # xEj(X;) for x # 1. Nevertheless we will see that the branching
structure is somehow preserved: the conditioned process with law P* behaves like an unconditioned (sub)critical
branching process to which an external structure is added, forcing the process to die out very late.

In the monotype case d = 1, this external input is a standard immigration. It has indeed been shown in [14]
that a critical BGW process conditioned on very late extinction and from which one removes one particle has
the same law as a branching process with immigration. This result could be generalized to one-dimensional
continuous-time branching processes of any class of criticality. One obtains that under the assumptions of
Theorem 1.1, the law of the process with law P* shifted downwards by 1 is the law of a branching process with
immigration: the branching process has branching rate o and offspring generating function fdeﬁned in (1.9),
while the immigration is given by a(f’ —m).

In the multitype case, however, such an interpretation with a classical branching process with immigration
is not possible, and we will prove in Proposition 1.5 that the external input comes from an immortal particle
(so called in reference to [5]). In the monotype case this is clear thanks to the previous interpretation: the
conditioned process can be seen as the independent sum of an unconditioned branching process and of an
immortal particle, which produces offspring according to the distribution of the immigration, and corresponds
to the removed particle mentioned in the previous paragraph. The generalization to the multitype case then
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differs by the fact that the immortal particle can mutate from one type to another. More precisely, the behavior
of the immortal particle is the one of the trunk of a size-biased multitype Galton-Watson tree in its continuous-
time version, introduced in [8].

Let us introduce the following size-biased offspring distribution (s;(k))xene with respect to the offspring
distribution (p;(k))xene defined in (1.10). For alli =1...d,

si(k) = O‘7~k Epi(k), ke N (1.15)
(i + p)&s
We easily check that for all i = 1...d, (s;(k))kene is a probability distribution:
1 d ~ 1
Sz(k) == Oéiﬁlijgj = = Cz]f] + azgz =1,
k%;d (i P& ; (ci + P)E; [Z 6] =

and that it is concentrated on N¢\ {0}.
Let us now describe in detail the structure of the conditioned process with law P*.

Proposition 1.5. Under the assumptions of Theorem 1.1, P* is the law of the independent sum of a (sub)critical
branching process and of an “immortal particle”. The branching process has branching rates a,...,aq and
offspring generating function f. Given that the immortal particle is of type i, it has an exponential life-time of
parameter o; + p and an offspring distribution (s;(k))iena. Its initial type is i with probability x;&;/x.€, where
x € Ndjs the initial number of particles, and if it produces k offspring it mutates to type j with probability
ki€ /k.E.

Proof. Let us compute the infinitesimal generator L* of the process with law P*. According to Theorem 1.1,
denoting h(t,z) = e P'z.£, we have for all smooth function f : RT x N¢\ {0} — R

cp_ 1z
L*f = =L(hf),
h
and thus

(L5 (t,3) = W (1,2) - pftm+—zazxzzpz (@l e) & flta ko) - f(t.a)]

keNd
(1.16)
Using the definition of p and & we obtain that
p=—= Zazxz > pilk) (k—e).€,
keNd
hence (1.16) becomes
. z+k 3
(L) (1) = Z o Y 09T e ko) - S (1)
keNd :

On the other hand, denoting by P the law of the time-homogeneous Markov process described in Proposition 1.5,
its infinitesimal generator L is by definition

(A (t) = Jim ST 7 (040, X0) = f (1)
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Let h > 0. It appears that during the time-interval [0, h], the only non-trivial events whose probabilities are not
dominated by h as h — 0 are the ones consisting of exactly one branching event, either of the unconditioned
branching process or of the immortal particle. The first possibility is that during [0, ], the immortal particle
of type 7 splits into k offspring, with no other event occurring. The probability of this event is then

i s + )i (k) = s =S5 (K)h.
x. x.£

The second possible type of event appearing in the computation of L is that one particle of type i in the
unconditioned process splits into k offspring, while the immortal particle is of type j and no other event occurs.

The probability of this event is then
xj% az(xi — (5”)]71(1{)]1
x.&

The infinitesimal generator L is thus given by

(ff)(tv ) tw +Zzaz$z ~pz )[f(taw+k_ei)_f(tvw)]

i=1 keNd

d d s
LS B8 — 60 [f (b k—es) — f ()]

i=1 =1 Kena €

and we observe that L = L*. O

Remark 1.6. In the critical case we can draw an analogy between the (state-dependent) offspring distribution
of the conditioned process with law P*, and the transition probabilities of its discrete-time analog studied in [3],
the so-called Q-process. In the critical case the infinitesimal generator L* becomes indeed

Zam S pillg EEE O i) — f(a)),

el x.£

and we see that in this case, for everyi =1...d and € N¢, & # 0, (p} (z,k))xene is a probability distribution,
where ( N Y
x + —€;).
(x, k) = ——
p’L (17, ) ﬂjé
The analogy between (1.18) and the formula (1.19) given in [3] for the Q-process, providing the relation between
the transition probabilities P*(i,j) (resp. P(i,j)) of the conditioned process (resp. unconditioned process)

pi(k)- (1.18)

P(i,j) = T2 P(ij), i.jeN’ i#0, (1.19)
iu
is then obvious (here u denotes the normalized right eigenvector of the mean matrix M for its Perron’s root 1).

1.4. Long-time behavior of the conditioned branching process

We are now interested in the long-time behavior of the discrete-state branching process conditioned on very
late extinction introduced in Section 1.2. We show in Proposition 1.7 that the long-time limit is non-degenerate
in the subcritical and supercritical cases, and that it is a probability distribution independent of the initial
condition. By definition of P*, this limit is obtained by letting first # and then ¢ tend to infinity in the law of X,
conditioned on extinction in the distant future and on X;,9 # 0. It is thus a natural question to ask whether
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the order of those two limits in ¢ and 6 can be exchanged. Proposition 1.7 provides an affirmative answer: the
non-degenerate limit mentioned above can also be obtained by letting first ¢ and then 6 tend to infinity, i.e. as
the limit as # tends to infinity of the asymptotic law of the process X; conditioned on extinction in the distant
future and on X9 # 0.

Furthermore, we will relate in (1.26) the asymptotic law when ¢ — oo of the process X; conditioned on
extinction in the distant future and on X1 # 0, 0 fixed, to the well-known Yaglom distribution, which is the
exact equivalent asymptotic law obtained for 6 = 0.

Proposition 1.7. Under the assumptions of Theorem 1.1, the following holds for all x € N¢, a # 0,

lim lim P, (Xt € .| Xiyo £ 0, lim X, = 0) = lim lim Py (Xt € .| Xiio# 0, lim X, = 0). (1.20)

t—00 §—00 0— o0 t—o0

Furthermore, if p # 0 then this limit is non-degenerate and is a probability distribution which does not depend
on x.
If p = 0 however, this limit is degenerate and for all uw > 0 we have

t—00 —00 t—o0

Proof. We first assume that p # 0 and focus on the right term of (1.20). We denote by F° the generating
function of the Yaglom limit of the subcritical process with law P. We thus have, for all r € [0,1]¢ and all
x €N x#£0,
FO(r) = lim E, [r™ X, #0]. (1.22)
t—oo

By means of Theorem 2 in [13] and its extension to the continuous-time case via the embedded process in
Theorem 6.1 in [18], we obtain that there exists a non-negative real function ~ on [0, 1] such that

t—o0

lim &7t (1 - f‘t(r)) = 7(r)E, (1.23)

where Fy is the generating function at time ¢ of the subcritical process with law P, ﬁt,i(r) := Ee, (rX+). It follows
from the Markov and branching properties of P that for all > 0, r € [0,1]¢ and € N, x # 0,

F,(r)” — F (rd(0)"

Em [I'Xt |Xt+9 7& 0] =

)

1—Fi(0)°
from which it ensues together with (1.23) that
o~ orx, _ 7 (rq(8) —(x)
Jim Eg 1 [ Xy 19 # 0] = 0] (1.24)
Now for § = 0 this relation becomes
(r)
Fo(r)=1- , 1.25
) =1- 15 (1.25)

and from the properties of the generating function F° it follows that the function defined by (1.24) is a probability
generating function as well. Moreover, denoting by F? this generating function, we obtain thanks to (1.24) the
announced relation between the Yaglom distribution and its generalization to 6 > 0:

Fo(r) = e [FO(r) — F° (rq (0))] . (1.26)
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We now have all the tools in hand to study the right term of (1.20). By (1.23) and (1.24) we have indeed, for
allr € [0,1]? and all z € N,  # 0,

v (r —e”y(0) E) —7(r) L oy(r)

. . T X, 1 [ e
pim Jim By [17 | Xeso # 0] = Jim 75(0) = ;1“& r; (1.27)
the differentiability of v stemming from (1.25).
Let us now focus on the left term of (1.20). Using (1.14) we obtain
1 ~ 1 & -0
lim E, [rX|X 0] =e 7' —<E [X Xf} =e M=) ri&io— [ﬁ m}
S w[r | Xit0 # } e y: x | Xt.&r e m.£i:1T€ari +(r)
1< 0
=TSRG Y @ [InF ()] Fa(r)®. 1.28
g 2w [P R (1.28)

But for all i, j = 1...d and all r € [0, 1]¢ such that r; > 0 we have (see Lemma 1.8 below)

[ iy0)] = 220,

lim e~ !
t—o0 7”i

which together with (1.27) and (1.28) leads to the equality

lim lim Em [rx‘ | Xiro # O] = lim lim I~Em [rxt | Xiro # 0] ,
f—o0 t—00 t—o00 §—o00
for all v € [0,1]¢. Now from [21] Satz 6.2.8 we know that under the assumptions (ii), (iii) of Theorem 1.1, the
generating function FO is differentiable in r = 1, and its derivative satisfies, for alli =1...d,
OF°(1) _ i

5= o (1.29)

where 7 is the left eigenvector of M for p, with ﬁE = 1. Using Lebesgue’s dominated convergence theorem
together with the fact that (1.29) is finite, it comes that % is continuous in 1, which thanks to (1.25) implies
the continuity in r = 1 of the right term of (1.27). The second assertion of Proposition 1.7 then ensues from
Lévy’s continuity theorem.

We now consider the critical case p = 0. It is known (Satz 6.3.5 in [21]) that in the critical case the random
vector (Qg; i’tl ey 2;;—::) converges conditionally on X; # 0 to a random vector Y independent of x, with
coordinates Y1 = ... = Yy almost surely, and such that each Y; is exponentially distributed with parameter 1.
We can easily show that the same holds when conditioning on X; 19 # 0, and that the limiting vector Y depends
neither on & nor on @ (this comes intuitively from the fact that rescaling the process by ¢ or by ¢ + 6 does not
make a difference any more once t tends to co). An immediate consequence is that for any 6 > 0, X; explodes
conditionally on X;;9 # 0 when ¢t — oo. Hence for all 0 > 0, r € Cy, v # 1, limy_, o Eg [rxt | Xit19 # 0] =0.
On the other hand, limy_ o Ey [rxt | Xit19 # 0] = ﬁEm [Xt.érxt] < wigIEm [X:.£], and it ensues from the

asymptotic behavior of the mean matrix in the critical case that lim; .o limg_ o Ez [rxt | Xito # 0] =0. O

We finally provide the following technical lemma, needed in the proof of Proposition 1.7.
Lemma 1.8. For alli,j =1...d and all € [0,1]¢, »# 1, such that r; > 0,
9y(r)

[ Fij(r)] = - ) (1.30)

lim e=**
t—o0 T
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Proof. Deducing from (1.23) that lim; ., e ?*In ﬁt,j (r) = —’y(r)gj, we obtain that for all h > 0,

h

’y(r)gj —y(r+ hei)gj = tlim ef‘jtai [m f‘t,j (r + ue;)| du. (1.31)
— 00 0 T
Moreover,
LD~ 1 1~
0<ePt— [lnF ; r} <e '— — R, il,
ar, t.5(r) B 5 (Xl

and as a consequence of the Perron-Frobenius theorem we know that lim;_, .o e_ﬁtﬁej [(Xii] = Ejﬁl (see [21]).

We then have by the continuity of ﬁt,j in r the existence of a constant C' > 0 such that for all ¢ > 0 and all
u € 1[0, hl,

ot 0 C .

T Tt u
Using this upper bound integrable on u € [0, h] together with Lebesgue’s dominated convergence theorem, (1.31)
leads to

[m Fj(r+ uei)} ‘ <

~ ~ h ~
Y(r)&; — y(r + hey)&; = / lim sup {e_”t 4
0 87”

t—o0

(ln Fj(r+ uei))] du,

9

and thus limsup,_, . efﬁt% {ln ﬁtyj (r)} = J’g—fﬂfj. Proving the same way the result for the limit inferior we

finally obtain (1.30). O

2. THE CONDITIONED MULTITYPE FELLER DIFFUSION PROCESS AS A LIMIT
OF CONDITIONED BRANCHING PROCESSES

We are now interested in the continuous-state analog of the conditioned process studied in Section 1, as well
as the possible relation between continuous-state and discrete-state branching processes conditioned on very
late extinction. Monotype Feller diffusion processes conditioned to be never extinct have been studied in [19] in
the broader context of conditioned Dawson-Watanabe processes, and the multitype case has been introduced
in [2]. The structure of multitype conditioned Feller diffusion processes is thus well-known, and it is shown
in [2] that an irreducible (sub)critical multitype Feller diffusion process conditioned on non-extinction is a Doob
h-transform of the unconditioned process, via the harmonic function e™?!x.£, where p (resp. £) is the Perron’s
root (resp. the right normalized eigenvector for p) of the irreducible mutation matrix of the diffusion process.
We generalize in Proposition 2.1 this result to multitype Feller diffusion processes of any class of criticality, in
order to obtain the continuous-state equivalent of Theorem 1.1.

In this section we present the conditioned Feller diffusion process as the solution to a limit martingale
problem. It is well known that a Feller diffusion process can be obtained as the scaling limit of discrete-state
branching processes (see e.g. Thm. 4.4.2 in [12] for the multitype case), and we show in Theorem 2.2 that
an appropriate approximation also holds for a conditioned Feller diffusion process. According to the intuition,
the approximating discrete-state processes are branching processes conditioned on very late extinction. As a
corollary we conclude that “rescaling and conditioning commute”, or in other words that “the diffusion limit of
conditioned branching processes is the conditioned diffusion limit”.

Our fundamental tools are martingale problems. We use the following notation. For a given infinitesimal
generator G with domain D(G) and a given subset Do(G) C D(G), we say that P is a solution to the martingale
problem MP (G, Dy (G)) (or MP(G) to avoid heavy notation) if for all f € Dy(G),

t
ft,Xy) — £(0,X0) —/O (Gf)(s,Xs-)ds is a (P, F)-martingale.

When imposing the initial condition &y we write MP (G, Dy (G), xg).
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Denoting by L the infinitesimal generator of the unconditioned Feller diffusion process, we show in Proposi-
tion 2.1 that the conditioned Feller diffusion process is the unique solution to the martingale problem MP(,—ILL(h.)),
where h is a space-time harmonic function for L. Denoting by L™ the infinitesimal generator of the rescaled
discrete-state branching process (in a sense that will be detailed later), we know from Theorem 1.1 that the
corresponding conditioned process is a solution to the martingale problem MP(;%L"(h".)), where h™ is an
appropriate space-time harmonic function for L™. On the other side it is known that any limit of solutions to
the martingale problems MP(L™) is a solution to the martingale problem MP(L). Our aim is now to prove
that any limit of solutions to MP(7=L™(h™.)) is a solution to MP(5L(h.)). The result is illustrated in the
following commutative diagram, where --» stands for the transform by conditioning on very late extinction,
and = for the weak convergence of probability measures when the scaling parameter n tends to infinity:

MP(L") --» MP(EL"(h"))
MP(L) --»  MP(+L(h.)).

2.1. The Feller diffusion process conditioned on very late extinction

Let us present a first statement on Feller diffusion processes conditioned on very late extinction. Our result
is a generalization of Theorem 2.2 in [2] to processes of any class of criticality. It is straightforward by using
the fact that by conditioning a supercritical processes on extinction, one recovers a subcritical process. For this
reason we omit the proof of Proposition 2.1.

We consider a d-type Feller diffusion process with sample paths in D(R™, Ri), and we denote by P its law on
(Q, (Xp)t=0, (Ft)t=0). Let C € Mg4(R) be the mutation matriz of the process, with non-negative non-diagonal
elements. We denote by o, ... ,03 the variance parameters of the process, and assume that inf; 07 > 0. The
infinitesimal generator is then given on D(L) := C? (Ri,R) by (see e.g. [4], Sect. 8.1),

1K , Of L3 af
(Lf)(x) == 5203%F($)+22%ﬂjf($)7 (2.2)
i=1 T i=1 j=1 Li
(to avoid heavy notation we only give the generator for time-independent functions). We denote Dg(L) :=
C? (R‘i, R) the set of bounded C2-functions on R‘i. Then P is the unique solution to the martingale problem
MP (L,Dqy (L)) (see for example [4], Sect. 8.1, Thm. 1.7).

Assuming that the mutation matrix C is irreducible, and denoting by p its maximal eigenvalue, we call the
process subcritical, critical or supercritical according as p < 0, p =0 or p > 0. In the following, we denote by &
(resp. m) the right (resp. left) eigenvector for p with normalization £&.1 =1, n.€£ = 1.

We denote by us(A) the cumulant of the process, such that for all ¢t > 0, A € RSIF and x € Rﬂlr,

Ew (e—)\.Xt) _ e—w.ut()\)'

Then the probability of extinction at time ¢ (resp. probability of extinction) is given by the vector u; :=
im0 ut(A) (resp. u :=lim; o, uz). We have indeed, for all i =1...d,

Pe, (X; = 0) = e~ %,

and

Pe, (tlglolo X;=0)=e¢ =4



430 S. PENISSON

Let us now condition the process on very late extinction. Assuming from now on that the Feller diffusion process
has a positive risk of extinction (i.e. u < 0o), we introduce as in Section 1.2 the conditioned law

fé(.):zp(.| lim XS:O), (2.3)
§—00

which is Well—d~eﬁned under the previous assumption. Similar to Section 1.2, we can prove that in the supercritical

case, the law P is a Doob h-transform of the unconditioned law, satisfying for all t > 0 and all € R?

- e—Xt.u
APl r, = ——m dPalz.- (2.4)

Computing the infinitesimal generator of the process with law ﬁ, we obtain that it is a Feller diffusion process
with rates ai,...,aq, variance parameters o7, ... ,03, and irreducible mutation matrix C with entries ¢;; =
¢ij—o?u;d;5. In the following we denote by p, € and 7 its Perron’s root and associated right and left eigenvectors

with the usual normalization convention. We then show by dominated convergence that lim;_. IEe% (X)) =0,
which proves that the process is subcritical.
We finally introduce the law of the process conditioned on very late extinction. For all ¢ > 0 and all B € F;,

P*(B) := lim P(B|Xes0 #0), (2.5)

provided this limit exists.
Combining (2.4) with Theorem 2.2 in [2], we come to the following statement.

Proposition 2.1. Let P be the law of an irreducible Feller diffusion p'rocess with positive risk of extinction.
Then P* is a Doob h-transform of P satisfying for allt > 0 and all x € R+, x # 0,

—X;.
—pte Xt 5
e g €

dP |z = dPg| £, , (2.6)

where p is the Perron’s root of the irreducible matriz C with entries
Eij = Cij — a?uiézj, (27)

and;;E is the associated right eigenvector with norm E.l =1.
In particular, if the process is (sub)critical, then P* satisfies for all t > 0 and all z € N¢, & # 0,

Xt
—e Pt LS gp, 2.
w7 =e pY: |7, - (2.8)

It is simple to deduce from (2.6) that the infinitesimal generator L* of the conditioned process with law P* is
given on D(L*) := C? (RL\ {0} ,R) by

dP;

d 2 0
( - %XZ: a—f —|— ; zZ:CﬂIJ ~U Izgz 8—:;2(96) (2'9)

The conditioned Feller diffusion process can thus be considered as a Feller diffusion with variance parameters
o, ... ,afl and state-dependent mutation matrix C(x) defined by

o2
cij(x) ==¢ + = SCZ s (2.10)
az.é
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2.2. Limit of conditioned branching processes

We now approximate the conditioned Feller diffusion process with law P* by discrete-state processes. Those
processes are rescaled branching processes conditioned on very late extinction. For every n € N* we consider P™
the law of a continuous-time branching process with offspring distribution (p”(k)),cya, branching rates a; = n,
1 =1...d, and rescaled by % The process with law P" consequently takes its values in %Nd. We denote by M"
its mean matrix, and whenever M" is finite and irreducible, we denote by p" the Perron’s root of the matrix
C" := n(M" —I). Finally, we denote by £" and n" the right and left eigenvectors of C™ for the eigenvalue
p", with the usual normalization convention £".1 = 1 and n™.£" = 1. Note that here and it was follows the
superscript n stands for the rescaling parameter and not for an exponentiation.

It is known that under appropriate assumptions on the initial distributions and on the first and second-order
moments, the sequence of branching processes with law P is a nice approximation of the Feller diffusion process
with law P ([12], Thm. 4.4.2). For each n € N*, we denote by P™* the law of the process with law P™ conditioned
on very late extinction, as defined in (1.3). The following theorem then states that under a technical additional
assumption on the third-order moments (assumption (2.16)), the sequence of conditioned laws P™* converges
weakly to the conditioned law P*.

We denote by mj; the first-order moments of the offspring distribution p" (k),

m;; == Z k.jpzn(k)v (2'11)
keNd

and introduce the second-order moments: for all 7,5,k =1...d,

o (1) = Y (ki = 0u)(k; — 61,7 (). (2.12)

keNd

Theorem 2.2. Let P be the law of a Feller diffusion process with positive risk of extinction, irreducible mutation
matriz C and variance parameters o%,...,03. Let {(p"(k))keNd ,neE N*} be a sequence of offspring distributions
satisfying for all i,j5,l=1...d, as n — oo,

1 1
= dij + —eij +o( ), (2.13)
ol (i) = o + o(1), (2.14)
hm sup Z | &||%p =0, (2.15)
N k> N
sup Z k kip} (k . (2.16)
neN* keNd

Let (P"),cn- be the sequence of the associated rescaled branching processes, and (P™*), _y. the sequence of
associated conditioned laws.

Then, for any y € R‘i, y # 0, and any N%-valued sequence y™ such that lim,, %y” =y, the following
diagram is commutative,

Pt . - P

nY" nY

I Al ; (2.17)
Py, --» Py

where --+ stands for the transform by conditioning on very late extinction, and = for the weak convergence of
probability measures as n tends to infinity.
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Proof. Tt is already known (see e.g. [12]) that under assumptions (2.13)—(2.15), the following weak convergence
holds

Pﬁyn =Py, n— oo (2.18)

The infinitesimal generator of the rescaled branching process with law P™ is, for all smooth function f : %Nd —R
and all ¢ € %Nd,

(L") ( *71223312]71 { <m+k;ei)f(m)]. (2.19)

=1 keNd
Similar to (1.10) we denote by (p"(k)),ena the probability distribution

1

P (6) = gy § ()" pl(K), (2.20)
where q,, stands for the extinction probability vector
qn,i = lim Py (X; =0). (2.21)
t—o0 ¢

We introduce the associated first and second-order moments

mg =y kipr(k), (2.22)
keNd
or(l) =Y (ki — &) (ky — 613)p7 (), (2.23)
keNd
and define the matrices M := (771?]) _, gand c" = n(ﬁnf I). Assumption (2.13) means that lim,, .., C" =

C, which implies that for n large enough every matrix C™ has at least as many positive non—dlagonal entries as C
and is thus irreducible. As shown in the proof of Lemma 1.2, this implies that the matrices C" are irreducible as

well, and we denote by p”, £ and 77" their Perron’s roots and right and left eigenvectors. Moreover, from (2.18)
it follows that for alli =1...d,

lim g, ; =e (2.24)

n—oo
which implies that for n large enough the rescaled branching process with law P™ has a positive risk of extinction
q" > 0. Besides, assumptions (2.13)—(2.15) imply

n—o0 0 otherwise.

lim o7(1) = {01‘2 if (5,9) = (10) (2.25)

Indeed if (7,7) # (1,1), say i # [, we have for any N > 0,

Z kikipl (k) — 0iymy; < Z kik;pr (k Z kik;p;' (k

keNd [Ik[|<N [lk[|>N
1
SN D0 k() +5 | D KRG+ D k) = D (ki — k)% (k)
HkH<N [Ik[|>N Ik[[>N [Ik[|>N

< Nmj; + —sup Z k|*p
2 nen k[l >N



CONDITIONED MULTITYPE BRANCHING PROCESSES 433

Let £ > 0. (2.15) implies that there exists N such that sup,en- > > n | k|I*pi'(k) < &, and from (2.13) there
exists No € N* such that for all n > Ny, mj; < 55%. Then for all n > Ny, o7; (1) < e, which completed with (2.14)
leads to (2.25).

This ensures finiteness of the second-order moments for the distribution p™(k) from a certain rank. P™ thus
satisfies assumptions (i)—(iii) of Theorem 1.1. From now on we work with n large enough such that Theorem 1.1
holds for P". From (1.17) the infinitesimal generator L™* of the rescaled branching process conditioned on very
late extinction with law P"™* is, for all smooth function f: 2N?\ {0} — R and all € 1N¢, = #£ 0,

d ~Nn

(L) @) =t Y 3 PRy (0 K28 i) (2.26)

~nNn
i=1  kend nx.€

Introducing the state-dependent probability distribution (s"(x,k)), e and branching rates o' (z) defined for
all z € N?, x #£ 0, by

(x+k—e;) En
S? (mvk) = ~n — ~ ﬁ?(k)a
z.§ + ey
n — aLEnA+,ﬁng?
al (m) : mgn Y

the infinitesimal generator L™* can be written

(L f) @) = n? i o (n2)z; Y- o (nk) | (04 525 ) < @) (2.27)

keNd

The law P™* is thus the law of a branching process with state-dependent offspring distribution and branching
rates.

We can now apply the convergence criterion provided in [12]. For this purpose, we introduce the moments
associated with the probability distribution (s"(x,k)),cya. For every & € N, = # 0,

myi(x) = Z si(z, k)k;,

keNd
ol (@) =Y s (@ k) (ks — o) (k; — b1j), (2.28)
keNd
and we define
cij(@) == naj (x) (mjj(x) - d;;) (2.29)

Then, according to Theorem 4.4.2 in [12], the weak convergence of IP’ZL*lyn to IP;, holds if for all 4,5 = 1...d and
allz € N4 x # 0,

sup sup o (ne) < oo, lim of (nx) =1, (2.30)
neEN* peNd n—00
x#0
sup sup c;(nx) < oo, lim cji(nx) = c;j(x), (2.31)
neN* peNd n—0oo
xz#0
lim sup sup Z Ik|?s?(z, k) = 0, (2.32)
7o neR aentt i > N
xz#0
sup sup ol (i)(xz) < oo, lim af(nx)ol(i)(nx) = o?, (2.33)
neN* pend n—oo

xz#0
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and if the martingale problem MP (L*, C? (Ri \ {0} ,R) 7y) has a unique solution.
First we can easily prove that lim,, .., C" = C implies

lim p" =p, lim £"=¢. (2.34)

n—oo n—00

Moreover, we have on the one hand ¢;; = ¢;; — ofui&-j, and on the other hand

1
Adn.i

P —
G =mn

> (@) kipi k) = 8y | =iy + 3 0 (ak (@) = 1) kv (K).

keNd keNd

We deduce from (2.24) that for all i =1...d,

lim g7, = 1, (2.35)

n—oo

and that for all k € N¢,
lim n (q;Z" (qn)% - 1) = —(ki — Duy.

It ensues that

lim C" =C, (2.36)
n—oo
from which it follows that IO
lim p" =p, lim & =¢&. (2.37)

Let us now prove that (2.30)-(2.33) are satisfied. (2.30) is immediate. Let us show (2.31). For all € N9,
x # 0, we have

?

~n ~n ~
k- . prEr
cii(nx) =n E k; (nz + 5 ei) £ 1'5”(k)*7m‘s tf 03
leend nx.§ nx.§

N - 1 K
=n (g —0) + —= | Y ki (k—ei) £ pr(k) — 5UEG | =+ —= &), (2.38)

keNd z.§ 1=

From the definition of 67} (/) we easily obtain thanks to (2.25) and (2.35) that

i 37(1) = {a? if (i,5) = (11), (2,39

n—00 0 otherwise,

which together with (2.36), (2.37) and (2.38) implies that sup,, ey« Sup,cna €7 (n@) < oo, and that
x#0

o2
lim cjs(nx) = ¢;; + é

l]
n— 00

Let us next prove (2.32). For all N € N* and all € N4, z # 0,

> IkIQS?(w,k)=m?% 2€ Y KPR+ Y K% (k- e) £ By (k)

nen
>N £+ K> N >N
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We have on the one hand

S < —— ST k),

n,t
k][>~ k| >N

and on the other hand

d d

S P k—e) ER) < — S &3S Khpl(k).

K> N i1 G5 kene

This together with assumptions (2.15)-(2.16) and the convergence results given by (2.35) and (2.37) leads
to (2.32).
It remains to prove (2.33). For all x € N x # 0,

o (na)op (i) nw) = 3 ETE )L o gyagn
keNd na.g
11 <
=05i(0) + —— g DG (ki —6a) (K — 2k + 1) p(K)
S =1 keNd
11 -
=G0+ o STar | DD kpr (k) — 263 (i) + mly — 6 | |
: =1 keNd

~n d
: : ~n(; 1 en ~n ~n ~n

o (i) () = jig% o5 (i) + Zfl Z ki kipy (k) — 207 (i) + mi; — 0 )

z.§ +p

we obtain (2.33) thanks to the same convergence results.
Let us finally prove that the martingale problem MP (L*, C? (Ri \ {0} ,R) ,y) admits as unique solution
the conditioned law P . For this purpose we define the following subset of bounded C?-functions on R? \ {0},

Do (L*) == {x e ™ XeR:}.
Since L* maps D (L*) into bounded continuous functions on R% \ {0}, Do (L*) is a core for L*. It is thus

enough to prove that MP (L*, Dy (L*),y) admits a unique solution, i.e. that there exists at most one P such
that for all A € Rﬂlr,

K Xs.0(A
e AKXt _gmAY _ / (XS.'I,Z;(A) + Xsp(A) )) e MKy (2.40)
0 Xs-£
is a (P, F;)-martingale, where for alli =1...dand all i,j =1...d,
d 1 N
’lﬂz(A) = — Zaj)\] + 50'12)\5, (pi(A) = —0‘1-2&)\1'. (2.41)
j=1

Applying the martingale problem MP (L, Do (L), y) to the function f(¢, x) := efﬁtm.ge’*w, A€ R‘j_, we know
that
o ~ R ~ Xs.p(A
e PIX, e MK gy fem MY — / e PX € (Xs.w(x) + %?) e M Xads (2.42)
0 s-
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is a (IPy, F;)-martingale. Furthermore, according to Theorem 1.1, Py is a Doob h-transform of Py wvia the
harmonic function h(t, ) := e ?'@.£. Together with (2.42) this implies that (2.40) is a (P}, F¢)-martingale for

all A € R%. The law PP}, is thus a solution to MP (L*, Do (L*),y). Any other solution ]IA”Z would have the same

h(0,y)
h(t,X¢)

implies @y =Py, and thus @Z =Py U

representation d@y| F o= d@m £,. By uniqueness of the solution to the martingale problem MP(L) this

Remark 2.3. The proof of Theorem 2.2 ensures as well the commutativity between rescaling and conditioning
on extinction. We obtain indeed thanks to (2.36) and (2.39) that under assumptions (2.13)—(2.15), the laws
I?sz,lyn of the rescaled branching processes conditioned on extinction converge weakly to the law IF’y of the Feller
diffusion process conditioned on extinction. The following diagram is thus commutative,

]P)TL

Ty" =y
U R ; (2.43)
P, ~> P,

where ~~ stands for the transform by conditioning on extinction, and = for the weak convergence of probability
measures as n tends to infinity.

2.3. Commutativity of the long-time limits

The purpose of this section is to show the commutativity between the three possible limits in n, ¢ and 6 of
Py, (xt € | Xppo #0, lim X, = 0) .
n 55— 00

From the study of the long-time behavior of the conditioned branching processes in Proposition 1.7, we first
obtain that under the assumptions of Theorem 2.2, for p # 0,

lim lim lim = lim lim lim . (2.44)
n 0 t n t %

On the other hand, we immediately deduce from the commutativity result for the long-time limits of the
conditioned Feller diffusion process (Thm. 3.7 in [2]) that

lim lim lim = lim lim lim, (2.45)
0 t n t 9 n
and from Theorem 2.2 that
li¥n lién lim = li{n lim lign. (2.46)

In order to obtain the equality of the six possible combinations of limits in n, ¢ and 0, we have to prove that
for any 6 > 0 fixed the limits in ¢t and n commute. This would lead to the equality

lim lim lim = lim lim lim . (2.47)
0 n i 6 t n

Let 60 > 0 fixed. We want to show that the following holds
Jimlim P (Xt € .| Xpsg #0, lim X, = 0) = lim lim P}, (Xt € .| Xpsg #0, lim X, = 0) .
(2.48)

From the proof of Proposition 1.7, we know that for n large enough the long-time limit

lim P17, (Xt € .| Xipo £0, lim X, = 0)
t—oo n S§—00
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defines a probability distribution on %Nd with generating function F'%" given by
FOn(r) =e "7 [FO"(r) — FO" (xq, (9)")] . (2.49)

Here q,,(f) denotes the extinction probability vector at time 6 for the subcritical process with law P", and FO"
denotes the generating function of the Yaglom distribution associated with the subcritical process with law ﬁ”,
FOr(r) == limy_ o E" [rxt | X # O}.

On the other hand, by Remark 2.3, the right side of (2.48) is equal to lim; ]IT’CBO (X; € .| X9 #£0). We
easily show that this limit defines a probability distribution on Ri with Laplace transform ®Y given by

(N = [d°(X) - @* (A +T(9))]. (2.50)

Here u(f) denotes the cumulant at time 6 of the process with law P, and ®° denotes the Laplace transform of the
Yaglom distribution associated with the subcritical process with law P, ®°(X) := limy_.oo E [e™*%* | X; # 0].

Hence we need to prove that for any § > 0 and for all A > 0, denoting e := (e™ ... e~ ),
lim F%"(e ) = ®/(X). (2.51)
n—oo

From Remark 2.3 we have lim,, o Gn.; (0) = e %(?) and, as shown in (2.37), lim,, o p" = p. Hence we see
by (2.49) and (2.50) that the convergence (2.51) holds as soon as it is true for 6 = 0, i.e.

lim FOm(e ) = ®%(\). (2.52)

n—oo

On the one hand we have, as seen in (1.25),

FO,n(r) -1 'Yn(r)

where 4" (r) satisfies (see (1.23))

t—o0

lim et (1 ~F, (r)) = 4" (x). (2.53)

Here f: denotes the generating function at time ¢ of the rescaled process with law I@", defined by ﬁ{}i (r) :==
Egi (r*¢). On the other hand, a small computation shows that for all X € Rﬂlr,

where £(A) and k > 0 satisfy (see proof of Theorem 3.7 in [2])

tlim e Pt (A) = k(N),

tlim e iy <Alim ﬁt()\)> =K.
In order to obtain (2.52) we first prove that the convergence (2.53) is uniform in n. As already mentioned, (1.23)
(and thus (2.53)) is obtained as an extension via the embedded process of a convergence result for BGW processes

(Thm. 2 in [13]), via a method detailed in the proof of Theorem 6.1 in [18]. Analysing this proof, it appears
that the uniform convergence in n for (2.53) stems from the uniform convergence in n of

lim =7k, (1 ~F, (r)) = 4" (x). (2.54)

keN
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We thus consider the embedded subcritical BGW process Wlth offsprlng generating function F17 mean matrix
~n
exp(C ), maximal eigenvalue e ; assomated eigenvectors 5 and 77"". By the integral form of the remainder

term in the Taylor expansion of Fl, there exists a non-negative matrix-valued rest A"(r) such that for all
r € [0,1]4,

1-F)(r) = (eXp(én) - A"(r)) (1-1), (2.55)

satisfying A" (r) = O (||1 —r||) asr — 1. Moreover, the second-order derivatives of f‘? being finite and bounded
in n thanks to (2.39), we have in the neighborhood of 1

A"(r) =0 (||l1 —r||) uniformly in n. (2.56)

Let us denote
AP (r) = e P kg (1 ~F, (r)) .
By (2.55) we have
A (1) = Af(r) = e~ 7 A (Fi(r)) (1 - Fi(n),
hence for every n and r, A}(r) is decreasing in k. It follows that for every n,k € N and r € [0, 1],

Ap(r) < Ap(r) = 7" (1—1) < supi"1,
neN

the right term being finite by means of (2.36). This ensures that sup,cy7"™(r) < oo. Let N € N such that
sup,>y " < 0. From (1.23) we obtain that for every n, as k — oo,

~n

1-F (1) ~ oy ()€,
from which we deduce thanks to (2.37) that

lim Fk (r) =1 uniformly in n up to N.

k—oo

(Note that the convergence is also uniform in r € [0,1]¢). Together with (2.56) this implies the existence of
C7; > 0 and K > 0 such that for all k > K and all n > N,

A" (F (1) <1l - Ty (1) L. (2.57)
Since
(1= B () € e PN (1 B ).
there exists C> > 0 such that for all £ and all n > N,
e 1 —Fy (r) || < Ca. (2.58)

Now, for every k > K, p > 0 and every n > N,

p—1
AR(r) = Ay () = Do e P EHHIET AT (B () (1 Fry,(r)
=0
~n ~ ].
< eF=Dsupn 2" 0 (Cy)2 sup (77™.1) TR
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We thus obtain by virtue of Cauchy criterion that the convergence (2.54) is uniform in n up to N. As a
consequence, the convergence (2.53) is uniform as well, and we obtain that for all A € Ri,

lim 7"(e™) = lim lim e Pty (1 — ﬁ: (ef)‘)) = lim lim e ?"tq". (1 — f‘: (ef)‘))

n—00 n—oo t—o00 t—o00 n—o0

= tlggo e Pty (1 — e_f”o‘)) = Kk(A).

Similarly
lim 7"(0) = k.

n—00

This finally proves (2.52), which ensures (2.48).

It finally remains to prove that for p # 0,

lim lim lim = lim lim lim, (2.59)
n t 60 t n 0

for which we show that the convergence proved for every fixed n in Proposition 1.7,

d
t £}, (5] = - Y on 00
" i=1 i

t—o0

is indeed uniform in n. As seen in the proof of Proposition 1.7, it is enough to prove that

[ln ﬁ[fj(r)} = _&ya—r(r)gy uniformly in n. (2.60)

7"/71,
lim e™* ¢
t—o0 i

For this purpose we follow the steps of Lemma 1.8. First we prove that

lim e "t (1 — F} (r)) = 4" (r) En uniformly in n, (2.61)

t—oo

which similarly as for (2.53) can be deduced from the convergence of the embedded BGW process

klim e P F(1—F} (r) =" (r) En uniformly in n. (2.62)
— 00
keN

(2.62) is itself a consequence from (2.54) together with

1-F, ~
lim i (1) = £n uniformly in n. (2.63)

Let us prove (2.63). We denote by {\}', [} the eigenvalues of C" different from p", and define the spectral gap

of én, R™ :=min (|p"| — |A\]']). Let R be the spectral gap of the matrix C. By (2.36) we have lim,, ,o R" = R.
Moreover, for all 4,7 =1...d and k € N*,

~n ~ ~n, n
|xp(hC")] = e+ 3 gl (ke
l
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where ¢7; | is a complex-valued polynomial with degree smaller than the algebraic multiplicity of A". Since the
;1 converge as n tends to infinity, we have sup,, |¢7; (k)| < oo and we can write

e Pk [exp(kén)]ij - EZ”?)]"

< zl: sup |or ()| e Imin B7R

Consequently, denoting by P" the matrix with entries gl”ﬁ]",

lim e P"* exp(kén) =P" uniformly in n, (2.64)

k—o00

and we can find a null sequence uy such that for all k,n > 1,
(1—u)P" <e " exp(kC") < (1 + uy) P™.

On the other hand, we know by (2.57) and (2.58) that limy_ ., e ?" A"(f‘:fl(r)) = 0 uniformly in n up to N,
hence we can choose a null sequence v such that for all £k > 1 and all n > N,

0<e P A" (ﬁ:fl (r)) < v P™.

Then, as detailed in the proof of Theorem 1 in [13], we have for any k > > 1 and any n > N,

1- ﬁ: (r) ' < 2w + Z:]:'“L:kflJrl Um
- ~ N = k ’
n". (1 - FZ (r)) 1- Zm:k—l—i—l Um — U
By letting first k tend to infinity, and then I, we obtain (2.63) and thus (2.61). Now from (2.61) we deduce that
the convergence lim; o, e *In Fi'i(r) = —"(r)&} is uniform in n too, and for all h > 0,
~ ~ h ~n ~
()& — A" (r + hey)E) = tlim e Pt — [ln Fi'(r + uei)} du uniformly in n.
— Jo 4 ’
Moreover,
—p"t 0 —n —p"t 1 1 ™=n
0<e Pt [mFt (r)] e Pt ZE" [X,.],
or; . Fr(e)ri 70

and by (2.64)

lim e_’TLtIEZj (Xt = gj”?)? uniformly in n.

t—o0

Since limy o0 FYY; (r) = 1 uniformly in n and r, there exists a constant C' > 0 such that for all n € N, ¢ > 0 and
all u € [0, hl,

R 0 C
ar; rit+u’
which is integrable in u. By Lebesgue’s dominated convergence theorem we thus have

[m ﬁgfj (r+ uei)} ‘ <

h
~ ~ . a
PO — A (e 4 hes)E = / lim { =
0

t—o0 i

<ln ﬁ[fj (r+ uei))} du uniformly in n,
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which leads to (2.60). Hence we can write

1ypn
n—oot—oo 7T t—00 n—00

lim lim E7* [rx‘} = lim lim E"* [rxt],

which ensures (2.59).
Summing up the results of this section we consequently obtain the following statement.

Proposition 2.4. Under the assumptions of Theorem 2.2 and assuming that p # 0, the three limits interchange

lim P (Xt € .| Xppo # 0, lim X, = 0). (2.65)
n n §—00

Furthermore, the obtained limit is non-degenerate and defines a probability distribution on Ri which does not
depend on y = lim, o %y”.

Remark 2.5. In the monotype case d = 1, this limit is known to be a Gamma distribution. Denoting by p
the mutation matrix (reduced to its eigenvalue) of the unconditioned Feller diffusion process, by o2 its variance
parameter, and defining p := p — 0?u as in (2.7), we have indeed (see e.g. [2], Prop. 3.1),

Jim lim lim P}, (Xt € | Xiro #0, lim X, = 0) = lim P* (X, € .)
—00 f—oon—oo n §—00 —00
= Exp (—2p/0”) @ Exp (—2p/0”) =T (2,-2p/0?).

We illustrate Proposition 2.4 in the following commutative diagram (where BP stands for branching process).

rescaled BP X"

condltloned on X >0

/ t-o00

long-time behaviour h-transform Feller process X, long-time behaviour
of the conditioned BP of the BP conditioned on X, >0| |of the conditioned BP

/ ..
ano t-> o0 // 0- t->00 “"1’1900
/ ;
( 4 .4

long-time behav10ur of h-transform of long-time behaviour of the
the h-transform of the BP the Feller process conditioned Feller process
n-oo t->o0 - 9/ >0

A Y 4

Rd+ -valued random variable
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