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SOJOURN TIME IN 7Z*
FOR THE BERNOULLI RANDOM WALK ON Z

AmE LACHAL!

Abstract. Let (Sk)r>1 be the classical Bernoulli random walk on the integer line with jump param-
eters p € (0,1) and ¢ = 1 — p. The probability distribution of the sojourn time of the walk in the
set of non-negative integers up to a fixed time is well-known, but its expression is not simple. By
modifying slightly this sojourn time through a particular counting process of the zeros of the walk as
done by Chung & Feller [Proc. Nat. Acad. Sci. USA 35 (1949) 605-608], simpler representations may
be obtained for its probability distribution. In the aforementioned article, only the symmetric case
(p = ¢ =1/2) is considered. This is the discrete counterpart to the famous Paul Lévy’s arcsine law for
Brownian motion.

In the present paper, we write out a representation for this probability distribution in the general
case together with others related to the random walk subject to a possible conditioning. The main
tool is the use of generating functions.
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1. INTRODUCTION

Let (Xk)k>1 be a sequence of Bernoulli random variables with parameters p = P{X;,, =1} € (0,1) and
qg=1—p=P{X),=—1}, and (Si)r>0 be the random walk defined on the set of integers Z = {...,—1,0,1,...}
as S = So + Zle X, k > 1 with initial location Sy. For brevity, we write P; = P{...|Sy =i} and Py =P.

The probability distribution of the sojourn time of the walk (Sk)r>0 in ZT =Z N[0, 400) up to a fixed step
n>1 N, = Z?:o 17+ (S;) = #{j € {0,...,n} : S; > 0}, is well-known. A representation for this probability
distribution can be derived with the aid of Sparre Andersen’s theorem (see [9,10] and, e.g., [11] Chap. IV,
Sect. 20). This latter can be stated as the remarkable relationship, setting Ny = 0,

P{N, =k} = P{N}, = k}P{N,,_, = 0} for 0 < k < n,
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where the probabilities P{N;, = 0} and P{N, = k}, k € N, are implicitly known through their generating
functions:

(oo} (oo} k
kZ_OP{Nk =0}z =exp {;P{Sk <0} %],

z

iP{Nk = k}z" = exp [ip{sk >0} _k].
k=0 k=1

Nevertheless, the result is not so simple. Rescaling the random walk and passing to the limit, we get Paul
Lévy’s famous arcsine law for Brownian motion.

By modifying slightly the counting process of the positive terms of the random walk as done by Chung &
Feller (see [4] and, e.g., [5], Chap. III, Sect. 4 and [8], Chap. 8, Sect. 11), an alternative sojourn time of the
walk (Sk)ken in Z* up to n can be defined as T;, = 377, d; with

5 — 1 if (S] >0) or (Sj:Oand Sj_l >O)7
710 if(S;<0)or (S;=0and S;_1 <0).

We put Ty = 0. We obviously have 0 < T;, < n. In T, n > 1, one counts each step j such that S; > 0 and only
those steps such that S; = 0 which correspond to a downstep: Sj_; = 1. This convention is described in [4]
(and, e.g., in [5] and [8]) in the symmetric case p = ¢ = 1/2 when n is an even integer and, as written in [4]
—“The elegance of the results to be announced depends on this convention” (sic) —, it produces a remarkable
result. Indeed, in this case, the sojourn time is even and its probability distribution takes the simple following
form: for even integers k such that 0 < k < n, as in Sparre Andersen’s theorem,

P{T, = k} = P{T}, = k}P{T_i = 0} = 2% (k’;2> < (T(L”_k’)"}Q).

In this paper, we derive explicit expressions for the probability distribution of 7}, in any case, that is for any
p € (0,1) and any integer (even or odd) n > 1. The main results are displayed in Theorems 4.2 and 5.3. We
also compute the distribution of 7, under various constraints at the last step: S, = 0, S, > 0 or S, < 0.
The constraint S, = 0 (with Sy = 0) corresponds to the bridge of the random walk. The related results are
respectively included in Theorems 6.2 and 7.3. The main tool for this study is the use of generating functions,
excursions theory associated with random walks together with clever algebra. The intermediate results are
contained in Theorems 4.1, 5.1, 6.1 and 7.1.

Finally, by rescaling suitably the random walk, we retrieve the distribution of the sojourn time in (0, 4+00)
for the Brownian motion with a possible drift. This includes of course Paul Lévy’s arcsine law for Brownian
motion without drift.

Although this problem is old and classical, we are surprised not to have found any related reference in the
literature.

2. SETTINGS AND MATHEMATICAL BACKGROUND

2.1. Some preliminary identities

Let N=Z%" ={0,1,2,...} be the usual set of non-negative integers, N* = Z*t* = N\ {0} = {1,2,3,...} that
of positive integers, Z~* = {..., =3, -2, —1} that of negative integers and Z* = Z \ {0}. Let & = {0,2,4,...}
denote the set of even non-negative integers, £* = £ \ {0} = {2,4,6,...} the set of even positive integers and
O =1{1,3,5,...} the set of odd positive integers. Set, for suitable real z,

A(z) =v1—422 and A(z) =+/1—4pgz2.
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Set also for i € £

) () e ()

The a;’s are closely related to the famous Catalan numbers: a; = C;/5/2. We shall make use of the following
elementary identities.

Proposition 2.1. For any z such that |z| < 1/2,

SR () g e

€€

(2.1)

1 1 ) .

= ' = b;z".
AR Vi-i2 Z (z/2> ; -
We have the following convolution relationships.
Proposition 2.2. For any even integer i > 0,
_ ! d bi—; = L b

Z aji—5 = 5 Ai42 an Z aj0;—5 = Z i+2- (22)
JEE: JEE:
i<i i<i

Proof. The generating function of the left-hand side of the first equality in (2.2) can be evaluated as

> (Z ajaij>zi = (Zaizi>2 = <147;42(2)>2 = 8—;(1 — 222~ A(2)) = %Zamzi.

€€ JJ€<1‘37 i€E i€E

By identification of the coefficients of the foregoing generating functions, we immediately obtained the first
equality in (2.2). Analogously, for the second equality in (2.2),

(S~ (S () - -y - e

€€ JJ€<1‘37 i€E i€E

and the second equality in (2.2) holds. O

We shall also use the identity below.
Proposition 2.3. For any x and y such that |z| < 1/2 and |y| < 1/2,

A( Z it " Y. (2.3)

i,jEE

_ Alx) — Ay)
Alz) + Aly)  4(y* —2?)

A(z) = A(y) =4 ap(yF™? — 2*2).

ke&

Proof. Let us write . On one hand,

On the other hand,
k+2

yyfxz > @y

i,jeE:
i+j=k
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Therefore,

A Zakay—ZaH_Jacy U

ke& wef i,jEE
itj=k

2.2. Some well-known identities on random walks

Here, we recall several well-known formulas in the theory of random walks. We refer, e.g., to [11]. We have,
for j € Z and k € N such that |j| < kand k—j € &,

PLS, = /) = ((j +kk)/2)p(j+k)/2q(k_j)/2' (2.4)

Using the representation ((kJrkl)/Q) = bg+1/2, we have in particular

br(pg)*/? if k is even,

P{S :o}:{

0 if k£ is odd,
L bjqr pEHD/2g(k=D/2 i s odd,

P{S, =1} =P_1{S; =0} = (2.5)
0 if k is even,

L by pD/2gH0/2 i | s odd,
P{S, = -1} =P {S, =0} =
0

if k is even.

We define several generating functions. For j € Z, let H; be the generating function of the P{S; = j} k € N,
and, for i € Z, H} be the generating function of the P;{Sy € F}, k € N:

z) = ZP{Sk =j}2" and Hf (2 ZP {S) € F}zF = Z H;(z) (2.6)
k=0 k=0 jeF—i

where F' — i is the set of the numbers of the form j —i,j € F. We explicitly have

o () < (k) oo
1

A(z) (1_271}()) B A@ (#A()) ifj<0

We need to introduce the first hitting time of a level a € Z for the random walk: 7, = min{n > 1: S, = a}.
The probability distribution of 7, for a € Z* can be expressed by means of the probabilities P{Sy = a}, k € N,
as

Hj(z) = (2.7)

|a| la| k (k+a)/2  (k—
P{ry =k} =""P{Sp=a} = — @)/24(k=a)/2 for | > |al. 2.
(= b} = RS =ab = (g )0 or k> o (2.8)

In some particular cases, we have for k € £*:

Pl = 1) = g (o)) 00"
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and for k € O:
1 k
— k== (k+1)/2 (k—1)/2
Pln=ki =7 ((k + 1)/2)p ¢ ’
1 k
P T—l = k‘ = —( )p(k_l)/Qq(kJ"l)/Q
{ Y= ( )/2

We sum up these formulas as follows:
e for k € £*,
P{ro = k} = dar—a(pq)*/?; (2.9)
e for k€ O,

1
P{r =k} =P_1{ro =k} = % P{ro=k+1} = 2pak_1(pq)(k_1)/2,

1 (2.10)
P{T—l = k}' = PI{TO == k'}' == 2_p P{TO = k‘ —|— 1} = 2qak_1(pq)(k_1)/2.

Remark 2.4. The convolution identities (2.2) can be interpreted as Darling—Siegert-type equations (see,
e.g., [3]) which are due to the Markov property of the random walk. More precisely, the second identity
of (2.2) is the analytic form of the probabilistic equality

P{S, =0} = ) P{ro = j}P{Sn—; = 0}

jee:
j<n

which is obtained by remarking that a trajectory starting at zero and terminating at zero at time n necessarily
passes through zero at a time equal to or less than n and then 79 < n. The first identity of (2.2) is the analytic
form of the probabilistic equality

P{ry=n}= > P{n =j}P{n=n—j}

jeo:
j<n—1

which is obtained by observing that a trajectory starting at zero and passing at level two at time n for the first
time necessarily crosses level one at a time less than n: 7 < n.

The corresponding generating functions K, defined as
Ko(2) =E(z™) = Y P{ra = k}z"
k=1

are explicitly expressed by

1-A “
(7”) ifa>1,
2qz

Ka(z) = 1—A()\" (2.11)
(7) ifa < -1,

1—A(2) ifa=0.
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We state a last elementary result. Noticing, by the Markov property, that P{my = 4,51 > 0} = pP1{m0 = j — 1}
and P{ry = 4,51 <0} = qP1{r0 = j — 1}, we get, by (2.10), P{ro = 4,51 > 0} =P{7p = 4,51 <0} = %P{Tg =
j} and then

1
E(z" 1(s,>0y) = E(z™ I(s,<0y) = 5 (1 = A(2)). (2.12)

2.3. Purpose of the article

The aim of this paper is to compute the probabilities
rE =P{T, =k, S, € F},0<k<n,

in the four cases F = Z, F = {0}, F = Z** and F = Z *. The corresponding results are displayed in
Theorems 5.1, 6.1 and 7.1. The adopted way consists of first calculating the generating function G of the 7’,1:7 o S

)= 3 k"™ = E (e T s emy)

k,neN: neN
k<n

with the help of the excursions theory associated with random walks, and next of inverting this function.
Notice that rf, = 1p(0) and for n > 1, the events {T}, = 0} and {T}, = n} respectively coincide with
{81 €0,...,8, <0} ={rn >n}and {S1 >0,...,S, >0} = {r_1 > n}. Therefore, for n > 1,

ry, =P{r >n,S, € F} and rin =P{r_y >n,S, € F}. (2.13)

F

The particular probabilities 7 ,, and rf . n €N, are generated by the partial functions of G¥', namely

n,n?

zz:rf;nxk and GF(0,) = Zrony (2.14)

neN neN

3. GENERATING FUNCTION

Theorem 3.1. The generating function G can be written as

[1+A@)]G"(2,0) + [1 + A(y)]GT(0,y) — 21£(0)

GF(x,y) = 3.1
(2,9) Al £ A() (3.1)
where A(z) = /1 — 4pqz2. The quantities G¥ (x,0) and G¥(0,y) can be expressed as
1-A 1-A
@ (@.0) = B (2) - 2D g o) and o) = BP0 - AW mEe) 32

2px 2qy

where HEY', HEY and HY| are defined by (2.6).

Proof. Let us introduce the successive passage times by 0 recursively defined by Ny = 0 and for m € N,
Npy1 = min{n > N, + 1 : S, = 0}. We decompose the random walk into excursions and this yields the
following decomposition for the generating function G

7n+1

ZE y" T lis, ery) = 17(0) +E{Z Z v s, emy |

neN meNn=N,,+1
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For N, + 1 < n < Nypg1, we have T, = Ty, + (n — Nm)]l{em>0} where e, is the excursion of the random
walk on the interval [N,,, N,,11]. In particular, e is the first excursion, it is defined on the interval [0, 7p].
The fact that ey > 0 (respectively ey < 0) is equivalent to that S; > 0 (respectively S; < 0). We have also
n—Ty = Ny —Tn,, + (0 — Np)lie, <oy and then, by the independence of the excursions,

- N7n+1
G (z,y) = 1p(0) + B| Y aTmyNm=Tm N (=N q, S0y + 4™V e, <0y) H{SneF}]

-meN n=N,,+1
- Nimy1—Nm,

=1p(0) +E| Y a™myNm T N (@M g, z0p 9" e, <0p) ]l{Sn+NmEF}:|
-meN n=1

_ 0
= ]IF(O) +E Z 2 Nm yN’"TN"‘]E{Z (xn]l{e[)}Q} + y”]l{eo@}) ]l{SnEF}:|'

-meN n=1

Hence, we have obtained a representation of the form

GF(z,y) = 1p(0) + G°(z,y)[BY (z) + BL ()] (3.3)
with
oy 5] 3 e
meN
and

To To
Bi(x)=E [ > 11{51>o,snep}$”} BI(y)=E { > ﬂ{sl<o,sneF}y"}-
n=1

n=1
Actually, G° is nothing but G{° (i.e., G associated with F = {0}) as it is immediately seen by definition.
The quantity G°(z,y) can be easily evaluated as follows. Set u,, = E (:cTNm yN ’"*TNm). We have ug = 0 and
formeN, upmy1 = umE(acT‘)]l{sl>o} + yTU]I{Sl<0}). Now, by (2.12),

1
E(2™1s, >0 + ¥ Iis,<0}) = 5 2—A(z) — A(y)].

As a byproduct, the series (3, oy um) is geometrical with ratio [2 — A(x) — A(y)]/2 and its sum is given by
2/[A(z) + A(y)]. This yields the following result which will be stated in Theorem 6.1:

0 _ 2 )
o) = AT AG)

Thus, (3.3) can be written as

2BY (z) + 2B (y)

We then deduce - -
G (2.0) = 16(0) + ST GF(0.0) = 150) + 2
from which we extract
2B (2) = [1+ A(2)][G" (2,0) — 1p(0)], 2BI(y) = [1+ A®)][GT(0,y) — 1r(0)]. (3.5)

Finally, putting (3.5) into (3.4) gives (3.1).
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Let us check (3.2). In view of (2.10), the probability rs , admits the following representations:

rh, =P{S, € F} ~P{r_1 <n, S, € F} =P{S, € F} = Y P{r_1 =j}P_1{S,_; € F}
j=1

— P{S, € F} — % S Pir = j+ 1}P_1{S, ; € F}. (3.6)

jeo:
ji<n

Therefore, we have by (2.14) and (3.6)

1
F F n n - . n
G (JJ,O) § Tnn® E P{Sn € F}l‘ B E E ]P{io =7+ 1}1@,1{5”,] S F}:L' .

neN neN neN* jeO:
jsn

The first sum in the above equality is H{"(x) while the second can be computed as follows: by (2.10),

S Plro=i+ 1P y{Spj€Fla" =Y P{ro=j+1}a’ > P_1{S, ;€ F}a"~’

neN+ j€o: JjEO nen:
sn nzj
= QpZ P{r_; =j}a’ ZP,l{Sn € Fiz"
jeO neN

= 2pK_1(2)H, ()

and the expression of G¥'(z,0) in (3.2) ensues. The derivation of that of G¥'(0,y) is quite similar. The Proof of
Theorem 3.1 is finished. g

In [7], we propose a Proof of (3.1) based on a recursive relationship concerning the probabilities 7, which
is similar to the proof originally described in [4]. We also refer the reader to the book [6] for a combinatorial
approach for tackling such problems.

4. THE CASE F = {j} FOR j € Z*

We suppose that F' = {j} for a fixed j € Z*. So, we are dealing with a random walk with a prescribed location
after the nth step. The case where 7 = 0 will be considered in Section 6. We set for simplicity r,ijg = ri,n and

GO ,y) = G (z,y), B (2) = H] (2).

4.1. Generating function

In order to write the generating function G7(z,y), in view of (3.1), we need to know that H?(z) = H;_;(z)
and to evaluate the functions G’(x,0) and G7(0,y). We have

. } 1-Az) |
But
2px i oo
_Pr g fjezt
1+A(l’) O(I) iy e )

H]—1($) = 9
DI

— = _H! if j € Z7.
1—A($) HO(:L') 1 ]E
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Then, for j € Z**,

GY(2,0) = Hj(x) [1 _1-A@)_ 2pe } _ 2K (@)

2pr 1+ A(x)| 1+ A(x)

and, for j € ZT*,

1-Ax)  2px —0
2pr  1—A(z)|

G (x,0) = H] () {1

Similarly, we have
2K;(y) e
; — ifjeZ "
G0y) =4 1+A(y) =’
0 if j e Z1*.

From this and (3.1), we immediately derive the function G(x,y).

Theorem 4.1. The generating function G is given by

2K ()

S fjezt
ey - | ADAG) fiet "
T aww P |
A(r) + A(y)

where A(z) = /1 — 4dpgz2.
4.2. Distribution of the sojourn time

We now invert the generating function G7 given by (4.1) in order to derive the coefficients 7“{“1

Theorem 4.2. The probability ri o =P{T,, =k, S, = j} admits the following expression: for 0 < k < n such
that n — k is even,

ifj > 1:
27 Z an.ﬂ. ( . Z. )p(n+j)/2q(nj)/2 if 1 <k and k — j is even,
J— ien: v (Z + .7)/2 19
rk,n - j_g_ge'lg ( . )
0 if j >k ork—jis odd;
ifj < —1:
2|3 Z In i ( o )p(n"’j)mq(”_j)/2 ifj =2 k—nand k—j is even,
7 o Py 1 (Z + ])/2 (4 3)
rk,n - \];i\fjieggk, .
0 ifj<k—mnork—jisodd,

1 .
where a; = 2 <z;2> forieé&.

Proof. Assume first that j > 1. We expand G7(z,y) by using (2.3):

Gj(way) = QZP{T] = Z}xz Z alem Ilym =9 Z Qlfm P{TJ _ ’L} xi-‘rly'rn.
=0

I,meE i, meN:
IL,me&
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By performing the transformations i +1 = k and m = n — k in the last sum, we get

G (z,y) =2 Z an—i P{r; = i} aby"F = Z < Z 20, P{m; = z}>:cky”k

i,k,neN: k,neN: 1€EN:
k—icE&,n—ke& n—ke& k—i€&

We finally obtain (4.2) by identifying the coefficients of the two expansions of G’ and using (2.8). For the case
where j < —1, we invoke an argument of duality which is explained in Remark 4.3 below. The expression of
7., for j < —1 can be deduced from that related to the case where j > 1 by interchanging p and ¢, k and n—k,

j and —j, and this proves (4.3). O
Remark 4.3. Let us introduce the dual random walk (S}),>0 with S} = Z?Zl X7 = —Sj. This sequence
is the Bernoulli random walk with interchanged parameters ¢ = P{X} = +1} and p = P{X; = —1}. The
corresponding sojourn time is defined as T,y = 23;1 0% with

§F —

{ 1 if (8% >0) or (Sf=0and S;_, >0),
J

0 if (85 <0)or (S;=0andS; ; <0),

1 if (S] < 0) or (S] =0 and ijl < 0),
0 if (S; >0)or (S; =0and S;_1 > 0).

We see that (5;‘ =1—¢; and then T} = n — T, which implies ri’n =P{TF =n—k,S: =—j}. As a result, the
probability 7, can be deduced from the probability 7, by interchanging p and g.

5. THE CASE F =7 (RANDOM WALK WITHOUT CONDITIONING)

In this part, we study the sojourn time without conditioning the extremity of the random walk. This
corresponds to the case F' = Z. We set for simplifying the notations T%,n =71k, and GE(z,y) = G(z,y). A

possible expression for the r,’s can be obtained from Theorem 4.2 by summing the ri s J € Z. Actually,
rim = 0 for |j| > n; so,

n
_ E : J
Tkn = rk,n'

j=-n
We propose another representation which can be deduced from the generating function G.

5.1. Generating function

In order to derive the generating function G(z,v), in view of (3.1), we need to evaluate the functions HZ(z),
G(z,0) and G(0,y). On one hand, by definition,

1
1—=2

HE(z) = Z]P’i{Sk €2}k = Z 2k =
k=0 k=0

On the other hand, by (3.2),

G(e,0) = HE(z) — 122

1 {1_ 1—A($)} _ 2pr — 1+ A(x)
2px 2px(1 — )
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Similarly,
2qy — 1+ Ay
G(0,y) = 2 LT AW,
2qy(1 —y)
We can then write out G(x,y).

Theorem 5.1. The generating function G is given by

1 2p71+A(x)+2q71+A(y)

Gla,y) = A(z) +Aly) 1—x 1—y

where A(z) = /1 — 4dpgz2.
Proof. We have by (3.1)

14+ A2)]G(2,0) + [1+ A(y)]G(0,y) — 2
Gl = A(0) + AW) |

Let us compute the terms [1 + A(z)]G(z,0) and [1 + A(y)]G(0,y). We have

1+ A(@)][2pz — 1+ A(x)] = 2px — 1 + 2prA(z) + A(z)? = 2px[l — 2z + A(z))

and then _ A
1+ A(2)]G(x,0) = %Z(x)
Similarly,
1-2py+A
1+ AG)GO0.y) = LA,

Therefore, we get

A@) | AQy)
2} L —

1+ A®@)]G(2,0) +[1 + Ay)]G(0,y) — 2 = [11_2? + 11*_2? -

[ ) e

2p—1+A(zx) 2¢—14+A(y)
Jr
1—2 1—-y

from which we obtain (5.1).

Al(y)

11—y

O

An interesting consequence of Theorem 5.1 concerns the “partial” generating function G of the probabilities

Tk,n limited to the even indices k and n:

~ k, n—k
G(a:, y) = Z Tk,n® yn .
k,ne&

For this function, we have the simple result below.

Corollary 5.2. The generating function G is given by

: B 4pq
G(z,y) = [1 —2p+ A(m)][l —2q+ A(y)]

(5.2)
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where A(z) = /1 —4pqz?. In particular,

G(x,y) = G(2,0)G(0,y). (5.3)

Proof. We first try to relate G to G. For this, we observe that

1 L+ (=) k, n—k k n—k
§[G(:c,y) +G(—z,—y)| = E T Tk Y = g Tenx Yy .
k,neN: kEN,nEE:
k<n k<n

We know that, for all even integer n, if k is odd, then r,, = 0. We therefore have checked that

G(r,y) = 3G, y) + Gz, )]

Thus,
~ 1 2p— 1+ Az 2¢—1+ Ay
G(x7y): 2() 2()
A(z)+ A(y) 1—2 1—y
We have now
(2p—1)2 — A(z)? 1—2?
2p— 1+ A(x) = —dpg ———
Pl AR = S T T A T T A
and similarly,
1—y?
2 — 1+ A(y) =4dpg —————-
q (y) = 4pg — 291 A
This gives
~ 4pq 1 1
G(z,y) =

+
Ax)+Al) [1-2p+A(x) 1—-2¢+A(y)
which in turn, with [1 — 2p 4+ A(x)] + [1 — 2¢ + A(y)] = A(z) + A(y), yields (5.2). This formula supplies in
particular
. 2q 2p
G(x,0) = —————— _
(,0) 1-2p+A(x) 1—-2g+ A(y)
and we immediately obtain (5.3). O

and  G(0,y) =

5.2. Distribution of the sojourn time

In this part, we invert the generating function G given by (5.1) in order to derive the coeflicients ry .

Theorem 5.3. The probability vy, = P{T,, = k} admits the following expression: for 0 < k < n,

rin = le(n — k) {Qp Z ai(pq)? — 4 Z ( Z ajai—j)(pq)"/ul}

i€E: i€E: JEE:

n—k<i<n n—k<i<n—2  j<itk—n
1) [zq S w4 Y ( 3 aja”)@q)“ﬂ (5.4)
i€E: i€E: JEE:
k<i<n k<i<n—2  j<i—k

1
here a; = ——
wnere a Z+2(

i

1/2) forief.
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More specifically:

e For odd n
2p Z ai(pg)"* — 4 Z < Z ajaij>(pq)i/2+1 if k is odd,
icE: i€E: jeE:
n—k<i<n—1 n—k<i<n—3 i<itk—n
Tkn = (5.5)
20 3 a1 Y (X e )0 ks cen
i€E: i€E: JEE:
k<i<n—1 k<i<n—3 i<i—k

e For evenn

o > apg)P-4 Y < 3 ajaij) (pg)"**!
i€E: i€E: JEE:
n—k<i<n n—k<i<n—2  j<itk—n
Tk, = . (56)
" +2q Z (pg)? — 4 Z ( Z ajai_j) (pq)/>+1 if k is even,
1€E: i€€&: JjEE:
k<i<n k<i<n—2  j<i—k
0 if k is odd.
Proof. Rewrite (5.1) as
2 1 1-A 1
Glay) = -2 B (z)
1—2 A(z)+A(y) 11—z A(z)+A(y)
2q 1 1—A(y) 1
+ - . 5.7
[y AW TAG) 1oy A()+AG) o7
We expand the first term of (5.7). By (2.1) and (2.3),
2 : = 2p< > zm) < > aj+z(ptI)(j“)/2:Ejyl)
1 -z A(z) + A(y) meN JlEE
=2 Y aju(pg)V T 2aitmy!
7, leE,meN
=2 ) [ > aj+z(pq)(j+”/2]xky"‘k (5.8)
k,neN J1€E, meEN:

j+m=k,l=n—k

=2p Z [ Z an_m(pq)("_m)/Q] zhyn=k (5.9)

k,mneN: meEN:
k<n,n—ke& m<k,n—me&

=2 ) ﬂS(Hk)[ > az(PQ)z/Q} aty"h (5.10)

k,neN: icE:
k<n, n—k<i<n

Let us explain certain transformations made in the above calculations:

(1) In (5.8), we have introduced the indices k = j+m and n = j +1+ m. Then j = k — m and
Il = n — k, the conditions j,I € £ are equivalent to k —m > 0n—k >0k—mec & n—keé&, or
m<k<nn—ke& n—meE. This leads to (5.9);

(2) From (5.9) to (5.10), we have put i =n —m.
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We expand the second term of (5.7). By (2.1) and (2.3),

: Ii&f) Alw) Jer(y) - 4( > xm> < > “M(P‘I)”W> ( > aj+l(Pq)(j+”/2xjyl>

meN icex Jle€

i+i+1) /2, i+jtm, |
=4 Y aaazu(pg) TPty
i€E*,j,1€€,meN

=1 [ ) az‘—2aj+z(pq)(”j“)/2}fc'“y”’“ (5.11)

k,neN i€E*, j,lEE, mEN:
i+j+m==k,l=n—k

k,nEeN: - i€EE*, mEN:
k<n,n—ke& i+m<k,i+n—meé&

D> ( D 2t z>(pQ)(” m)”] Fyn (5.13)

k,neN: L men: i€E*:

k<n,n—ke& n—me& i<k—m
=4 >y > ( > ajan_m_j_2)(pq)(n—m)/2:| Hynk (5.14)
k,meN: L meN: jEE:

kE<n,n—ke& n—me&

=4 Z < Z ajanmj)(pq)(nm)/2+l]xkynk (5.15)

k—m—2

k,nE€N: - meN\{0,1}: jeE:
k<n,n—k€E& n—mee ji<k—m
_ /241 k, n—k
=4 ﬂs(n—k)[ > ( > ajai—j)(pQ)/ ]30 y (5.16)
k,neN: i€E: JEE:
k<n i<n—2 j<itk—n

Let us explain the transformations used in the above computations:

(1) In (5.11), we have introduced the indices k = i+j+m and n = i+j+I+m. Then j = —i+k—m,l = n—k
and ¢ € £, the conditions 7, € £ are equivalent to k —i —m >0n—k>20k—i—me & n—keg,
ori+m<k<nn—ke&n—me¢E. Thisleads to (5.12);

(2) From (5.13) to (5.14), we have put i = j + 2;

(3) From (5.14) to (5.15), we have changed m into m — 2;

(4) From (5.15) to (5.16), we have put i =n — m.

By invoking the argument of duality which is explained in Remark 4.3, the two last terms of (5.7) can be
deduced from the two first ones by interchanging p and ¢, and x and y (that is & and n — k). This yields

2 1 | )
1—qy A +AQy ¢ > lelk { > az‘(pq)“ﬂx’“y” " (5.17)

k,n€eN: i€E:
k:<'n. k<i<n
1-A |
= A y =4 > lelk [ > ( > ajai—j)(pq)’/“l}vky”‘k- (5.18)
]. - y ( ) kkw<€N .é'gg;z J<€ik

By identifying the coefficients of the series lying in the definition of G and in (5.10), (5.16), (5.17) and (5.18),
we extract (5.4). O

Remark 5.4. The probabilities

Pom = P{T, =0} = P{S1 <0,...,S, <0
Ton =P{T, =n}=P{S1>0,...,5, >
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are given by

Ton = 1—2p E az-(pq)i/2 and 71,, =1-2¢ E ai(pq)i/Q. (5.19)
i€&: i€E:
i<n—1 i<n—1

The probabilities

T1in :P{Tn = 1} :P{Sl <0,...,8,-1 0,85, > 0} :P{Tl :n},
Tn—1,n :P{Tn =n— 1} :P{Sl 20,...,5-120,5, < 0} :P{T—l :n}

are given by ry , = rp—1,, = 0 if n is even and, if n is odd,
Tin = 2an-1 10("4'1)/2q("_1)/2 and Tp_1n = 2an-1 p(”_l)/2q("+1)/2. (5.20)

Formulas (5.20) can be easily deduced from (5.5) and (5.6). Formulas (5.19) could be deduced from Theorem 5.3.
The computations are postponed to the report [7].

Proposition 5.5. For even n, k such that 0 < k < n, the following relationship holds:
Tk = Tk,kT0,n—k- (5.21)

Proof. The probabilities 74, k,n € &, are generated by the function G which was introduced in Section 5.2.
By (5.3), the quantity G(x,y) can be factorized into the product of G(x,0) and G(0,y). Writing that

G(x,0)G(0,y) = Z (rrxron)z’y' = Z (rrgrom—k)z"y" ",

k,nee:
kleE !

we conclude, by identification, that (5.21) holds true. Formula (5.21) could be obtained by using the explicit
representation (5.19) of the probabilities ry  and 7o 1 and the representation (5.6) of ry . Nevertheless, the
computations are very cumbersome. They are included in the report [7]. In [7], the reader can find also a proof
by induction. O

Corollary 5.6. In the symmetric case (p = q = 1/2), the well-known following expression holds for even

integers n, k such that 0 < k < n:
1/ k (n—k)
Tkn = 5 .
’ 2n\k/2) \(n—k)/2

Proof. In the case where p = 1/2; we have the particular identities
P{TO = j} = P{Sj_g = 0} — P{SJ = 0} and P{T_l = j} = P{TO =7+ 1}

which are due to the fact that bj_o — b;/4 = a;_2 and to (2.10) respectively, and then

Tk =P{r_1 > k+1} = Z P{r1=j}= Z P{lro=j+1} = Z P{r = j}

jeo: jeo: jeE:
jzk+1 jzk+1 jzk+2

= 3 [P(S; =0}~ P(S; =0} = P{Se = 0} = o ( "

= P R )

i>k+2

Analogously,

ron—k =P{n =n—k+1} =P{S,s =0} = 2n17k ((T(Ln_kljg)'

We conclude with the help of (5.21). O
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Proposition 5.7. For odd integers n,k such that 0 < k <n — 1, the following relationship holds:
Thin + Thtin = Thtlntl- (5.22)
Proof. Pick two odd integers n, k such that 0 <k <n — 1. We have
Thm +Thpin =P{Th =k} +P{T, =k + 1} =P{T,, € {k,k + 1}}. (5.23)

Let us introduce the last passage time by 0, say o¢, for the random walk. Is is plain that oy is even and that
there is an even number of §; up to time oy which are equal to one. Afterwards, it remains an odd number
(this is n — 0g) of steps up to time n. One has either S, 411 > 0,S5,42 > 0,...,5, > 0 or Sy 41 < 0,542 <
0,...,5, < 0. The corresponding 6;, o9 + 1 < j < n, are either all equal to one or all equal to zero. More
precisely:
o If T, = k, since k is odd, one has in this case Sy,41 > 0,S5,42 > 0,...,5, > 0. Then, necessarily,
Snt1 = 0 which entails that §,41 =1land Ty, 1 =T, +1=k+1;
o If T, = k+ 1, since k + 1 is even, one has in this case Sy,,+1 < 0,S5542 < 0,...,5, < 0. Then,
necessarily, S,4+1 < 0 which entails that §,1 =0and 7,41 =T, =k + 1.
This discussion implies the inclusion {T;, € {k,k + 1}} C {T5,41 = k + 1}. Conversely, since Tj,41 — T, = d,, €
{0,1}, the equality T}, 41 = k + 1 implies T}, € {k,k + 1} which proves the inclusion {T\,;1 =k + 1} C {T}, €
{k,k+ 1}}. As a byproduct, the equality {7}, € {k,k + 1}} = {T,,+1 = k + 1} holds and this proves, referring
to (5.23), the relationship (5.22). In [7], we propose another proof of (5.22) which uses the explicit results
obtained in Theorem 5.3. (]

6. THE CASE F' = {0} (BRIDGE OF THE RANDOM WALK)

In this part, we shall set for simplifying r,ioi = Tg,n and G{°}(z,9) = G°(z,y). We consider the distribution
of the sojourn time 7;, subject to the condition that S, = 0, that is we are dealing with the so-called bridge of
the random walk pinned at zero at times 0 and n. The condition S,, = 0 can be fulfilled only when n is even.
So, we make here the assumption that n is an even integer throughout this section.

6.1. Generating function
In the Proof of Theorem 3.1, we have derived the remarkably simple result below.

Theorem 6.1. The generating function G° is given by

2
GOz, y) =

A(z) + A(y)

where A(z) = /1 — 4dpgz2.

6.2. Distribution of the sojourn time

Theorem 6.2. Assume that n is even. The probability 7“27" = P{T,, = k,S, = 0} admits the following
exPression:

rﬁ,n _ nLJrQ (7;;2) (pq)”/2 if k is even such that 0 < k < n, (6.2)
0 if k is odd or such that k > n + 1.
The distribution of T,, for the bridge of the random walk is given by
i if k is even such that 0 < k < n,
P{T, =k|S, =0} = n+2
0 if k is odd or such that k > n + 1,

that is, the conditioned random variable (T,, = k| Sy, = 0) is uniformly distributed on the set {0,2,4,...,n—2,n}.
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Proof. By (2.3), we rewrite G°(x,y) as

Go(xay)ZQ Z aH_j(pq)(lJrj /2 'Ly =92 Z n/2 k n k-

7;7]'65 k,n€eE:
k<n

From this, we immediately extract the announced expression for 7"2 »- Moreover, we plainly have

P{T, =k, S, =0
P{Tn = k] S0 =0} = {p{s —0 :

with

P(s, =0} = (], ) o)

and this prove the assertion related to the uniform law. ]

7. THE CASES F =7 AND FF =7Z~*

In this part, we shall set for simplifying 7“%: = T GZ (2,y) = GF(z,y) and HZ'"(2) = HT(2). We shall
also use similar notations with minus signs for the study of the case F' = Z~*. Some expressions for the T;n’s

can be obtained from Theorem 4.2 by summing the ri ny J EZT or j € Z7*. Since ri , = 0 for |j] > n, the
corresponding sums reduce to

n —1
_ J - _ J
= g Tkon and Thn = g Tk
j=1 j=—-n

We propose other expressions which can be deduced from the generating functions Gt and G~.

7.1. Generating function

We first consider the case where F' = Z**. We need to evaluate the functions H; (z) for i € {—1,0,1},
G™(x,0) and GT(0,y). On one hand, we have for i € {—1,0,1} (and then i > 0)

2 mo-w 2 ()

GEL* —i j=1—

1 1-A()\'™" 1—A(2) 1-A(x)\ "
Az)(1 — L2AG), < 29z > CA(2)[202 - 1+ A(2)] ( 2qz )

2qz

.

Invoking (2.7) and observing that
2pz — 1+ A(2)][2gz — 1 + A(2)] = 4pgz® — 22 + 1+ 2(z — 1)A(2) + A(2)? = 2(1 — 2)[1 — A(2)],

we find that

vy 2p2—1+A(2) (1—-A(2) _i_2pz—1+A(Z) 1+ A(z) i.
A (z) = 2(1 - 2)A(z) ( 2qz ) 21— 2)A(2) ( 2pz )
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On the other hand, by (3.2),

G (x,0) = Hyf (z) — 1_27‘2@ HYy(x) = Hy (x) [1 - _2;‘;@) 1 flf(z)]
_ 2A(w) g — 2pr —1+ A(x)
T 1+ A(x) Hy (x) (1 —2)[1+A(x)]
Similarly,
1-A(y)

G*(0,y) = Hi (y) —

Hfr(y) — HOJr(y) [1 _ 1- A(y) 2qy :| —0.

2qy 2qy 1—A(y)
With this at hand, we can derive G (z,y). Indeed, using the general formula (3.1), we obtain

1+ A(z)
A(z) + A(y)

t(p0) = 2px — 1+ A(x) .
G0 = T A@ + AD)

GT(z,y) =
Exactly in the same way, we could find the result related to the case F' = Z~™*. We state both results in the

theorem below.

Theorem 7.1. The generating functions GT and G~ are given by

2pr — 1+ A(x)
(1 —2)[A(x) + A(y)]

2qy — 1+ A(y)
(1 —y)[A(z) + A(y)]

Gt (x,y) = and G~ (z,y) = (7.1)

where A(z) = /1 — 4dpgz2.
Remark 7.2. We have the following relationship between the generating functions G, G+, G—, GY:
G (z,y) + G (2,y) + GOz,y) = G(z,y)

which can be directly checked by using the expressions (5.1), (6.1) and (7.1). In fact, it is due to the fact that
{S, € Zt*}U{S, € Z*} U{S,, = 0} = Q which implies that

+ - o _
T T Thm T Tk = Thne

7.2. Distribution of the sojourn time

From Theorem 7.1, we derive the coefficients r;n and 1.

Theorem 7.3. The probabilities r,in =P{T, =k, S, >0} and Thm = P{T,, = k, S, < 0} admit the following
expressions: for 0 < k < n,

b, = 1e(n— k) [22? > alpg) P-4 > ( > aj@z‘j)(pqy/”l], (7.2)

€& icE: jee:
n—k<i<n—1 n—k<i<n—2  j<ithk—n
Tem = 1e(k) [Qq > ailpg)P -4 > ( > aj“i—j) (pq)m“} (7.3)
icE: icE: jee:
k<i<n—1 k<i<n—2  j<i—k

1 .
where a; = P (1;2) forief.
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Proof. We invert the generating function G*. For its expansion, we refer to the Proof of Theorem 5.3. We have

() = 2PC L 1-Al .

=2 Z Ilg(n—kr)[ Z ai(pQ)i/Q]kayn_k

k,nEN: 1€E:
E<n, n—k<i<n
1 /241 kE n—k
e wk)[ > ( 5 ajau)(pqw ]xy .
k,neN: ice: jee:
k<n i<n—2  j<itk-n

Performing the substitution (k,n) — (k — 1,n — 1) in the first term of the last above equality, we get

Gty =2p ) lls(n—k)[ > ai(pq)“ﬂw’“y"’“

k,neN: i€EE:
k<n, n—k<i<n—1
i/241 | k) n—k
—4 g ]lg(n—k)[ E ( g ajai_j)(pq)/ ]x yrr.
k,nEN: icE: jeE:
k<n i<n—2  j<itk—n

Formula (7.2) ensues by identification. Formula (7.3) can be deduced from (7.2) by invoking the duality
argument mentioned in Remark 4.3: it suffices to interchange p and ¢ on one hand, and k& and n — k on the
other hand. O

Remark 7.4. By comparing (5.4) and (7.2), we can see that, for odd integer n, r,in =11 if k is odd, r,in =0

+

if k is even, and, for even integer n, 1= =r7 =0and ry = p*rd _,. These relations can be directly checked.
’ ’ g [ VR 7) 1,n 2,n p 0,n—2 y

For instance, in the last case, we can easily observe that the conditions 7T,, = 2 and S,, > 0 are fulfilled only in
the case where Sy < 0,51 <0,...,5,.3<0,5, 2=0,5,_1=1and S, =2. Thus,

P{Tn = 2;Sn > O}’ :P{SO < O;SI < 07"-7Sn—3 < O,Sn_g =0,X,1 =X, = 1}
= p2]P>{Tn72 = 07 Sn72 = 0}

which is nothing but 7’;” = p2r87n72.

Remark 7.5. In Remark 7.2, we mentioned the relationship 7“; nt Tt 7“2,” = T,n. This one can be checked
by adding (6.2), (7.2) and (7.3) after noticing that

7“2’,1 = 2]Ig(k)]lg(n)an(pq)”/2 =1eg(n — k)lg(n)2p an(pq)”/2 + 1g(k)1g(n)2q an(pq)"/27
the foregoing sum coincides with (5.4).

8. ASYMPTOTICS: BROWNIAN MOTION WITH A LINEAR DRIFT

In this part, our aim is to retrieve certain probability distributions related to the sojourn time in (0, 4+00) of
Brownian motion with a linear drift.

8.1. Rescaled random walk

We consider a sequence of random walks (S} )ren indexed by N € N, defined by

k
SY =S+ X k=1,
j=1
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where for each N € N*, (X 5 )jen+ is a sequence of independent Bernoulli variables with jump probabilities
depending on N as follows:

1 p 1 p
=P{X)=+4+1}=-+—— and =P{X)V=—-1}=- - ——,
Pnx { k } 9 2\/N 5N { k } 2 2\/N
p being a fixed parameter. We also define the centered random walk (S'fcV Jken as
SN =S¥ —E(S)) =S) fpi-
k k k k \/N
Let TN be the corresponding sojourn time in Z*: T = Z?Zl 6 with
5y — { 1 %f (SJJ; > 0) or (S]’; =0 and Sj;_l > 0),
J 0 if (S <0)or (S} =0and S, <0).
Let us introduce the rescaled random walks
1 . 1 -
BY = — S} and B} =B —E(B}) = — S\
t \/N [Nt] t t ( t ) N [Nt]

defined on continuous time ¢ > 0. We have

~ [Nt]
BY=BY+p—=,t>0.
t t N ) 0

Donsker’s theorem (see, e.g., [1], p. 68) asserts that the sequence of processes (B} )¢>0, N € N, weakly converges
to the standard linear Brownian motion (B;):>0 and the sequence of processes (B} )i>0, N € N, weakly converges
to the drifted Brownian motion (B;);>o defined as

Bt:Bt+pt,t>0

We now introduce the sojourn times in R* of the processes (B} );>0 and (Bt):>o:

+ t
Ty :/ Iz+(BY)ds and Ty =/ Ip+(Bs) ds.
0 0

We have
[Nt](j+1)/N ([Nt]+1)/N
T =% / I+ (SY) ds — / T+ (2 ) ds
=0 Ji/N t
(V1]
1 N Nt]+1 N
=0
(V]
= T+ > (1 (55) - 87) + = e (S9) — (T — 1) B (Sfivy): (8.1)
j=1

We compare the sojourn time of the random walk (S} )ken and that of the Brownian motion (B;):>o0:

1 N 1 N N N
~ fivyg —Te = (N Ting — Ty ) + (T = Ty).
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On one hand, for j > 1,

Tot (S)) — 6 =

J

0 if (S} #0) or (S} =0 and S} ; > 0),
1 1fSN—0andS *, <0,

and then,
g+ (S7") — 67| < 1y03(S;)-
On the other hand, by (8.1), the following estimate holds:

L v
‘N vy — T8 | < E fﬂ{O}
We observe, by (2.1), that
[Nt] 00 \/_
N
§11 <SPSy =0} <3 by(pyay)’? = 1 YN
{ (8 } = 5 = Alpnan)  p W

which implies that % T[]]Vw] — T, tends to 0 in mean. Now, by Donsker’s theorem, the sequence (T} ) yen+ weakly

converges to Ty (see [1], p. 72). This discussion shows that + ~ T{xy — T converges to 0 in mean. As a result,

the probability distribution of T[N Ny converges to that of Ty. In the following subsection, we compute this
limit.

8.2. Limiting distribution of the sojourn time

Theorem 8.1. The probability distribution function of the sojourn time T admits the following expression:
for 0 < s <t,

1 e P 22/2 0 efpzz/Q .
ﬁ{ 2@/ e ]/_ng Fp=0
1 —p?z/2 0o L—p?z/2
——|p| + AR, C 4 ifp<0
V2T 202 Ji_s 232 R 23/2
e—p2z/2

The integral f;o £—7z— dz can be expressed by means of the error function according as

P{T; € ds}/ds =

Ooe_pzz/2 2 2./9
/ Wdzzﬁe_p o/2 _ V27TpEI‘fC(p\/O'/2).

Let us point out that the density of T} is known under another form, see formula 2.1.4.8 in [2].

Proof. We shall assume that p > 0, the case p < 0 being quite similar. We begin by computing the limit of the
following probability as N — oc:

[Ns2]

1
P{s1 < ~ Ty < s2} = P{[Ns1] < Ty < [Nso} = > P{TM = k}
k=[Ns1]+
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e Case where [Nt] is even. Suppose that [N] is even and set o = a;(pyq,)"? with p,q, = 2(1 —p?/N). B
using (5.19) and (5.21), for even integer k such that [Ns;] < k < [Nsz], we get

P{T{Xy =k} =P{T} = k}P{T{%y_ =0} = {1 a0 Y af} {1 “px Y af’]. (8.2)

i€E: i€E:
0<i<k—1 0<i<[Nt]—k—1

Since p is assumed to be non negative, we have by (2.1)

ZOL \/M)717|pN7QN|7L

= 2PN A 2PN Pn

and we can rewrite (8.2) as

P{T[f;vﬂkz}[ I +qNZ H 3 af} (8.3)

ice: icE:
ik i>[Nt]—k

We aim to evaluate the limit of the foregoing quantity as N — oo. For this, we need an asymptotic for the sum
Zi_igk: aY as k, N — oo with ey N < k < N for any ¢1, ¢ > 0.

Lemma 8.2. The following asymptotics holds: for any c1,co > 0 such that ¢1 < ca,

. e pz/2
2ol [;N 4= (8.4)

i€E: c] N<k<egN
izk

The proof of this lemma is postponed to Appendix A. Set, for z > 0 and s € (0, t),

7p2z/2 2 1 [e%e) [e%e)
p(z) = GZTQ and (s, 1) = \/;{PJF 2on ©(2) dz} /ti ¢(z) dz.

In the light of (8.3) and (8.4), for even k such that [Ns1] < k < [Ns2], we have

N — o0
[Ntleg

2 1 1 1o
Mﬂmk}mg[V— @T-WN(QMH,ﬂN(Wﬂmm¢@N4 (k).

Finally,

P{s; <]17 Ny < s2} % Z Y(k/N) — / P(s,t)d

N~>oo N — oo
[NtleE keE: [Ntleg
[Ns1]<k<[Nsa]
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e Case where [Nt] is odd.
Assume that [Nt] is odd. Then, by invoking (5.22), we obtain

1
P{s1 < 5 Ty < 52} = Yo P{TRy=k+ Y. P{T, =k}
ke keo:
[Ns1]<E<[Nss) [Ns1]<k<[Nso]
= Y P{TRy=k}+ > P{T{Ny =k — 1}
ke ke€:
[Ns1]<k<[Nsg] [Ns1]+1<k<[Nsa]+1
[NSQ]
= Z IP{T[Z]VVt]+1 =k}+e,
k::[NSl]Jrl

P{[Ns1] <TiNys1 < [Ns2l} +ey
where ¢, = 1o ([Nsa])P{T}\ (N = = [Nsa]} — ]lo([Nsl])]P’{T[’]VVt] = [Ns1]}. We have
lex | SP{T{ny = [Nsa]} + P{T{xy = [Ns2]}

SP{T{Ng € {INs1l [Nsa] + 13} + P{T {41 € {[Vs2), [Ns2] + 1}}

o PO (B o () o)

[Nt]e

2
e N [1h(s1) + ¥ (s1)]-

[NtleO
Since [Nt] is odd, [Nt] 4+ 1 is even and we can use the foregoing analysis. Hence,
1
P{Sl < NT[Nt 82} ’(ﬂ S, t
Nt GO

We know that % [Nt] — Tt, then

1 [ 1
P{s; < T; <82} = 5/ P(s,t)ds and P{T; € ds}/ds= 3 P(s, 1)
S1

which ends up the Proof of Theorem 8.1. (|
For p = 0, we retrieve Paul Lévy’s famous arcsine law for standard Brownian motion: for s € (0, ),
1
T/ s(t — )

Remark 8.3. Let ¢ tend to oo in the formula of Theorem 8.1. The limiting random variable T+, denotes the
total sojourn time in Rt and its probability distribution is given by

P{T, € ds}/ds =

0 if p>0,
P{T € ds}/ds = lp| [ er72/2

o s 23/2

dz if p<O.
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From this, we deduce P{To =00} =11if p > 0. If p < 0,

ol / / o "2/ lp| [ e
P{T < = = dz = 1.
{Too < 00} = =)y v E

This is in good accordance with the effect of the drift near infinity.

Theorem 8.4. The probability distribution functions of Til(_ o 0)(Bt) and Tl 1o0)(Bt) admit the following
expressions: for 0 < s <'t,

- tefp2z/2 1 e piu/2 © o pv/2
P{TtEdS,Bt<O}/dS\/—_/ ?dzﬁ’ﬂ/s WdU/tiuwdv,

epz/2 1 tepu/Q OOepv/Q
P{T; € ds, B; > 0}/ds = \/—/ dZJFE/tiS ud/2 du/tiu v3/2 dv.

Proof. Set o = a;(pq)/?. We first begin by rewriting T as follows. By (7.3), we have

RS ECI D SITERD S D op o |}

ig€: i€E: jee:
k<i<n—1 k<i<n—2  j<i—k

The double sum of the foregoing expression can be written as

Y (Taon)=s X oa( X oau)= X ool ¥ oo

i€E: JjEE: JjEE: i€€: JEE: i€g:
k<i<n—2 i<i—k ji<n—k—2 jtk<i<n—2 j<n—k—2 E<i<n—j—2

= E Q; < E Oéj> = E Q; < E Q; — E Oéj)

i€E: jEE: ieE: jeE JEE:
k<i<n—2 j<n—i—2 k<i<n—2 jzn—i—1

= v E a; — E Oéi< E Oéj>.

p q ieE: ieE: JEE:
k<i<n—2 k<i<n—2 jzn—i—1

Therefore,

Tom = 1e(k) [2¢00(M)an 1 +2(¢—p)" > ai+dpg Y az( > aj)].

i€E: i€E: JEE:
k<i<n—2 k<i<n—2 jzn—i—1

Recall that o) = a;(p, qN)i/ 2. We now search an asymptotic for the following probability:

[NSQ]
1
P{Sl < — T[Nt] S92, B < 0} = E ]PJ{T[IXH] = k, S[Nt] < 0}
k:—[NSl]Jrl

where

S

P{T{xyg =k, Siveg < 0} = 1e (k) {2% lo(INafyg_1 +2(ay —py)" D af

i€€&:
+4p,qn Z af< Z a}vﬂ.

E<i<[Nt]—2
icE: jEE:

k<i<[Nt]—2 j=[Nt]—i—1
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Observing that, as N — oo,
+ 2/7 N —-3/2
(QN 7pN) ~ \/—Na 4pNQN ~1, 2QNa[Nt]—1 - O(N )a

and invoking (8.4), we get, for k € &,

P{T[]}{,t]k,S[Nt]<0}~2\/§]pV—_2 3 4%%% 3 go(%) Z 4%). (8.5)

icE: i€E: jeE:

k<i<[Nt]—2 E<i<[Nt]—2 J=[Nt]—i—1
We can easily see that

> o(5)~ 5 e 9

icE: k/N

E<i<[Nt]—2
and ‘ N N e
J
> ey~ 3 o) do~ S [ pw)dv
jeE: ([Nt]—i—1)/N t—i/N
i2(Nt]—i-1
Moreover,
i J N i o
“(%) (%)~ 3 o(y) |, e
'LEZS N JEE: N 2 1525 N t—i/N
E<i<[Nt]—2 J=[Nt]—i—1 E<i<[Nt]—2
2 t e}
~— o(u) du/ ©(v) dw. (8.7)
4 k/N t—u

Put now

2p:|: t 1 t [e%e]
o) =2 [oaz+ o [etdu [ o)
In the light of (8.5), (8.6) and (8.7), we derive

1
and finally
Pisi < = T3, < 50, BY <0} LY vy~ s
—_— ~ —_— — - .
51 N (Nt = 520 P N—oo N X ’ N—oo 2 X 18 s

keE: S1
[Ns1]<k<[Ns2]

Since + TNy —oc,0)(BYY) N T 1(—o0,0)(Bt), we deduce that

1[92 1
P{s;1 < T: < s2,B: <0} = 5/ X (s,t)ds and P{T; € ds, B; < 0}/ds = §X_(S’t)'

S1

We can prove in a quite similar way that
1
P{T; € ds, B; > 0}/ds = 3 xH(t—s,t).

This last result can be deduced also from the previous one by invoking a duality argument related to drifted
Brownian motion. Indeed, setting more precisely By = Bf and T; = T%, it can be easily seen that (Bf, T?) and
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(=B, ”,t —T; ") have the same distributions. This explains why the term x (s, t) is changed into x (¢ — s, t)
The Proof of Theorem 8.4 is finished. O

For p = 0, we retrieve the well-known results for standard Brownian motion: for s € (0, )

1 S

1 t—s
P{T B = — P{T B = — .
{T; € ds, B < 0}/ds — . and P{T; €ds, B; > 0}/ds —\ T

APPENDIX A

Proof of Lemma 8.2. The main idea is roughly speaking that, referring to Stirling formula for a;,

1 . 21'-‘,—1/2 ) 1 9 i/2 )
“T i ( 22) = and (pyg,)"? = [Z (1- %)] o e,
e v N

Then, recalling that o = a;(pyqy)"?,

5 0—p2i/(2N)
oy o~ e —
P i N—oo T 33/2

i/N2-50

and next
e P 2i/(2N) \/5 \/7
\/ = = w(i/N) / o(z)dz.
Z \/EN3/2 ; (/ k:N~>oc k/N
1>k i>k

N
a, ~J
Z v k,N—oco 33/2
ice: 1 N<k<eaN 1 N<k<egN

i>k

To make the argument more precise, we note that

2\ i/2 i 2 .
(1-8)" e [5n(1- Q)] = oo

DO | .
7N
—
=}
/_\
ZI’%
SN—
-+
2=
N——
I

from which we see that
2\ /2 >
(1 _ P_) ~  o—Pli/(2N)
N i, N— oo ’

i/N2-50

Pick € > 0. There exists an integer Ny such that, for any N > N, for any i, k € £ such that c; N < k <7 < N3/2,

\/5 2.
a¥ > (1—-¢) e~ P i/ (2N)
‘ NZE

and for any i,k € € such that c; N < k <i A (2N),

\/5 2.
N« —p%i/(2N)
<(1+¢) ﬁi3/2€

Then, for any N > Ny and any k such that c; NV < k < N,

vz 5 |
(1 =e) = > (< ) S al <(149) WNS/QZQD(%). (A1)
k@f;’w s ice:
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Remarking that ¢ is decreasing, we have

5 p(z)dz < go(—) < —/ o(z)dz.
i/N (i—2)/N

Then - _ -
3 | pe s e(y) <ely) 3 [ e

k/N /N
i>k

which shows, since we plainly have for e; N < k < caN, ¢(k/N) = o(N fko;)N ©(z)dz), that

Zsﬁ(%) e % Oogz:(z)dz.

icE: 1 N<k<coN k/N
i>k

On the other hand,

> ely)-Telz) - X ely)

k<i<N3/2 izk 1>z\73/2

The last sum in (A.3) can be estimated as follows:

i N [N3/2] [N3/2] +1 N [
~ dz = o(N).
Z; / Dzt o(t—) + (=) oL 3 Pz = o)
i>N3/2

Putting (A.2) and (A.4) into (A.3), we obtain that

i N
o(2) o~ N e
E<i<N3/2

and next putting (A.2) and (A.5) into (A.1), we find, for N large enough and ¢; N < k <coN, that

V2 [ Za (1+2) —=— V2 [
VT N k/N = VTN Jin

ik

(1—2¢) —= o(z)dz

from which we finally deduce (8.4).

(A.3)

(A.5)

O
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