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LOCAL ASYMPTOTIC NORMALITY FOR NORMAL INVERSE GAUSSIAN
LEVY PROCESSES WITH HIGH-FREQUENCY SAMPLING *

REIICHIRO KAWAT! AND HIROKI MASUDA 2

Abstract. We prove the local asymptotic normality for the full parameters of the normal inverse
Gaussian Lévy process X, when we observe high-frequency data Xa,, , Xoa , Xna,, with sampling
mesh A, — 0 and the terminal sampling time nA, — oco. The rate of convergence turns out to be
(vVnA,,v/nAy, \/n,/n) for the dominating parameter (o, 3, d, i), where « stands for the heaviness of
the tails, 8 the degree of skewness, § the scale, and p the location. The essential feature in our study
is that the suitably normalized increments of X in small time is approximately Cauchy-distributed,
which specifically comes out in the form of the asymptotic Fisher information matrix.
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1. INTRODUCTION

Lévy processes have been recognized as building blocks for analyzing realistic data structure, which most often
loses touch with the conventional Gaussianity especially when dealing with high-frequency data, such as intraday
stock returns. For a stochastic-process model based on high-frequency data, one of the most fundamental, yet
in no way obvious, issues is estimation of the dominating parameters involved, where we observe discrete-time
sample Xa, , Xoa , Xna, stemming from a stochastic process X = (Xt)t€R+, where A,, — 0 denotes
a diminishing sampling mesh. This high-frequency data framework often leads to a better understanding
of fine data structure and estimation performance than in case of targeting the classical independent and
identically distributed data with A,, = A > 0, a fixed constant. Moreover, due to a wide variety of the class
of Lévy processes, it is a rather difficult matter to formulate a unified and versatile parametric estimation
procedure for the whole class of Lévy processes discretely observed at high frequency. In general, the marginal
distribution £(X;) for ¢ # 1 do not belong to the same distribution family as £(X;). Even if the existence of
the Lebesgue density of £(Xa,) is guaranteed, the corresponding likelihood function does not have a closed
form, making the likelihood analysis intractable and difficult.

Among others, the normal inverse Gaussian (NIG) Lévy process exhibits attractive features: the tractability
and the availability of a simple simulation method at arbitrary sampling frequencies (i.e., for any A, > 0).
The NIG distribution is a four-parameter family, derived as a special case of the highly flexible five-parameter
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generalized hyperbolic (GH) distribution introduced by Barndorff-Nielsen [5] for investigating a distribution of
size of wind-blown particles of sand. The GH distribution is known to be infinitely divisible (more strongly,
selfdecomposable), hence, we can associate with it a Lévy process such that £(X;) is the GH distribution.
However, the GH Lévy processes has a drawback that £(X;) no longer belongs to the GH family for ¢ # 1, and
moreover, the characteristic function of the GH distribution is rather complicated, so that the Fourier inversion
formula is also intractable (see, e.g., Prause [19], Lem. 1.18). One may consult Prause [19] in Section 1, for
estimation of the GH distributions (hence contains the NIG case) in the classical iid setting, together with a
series of empirical analysis concerning financial asset data. Although he studied explicit derivation of the score
function and several numerical recipes to obtain maximum likelihood estimates, no theoretical background,
such as its asymptotic distribution, was given. Prause [19] in Section 1.5, reported that the GH model is also
appropriate for financial intraday (referred to as high-frequency) data, nevertheless, the rigorous analysis of the
estimation based on the high-frequency setting A,, — 0 we have adopted in this paper is extremely difficult,
due to the lack of the reproducing property.

Within the GH family, NIG and normal gamma (NG) distributions are known to have the reproducing
property, which entails that, if the distribution at unit time for a Lévy process is NIG or NG, then its marginal
distribution at any time belongs to the same distribution family. Under discrete sampling, the reproducing
property combined with the Markov property helps to simplify the expression of the likelihood function, and
its further asymptotic analysis as well. Besides, toward optimal inference and testing hypothesis concerning the
dominating parameters of the NIG Lévy process, a fundamental step is to investigate asymptotic behavior of the
likelihood-ratio random fields based on an available record Xa,, Xoa, ..., Xna, . In this paper, we investigate
Local Asymptotic Normality (LAN) for NIG Lévy process observed at discrete time points under large-term
and high-frequency sampling design, where A,, — 0 and nA,, — oo. The concept of LAN was introduced
by Le Cam (1924-2000) in [15] in order to study approximations (simplifications) of statistical tests for large
sample, and nowadays has become a vital concept to establish asymptotic optimalities of estimation and test
in large-sample framework. For a systematic account concerning the LAN theory, we refer to, among others,
Le Cam and Yang [16], Strasser [23] and van der Vaart [24]. Also, Jacod [9] presents a nice concise review in
this direction, with a particular focus on the case of diffusion processes. An earlier attempt at systematic study
of the LAN for discretely observed Lévy processes was made by Woerner [25], where various LAN results were
“individually” provided for each specific parameter, such as drift, diffusion, scale, and skeweness. (See Sect. 3
for more details.)

The objective of this paper is to derive the “full-parameter” LAN for NIG Lévy processes discretely observed
at high frequency. Previously, on the one hand, in the high-frequency data framework, Masuda [18] (see also
Ait-Sahalia and Jacod [2]) derived the full-parameter LAN for the non-Gaussian stable Lévy process with drift
and symmetric Lévy density, and Kawai and Masuda [14] derived the full-parameter LAN for the Meixner Lévy
process. In both cases, the Fisher information matrices are constantly degenerate, rendering that there is no
guarantee for usual good asymptotic behavior of the corresponding maximum likelihood estimators. On the
other hand, we have clarified that the Fisher information matrix in the NIG case is always non-degenerate. To
the best of our knowledge, Theorem 3.1 below is the first fruitful “full-parameter” LAN for a high frequently
observed infinite activity pure jump Lévy process which is not subordinator.

The rest of this paper is organized as follows. Section 2 is devoted to a brief review of basic facts on the
normal inverse Gaussian Levy process and the LAN under high-frequency sampling. Section 3 states our main
result, which provides the rate of convergence and the Fisher information matrix in closed form concerning
the LAN for NIG Lévy processes discretely observed at high frequency. Also, we partly compare our result with
the case of continuous observation, and clarify big differences between them. To maintain the flow of the paper,
we collect proofs in Section 4. Our result requires rather lengthy proofs of somewhat routine nature. To avoid
overloading the paper, we omit nonessential details in some instances.
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2. PRELIMINARIES

2.1. Basic notation

Throughout this paper, the following basic notation is used:

I(A) denotes the indicator function of any event A;

L(X) denotes the distribution of a random element X;

, denotes the characteristic function of a, which indicates a distribution or a random variable;

Oy := (6%1, . a%k)—r and 02 := 0,0, for a vector = (7)< with T denoting transpose, and also we
sometimes use the notation f’ for the derivative of a function f, when no confusion may occur for the
differentiating variable;

o M®2:= MM" for any matrix M;

e (' denotes a generic positive constant which may vary at each appearance;

e a, < b, and a, ~ b, indicate that a, < Cb,, for every n large enough and that a, /b, — 1 as n — oo,
respectively.

2.2. Normal inverse Gaussian Lévy process

A univariate Lévy process X = (X;);er, with finite mean has the Lévy-Khintchine representation

ox, (1) = exp {t(zpou — %a%ﬁ + /(em -1- iuz)l/(dz)) } (2.1)

where o € R, 02 > 0, and v(dz) is a Lévy measure, i.e., a o-finite measure on R such that v({0}) = 0 and
S A Jz[*)v(dz) < co. When the generating triplet (uo,0?,(dz)) depends on a finite-dimensional parameter
0 € © C RP, we denote by Py the distribution of X on the Skorohod space. We refer the reader to Sato [21] for
a detailed account of Lévy processes.

The univariate normal inverse Gaussian (NIG) distribution, denoted by NIG(«, 3,6, 1), is the selfdecompos-
able (hence infinitely divisible) distribution admitting a density

py;, B0, 1) = %5 exp {5\/042 — B2+ By — u)} Filovor v - M)Q), y € R, (2.2)

62+ (y — pn)?

where K, (y), w € R, y > 0, denotes the modified Bessel function of the third kind® with index w:

Kﬂw:%Amﬁ“%m{—gG+é)%m (2.3)

0= (a,f3,0,u) €O CR,

where the parameter space © is a bounded convex domain such that

We write

0~ C {(a, 8,8, 1)l > 0,0 > [5] > 0,6 > 0, 4 € R, (2.4)

where ©~ denotes the closure of ©. (Throughout, we rule out the case where o = |8 > 0.) The distribu-
tion NIG(«, 8,0, 1) exhibits semi-heavy tails in the sense that the density behaves as a constant multiple of

1Here, we follow the terminology used in [7]. Note that some authors call this function “modified Bessel function of the second
kind” or “modified Hankel function”.
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ly|=3/2 exp(—aly| + By) for |y| — oo, so that moments of any order are finite. The mean and variance of
NIG(«, 3,6, 1) are respectively given by

36 a?d

and

Vo= M @

A+

and the characteristic function by

PNI1G(a.8.6.m)(8) = €xp {iuu +o(vVa2 — 32 = o2 — (iu+ f) )} (2:5)

Now, the univariate NIG Lévy process is defined to be a Lévy process X starting from the origin such that
L(X1) = NIG(a, 3,9, ). It is clear from (2.5) that for any A, >0 and a # 0

E(a(XA

n

—uAy)) = NIG< 6|a|An,0> (2.6)

The generating triplet of X is given by po = pu + 86//a? — 32, 02 = 0, and v(dz;0) = g(z; a, 3,6)dz with

g(z;a,3,0) = Oé—(seﬁzKl(oz|z|), z # 0. (2.7)

7lz|

One can consult Barndorff-Nielsen [6,7] for more analytical facts concerning the NIG distribution and the NIG
Lévy process.

2.3. LAN under high-frequency sampling

In this subsection, © denotes a convex domain in R?, and X a Lévy process (not necessarily the NIG one).
For later use and convenience, let us introduce a general framework for LAN under high-frequency sampling.

Fix a 6 € ©, and let X be observed at t; = t, j < n, with {fj < {7 <--- <t} for each n. We denote by
x; = xp; the successive increments:

XTj = Tnj = th - th—l' (2 8)

Because of the independent-increments property of X, the sequence (z;),<, for each n forms an independent
array. For simplicity, we set ¢t; = jA,, for some A, > 0, so that L£(z;) = L(Xa,) under Py for every j < n.
Then, we denote by Py the distribution of (X¢,);<, under Py.

Suppose that £(Xa, ) under Py admits an everywhere positive Lebesgue density, say pa,, (y; ), which is of
the class C%(0) for each y € R as a function of # € ©. According to the stationarity and independence of
increments of X, the log-likelihood function takes the form

= logpa,(z;;0)
j=1

where pa,, (x;0) denotes the density of X, under Py.

Let (r,) be a nonrandom positive definite diagonal matrices tending to 0 in norm, and Z(f) a nonnegative
definite symmetric R? @ R? matrix. Pick any h € RP. We may suppose that 6,, := 0 + r,h € ©. We say that
LAN holds true at 0 with rate r,, and Fisher information matriz Z(0), if the stochastic expansion

3

d 1
log Fﬁﬁ = En(en) - en(e) = hTSn(e) - §hTI(9)h + 0p9(1) (29)
0

holds true, where S, (6) := r,094,(0) — N,(0,Z(0)) weakly under Py, where N,(0,Z(#)) stands for the p-variate
normal distribution with mean 0 and covariance Z(6). Let us note that, in order to apply the general asymptotic
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optimality theory based on the LAN, the matrix Z(6) has to be positive definite; if not, the LAN is not of much
help to clarify asymptotic optimality criteria.

If we have the LAN, then it is known that general criteria for asymptotic optimalities of estimation and
testing hypotheses follows from the LAN. Here, let us briefly mention the following (see Le Cam and Yang [16],
Strasser [23] and van der Vaart [24] for more details): if one has asymptotically normally distributed estimator 6,,
of 0, say ¢;; ' (6, —0) — N, (0,V(8)) weakly under Py where ¢;;' — oo and V(#) € RP@RP is positive definite, then
the maximal rate of convergence and the minimal asymptotic covariance matrix are given by 7, ! and Z(6)~?,
respectively. Namely, the optimal quantities are explicitly provided by the form of the LAN obtained. In our
main result (Thm. 3.1 below), the rate and the Fisher information matrix are specified by (3.3) and (3.2),
respectively, where the latter turns out to be positive definite for each 6 € ©.

3. MAIN RESULT
Let X be a Lévy process such that £(X;1) = NIG(«, 3,0, 1) (recall (2.6) and suppose that available data is
(Xja,)j<n with
A, —0 and nA, — oco. (3.1)
Define the matrix Z(0) = [Zy(0)]} -, for 6 = (o, B, 1) € © as follows:

Zu(0) Zin(0) 0 0
) = O e o | (32)
sym. I44 (9)

where

O K, 2
T11(0) == _/ (e(ﬁ/a)y + ef(ﬁ/a)y) yﬂdy,
0

am Ki(y)
T1a(0) := F(a#% {1 + %62 arctan <a+62> } ,
0) =
Zs3(0) == 2—(1;27
Taa(0) = 2—352

Here, the integral in Z;;(6) is indeed finite; see Lemma 4.82,
Let

1 1 1 1
rn = diag(rin, ron, r3n, T4n) = diag | ——, ——, —, — | - 3.3
n g( 1n,T2n,T3n 4n) g ( A b, \/ﬁ \/ﬁ) ( )
Our main result is the following, which clarifies a crucial contrast between discrete and continuous observations

(see Cor. 3.3 for the latter case).

Theorem 3.1. Let X be as above and suppose (2.4) and (3.1). Then LAN holds true at each # € © with
rate 1, and the Fisher information matrix Z(6). In particular, Z() is positive definite for each 6 € ©.

2\We note that Woerner ([26], Thm. 2 and Ex. 1) contains a slight typo concerning the expression of Z22(0): the exponent in
the denominator is not 5/2 but 3/2.
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Thus we have seen that the rate \/n for (§, 1) is faster than /nA,, for (o, 3). Such a phenomenon is known
to arise in some specific cases of Lévy processes under high-frequency sampling. A prime example is the scaled
Wiener process with drift, say X; = ut 4+ ocw;, where w denotes the standard Wiener process. In this case, we
have the LAN for each (u, o) at rate (v/nA,,/n), which can be easily seen by, e.g., applying Proposition 4.3 in
Section 4.1 to the corresponding (fully Gaussian) likelihood function. The rate v/nA,, is the discrete-sampling
analogue to v/T in the case of continuous observation (X;);<7 as T — 00; see, e.g., Akritas and Johnson [3] for
details. See also Masuda [17] for the cases of the gamma and the inverse Gaussian subordinators.

For non-Gaussian stable Lévy processes with drift and symmetric Lévy density, it turns out that the Fisher
information matrix is singular at “every” # whenever both the stability index and scale parameters are included
in 0 (see Ait-Sahalia and Jacod [2] and Masuda [18] for details). In the present NIG case, normalized small time
increment (Xa, — pA,)/(6A,) is approximately Cauchy distributed (see Lem. 4.6 below). If X is the Cauchy
Lévy process such that £(X;) admits the Lebesgue density z — (6/7){6? + (x — u)?} 1, then, by a direct
application of Masuda ([18], Thm. 2.1), we see that the LAN holds true at each (, ) with rate v/n and Fisher
information matrix diag{1/(26%), 1/(26%)}; we here do not suffer from the singularity of Fisher information, since
the stability index is fixed at 1 and is not the parameter to be estimated. Returning to the present NIG case,
we note that the last expression is exactly the same as the lower right 2 x 2 submatrix of Z() in Theorem 3.1,
that is, diag{Zs3(0),Zss(0)} = diag{1/(26%),1/(26%)}: informally speaking, this implies that we can extract
information of the parameter (4, 1) of the NIG Lévy process even in small time (in view of asymptotic Fisher
information), and the information amount can be the same as if we observe the Cauchy Lévy process. Although
we have additionally o and /3 for the NIG case, Theorem 3.1 implies that we can derive the LAN jointly for the
full parameter 6 as soon as nA,, — oo. Moreover, in view of the block diagonal form of Z(#), we may expect
various possibilities of approximate conditional inference, simplified estimation procedure, and so on (see, e.g.,
Cox and Reid [8] and Jgrgensen and Knudsen [10]).

Woerner [25,26] previously studied LAN for discretely observed Lévy processes. Especially for the NIG Lévy
process, she essentially provided LAN results “individual” for: § when A, = A > 0 and A,, — 0 ([25, Ex. 1]
and ([26], Ex. 1); 06 when A,, = A > 0 ([25], Thm. 3.3); and finally, 4 when A,, = A > 0 ([25], Thm. 3.5),
while no LAN for a was given. In contrast, our Theorem 3.1 provides the information of asymptotically optimal
“full-parameter” estimation.

It is interesting to compare Theorem 3.1 with the case of continuous observation. In order to state the
continuous-observation LAN result for the NIG Lévy processes, let us first recall a general characterization of
the absolute continuity. Let X be a Lévy process admitting the Lévy-Khintchine representation (2.1) with
(o, 02, v(d2)) = (po(0),02(0),v(dz;0)) for # € © C RP, and suppose that we observe (X;)iepo,r). Let PG(T)
denote the restriction of Py to Fr, the natural filtration generated by the continuous-time record (X;)i<7. The
equivalence of PG(T) and Pe(,T) for § # 0" is characterized by the following proposition borrowed from Raible
([20], Prop. 2.19). See also Sato ([21], Thm. 33.1.)

Proposition 3.2. Fix any 7' > 0 and 0,6’ € ©. Then PG(T) and P(,(,T ) are equivalent iff the following conditions
are fulfilled.

(a) v(dz;0) = v(z;0,0")v(dz,0) for some Borel function v(+;6,60") : R — (0, 00).
(b) po(0') = po(0) + [5 2(7(2:0,6") — 1)v(dz; 0) + /02 (0)b for some b € R.
(¢) Jo(l—/7(2:0,0))%v(dz;0) < cc.
(d) o*(0") = o*(0).
As a corollary to Raible ([20], Prop. 2.20) based on Proposition 3.2, we have

Corollary 3.3. Let Py, , k = 1,2, denote the distribution of the NIG Lévy process with parameters 0, =
(o, Bk, Ok, puie) € O, and fix any T > 0. Then PG(lT) and PG(QT) are equivalent iff 6; = do and 1 = puo.
Corollary 3.3 clears up an essential difference between the cases of continuous and high-frequency sampling

for the NIG Lévy processes. Indeed, Corollary 3.3 enables us to study the LAN for («, ) in the continuous-
observation case, where the asymptotics are taken as T' — oo. We do not touch the details in order not to
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digress from the main topic, but only refer to Akritas and Johnson [3] for possible LAN for (a, 3) at rate v'T;
specifically, they derived sufficient conditions under which a parametric family of continuously observed pure
jump Lévy processes fulfills a LAN property, and also, they provided the general form of the Fisher information
matrix for continuously observed pure pump Lévy processes, the matrix being represented as some integral with
respect to the Lévy measure (see Eq. (2.4) in Akritas and Johnson [3]). On the contrary, as in the present
NIG case, the full-parameter likelihood function may exist when we deal with the high-frequency (discrete-time)
sample, so that the maximum-likelihood estimation of (d, ) becomes meaningful. Finally, let us mention that,
as the rate of convergence of (4, 1) is \/n free of A,, it may not be necessary to impose that nA,, — oo for
estimation of (J, u). In this case, we regard («, 3) as a nuisance parameter as in the case of estimation of o in
the aforementioned Wiener case.

4. PROOF

We proceed as follows. First, in Section 4.1 we provide a useful general tool (Prop. 4.3) for proving
Theorem 3.1. Next, we prepare some preliminary lemmas in Section 4.2 for investigating the likelihood function
in question, whose expression together with its derivatives up to the second order are specified in Section 4.3.
Finally, Sections 4.4 to 4.7 are devoted to verifications of the conditions of Proposition 4.3.

4.1. A tool for proving LAN under high-frequency sampling

In this section, as a continuation of Section 2.3, we prepare a useful tool for proving our main result. Our
setup here covers general Lévy processes discretely observed at high frequency.

Write g, (0) = 9p log pa,, (253 0). The random fields log(d P! /dPy') on © admits the asymptotically quadratic
structure

log dpn =h' Z n{gni(0) = Eglgn; (0)]} — %h—r Z EO[{Tngnj(e)}®2]h +op,(1) (4.1)

if it holds that

limsup » _ Ep||rngn; (0)|*] < oo, (42)
n—o0 j=1
ZEG 17005 (0) | I(|7ngnj (0)] > €)] — 0 for every € > 0, (4.3)

2

ZEG { A, (25;607) 1 %hTrngnj(@} 0. (4.4)
j=1

pa, (75;0)

If (4.2) and (4.3) hold true with g,;(6) replaced by g;:.(0), where g;::(0) := 2{\/pa, (x;:0n)/pa, (x;;0) — 1},
then we have the asymptotically quadratic structure (4.1) with gy, (0) replaced by gy (9) in the right-hand
side (Strasser [23], Thm. 74.2). Moreover, Strasser ([23], Cor. 74.4) in turn ensures that (4.1) itself holds true
under (4.4). Thus, (4.1) indeed follows on verifying the conditions (4.2) to (4.4).

Now we assume that

ZEO {Tngn] }®2] - I(Q) (45)

Z |7 Bolgn (O] — 0. (4.6)

Note that (4.5) implies (4.2); in Section 4.5, we in fact will check that (17) holds in our framework.
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To treat the first term in the right-hand side of (4.1), we prepare the following.

Lemma 4.1. Suppose the conditions (4.3), (4.5), and (4.6) hold. Then the first term in the right-hand side
of (4.1) weakly under Py tends to N, (0, hTZ(6)h).

Proof. Introduce the centered variables X,n; = Xnj(0) = rn{gn;j(0) — Ep[gn;(0)]}. By means of the central
limit theorem for rowwise independent triangular arrays (e.g. Kallenberg [11], Thm. 5.12 combined with the
Cramér—Wald device), the claim follows from the convergence of the cumulative variance and the Lindeberg
condition, that is, Y7, Eg[x5:] — Z(0) and Y7 Eg[|xn;*I(|xn;| > €')] — 0 for every ¢’ > 0, respectively.
The former is obtained by noting that

n

ZEQ Xn] Z {Tngn] }®2 Z{rnEH gn] )]}®2

j=1 Jj=1

and then applying (4.5) and (4.6). Now fix any € > 0. Since (4.6) entails that |\/nr, Eg[gn1(0)]| — 0, we can
find € > 0 such that ¢ — |, Eg[gn1(0)]| > € for every n large enough. Accordingly,

> Eollxni PL(1xng| = €)]

j=1
S Z (172903 (O) 1 (|7 gnj (0)] + |rn Eolgn; ()] = €)] + Z |7 o905 (0)]|?
Jj=1 Jj=1

Epllrngn; (0)P1(1rngn; (0)] > €)] + [V/nra Eolgn1 (0)]* — 0

A

<
Il
—_

by virtue of (4.3). The proof is complete. O

Thus we have seen that the desired property (2.9) can be derived under (4.3), (4.4), (4.5), and (4.6).
Nevertheless, it is convenient to replace (4.4) by an alternative, which is easier to verify. We prepare the
following lemma.

Lemma 4.2. The condition (4.4) holds true if

n

o Ey[lrn00lgns (o) TIral? + Iragns(0)I] — 0. (4.7)
j=1{p€®:|ryt (p—0)|<a}

for any a > 0.
Proof. Write 377, en;(6) for the left-hand side of (4.4), and let

H,(2;0) == {pa, (2:0,)"/% — pa,, (2:0)"% = (6, — 0) " 9[pa,, (x:0)'/*]}°.
Then
enj(0) = Eo[pa, (x5;0) " Hn(x;;0 /H z;60)d (4.8)

We note that
|rRLF(8)/2)r|* < F(0){17(03 1og F(O)]r|? + [ log £(8)[*} (4.9)

for any nonnegative C2(©) function f and diagonal p x p matrix r: indeed, using the identities dy, f(0) =
1(0)3s, 1og f(6) and 95,0,f(0) = f(6){0s, 3, log [(0) + (3, log [(6))(ds, log f(9))}, which are valid for any



LAN FOR DISCRETELY OBSERVED NIG LEVY PROCESS 21
k,le{l,...,p}, we get

o, 0o, [£ (0)"/2] = 271 £(0) " { £ (0)"/20p, D, £ (0) — 27 £(0)~/2(Dp,, £ (0)) (Do, £ (0))}
= f(0)"/%{27 9, 00, log f(0) + 4~ (s, log f(0))(Dg, log £(0))},

from which the inequality (4.9) readily follows. Using the last inequality, we get for each x
! 2
H,,(x;0) S// |T”892 [pAn (730 + Srnh)lﬂ]rn‘ ds
0

1
< / {[rB 1080, (23 1 () |” + o logpa (w3 2, (D)} o, (3.1, (5)) s, (4.10)
0

where we wrote p/,(s) = 0 + sr,,h, which belongs to © for every n large enough. Now, by substituting (4.10)
in (4.8) and then applying Fubini’s theorem for interchanging the ds and dz integrals, we have

n n 1
S ® 3 [ [ {1tk iompa, ol
e =Jo Jr
+ ‘rn&g logpa, (z; pl, (s))‘4}pAn (x5l (s))dzds

n
<> sup /R {|rn8§ logpa,, (3 p)ra|”

j=1{p€0:|r " (p—0)|<|n[}

4
+ |rn@s log pa,, (; p)| }mn (2; p)dz — 0

by means of (4.7); recall that h € RP here is fixed arbitrarily. This completes the proof. O

To sum up we have derived the following proposition, which serves as our basic tool for proving LAN.

Proposition 4.3. Suppose that (4.3), (4.5), (4.6), and (4.7) hold true. Then we have (2.9), that is, LAN
holds true at each 6 with rate r,, and the Fisher information matrix Z(6).

Remark 4.4. Of course, the concept of LAN is defined for much more general statistical experiments than ours,
such as a discrete-time sample from an ergodic process. Also in such cases we can provide a set of conditions
analogous to the ones in Proposition 4.3, as a useful tool for proving the LAN.

4.2. Preliminary lemmas

We are here going to check that, in our framework, the conditions (4.3), (4.5), (4.6), and (4.7) hold and
that Z(6) is positively definite for each 6 € ©.
For later use, we prepare some lemmas. We consistently use the notation (2.8). For j < n, we introduce

Z; 7#An

€nj = an(éa :u) = SA

Clearly we have L(€,;) = L(€n1) for each n € N and j < n.
Lemma 4.5. It holds that for each n € N| L(e,1) = NIG(adA,,, BOA,,, 1,0).
Proof. Obvious from (2.6) with taking a = (§A,,) L. O
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An important point in our study is that the normalized increments of X in small time can be approximated
by the Cauchy distribution having Blumenthal-Getoor index 1. In what follows, let

1

1(y) = ma

the standard symmetric Cauchy density corresponding to the characteristic function u +— exp(—|ul).

Lemma 4.6. Denote by fa, : R — (0,00) the smooth density of £(e,1). For any nonnegative integer k, we
have

Jim sup |9 fa, (y) = 91 (y)| =0

—0 yeRr

Proof. In view of (2.5), we have ¢, (u) = exp{0A,/m — \/(adA,)? — (iu+ 36A,)?}. Here and in what

follows, we write
m=a?—[3?>0.

Simple manipulation of complex numbers gives

1 B
Peny (1) = 2V exp —\/§(A+\/A2+BQ) - : , (4.11)
24+ VAR B?)

where we wrote A := (§A,)?m + u? (A > 0 always) and B := —235A,u for brevity. Hence, we clearly have
©e,,; (1) — exp(—|u|) for each u € R. The expression (4.11) also leads to the estimate

[P (u)| S exp{ - \/%(A + VA% + BQ)} <e VA <ol (4.12)

By means of the Fourier inversion formula we have

e,y (u) — € —lul] qu. (4.13)

sup [0} £, (4) - 5r(w)| 5 [ Iul*
yeR

Under (4.12), we can apply the dominated convergence theorem to the upper bound of (4.13). This completes
the proof. O

In particular, note that the limit of £(e,1) in total variation is symmetric even if 3 # 0. As a matter of
fact, since the Lévy density g of NIG(a, 3,6, 1) admits the expansion 2%2g(z) = (1/7) + (63/7)|z| + o(|z|) as
|z| — 0 (see (2.7) together with (4.15) below, or, more generally, Raible [20], Prop. 2.18), Lemma 4.6 can also
be deduced from the behavior of the Lévy density of L(e,1) around the origin; note that the standard Cauchy
Lévy density equals z — (1/7)|z| 2.

We introduce the following functions:

n(y) == (W)/d1(y), yeR,
C(y) = Ki(y)/Ki(y), y€0,00),
H(y):=y {1+ y¢(y)} = —Ko(y)/Ki(y), y€[0,00), (4.14)

where we used the identity K| (y) = —Ky-1(y) — (w/y)Kyu(y) for (4.14). The functions ¢, H, and their
derivatives are to be defined at y = 0 as limits from the right.
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Lemma 4.7. (a) The functions y — n(y), yn(y), and 7' (y) are bounded in R.
(b) y — H(y) is bounded and continuous in [0, 00). Moreover, H(y) ~ —ylog(1/y) as y — 0 and H(y) =
—1+1/(2y) +3/(8y%) + O(y~?) as y — o0.
(c) H'(y) ~ —log(1/y) as y — 0 and y*H'(y) = —1/2+ O(y™') as y — oo. In particular, y — yH'(y) is
bounded and continuous in [0, c0).

Proof. The claim (a) readily follows from the well known fact
[yl*105 1 ()]
y€ER é1(y)

for each k € Z; this is valid too for ¢; replaced by the a general symmetric non-Gaussian (-stable density.
As for (b), the continuity of H is clear. We first note the asymptotic behaviors:

log(1/y) +log2 — € if w=0,
K’w(y) ~ { F(|w|)2|w|_1y_|w| if w 7& 0, asy — 0, (415)
_ [T k=1 (k=1)(k-9) 3 .
Ku(y) =/ 2ye {1 + 5 + &)%) +O0(y™?) as y — 00, (4.16)

where € &~ 0.5772 is the Euler-Mascheroni constant and « := 4w?. The desired behavior of H(y) as y — 0 is
trivial from (4.15). Next, by applying (4.16) for w = 0,1 and then expanding the fraction —Ky(y)/K1(y) as
a power series of y~1, straightforward computations lead to the desired behavior of H(y) as y — co. Now the
boundedness of H is trivial.

We turn to (¢). Using the known identity K, (y) = K_.(y) valid for each w,y > 0 and also the identity
Ky (y) = —Kuw-1(y) — (w/y) Kw(y) once again, we get

H'(y) =1+ H(y)/y — {H(y)}*,
and so y2H'(y) = y* + yH (y) — y*{H (y)}?. These expressions combined with (b) lead to the claims. O

Now we define
Anj = qnj(Oé, d, M) = aéAn(l + eij)l/Q

and

A0 = (" /ooo ) et (y){ ?Jﬁiﬁ }kdy,

w0y e L [T (Bl | =Bl d
(0) := e +e yKo(y)dy.
0

™

We need the following lemmas to specify the Fisher information matrix Z(6), and to estimate the remainder
term in the stochastic expansion of the likelihood ratio random fields (see (4.21) below).

Lemma 4.8. For any k € N we have

lim ALEB [{inH(in)}k} = Ak(e)a

n—oo n

with Ag(6) being finite. In particular, limsup,,_, .. A, Eg[|gn1 H (qn1)]] < oo.
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Proof. Reminding Lemma 4.5 and (4.14), we have

L By {am H(ga)}]

A,
1 E adA K (aéAn 1+ x2)
= SALN 1+ 22H (adA,\/ 1 + 22 XORn A, /m+B6AT % d
3, ) fosani i (asn /i) | 250 Vit ¢
a0 ) o(adA, T+ 22"
- k_emnm[a(m / S CEATRES { n\/ ] } K1(a6A,V/1 + 22)dz
U ( ) K1 (a0A, 1+ 22) 1(a0An )
= (~DF LRI (1B, (4.17)
s n
waite B = [+ [0, = B+ BL).
First let us look at BX?JF' The change of variables y = 045An(\/1+—$2 ~ 1) leads to B fo ® J)dy.
where
k k
BT (y) = o(8/@)VIVITEATA (y + adA,) {Ko(y + adA,) } Ky + adA),

- W) VIV T 2008,

Obviously, for each y € (0, 0)

Ki(y + adA,)

=

k
b* (y) — elPlalyh-1k, (y){ K(l)gﬁ } — b (). (4.18)

In order to apply the dominated convergence theorem, we have to look at the behaviors of b(AkiJr (y) asy — 0

and y — oo uniformly in small A,,, say A,, € (0,1]. First, by means of Lemma 4.7(b) and (4.16), we can derive
as y — 00

sup b ()] S Py 2 (y 4 a6 AL )TV K (y + adA,)

A, <1

< e (1=8/a)yyk=3/2 (4.19)

the upper bound being Lebesgue integrable at infinity; here the assumption |§| < « comes into effect. On
account of (4.15) and Lemma 4. 7(b) it holds that y*~Y/2{Ko(y)/K1(y)}*K1(y) ~ Cy**~3/2{log(1/y)}* — 0 as
y — 0. This leads to sup,¢ (g 1 =120 Ko(y) /K1 (y)} K1 (y) < 0o, so that, as y — 0

k
(k)+ ~1/2 k—1/2 —Ko(y*mmn)} }

sup |b < su + adA, { Ki(y 4+ adA,

Sup 1ba, @ISy sup |y ) Kily 1 oody) | K1l )

Sy (4.20)

the upper bound being Lebesgue integrable near the origin. Having (4.18), (4.19) and (4.20) in hand, the
dominated convergence theorem yields that Bg?f — fooo b(()kH(y)dy < 00.

Let bgk)f(y) = e~ (B/yy k=110 () { Ko (y /Kl( )}*. In the same manner as before, we can deduce that
BX?L_ — fooo b(()k)_(y)dy. Thus BX€ fo b(k)'|r b(k) (y)}dy, completing the proof of the first half of the
claims. The last half is obvious from (4.17) and What we have seen above. The proof is complete. g
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Lemma 4.9. It holds that
lim E9 [enIinH(in)] = A/(G)a
n—oo
with A’(0) being finite.

Proof. The lemma can be deduced in an analogous way to the proof of Lemma 4.8, so we omit the details. [

The Lemma 4.10 below provides the fully closed form of A’(#), which directly leads to the closed form
of Z15(0), as we will see in Section 4.5. We set aside the integral form of A’(6) for later convenience in the proof
of positive definiteness of Z(#).

Lemma 4.10. It holds that
20 5 5
A0) =——"—{1+ —=arct —_— .
(6) ﬂ'm{ e a“(m)}

Proof. We note that (z + 1/x)/2 > 1 for any x > 0, and that, for any |b| < 1,

1/00l L ac—l—l +b _Qdac— ! —(bz+1) — b arctan RN T
2 )y z12 T C1-b% (224 2bz+1 12 Vi),

I S PR RS S SR
—171)2 —171)2 D) arctan 17()2

In view of the definition (2.3) and Fubini’s theorem, we see that the leftmost side of the above display equals
[ e~y Ko(y)dy. Using this fact with b = 8/« and —3/aq, it is straightforward to deduce the claim. O

0
4.3. Likelihood, score, and observed information in question

Now, let us look at the log likelihood function £, () associated with a sample (X¢,);<n. By (2.2), the density
of £(z;) under Py exists. We use the notation consistent with Sections 2.3 and 4.1:

adA, K1 (ay/0B,)7 + (2; = uB, )
exp{dA,v/m e [TAYY .
— oxp{ Vm + B(x; — pAn)} NI

pa,(T5;0) =

Then, we can write down £,,(#) in terms of (e,;);j<n as

n

(,(0) = Z { log a + 6 A, (vVm + Ben;) + log ¢1(enj) + %bg(l +er;) + log Ky (a&Am /14 631]') } (4.21)

Jj=1

The expression (4.21) may look unnecessarily lengthy, as the term log ¢1(€,,;) +2 " log(1+ eij) can be obviously
simplified. However, we have meaningly transformed it as just described. In fact, the introduction of the
standard Cauchy density ¢; above turns out to be convenient in the process of deriving various limiting values
as well as deducing estimates of stochastically small terms, to which Lemma 4.7 to 4.9 can effectively be applied.

For studying LAN, we need to look at the score 6 — 9y¢,,(0) and the observed information 6 — —93¢,,(0).
Note that dye,; = =071, %en; = 0, Ds€nj = —0 '€, and O%€n; = 26 %€, and 950,€,; = 072, In terms
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of (4.21), the first-order partial derivative of 6 — £, (0) are explicitly given as follows:

«

H(qn])) } )
WJ1+ e%j

n 1 QEpj
augn(e) - Z {_Sn(enj) - A, (ﬁ + ¢H(Qn]’)) } :

j=1 V1T

We also need to look at the Hessian matrix 93¢, (6): the diagonal elements are

0sln(6) = {%(enﬂ?(em’) +1)+ Ay (\/EJr

& ﬁQ(sAn q721'
920,(0) Z{ 2+ ) ¢ s

j=1
n 2 2
9 B a®0A, | afonl,
O5tn(0) = Z {_ m3/2 } T
j=1
L | al Gni H' (Gnj) e H(qnj)
2 _ 2 n nj nj nj
aéen(e) - Z {5_2(1 + 2€nj77(€nj) + €nj7],(€nj)) + 5 <(1 + €2 ‘)3/2 (1 + €2 4)3/2 ’
=1 nj nj
"1 al, (€ ianiH (qnj) H(qny)
2£n 0) = iy ni n ngy4nj J nj
0utn 0) ; 527’(6 i)+ 5 (14€5;)%/2 +(1+€%j)3/2 ’
and the off-diagonal ones are
" aBiA,  aBénA,
Oa0pln(0) = z; m3/2 m32
=
"] aA A
aaaégn(o) = = + = (H(Qn) +Qn'Hl(Qn')) ;
~ \/ﬁ 1+ eij J J J

aaauen(e) = Z {_M(H(an) + anHl(qm‘))} )

\/1-1—672”

03050, (0) = zn: {—Mm_:} = —%%",

aﬁauen(e) = Z {_An} = —nl,,

al\, €nj
6 (1+4¢€)

656u€n(9) = Z {(%2(77(6"]') + ann/(enj)) -

3/2 (ni H' (gnj) — H(an))} .

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

(4.34)

(4.35)
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In what follows, we complete the proof of Theorem 3.1 by verifying the conditions (4.3), (4.5), (4.6), and (4.7)

given in Section 2.3, with taking r, = (r4,)7_, as in (3.3).

4.4. Lindeberg condition

First we look at (4.3). As is well known, (4.3) is implied by the Lyapunov condition: there exists a constant
€ > 0 such that Z?Zl Eo[|rngn;(0)>T€] — 0 (e.g., Shiryaev [22]). Here, we set ¢ = 2 and prove

4 n
ZZEG |rkngk n] 9)|4] - 07 (436)

k=1 j=1

where gi.,;(0) denotes the kth component of g,,;(). Using Lemma 4.8, we get

n
Z Egl|r1ng1.ni (0)[*]
j=1

Z {A4 + EO[{QnJ (an)}4]} § e — 0.

Next, we note that Eg[|lx;]9] < A, for every ¢ > 2: indeed, since Eg[|Xa, — Eo[Xa,]|?] < A, (Asmussen
and Rosinski [4], Lem. 3.1) and Ey[Xa,] = A,Ep[X1], it follows that Ep[|z;|?] S Ep[|Xa, — Eo[Xa,]|%] +
|Eo[Xa,] noting that ro,g2.,;(0) = (nA,)"V2(z; — pA,, — BSA,/\/m), we
get

" 1 1< 1
(< — = A B[z + A3) <
;Ee[lrgngz,m(ﬂ)l 1< e n;{ n Eollz [T+ A} < A

n

In view of the fact sup,cg [7(y)| V |yn(y)| < oo and sup,>q[H(y)| < oo (see Lems. 4.7(a) and 4.7(b)) and
the expressions (4.24) and (4.25), we see that 73,9315 (0)[* + |r4ngani(0)]* < (1 + Ay,)/n? < 1/n? (Pp-ass.).
Therefore, 2?21 Eol|r3n93.0;(0)[*] + 2?21 Eol|rangsnj(0)|*] < 1/n — 0. Thus (4.36), hence (4.3), has been
obtained.

For later use, we note the stronger convergence

ZSUP Ey |Tngnj( )|4] — 0, (4.37)
= veo

which directly follows from (4.36) and the boundedness of ©.

4.5. Fisher information matrix

Next we look at (4.5) and the positive definiteness of the Fisher information matrix Z(0).
First we prove (4.5), which amounts to proving that

Ty (0) = lim Z Ep[ringnng (0)ringing(0)], 1<k<l<4.

n—oo

7j=1

Prior to computing the limits, let us recall the expressions (4.22) to (4.25), and the notation Ay (f) in Lemma 4.8.
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We begin with the diagonal elements. First, we observe that

> Eol{rangnns(O)] = O(8n) + 22 ZEe g H a2 Z—Ee {ani (a0
= 0(A) + QjA_ Al ol H(a)] + %ALREO[{qu@m)}?]

It follows from Lemma 4.5 that Eyle,;] = 8/v/m and Eg[(en; — 3/+v/m)?] = (6A,)"1a?/m?/2, so that

Z Eg[{’l“gngg,nj (9)}2] = (50&2/7713/2 = IQQ (9) (438)

According to the boundedness of H (Lem. 4.7(b)),

n

Z Eo[{rsngsn; (9)}2] - % Z Eo[{enjn(en;) + 1}2] +0(An) = (%QEO[{GMU(EM) + 1}2] + O(Ay).

j=1 j=1

Building on Lemmas 4.6 and 4.7(a), we can apply the bounded convergence theorem to the last expectation, so
that

- 2 1 Y91 (y) ’
> Eulirnann OF] = 5 | (258 41) outay

1 y—y° y= 1
= |5 t = — =133(0).
2w52[( y*)? %—an}any}y_a) 25~ T(0)
In a similar manner, based on the expression (4.25) we can deduce
- L[ (W)
Ernn-QQH—/<1> d
> EilfrimngnnOF] = 5 [ (507) @10y
1 Y-y y= 1
2m)2 L y*)? +{Haan4y_m 25— (0

Now we turn to the off-diagonal elements. First, by means of Lemmas 4.8, 4.9, 4.10, we get

jéEe @)z =55 3 [ (0= 22 ) (522 + Sttt
S RS

N g% Z Ey [EannjH(an)] +0(An) — SA/(H) = T12(6).
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Next, it follows from Lemma 4.7 that

Eollrange s Orangos @) < B0 [V (= L) 0+ evrntenn)]|

3 (o= ) (74 o)}

<A o )] 2o

+ 0A, | Eq

Since &, = Op, (VA,) = op,(1) and sup,, Ep[|¢.]%] = a?/(6m?3/?) < oo (recall (4.38)), we deduce that Ep[€,] —
0. Thus

Z EO[TQnanj(9)T3n93,n]’(9)]‘ S Eolén] — 0= T23(0).

j=1

Now let us note that [, ¢} (y)dy = 0, and that [ y{&|(y)/d1(y)}?¢1(y)dy = 0 since the integrands are odd and
behaves like y 2 up to multiplicative constant at infinity. Hence

Z Ey[r3ngsmnj(0)rangani(0)] — 5% . zi Sﬁ {1 + yzi EZ; } $1(y)dy = 0 = Z34(0).

The proofs for Zy; (#) = 0 for the remaining (k,1)s are easier, and we omit them.

Summarizing the above now yields (4.5).

It remains to prove the positive definiteness of Z(0) for each § € ©. In view of the form (3.2), Z(0) is
positive definite as soon as so is the principal submatrix of second order, say Z*#(6). Obviously, det [Z*(0)] is
symmetric as a function of 3. Hence, it suffices to prove that, given any a > 0, the function 3 +— det [Z%?(0)] =

T11(0)Z22(0) — {Z12(0)}? is positive for 8 € [0,a). Fix any o, § > 0 in the sequel. It is convenient to introduce
the notation:

—-

c(8) = / (e8I 4 o= (Bl I, (4)dy,
0

E(y; B) = C(ﬁ)fl(e(ﬁ/a)y + ef(ﬁ/a)y)yKl(y% y > 0.

Then y — E(y; 8) for each 8 € [0, «) acts as a probability density function on (0, c0).
As in the proof of Lemma 4.10, we can derive

1 o0 o0
- / / y (e—{(w+1/w)/2—6/a}y . e—{(:c+1/:c)/2+ﬁ/a}y) dydz
0 0

D)8 e )8

a’T
TRk
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where we used the identity valid for any |b| < 1:

(1 1 -2 2 1 T+ b z— 2% — b7
| {5(“5)“’} dx:ﬁ[m“mn(m)‘xu%xﬂ]x_o
2 1 T b
- e e () )

In particular, we have C(0) = m. Then, some elementary manipulations and Cauchy—Schwarz’s inequality
lead to

det [Z%P(0)] = a2 45(0) - o20m /% — a~25%{A'(9)}?

Sz () o [ ([ s i)

>0,
where the last strict inequality does hold true since y — Ko(y)/Ki(y) is not a constant on (0,00). This
completes the proof of the positive definiteness of Z(6) for each 6 € O.

[1]

4.6. Negligibility of the centering

Turning to verification of (4.6), it suffices to see that ry, Eg[gk.n1(0)] = o(1//n) for each k.

Thanks to Lemma 4.8, we have 11, Eg[g1.,1(0)] = n~2{O(VA)+Eo[qn1 H(qn1)]} = O/ A, /n) = o(1//n),
and it is obvious that 72, Fy[ga, n] (0)] = 0. It follows from Lemmas 4.6 and 4.7(a) that Eple,1n(en1)] —

Jeydi(y)dy = —1 and Ep[n(en1)] — [ ¢1(y)dy = 0. Therefore rz,Eg[gsn1(0)] = n=2{o(1) + O(A,)} =
o(1/+/n) and similarly, r4, Fglga n1(0)] = 0(1/\/_) Thus we get (4.6).

4.7. Mean-square differentiability

Finally we verify (4.7). For this it only remains to show that >"_, supy Eg[|rn9g gnj(0)7n]?] — 0 since we
already have (4.37). To do this, we recall (3.3), and also the summands of the expressions (4.26) to (4.35) for
0y gn;(0) = 0% logpa, (z;0). It suffices to estimate

Brin(8) == Eg [|renr1n00,,00, 10g pa,, (53 0)|?]

for k,1 € {1,2, 3,4} individually, where we wrote 6 = (o, 3, 6, u) =: (01, 62,03, 6,) for convenience.
Invoking the boundedness of y — yH'(y) (¢f. Lem. 4.7(c)), we get

1 ) 1 ) 1 1
51 Bty (6) 5 3 {1+ Bollns/ AP} 50+ B S o = o( )

as soon as nA,, — 0o, so that 2?21 SUPgee Bi1,n;(0) — 0 according to the boundedness of ©. For the others,
reminding Lemma 4.7 it is not difficult to deduce that

O(1/n?) for k=11 and for {k,l} = {1,2} or {3,4} 1
. < ) ’ ’ ) _ — ).
Slelg Brin;(0) < { O(A,/n) for all the rest. \n

Therefore 37, supgeg Biinj(0) — 0 for each (k,1), completing the proof of (4.7).
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5. CONCLUDING REMARKS

In this paper, we obtained the LAN for the NIG Lévy process discretely observed at high frequency. The
rate in the LAN are of two kind: /n for (4, u), while \/nA,, for (a, ). Furthermore, the Fisher information
matrix Z(0) turned out to be always positive-definite. Only the element Z;1(6) involves an integral, however,
given any admissible parameter values, we can evaluate it numerically in a small amount of time.

One of the important future tasks is construction of an estimator ,, of §, which is asymptotically optimal in
the sense that, in view of Theorem 3.1, the normalized estimator r;, l(én — 0) is asymptotically distributed as
N4(0,Z(0)~!) under the true measure. The maximum likelihood estimator is the first candidate. Nevertheless,
direct simultaneous optimization for the four parameters might entail numerical difficulties, so that some numer-
ical procedures must be of practical help. Among others, for possible practical devices for computing estimates,
we refer to EM type algorithm (Karlis [12]) and MCMC based Bayesian estimation (Karlis and Lillestol [13]).
Hence, for example, it would then be more convenient to provide a rate-optimal estimator of € (initial estimator)
at first, and then execute the likelihood based one-step improvement in order to attain the minimal asymptotic
variance Z(0)~! specified in Theorem 3.1.

It would also be interesting to investigate some related classes of stochastic processes. In particular, the
class of Lévy-driven Ornstein-Uhlenbeck processes, of increasing importance in various fields of application, is a
challenging object, as in general, it does not admit a transition probability density in closed form. Those issues
will be addressed in subsequent papers.
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constructive comments.
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