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ADAPTIVE DENSITY ESTIMATION FOR CLUSTERING WITH GAUSSIAN
MIXTURES

C. MAUGIS-RABUSSEAU! AND B. MICHEL?

Abstract. Gaussian mixture models are widely used to study clustering problems. These model-based
clustering methods require an accurate estimation of the unknown data density by Gaussian mixtures.
In Maugis and Michel (2009), a penalized maximum likelihood estimator is proposed for automatically
selecting the number of mixture components. In the present paper, a collection of univariate densities
whose logarithm is locally S-Hélder with moment and tail conditions are considered. We show that this
penalized estimator is minimax adaptive to the [ regularity of such densities in the Hellinger sense.
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1. INTRODUCTION

Clustering methods consists of discovering clusters among observations. Many cluster analysis methods have
been proposed in statistics and learning theory, roughly fall into three categories. The first one is based on
similarity or dissimilarity distances, the best-known are partitioned clustering methods as k-means and the
hierarchical clustering methods (see for instance Sects. 14.3.6 and 14.3.12 in [10]). The second category consists
of density level set clustering methods which consider clusters as the connected components of high density
regions (see [9]). The third category is composed of model-based clustering methods which define clusters as
observations having most likely the same distribution. In this last case, each subpopulation is assumed to be
distributed from a parametric density, like a Gaussian one and thus the unknown data density is a mixture
of these distributions (see for instance [17]). The data clustering is then deduced thanks to the maximum a
posteriori (MAP) rule. The clustering problem being based on the data density estimation, it is then essential
that this density be efficiently estimated.

Because of their wide range flexibility, Gaussian mixture densities are widely used to model the unknown
distribution of continuous data for clustering analysis (see for instance [12,17]). By recasting the clustering
problem into a model selection problem, we have proposed in [16] a non asymptotic penalized criterion. We
proved that the selected Gaussian mixture estimator fulfills an oracle inequality. The aim of this new paper is
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to investigate the adaptive properties of this estimator in order to justify the validity of our clustering method.
More precisely, adapting a recent approximation result, we show that one version of our estimator is minimax
adaptive to the regularity parameter of a particular class of Holder spaces defined below. As far as we know,
such a minimax adaptive result has never been shown for a density estimator used for model-based clustering
methods.

The particular unidimensional case we study in this paper is now presented. Let us consider n independent
identically distributed random variables X1, ..., X,, with values in R. Their common unknown density s belongs
to the set S of all density functions with respect to the Lebesgue measure on R. The considered unidimensional
Gaussian mixtures are characterized by their number of components m and their means parameters, which are
assumed to be bounded. These mixture densities are grouped into a model collection (S,,)menm,, , Subsets of S,
defined by

m m
Sm = {1‘ eR ’_’Z Puto (T — fiu); pu € [—i(m), i(m)], 0 = A(m); pu € [0,1], Z Pu = 1} (1)
u=1 u=1

where ¢ is the Gaussian kernel defined by ¢(z) = 72 exp(—22) for all z € R and ¢, (-) = o~ ¢ (£) for all
o > 0. Contrary to [16], the Gaussian mixtures in a model S,, have a common known variance A\?(m) (the
case of unequal variances for mixture components is discussed in Rem. 2.10). The number of free parameters,
common to all the mixture densities of a given model S,, is called dimension and is denoted D(m) := 2m — 1.
Considering a non asymptotic point of view (see for instance [13]), the bound ji(m) and the variance A\?(m) of
each model §,,, and also the maximum number of mixture components in the collection may depend on n. The
model collection is indexed by the set M,, which controls the number of the mixture components. For instance,
M,, could be taken as an interval of integers of the form [2,. .., mmax(n)] where mpay is an increasing function
of m. Such mixture families are called sieves according to the terminology introduced by Grenander [7].

Over each model S,,, a maximum likelihood estimator (MLE) §,, is obtained by minimizing the empirical
contrast

Tnt) = = S {10}
i=1

The loss function associated to the likelihood contrast is the Kullback—Leibler divergence: For two densities s
and t in S, the Kullback—Leibler divergence is defined by

KL (s, £) = /m { %} s(x) dz

if sdx is absolutely continuous with respect to tdx and +oo otherwise. The Hellinger distance between two
densities g and h of S is denoted dy(g,h) = %H\/E — \/EH .
2

Ideally, we would like to estimate the true density s by §,,« (called oracle) where m* minimizes over M,, the

Kullback-Leibler risk:

m* € argmin E [KL(s, §,,)].
meMoy

Nevertheless m* and also the associated density $,,« are unknown since they depend on the true density s. Thus
we select m which minimizes over M,, the penalized criterion

crit(m) = 7,(3m) + pen(m)

where the penalty function pen : m € M,, — pen(m) € R™ has to be chosen such that the Kullback—Leibler
risk Es[KL(s, §7,)] of 8y, is close to the oracle risk E[KL(s, $,+)]. The construction of such penalties is proposed
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in Theorem 2.2 in [16]. This result can be stated as follows for our collection of univariate Gaussian mixtures
defined by (1):

Theorem 1.1. There exists four absolute constants k, C, ¢1 and co such that, if

D(m) 2 1

A=cs+4/In (C;’(‘g)) )

where

then the model m minimizing
crit(m) = vy, (8m) + pen(m)

over M, exists and

E [d%(s, éfn)] <C |:mi€r}£ln{KL(s’Sm) + pen(m)} + %] . (3)

Note that a similar result can be found in [16] for multivariate data clustering with variable selection. The method
has been successfully implemented and tested in practice in [15]. It consists of determining the estimator §,,
using an Em algorithm for each model. Then the penalized criterion allows to select §y. Since this penalized
criterion depends on an unknown constant, this last is calibrated using a slope heuristics method as detailed
in [1].

Minimax adaptive estimation has been intensively studied in nonparametric statistics, see for instance [13,18]
for adaptive minimax methods based on [y penalization. A natural optimality criterion is the minimax risk, first
introduced by [19]. Let

R(3n, Hg) = sup Es[d¥ (s, 5,)]
sEHs
be the maximal Hellinger risk of an estimator 5, of s. The minimax Hellinger risk on a density class Hg is then
defined by
Ru(Hp) = inf R(Sn, Hp)

where the infimum is taken over all the possible estimators 5,, of s. An estimator is said to be minimax on Hg if
its maximal risk over H g reaches the minimax risk on this density class. Let us now consider a collection (Hg)gen
of density classes indexed by a set B of regularity parameters 3. An estimator is said to be minimax adaptive if
it reaches the minimax risk over Hg for all 8 of B, without using the knowledge of . In order to motivate the
clustering method based on Gaussian mixture estimator §;, proposed in [16], we prove in this new paper that this
estimator is minimax adaptive over a particular collection of Holder density classes (Hg)gep defined below. Of
course, adaptive density estimation in one dimension is now a classical problem and several adaptive estimators
have been already proposed such as kernel estimators or thresholding wavelet estimators. Nevertheless, although
these alternative methods maybe perform better than our penalized estimator §5, concerning density estimation
in general, these are of no interest for clustering purposes.

The link between model selection and adaptive estimation is made through approximation theory. Indeed,
an adaptive estimation is possible only for functional classes Hg that can be efficiently approximated by our
Gaussian mixture collection. Convolution is widely used in approximation theory and many results are known
on this topic. It is well known that the convolution of a density f with scaled versions 1, of the Gaussian
kernel ) converges to f (see for instance [3], Chap. 20). The so-called quasi-interpolation method consists of
replacing the functions v, * f by infinite linear combinations of scaled and translated Gaussian kernels (see for
instance [3], Chap. 36). In a recent paper of Hangelbroek and Ron [8], a nonlinear approximation algorithm
based on finite combinations of scaled and translated Gaussian kernels is defined to give some approximation
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results in LP? norm on some particular density classes. Nevertheless, all these results cannot be straightly applied
to study the approximation capacities of Gaussian mixtures. Indeed, the coefficients in these linear combinations
are not necessary positive and their sum is not constrained to be equal to one. Furthermore, the approximation
results provided by all these methods are not given for the Kullback-Leibler divergence as required by our
statistical context.

The approximation capacity of Gaussian mixtures has also been studied in non parametric Bayesian works.
Lemma 3.1 in [5] gives a discretization result for Gaussian mixtures: assume that s is a location or location-scale
mixture with a mixing distribution compactly supported or with sub-Gaussian tails, s can be approximated by
a finite Gaussian mixture with a small number of components, the error being controlled in L; and L., norms.
In [6], these authors take advantage of this method for approximating by finite Gaussian mixtures some twice
continuously differentiable functions with additional regularity conditions. More recently, Kruijer et al. [11]
prove an approximation result for finite Gaussian mixtures for densities whose logarithm is locally Hoélder.
Their approximation result is given for the Kullback—Leibler divergence. This last result can be successfully
adapted in our context to control the bias term in the right side term of the oracle inequality (3) on these
particular density classes. Concerning approximation, the contribution of our work consists of checking that the
non explicit constants of the approximation bounds given in [11] are actually uniform over a density class Hg
which we define below. For easier reading, the proofs of the approximation results we need are not all given in
this paper, they can be found in detail in the preprint version [14] of this work.

The paper is organized as follows: The main results are presented in Section 2. The density classes Hg are
introduced in Section 2.1 and an approximation result adapted from [11] is given in Section 2.2. Next, a lower
bound for the minimax risk is given in Section 2.3 and the adaptive property of our penalized Gaussian mixture
estimator on the density classes Hg is addressed in Section 2.4. The approximation result, the lower bound
and the adaptive result are respectively proved in Sections 4, 5 and 6. Some technical results are also given in
Appendices 6 and A.2.

2. MAIN RESULTS

2.1. The density classes H(3, P)

The adaptation result given below requires a slightly modified version of the approximation result by finite
Gaussian mixtures proved in [11]. This approximation result concerns densities whose logarithm is locally
(-Holder and that fulfills additional tail, moments and monotonicity conditions. More precisely, let 3 > 0 and
let r = | 3] be the largest integer less than 8 and k € N such that 5 € (2k, 2k + 2]. Let also P be the set of
parameters {~,I", L,e,C, a, &, M} where L is a polynomial function on R and the other parameters are positive
constants. We then define the density class H(3, P) of all densities f satisfying the following conditions:

1. Smoothness. In f is assumed to be locally S-Hélder: for all z and y such that |y — x| < 7,
(In )7 (x) — (I ) (y)| < 7l L(a)]y — 27" (4)

Furthermore for all j € {0,...,r},
(I /)P (0)] < 1. (5)
2. Moments. The derivative functions (In f)¥) for j = 1,...,r and the polynomial function L fulfill

2B+e

T f@de<C / L()[**5 f(z)dz < C. (6)

JAUREE
R

3. Tail. For all x € R,
f(z) < My(x). (7)
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4. Monotonicity. f is strictly positive, f is nondecreasing on (—oo, —«) and nonincreasing on (a, 00), and
f(z) > & for all z € [—a, al.

Remark 2.1. The monotonicity assumption can be relaxed by assuming that there exist two constants ¢ > 0
and ¢ > 0 such that V0 < 0 < 7, Vx € R,
Kof(@) .
flz) —
This condition corresponds to the first point given in Lemma A.4 in Appendix 6 which is a key point to prove
the approximation result. In the following, the strong monotonicity condition is assumed in the definition of the

density class H (3, P) to simplify the proofs of the lower bound.

Remark 2.2. For easier reading, the monotonicity assumption is stated on a symmetric interval but it could be
possible to consider this assumption on a general interval [ay, ag] with a; < 2. This monotonicity assumption
allows us to lower bound the convolution f * ¢, by f up to a multiplicative constant according to Remark 3
in [4].

Remark 2.3. These density classes are more restrictive than those considered in [11]: Indeed the upper bounds
in (6) have to be uniform over the density class H(3,P) and we also need the additional Condition (5). These
restrictions allow us to control the Kullback-Leibler divergence between a density of H(3,P) and a convenient
finite Gaussian mixture, uniformly over H (3, P). Note that Condition (7) is here assumed on R but it could be
assumed only outside an interval as in [11].

Remark 2.4. In the sequel, P’ is said to be ”larger than” P if at least one of the following conditions is fulfilled:

e at least one constant among M, C or [T of P’ is larger than the corresponding one of P,
e the constant v of P’ is smaller than the corresponding one of P,
e for all x € R, L(z) < L'(z) where L (resp. L) belongs to P (resp. P’)

2.2. Approximation result

For any function f, K, f denotes the convolution f * 1, and A, f is the error term K, f — f. As explained
n [11], for a f-smooth density f with # < 2 and under reasonable regularity assumptions, it is possible to
define a finite location-scale Gaussian mixture g, such that KL(f, p,) = O (02'6 ) The usual approach consists
of discretizing the continuous mixture K, f. But as || f — K, f||o remains of order o when 3 > 2, this approach
appears to be inefficient for smoother densities. An alternative strategy is proposed in Kruijer et al. [11], based
on the following successive convolutions of f: fo = f and for all j > 0, fj41 = f — Ao f;. In their paper, the
density is approximated by a discretized version of the continuous mixture K, fr where k € N is such that
0 € (2k, 2k + 2].

In our framework, Lemma 4 in [11] cannot be directly used since the upper bound over the Kullback-Leibler
divergence between f and the finite Gaussian mixture is not uniform over H((3,P). Thus, some additional
work is necessary to obtain an uniform version of this approximation result. Another reason for revisiting the
approximation results given in [11] is that these ones are stated for o < & where & depends on the approximated
density f. Thus we also need to check that it is possible to choose the same & for all the densities of H (3, P).
The proof of Theorem 2.5 consists of carefully following the method proposed in [11] in order to obtain this
uniform version. The main steps of the proof are given in Section 4. A complete and self-contained proof is
detailed in our preprint version [14].

Theorem 2.5. There exists a positive constant 3(8) < 1 such that for all f € H(B,P) and for all o < 5(0),
there ezists a finite Gaussian mizture of density o, with less than Ggo~!| lna\% support points, with the same
variance o for each component and with means belonging to [— s, 1] where

o < Gyl nol?
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Lt = [ s (LYo <0 02 ©

where cg is uniform on H (B, P) and continuous on 3. The constant 5(3) only depends on H(B,P) and is a
continuous function of 3. Moreover, Gz and Gg are two positive constants that only depend on H(B3,P), and
are both increasing functions of 3.

such that

The two constants G5 and G5 are explicitly defined by equations (24) and (25) in the proof of Theorem 2.5 in
Section 4.2.

2.3. Lower bound

In order to show that the MLE penalized estimator §,; is adaptive to the smoothness parameter (3, a lower
bound of the minimax risk R,,(H(, P)) is required. For all 0 < § < 3, a “large enough” parameter set P(B, B)is
found such that for all 3 € [, 6], H(B, P(B, ) is well defined and a lower bound is given for the density classes
H (3,P(8,0)). Note that in Theorem 2.5, the constants cg, 5(3), Gz and G cannot be bounded uniformly for
all 3 € Rt. Nevertheless, it can be proved that 3,, is minimax adaptive on a range of regularity 1B, 8]

First, the parameter set P((3, ) has to be defined rigorously. Its definition is rather technical since it depends
on the way the lower bound is proved. The proof is based on the construction of some oscillating functions,
this standard method is presented for instance in [13] (see Sect. 7.5). Let us take some infinitely differentiable

function ¢ : R — R with compact support included into (Z, Z) such that

/R o(a)dz = 0 and /R o(r)?dz —

We set A = o Jpax 1||90(k oo > 1 and let D be some positive even integer. For any positive integer j € {1,..., D},
+

we consider the function
pj R—R

re 20 (R +8) - (- 1)).

Moreover, let T (a, &) be the space of functions w : R — R such that w is nondecreasing on (—oo0,—%5),

nonincreasing on (,+00), w(z) = 2¢ for all z € [—32,32] ‘and w(—a) = w(a) =¢.

Next, let P = {%,ln(%),i,é,é,a,ﬁ,l\z} be a parameter set such that 7 («a,&) [ H(G, P) is nonempty.

Based on a function w € 7 (v, &) (M (B, P) and the functions ¢;, we consider the functional space J (3, D) =
{fo; 6 € {0,1}P} where for all § € {0,1}” and for all z € R,

D
folx) =w(@)+ Y (20; — p;(=). (9)
j=1

Proposition 2.6. There exists a parameter set P (3, B3) such that for all D € N* and for all 3 € 13, 8],

J(B,D) C H(B,P(3,B)) .

Remark 2.7. Note that if such a parameter set exists, Proposition 2.6 is also true for all the parameter sets
larger than it (in the sense given in Rem. 2.4). A key point to prove the lower bound stated in the next theorem
is that the parameter set P (3, 3) does not depend on D.
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Theorem 2.8. Suppose thal one observes independent random variables Xi, ..., X, with common density s
with respect the Lebesgue measure on R. For any 3 € [B, 3] and any parameter set P(j3,3) given by Proposi-
tion 2.6, there exists a positive constant kg such that

R (H(B,P(8,8))) = inf sup E[d}(s,5)] > kg n~ 7T
S s
where the supremum (resp. the infimum) is taken over all densities s in H(3,P(83,[)) (resp. over all possible
estimators S of s).

Proposition 2.6 and Theorem 2.8 are proved in Section 5.1 and Section 5.2 respectively. After establishing
Proposition 2.6, the Hellinger distance and the Kullback—Leibler divergence between two functions of J (5, D)
are controlled in Lemma 5.3 and Lemma 5.4 respectively. These controls are required to combine a corollary of
a Birgé’s Lemma (see [2]) and the so-called Varshamov-Gilbert’s Lemma. These last two results can be found
in [13] (see Cor. 2.19 and Lem. 4.7), they are also reminded in Appendix A.2.

2.4. Adaptive density estimation

In a non asymptotic model selection approach, the model collection may increase with the sample size n,
leading to an adaptive procedure. As it was already explained, the adaptive properties of §;;, are studied on a
range of regularity [, 3]. Preliminary, we fix 0 < 3 < 8 and we also choose ag > 1 large enough such that

G5 (lnag 3/2
hal <—naf’ +3) <1, (10)
ag \ In2

where G is defined in Theorem 2.5. The parameters of the Gaussian mixture models (S;,)mem, are now
specified in order to apply the approximation results provided by Theorem 2.5:

u=1 u=1

Sm = {x eR HZ puilfa(f _,Ufu);/iu € [_ﬁ(m)’ﬂ(m)}70— = A(m)apu € [Oa 1]32 Pu = 1}

where A\(m) := (1577”F1(1n7n)3/2 and fi(m) = GB| In A\(m)['/2 (éﬁ is defined in Thm. 2.5) for all m. Since the
sample size is n, it is natural to suppose that the number of mixture components m is less than n and we
also assume that the mixtures have at least two components: M,, = {2,...,n}. Note that when the sample
size n increases, mixtures with small component variances and many components m are available in the model
collection. This obviously improves the approximation capacity of the Gaussian mixtures.

Theorem 2.9. Assume that n > 3 and let §5, be the penalized maximum likelihood estimator minin}izing the
penalized criterion defined in Theorem 1.1. Then there exists a constant cg 5 such that for all 3 € [B, 8] and for
all s € H(B,P(3,5)),

E [d7(s,8m)] < cp3 (Inn) 75T T,

Theorem 2.9 shows that the penalized estimator §,; is minimax adaptive to the regularity (5 of the density
classes defined in Section 2.1, up to a power of In(n). This logarithm term is due to the penalty shape given in
Theorem 1.1. It is not detected in practice as shown in [15] and we suspect that it could be removed from the
penalty shape. Note that the non parametric Bayesian estimator defined in [11] has a similar rate of convergence
with a greater power of the logarithm term.

Remark 2.10. Contrary to [16], the Gaussian mixtures considered in this paper have a common and known
variance A(m). An analogous result of Theorem 2.9 for Gaussian mixtures with unknown and unequal variances
can be easily stated. More precisely, let us consider

Sy = {1‘ c€R »—>Z Putbo, (T — 14); fty € [—f(m), f(m)], ou € [N(m), ], pu € [0,1], Z Du = 1} )
u u=1

=1
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Since Sy, is included in S,,, the approximation results for S,, are also valid for S,,. Starting from the oracle
inequality given in [16] for S (the constant A being modified, see [14]), we then deduce that the penalized
estimator 8, defined on the models S,,, is minimax adaptive to the regularity 8 of the density classes defined
in Section 2.1. Note that this result is actually weaker than Theorem 2.9 since the models S,, are larger than
the models S,, ; one should obtain adaptation on a much larger class than uniform Holderness.

3. CONCLUSION

In this paper, the penalized estimator §,,, defined in [16] for Gaussian mixture models having the same and
known component variance, is shown to be adaptive to the regularity of density classes Hg whose elements are
univariate densities whose logarithm is locally G-Hoélder. To prove this result, the approximation result given
in [11] has been adapted to control the bias term between Gaussian mixture models and the density spaces Hg.
A lower bound for the minimax risk on the density classes Hg has also been stated to finally prove that our
estimator reaches the minimax rate.

As noted in Remark 2.10, a similar (but weaker) result can be given for the adaptation of penalized estimators
defined on Gaussian mixture models with unknown and unequal component variances. In this context, the
approximation method of [11] probably does not provide the most general result; one should obtain adaptation
on a much larger class than uniform Holderness. This question could be tackled in future works.

In [16], a Gaussian mixture estimator, fulfilling an oracle inequality as (3), is proposed in the context of
multivariate data clustering. In a future work, it would be interesting to extend our adaptive result to this
multivariate case. This requires to state an approximation result as Theorem 2.5 on multivariate density classes
which have to be determined, that is obviously a technical task.

4. PROOF OF THE APPROXIMATION RESULT

In this section, the density space H (3, P) is fixed. To make the proofs and the results easier to read, we use
the notation cg (resp. 6(3)) for denoting constants (resp. upper bound on o) that only depends on 3 and P.
We also use the notation cg , (resp. (5, p)) if it also depends on an other parameter p. We also denote as I;(.)

the jth derivative % In f(x) of In f and we consider a subset A, defined by
Ay = {.Z‘ ER; |l;(x) <Bo | Ino| /2 j=1...r, L(z) < Bo P|Ing|#/? }
if 3>1and A, := {z € R; L(z) < Bo?|Ino|~#/2 } otherwise.

4.1. Approximation by a continuous mixture

The aim of this section consists of controlling uniformly the Kullback—Leibler divergence between a density f
of H(5,P) and a continuous Gaussian mixture. Lemmas 1 and 2, and Theorem 1 in [11] are here adapted in
Lemma 4.1, Lemma 4.2 and Proposition 4.4 respectively. The goal is to obtain approximation bounds with
constants which are uniform over H(3,P). The proofs of Lemma 4.1 and Lemma 4.2 are available in [14],
they are not reported in this paper. On the other hand, an alternative and simpler proof of Proposition 4.4 is
proposed in this section.

Lemma 4.1. Let 3> 0 and k € N such that § € (2k,2k+2]. For all H > 0, there exists 3(5, H) > 0 such that
forallo < a(B,H), for all f € H(B,P) and for all x € A, we have

(Ko fi)(@) = f(x) [L+ Ry (2)O0p,11(07)] + Op,ir (o)
with Ry(x) = ar41L(x) if B <1, and

- 8
Ry(z) = ar1Lz) + ) aj [lj(x)]5
j=1
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otherwise. In both cases, the a;’s are nonnegative constants that are uniform on H (3, P). Furthermore, 5(3, H)
s a continuous function of B and H.

For a density f belonging to H(3, P), Lemma 4.1 shows that the convolution K, fi is close to f on a subspace of R
where the derivative functions of In f and L are efficiently controlled. Furthermore, the control on the difference
K, fi — f is uniform over H(3, P), which is required to upper bound the Kullback-Leibler divergence between
f and K, fi. Thus K, fi seems to be a good candidate to approximate the density function f. Nevertheless, the
function fi is not a density function: Its integral over R is equal to 1 (see Lem. A.3) but it can take negative
values. To remedy this problem, Kruijer et al. [11] define a density function hj as follows: Considering the
subspace

= {2 e B fulo) > 350}

the following positive function is defined

Ve € R, gu(a) = i), (0) + 5 f @)Ly, (2)

and it is normalized to obtain a density function
Vi € R, hy(z) = 2@, (11)
J gr(u)du

Now, the result of Lemma 4.1 has to be extended for the convolution K,hj. For this purpose, the integral
of K!f for all nonnegative integers ¢ < k is controlled over A¢ and E¢ where A, is defined by (4) and
E, ={x € R; f(z) > o'} with H; > 48.

Lemma 4.2. Let 8 > 0 and k € N such that 5 € (2k,2k + 2]. There exists 5(3,H1) > 0 such that for all
o <a(B,Hy), for all f € H(B,P) and for all nonnegative integers t < k,

[ () @ = 0, () (12)
and

A(mﬁmmz%ﬂ@%. (13)

c
o

Furthermore, for o < (8, H1), Ae N Ey C Jo and

/ gr(z) de =14+ Og m, (O’zﬁ) . (14)

R

Thus, for all H > 0, there exists a(03, Hy, H) > 0 such that for all o < &(8, Hy, H) and for all x € Ay N E,,
(Kohi) (@) = f(@)] = f(@)Ry(2)Og,m,1 (07) + Opmm (o) - (15)

Furthermore, (3, H1) and (8, H1, H) are both continuous functions of 3, Hy and H for the last one.

Remark 4.3. The left term in (14) does not depend on H; whereas the right term does. Indeed, the presence
of H; here is only technical and by choosing for instance H; = 43 + 1, it gives that there exists a positive
constant (), continuous in § such that for all o < (),

/ng(x)das =1+0g (025) . (16)
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Now, a control of the Kullback—Leibler divergence between a density f of H(3,P) and the associated contin-
uous mixture K,hy is established, uniformly over H(3, P).

Proposition 4.4. Let § > 0 and k € N such that 5 € (2k,2k + 2]. There exists a positive constant c(3) such
that for all f € H(B,P) and all o < 5(5),

KL(f, Kohi) = /Rf(ﬂf) In (%) dz = O (¢%)

where hy, is defined by (11) and where G(3) can be chosen as a continuous function of [3.

Proof. Preliminary, we remark that if p and ¢ are two densities and S is a set, then

/Spln<§)S/Spl%:/s(p_qQ)ZJFQ(pq_CI):/S(p_qq)2+/c(q_p)

since [¢p=1— [¢.p, [ga=1— [gcqand [¢(p—q) = [5.(¢ — p). We use this inequality with the densities f
and K,hg, and the sets A, and E,, where F, is defined with H; = 43 + 1, to obtain the following control of
KL(f, Kohy):

Jorom () = e 70 () =+ o 0 (e )

(@) — Kohi(@)?
<o "
s Hahetn) — S (18)
AcUES
G
- /AguEg fo)hn (Kahk(f)) - 19)

e Control of (17): Let H > 0. According to Lemma 4.2 with H; = 45+1, there exists (3, H) > 0 such that for

all z € A, NE, and for all o < 5(3, H), [K,hi(z) — f(z)]> < [Ag,uf(z)Ry(x)0” + Q@HUH]z where Ag i and
23 1 are two constants. Moreover, according to Lemma A.4, there exists ¢(3) > 0 such that for all o < 5(3),

th()_ﬁﬂ)

with D = % Thus for all o < a(8, H) A5 (B),

2 2 2
[f (@) = Kohi(2)]” _ A,@,H(l+Aﬁaz,@)gzﬁRf(x)zf(x)+ “Qlﬁ),H 28y,2H _L

Kohk’(x) - D f(l‘)
245,12
+ =T (14 Ago™)o M Ry (a),
Then,
[f(x) — Kohi(a))? A3 g 23 25/ 2
dx < (1 4+ Ago“P)o R:(x x)dx
/AOE Kohy () D ( 5o™) AsNE 1)1 @)
92
+ =5 (14 Ago®)g =25+ /A f(x)da
NE
245,102
R Tl N MOV (20)
D A,NE

Thus the two integrals anﬁEa R¢(x)? f(z)dz and anﬂEU Ry(x)f(x)dz have to be controlled.
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The first integral can be decomposed into

2 j—
/AUHEU Ry(@)"f(@)de = /AUOEU [ar‘HL + ZCLJ“ ] f(z)dz

—ata [, L@ +§=j / @l @
+2 / @)1 L(2) f(2)da

AsNE,
I
£ wa [ @ @) e
J,3'=1
J#3’
Using the Holder inequality and Condition (6), for all j =1,...,r,
2ﬁ+s PrcE= 25

/ ek dx<U|z )das] Uf dx} <% (21)
AsNE,

25 .
and [ g, L@ @)de < | L@ 5 f@)de] 77 [, f@)da] T < O3 Next, using the Cauchy-
Schwarz inequality and (21), for all 7,5 € {1,...,7},7 # 7,

[ W@ @ e < | [ 1) s @1 s e

and for all j € {1,...,r},

/AmE I1;(x)| 7 L(z) f (z)dw < U e ]5 {/RL(”:)Qf(f”)dxr ot

2
r+1
Finally, [y, By(@)f (@)ds < (z ) o
o o Jj=1

For the second integral,

Ry(2)f ()da = /A N [amL Zam é] 2)de

A;NE,
< +\/ / L(x)?f(x)dw\/ / f(w)dx+;ag \/ / e d# / e

r+1

8
< E ajC25+E.
j=1
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Finally, (20) becomes

2
[f(x) - Kahk(w)]Q A% H 23\ 23 ! 23
de < ——==(1+ Ago*F)o a: | O+
/E Koy i(2) p (1A Z :

02
+ gH (1+ Agazﬁ)azH_85_2

25 192 -« :
-1-75’% ER) (1+ Ago?P)ot=30-1 Z a; | C25+<.

j=1

By taking H = 53 + 1, it gives that there exists (3) > 0 such that for all ¢ < 5(8),

@) = Ku@P
/ME Kooy 2= 0s().

e Control of (18): According to Lemma A.3,

i = ([ gk<x>dx)_1 {1+ g, ]

k
. {zz<—1> (1) K f(a >} Ly, (6) + F@)Lss (2)

=0
thus
k+1
Kohi(x) <2 (1) K f(2) + Ko f (2).
Jj=1

According to (12) and (13) in Lemma 4.2 with Hy = 40 + 1, there exists 6() > 0 such that for all ¢ < 5(5),

[, oo = sie < [ Ko [ goas

ASUES
k+1

<239 [

ASUES

K f(z)dx + /

ASUES

O

ASUES

k1
<22 (1) /K] z)dz 4+ [2(k + 1) + /Kgf Jdz + [ KJf(x)dx
Jj=2 *

k+1
+2Z (*th) (z)dz + [2(k + 1) + /Kof ydz + [ KOf(z)dx
Eg

k+1
<2 [2 SO +2(k+ 2)] o’

Jj=2
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e Control of (19): According to Lemma A .4, for all 0 < 6(0), Kohi(z) > Wf(w) then

f(l’) 1+ AﬁO’zB
/A;UE; ftin (W) do=in (T> /A;UE; Jlde

24
<In (M) K2 f(x)dx + K?f(z)dx
D Ag B

1+ Ago??
<In (7_‘_ DBO' ) 265025.

In conclusion, there exists (3) > 0 such that for all o < 5(3), KL(f, K;hy) = Og (¢%°).

4.2. Proof of Theorem 2.5

The proof of Theorem 2.5 consists of using a discretization result (Prop. A.1) to replace the continuous
mixture K,hj given in Proposition 4.4 by a finite Gaussian mixture p,. To show this result, we do not exactly
follow the lines of the proof of Lemma 4 in [11] and we use an alternative discretization result. It seems that
some little modifications are required to make their proof correct because the argument that f < 2% fy (middle
of p. 1252) cannot be checked so easily. Furthermore, as explained before, we need an uniform version of their
result. One last reason is that we need to compute precisely the constants Gg and é,@ to prove Theorem 2.9.

Proof. For the definition of E,, we choose H; = 4(S+1). Let hy be the restriction of hy on an interval [~ o, tho),
normalized in order to have a density function:

—1
h:z€R— (/[ | hk(y)dy> A€} TR ¢
—HosHo

where 1, depends on o and will be chosen below such that
o > 0. (22)

Let ¢ € (0,7~/2). According to Proposition A.1 in Appendix A.1, there exists a discrete distribution F on
[~ o, f1o] With at most 54,0~ te? [~ In (y/7€) V 1] support points such that

2¢e
=

s, * o = F %o o < (23)

Denoting ¢(z)dz = (f[—ua o] hk(w)dx) F %9, (x), it gives for all z € R,

K ohi(z) — §(a)] = ( /[ ]hk<x>dw>

< hk]l[_ltav,uﬂ]
T o)y

hi
f[—/tmua] hi(y)d

, * Vo (x) — F *x 1y ()

* g (x) — Fx Yo ()

+ (hkﬂ[—umualﬂ) * Yo (2).

By applying Lemma A.6 with p = %, it follows that for all o <1 —2~/* and for all z € R,

hi(x) < AM (%)kw (5)
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k k
and thus (hrli_,, ..1c) * ¥o(z) < 4M (%) V(&) Now, we choose i, 1= 2\/1n (% (%) %) in order to

obtain that H (hk]l[—ua,ua]C) * wo.”oo < £. This last inequality together with (23) yields

35
| Kohi — 9l oo

We also define the function t := ¢ + 0%%+5¢), and the finite Gaussian mixture with density

t(x) () + 0%+, (x)

o(x) = - .
(@) Jet(y)dy f[,umﬂa] hi(y)dy + o68+5

Then we want to upper bound

KL(f, p) ln(é(—g>dx
z)In (Kfi(:x >dx+/Rf n(%)dx+4f(x)ln<;(—z>dw

)

(z)
o (et
+ [ flz)ln (K (a:)d +/f 111( ( )dx+/f ln(%)
=++.+..

e Control of : According to Proposition 4.4, for all o < (),

Jorem (g ) ae =09 ™).

k
e Control of : According to Lemma A.6, Kohi(z) < 4M (i) for o small enough and since s(z) >

3
0'65+51/Jg(1‘),

anr ()"
§/ f(z)In ﬁ dz

E¢ 065“’1% ( )

< ( f (w)dx>
B

For the second integral,

(68+4)|Ino| +1n <4M (%)k>

/ x—zf(x)dx < o2 22\/ f(x)dx
c E((;

.o
< 025/1‘2\/M1/J(1‘)d1‘
R
< A/ Mo?P.
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Similarly, [, Ev r)dr < 0?*+2\/2M and finally

< {m <4M (%)k> + (68 +4)| mJ} V2Mo?*2 4 4nv/Ma?P.

Thus = 0p (o%7).
e Control of : On the one hand,

[Kohi(x) — t(z)| < |Kohi(z) — (2)] + |p(2) — t(z)|
< 3e0t 4 0Py, (2)
< 3e0l 4+ o084 —1/2,

On the other hand, according to Lemma A.4, for all € R and for all o0 < 6(3), K,hi(z) > W%f(x).
Since x € E, then K hy(z) > ——Y"_g43+1)_ Thus, t(z) > ¢(z) > Kohg(z) — 3e0! > AL -
4 cWe\T) Z GA(A+Az02P) : ; Z ) = Bollg Z GM(1+Az0%P)

3e0~!. Finally,
S/ f(x)w dz

3eo—1 + o6B+4g—1/2
< o | te

1
AT A,077) — €0
30! + 6B+ —1/2
ot BT 1
2(1+A[;O'25) 360’

Let & :=1+ Q(ﬂﬂ) and we set & := o9 4D+ Tt yields

(m=1/2 4 3)g%0+4

13|< =03 (6%7).
T s ()

e Control of |14} Note that ;((‘Z)) = Jio s oy () dy + o885 < 1 4+ ¢59+5 and thus

S/f(x)ln (14 0%+%) da
R

< g0h+5 < a7,

Finally, we obtain that KL(f, p) = Og (025 ) Moreover, according to the choice of €, we have that

o (#(5) Y

—2|m (g (%)’“U_mm@)

= Gsllnol|?

é,@:Q\/In (%) +k1n<\j§> + (63 + 4). (24)

where
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Thus there exists (/) continuous in § such that (22) is fulfilled for ¢ < &(8). Furthermore, the mixture p
has k, components such that

1
ke < 54/,600'7162 {1 V 1n (ﬁ)} +1

~ 1 _ 1
S Gﬁ‘1n0‘2540 162 |:1 V 1n (W)}

= Ggo ! Inol|?. (25)

+1

5. PROOF OF THE LOWER BOUND

5.1. Proof of Proposition 2.6
Note that for every j, ¢; is supported by

« [ [0 81 [0 [0 81 [ « .
Ji= -5+ 50D+ 55+ pi— 15 S L= |5+ U -D—5+ 5

> ol 4D’ 2 ' D’ 4D 2 2
and thus the supports of the ¢;,1 < j < D are disjoint. We also note that for all z € [-§, §]¢, fo(z) = w(x)
and for all x € [~%, 5], there exists an unique j € {1,..., D} such that fo(z) = 2 + (26; — 1)@;(z) where
@;(x) =01if z € I;\J;. The proof of Proposition 2.6 is decomposed into two lemmas.

Sle

Lemma 5.1. Density function and monotonicity conditions.
For all D € N* and all § € {0,1}7, the function fo defined by (9) is a positive density function such that for
all x €[5, 5], fo(x) € [€,38]. This function fulfills also the following monotonicity conditions:

1. Vz € [—o,al, fo(x) > € and Vo € [—a, ], fo(z) <.
2. fo is nondecreasing on (—o0o, —a) and nonincreasing on (a, o).
3. Vz €R, fo(z) < My(z) with M = M V 3y/7€ exp(a?/4).

Proof. Forall x € [-5,5]% fo(r) = w(x) > 0 since w is positive. Moreover, for all z € [-§, §],3'j € {1,..., D}
such that x € I;. Then,

fola) = w(x) +(20; = V)pj (@) = 26+ (20; — 1)g; ().
Thus

o) — 26 = [(26; — D |; (@)]

By o)

<¢pP
<¢

since D77 < 1. Thus for all = € (=5, 5], fo(x) € [§,3¢]. Finally, fy is a positive function on R. Moreover,

[ st = [ oyt 21_3: (26, - 1) / ()

/ d:r—l—z (20; —1 A D @(y)dy

=1

because [, w(z)dz =1 and [, ¢(y)dy = 0. Thus, fy is a density function.
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Since fyp(x) = w(x) and w is nondecreasing on (—oo, —«), the function fy is a nondecreasing function on
(—o0, —ar). Moreover,

Vo < —a, fo(z) < fo(—a) =w(—a) =¢.

In the same way, the function fy is nonincreasing on (o, c0) and
Vo > a, fo(z) < fola) =w(a) =<

For all z € [—a, a],

° if x € |- a, —5), fo(z) = w(z) > w(—a) = ¢ because w is nondecreasing and w(—a) = &;
al, fo ( ) = w(x) > w(a) = £ because w is nonincreasing and w(a) = &;

9], fo(x) € [€,3¢] thus fo(z) > &.

For the last point, we have that for all z € [~5, §]°, fo(z) = w(z) < \[1)(z). Moreover, for all z € -5, 5],
Jo(x) < 3¢ < 3¢y/mexp(a 2/4)(z). Finally, for all z € R, fo(z) < M(£,a, M)y(z) with M(&, o, M) :=

MV 3/m€exp(a?/4). O

Lemma 5.2. Let $ € [8,]. For all 6 € {0,1}7, the function In fy is locally B-Hélder: for all x,y such that
[z —yl < ¢ -

[(In f5)" () = (In fo) " (y)| < L(B, B, L, a)rl|z — y|*~"
where L(J3, B,f/,a) does not depend on D. Moreover, there exists a constant C(3, 8, C, «), which can be taken
identical for every D, such that for any integer j = 1,...,r and for all D € N*,

/\mﬁﬂ 5 p () < C(8, 5, G, a),

and
— o~ M — ~
[ 13,8, L.0)* fawe < 05,500
R
If D is a positive even integer, for any integer j = 0,...,7, |(In f)@)(0)] < In(2¢).

Proof. Let j € {1,...,D} and 1 <t < r+ 1. We start by upper bounding SUP,er, |(In £5)®)(z)|. According to
Lemma B.3, for all x € I;,

t

(I fo) D) = fole) 2" S plosm) TT (£5@) "

(10,--,mt)EEL u=0
with

5t={(770,-.-,77t ) € Ni+L; Zunu_t Z%:Qt 1}

u=0

-8 /D\“ Du—~
() o 807 (D" D7
17591 < 5 (2) hele <

For all w € {1,...,t},

a?l‘
Then, for all (ng,...,nt) € =,

t

IR

u=0

< DX a1 W =B T g umt g~ Xamt W ¢ | f |70

< 27 o PR T o) ot | £ ()]0
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since Zzzl un, =t and Zizl Ny = 2871 — . Since fo(x) € [£,3¢] and 2071 — g > 1,

(I fo)D @) < > |plno, ...

(10,---Mt)EEL

< S ol

(M0,---Mt)EEL

< 3 b,

(10,---Mt)EEL

t

I (5@)"

u=1

)] | fo(a)=2""

Sy i U

,77,5)|Dt*ﬁ(2t_1777°)07t.

Denoting B(t) := card(Z;) and B(t) := max(y,, .. n,)e= (M0, ..., 7], it leads to

sup,c,|(In fo) (z)| < B(t)B(t)D'Pa".

We now use this preliminary result to prove that In fp is locally 3-Holder. Let (z,y) € R? such that |z—y| <

i If.T,y € [_%7 %]Ca

|(In fo) ) (2) — (0 fo) " ()| = [(Inw) (@) — (lnw)" (y)]

since Inw is locally 3-Holder with v, = §

o Ifyc[-5,5]°and z € I:

< Lrlle — y/?,

and a constant L.

— If |z — y| < 45 then 2 € I;\J;. Thus, In fo(x) = Inw(x) and

|(In fo) " (2) = (I f5) " ()] = |(Inw) " (2) — (Inw) " (y)]

= If {5 <l|z—y| < §, mw(y) = In(2§) since x € [-3a/4, —a/2] U [a/2,3/4] thus if r > 1,
|(In fo) (x) = (I f6) " ()] < 10 f0) oo 1-a2,a72) + 1 100) 7| 72,3074
AD\""
< B(r)B(r)D"Pa~" (7> lz—y[P "+ 0

B(r)B(r)

<

and if r =0,

< Lrllz —y|P.

' 4= =Pyl o — y|Pr
7!

(In fo)(x) = (In fo)(y)] < [In (28) — In (26 + (20, — 1) ()]
< |=In(1+(20)7'(20; — L) ()]
< [(26)71(20; — Vg, (y)]
< (2071 ¢DP(4D) o Pl — y/’

< 4Pa Pl —y|” =

B(1)B(1)
0!

e Forall z,y € [—a/2,a/2], 3!(4,5) € {1,...,D}? such that z € I; and y € 1.

7If‘x_y‘§%a

o if j'#£ j, x € I;\J; and y € I;;\Jj, thus

[(In f5) ") () — (In fo))(y)| = 0.

48a=P0! |z — y|P.

715

(26)

a
1°
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o if j' = j,
r T —r T - r+1
(I fo) ™ (@) = (I f) @) < o =y =y 7 I £ 222029
Br—1 B(r+1)B(r+1) Dr+i=ps

7r! art

457“107'67"!\33 — y|B7T

< a*ﬁ+r+1(4D)
- B(r+1)B(r+1)

—rllz—yl°"

d
- If 5 <lz—yl<grifr=0,
_ 1+ (26)~'(20; — 1);(2)
i e) = n o) = i (5 =y
- ’(25) 1205 — D[ (z) — %(y)]’
1+ (26)71(20; — 1)y (y)
2[|¢5lo0
3
<2DPU4DPa Pz —y/P

IN

1)B(1
< 24ﬁa—ﬁ|$ _ y|ﬁ - 24Ba—ﬁ%01|$ — y‘ﬁ
andif r > 1
[(In £5) " () = (In fo) " ()] < 20110 )" | oe [~ a/2.0/2)

<00 5 (2) e

a” e

4B Prl|e —y|Pr.
Finally, for all 3 € [3, ], for all (z,y) € R? such that |z — y| < &,

|(In o) (x) = (In fo) ) (y)| < LB, B, a)rl|z —y|*~

37 = LV max BAVBA) (4 i
LB.B Lya) =LV max, (2 EIf (a) >

According to (26), for any integer j € {1,...,7}, |(In f5))| o0, (—a/2,a/2] < B(j)B(j)a 7 thus it yields

/ (10 £o)9 ()75 folw)da < / (0 w)D ()] w(@)dz + [BG)B()a—] 7 / fo(z)dz
R [ [

—a/2,a/2]¢ —a/2,a/2]

with

<C+[BG)BG)] T

Thus there exists a constant C(3, B,C, &, ) such that for any integer j € {1,...,7},

/R (0 f0) (@) 25 fae)de < G+ max [BG)BG)™T < C(8.5.C.¢,a)

1<j<r+1
and

J 138,20 fo(w)de = L85, L) < C(8.5,Cz.0).

The last point assumes that D is even, thus 0 € Ip/2\Jp /2. Then, In fp is equal to In(2¢) in a neighborhood
of 0 and for all j € {1,...,7}, |(In f)9)(0)| = 0. O
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Lemmas 5.1 and 5.2 show that for any positive even integer D and for all 8 € [, 3], J(3,D) C H (3,P(3,5))
where
P(8.B) = { . (26), L(8, 3, L,0). &, C(3. 5. C.&.a), 0, &, M(§, 0, M) |
5.2. Proof of Theorem 2.8

Lemma 5.3. Let 0,0 € {0,1}P. The Hellinger distance between two functions fo and fo of J(3, D) fulfills
1. d%—](f@vfe/) S ;%Dizgz

D
2.0 # 0, d%(fo, for) > E(2A)725(0,0') D~ PP where 6(0,0') =Y 1g, 29 is the Hamming distance
]=1 J

between 0 and ¢’ .

Proof.
The Hellinger distance between fy and fp: can be decomposed as follows:

=5 [  VEE V@) g

[_a/2va/2]c

:_Z/ [\/254- (20, — 1)p;(x \/2§+ (260, — 1)p;(x )rdx.

Since the quantity between the brackets is equal to zero if 0; = 9;, it gives

D
d?q(fe,fef)zézz:/ Vo os(o) - 2 ot } do 1,40
D
2

% / [45—2 2£>Q—wj<w)2]dxnej¢9_;.

[\/LT{E) - w(w)} ’ dx

2
Note that ( (y)) <1forall z € I; and ||¢j|lcc = ¢D"

2
2
<p 1
\ 25 _‘pj \/ ]25 ZZ

since /I —y > 1 —y for all y € [0,1]. Thus,

/Ij {4&—2 (25)2_@(3:)2} de/I’ [45 4 + (g 1013;
<ao [ (5DAﬁ> goz(a(xﬂ) (j_l)ﬂdx
JD_ﬁ .
A ) D

-3 20[
o (S5 H300.0)

o —28
< >
- 8A2D

< ¢&. Then,

< (o7t (

since [, ¢?(y)dy = 1. Finally,

IN

i (fo, for)

since 6(0,0") < D
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For the lower bound, we have

e - () <1 (42

since /1 —y <1——y for all y € [0,1]. Thus,

> 0ot (27)

> (26)7" (%)2

—B\ 2 D
iy (fo, for) > (2)7" <§DT> %% > 1o,z

j=1
> ta(24)72D~@+N5(0,6).

and finally

O

Lemma 5.4. Let 0,0 € {0,1}P. The Kullback-Leibler divergence between two functions fo and for of J(8, D)

fulfills :
5
KL(fo, for) < ﬁ

Proof. According to equation (9) and since fp(x) = fo:(2) = w(x) for all x € [—a/2, a/2]¢, the Kullback-Leibler
divergence between fy and fy is given by

L{feo, for) /fg (fe/ 2) e
B /[—a/2,a/2] folz)In (ﬁiﬁ) dot /[—a/z,a/z]c w(@)hn (%) e

B /[_a/z,a/z] folw)In (fe((z)))

Then for all # € [~a/2, /2] and for all § € {0,1}P, fo(z) € [£, 3¢] according to Lemma 5.1 thus ‘
3. According to Lemma 7.23 in [13],
)] dir (fo, for) -

Lemma 5.1 gives that for all = € [—a/2, /2], fo(x) € [€,3€] and furthermore, fy = for on [—a/2, a/2]¢. Thus,

D26,

<
7[7171] a

Tor

KL(fo, for) <2 {2 +1In <‘ J{

0’

Jo(x) 2
/ In d /
KL(fo, for) <2(2+ ({ :/1;11/2] For (@) >] T (fo. for)
<10 d¥; (fo, for)
5§a _op
- 4A2D i

according to Lemma 5.3. O
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Proof of Theorem 2.8. The proof consists of applying Corollary B.2 given in Appendix A.2 with the
space J(f3, D), the Hellinger distance dg, p = 2 and the finite subset C = {fy, 6§ € O} where O is the
subset of {0, 1} provided by Lemma B.1. Then, it has to be checked that

) < .
nefg%% KL(fo, for) < kIn|O)]

According to Lemma B.1, In|6| > £ and x > 1. Moreover, KL(fy, for) < Zi% D28 and thus D is chosen

3 2
such that
5£aD725 - D - 20&an

4A2 =16 A2
Since 3¢éa < 1, 20éanA—2 < 23—0n < 7n and we finally choose D = min{2k;k € N*, (2k)26+1 > n}. It follows
that for any estimator §,

n < DL,

2
sup E[dZy (fo,5)] > 272(1 = &) | min_dy(fo, for)

vco 0,0'€6,040’
2272 (1 = R)Ea2A) 2D | min | 6(0,6)
> 972(1 — n)a(24) 2D CHD D
> (1= ra _A'Z)ga 9-6-20 (7)) T
according to Lemma B.1. O

6. PROOF OF THEOREM 2.9

Under the hypotheses of Section 2.4, let P(f3, () be the parameter set given in Proposition 2.6. In order to
prove Theorem 2.9, we start with the following lemma that makes the connection between the models S, and
the approximation result given in Theorem 2.5.

Lemma 6.1. There exists a positive constant cz 5 such that for all 3 € [, B] and for all s € H (ﬁ,?’(ﬁ, B)),
KL(s,8m) < cs3 A(m)?P.

Proof. According to Theorem 2.5, the level ¢(3) under which the approximation (8) is valid is a continuous
function of 5. Thus we can define the positive constant (3, 3) := inf &(8). Next, let
- BE[B,H]

mo (0, f) := inf {m >2; Mm) < (B, B)}

and consider m > mo (3, ). Then Theorem 2.5 can be applied for o = A(m): for all 8 € [B, 3] and for all
s € H(B,P(B,5)), there exists a mixture p with less than GgA(m)~!|In )\(m)|% components, with means

belonging to [—ji(m), i(m)] and with the same variance A\?(m) for each component such that
KL(s, p) < c5 M(m)?".

Since Gg is a non decreasing function of 3, the number of components is less than

GaAm) ™! In A(m)|? < G [%ﬁ (lnm)%}_l ‘ln{%(lnm)%} :

IN

G l:lnag 31n1nm]%
m—L | —L 44220
ag [Inm 2 Inm
<m
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according to the definition of A(m) and Condition (10). This shows that p € S,, and thus KL(s, Sy) < cg A(m) 26
for all m > mq (3, ). Since cs is continuous in 3, there exists cg 3 > 0 such that for all 3 € [3, (], for all
s €M (B,P(B,0)), and for all m > mo(3, B),

KL(s,Sm) < c5.5Mm)?°. (27)

It remains to show the same result for m < mg(3, 3) : let t,, be a mixture of Sy, for all 3 € [8, 8] and for all

s € H(B,P(8,5)),
KL(s,Sm) < KL(s, tm)

< [ vy ( ¢<(>))<+°"

Then it can be easily shown that (27) is valid for all m > 1 by changing the constant cg 5. O

Proof of Theorem 2.9. In order to upper bound the right-hand side of the oracle inequality (3), we first control
the constant A defined by (2) that depends on the parameters of the Gaussian mixture model S,,

A2 <4 {cg +In (%\‘Zﬁ;’?) } :

o (388) - 200

<czln n(m)

For the last term, we note that

since A(m) := -2 (ln m)2. Thus A2 is upper bounded by cgIn(m). For the observation of a sample with size n,
the model collection is indexed by M,, ={2,...,n} and then m < n. Thus for all m € M,

 om—1 , 1

According to Lemma 6.1 and the definition of A(m), the oracle inequality is upper bounded by

E [dfi(s, §m)] <C inf |:KL(S,Sm) + pen(m) + l}
me n n
(lnm)?’ﬁ Inn
<cgp, inf {77712/@ +m—.

Let m,, := inf {m >2:meN;; (hi:;[), < mln"} Note that if m, = 2, then E [d? (s, 8)] < dcg p ln" and this
case is completed. Assuming now that m,, > 2, we want to check that m, < n. According to the definition

of my,,
(m,, — 1)20+1 n

ln(m, — )P ~ Inn
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thus -
IreiliNn

In(m, — 1 Inn

where 0 =30 if § > 1 and O = 23 + 1 otherwise. Next, since 1(7"”771) > 1,

n(m,—1)

(my, —1) n
In(m, —1) Inn

in all cases. Assuming that n > 3, it follows that m,, < n. Since m,, € M,

APPENDIX A. APPENDICES FOR THE APPROXIMATION RESULT

A.1. Measure discretization

The following result is adapted from Lemma 2 in [6]. It allows us to approximate a general Gaussian mixture
by a finite Gaussian mixture with a limited number of components.

Proposition A.1. Let F be a probability measure on [—a,a] and o > 0 such that o < a. Let ¢ € (0,7~ 2). Then
there exists a discrete distribution F' on [—a, a] with at most 54ac~'e? [1 V In (ﬁ)} support points such that

2e

HF*%—F/*%Hoo < ;~
Proof. The interval [—a,a] can be partitioned into k& = [22] disjoint consecutive subintervals Iy, ..., I of
length o and a final subinterval I;4q of length | < o: I; = [a;,a; + o, i =1,...,k and Ixy1 = [agt1, akr1 +1].

k41
We decompose F on this partition F' =) F(I;)F; where each F; is a probability measure concentrated on I;.
i=1

k41

Then, Fx,(x) => F(I;)(F;*1)s)(x). Let Z; be a random variable distributed according to F;, and let G; be
i=1

the law of W; = (Z; — a;)/o. Thus G; is a probability measure on [0,1] for ¢ = 1,...,k and on [0,!/c] C [0, 1]

1

for i = k + 1. Lemma A.2 is applied for each measure G; and with D = In (\/1;5) ®. We obtain discrete

distributions G} such that ||G; x ¢ — G} x ¥||e < 2¢. Let F! be the law of a; + oW/ if W/ has law G and set
F = Zf:ll F(I;)F!. We have

Fotolo) =Eliale - 2] =B | 2o (T2 ) | =B | 2o (20 - i) = 2w (25

g g g (2

and F) x ¢, () = LG} x 1 (2=%). Thus

2¢e

g

B ba) = Fx o) = 2[Gont (222) = 6l (222 < 2o - Glblo <

g
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Then
E+1

|F % 1o (2) —F * o (T)] = ZF(IZ) [Fi % Yo (z) — Fz/ * o ()]

k+1

2e
ZNTF).
g
=1
2e

Thus [|[F * ¥y — F' % ¢g]lec < % and the number of support points of the discrete distribution F’ is upper
bounded by

S () () e vnfoon () ] ()

1
< 54a0 " te? {1 V In (ﬁ)} . O

The following lemma is an adaptation of Lemma 3.1 in [5], the complete proof can be found in [14]. For this
lemma, one introduces the inverse function of ¥, (.) defined by 1 (y) = ov/— In(y/7y) on (0,7 2].

IN

Lemma A.2. Let F be a probability measure on [0, B]. Let ¢ € (0, 77_%) and let D be a positive constant such
that B < Dvy~1(¢). Then there erxists a discrete distribution F' on [0, B] with at most 18(1V D)?e?In (ﬁ)

support points such that
|F*tp—F %o < 2e.

A.2. Technical results for f, fr, gk, hr and their convolutions

The proofs of the following technical lemmas are given in [14].

Lemma A.3. Let fo=f and Vk € N*| fri1 = f — Ao fr with Ay fro = Ko fr. — f-

1. For allz € R, fir(x) sz: (Ifill) (=1)'KLf(x).

=0
2. Forallk eN, [ fr(z)de =1.

3. For alli € N and for allz € R, K! f(z) < and thus |f(x)| < (281 —1)2L

NG
(2k, 2k +2]. Let f be a density function belonging to H(3,P)

Sk

T

Lemma A.4. Let 3 >0 and k € N such that 3
where P ={~,17,L,e,C,a,&, M }.

1. Let & > 0 such that if Y is distributed from a centered Gaussian density with variance %, then P(0 <Y <
20) = . For all o < &,

m

Vi
Kol (@) 2 357 f(a).

2. There exists (3) > 0 and Ag > 0 such that for all 0 < &(0),

- §vm

Holw(2) 2 a1+ 4077

f(@).

Furthermore, 6(3) can be chosen as a continuous function of [3.

Remark A.5. The first result of Lemma A.4 is based on the monotonicity assumption on f. It comes from
Remark 3 of [4]. In the second result, the constants 7(3) and Ag are due to the result (14) in Lemma 4.2.
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Lemma A.6. Let p € (0,1). For all x € R, we have that

e foralli € N and for all 0 < 1 —p*/*, Kl f(x) < M (%)Zw(px).

o forallo <1—p'/k,

s (1o uo). St ) <20 () s

APPENDIX B. APPENDICES FOR THE LOWER BOUND RESULT

The two following results are crucial for establishing the lower bound: The first one is the so-called Varshamov—
Gilbert’s lemma and the second one is a corollary of a lemma given in [2]. They correspond to Lemma 4.7 and
Corollary 2.19 in [13] respectively.

Lemma B.1. Let {0,1}? be equipped with Hamming distance 5. Given a € (0,1), there exists some subset ©
of {0,1}P with the following properties

5(0,0') > U= for every (6,0') € 0,0 # ¢/
In|6| > 22

where p = (1+ a)In(1 4+ a) + (1 — @) In(1 — a). In particular p > 1 when o = .

Corollary B.2. Let (S,d) be some pseudo-metric space, {Ps, s € S} be some statistical model. Let . denote an

absolute constant (given in Cor. 2.18 of [13]). Then for any estimator § and any finite subset C of S such that

max KL(Ps,P;) < kIn|C|, the following lower bound holds for every p > 1
s,

P
sup B, [dP(s,3)] > 277(1 — i I
sup B [0 (5,9)] 2 27 (1 ) Ltggg#d(s t)]

The following lemma, used to prove Proposition 2.6, gives an expression of the derivatives of the logarithm
of a function. The proof can be found in [14].

Lemma B.3. Leti € N* and let t be a strictly positive function, t € C'. Then

) Pi(z)
Int)?(z) = —2
()0 (@) = 75
where |
‘ n;j
Pi(z) = Z p(Mos - - -\ mi) H [t(”(ag)}
(M0y+--mi)ES; j=0
with

Ei: (’170,...,’1%)GNiJrl;Z’]]j:Qiil, Z]nj:%
§=0 §=0
and p(no,...,n:;)’s are the polynomial coefficients.
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