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UNIFORM STRONG CONSISTENCY OF A FRONTIER ESTIMATOR
USING KERNEL REGRESSION ON HIGH ORDER MOMENTS

STEPHANE GIRARD!, ARMELLE GUILLOU? AND GILLES STUPFLER?

Abstract. We consider the high order moments estimator of the frontier of a random pair, introduced
by [S. Girard, A. Guillou and G. Stupfler, J. Multivariate Anal. 116 (2013) 172-189]. In the present
paper, we show that this estimator is strongly uniformly consistent on compact sets and its rate of
convergence is given when the conditional cumulative distribution function belongs to the Hall class of
distribution functions.
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1. INTRODUCTION

Let (X1, Y1),..., (Xn, Y,) be n independent copies of a random pair (X, Y') such that their common distri-
bution has a support defined by S = {(z, y) € E xR; 0 <y < g(z)}, where E is a closed subset of R? having
nonempty interior. The unknown function g is called the frontier. In Girard et al. [12], a new estimator of g is
introduced, based upon kernel regression on high order moments of the data:

1 1 H(a+1)p, (T) fip, ()
——=—|((a+ D)pp + 1) =—— — (pp + 1) 2 1.1
gn(ﬂﬁ) apn {(( ) )M(a+1)pn+1(@") ( )Mpn+1(1‘) ( )

where (p,,) is a nonrandom positive sequence such that p,, — oo, a > 0 and
1 n
fip, (z) = - z; Y K, (v — X;)
=

is a kernel estimator of the conditional moment m,, (x) = E(YP~ | X = z). Classically, K is a probability density
function on RY, Kj(u) = h=% K(u/h) and (h,) is a nonrandom positive sequence such that h,, — 0. From a
practical point of view, the use of a small window-width h,, allows to select the pairs (X;, Y;) such that X;
is close to x while the use of the high power p,, gives more weight to the Y; close to g(x). Using high order
moments was first suggested by Girard and Jacob [14] in the case when Y given X is uniformly distributed. This
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approach was also used in Girard and Jacob [15] to develop a local polynomial estimator. In Girard et al. [12],
the estimator (1.1) was shown to be pointwise consistent and asymptotically normal. Our focus in the present
paper is to examine its almost sure uniform properties.

Uniform consistency results in frontier estimation are seldom available in the literature: we refer the reader
to Geffroy [10] for the uniform consistency of the blockwise maxima estimator when the conditional distribution
function of Y given X is uniform and to Jacob and Suquet [21] for the uniform consistency of a projection
estimator when the observations are realizations of a Poisson process whose intensity is known. Neither of these
papers provides the rate of uniform convergence of the estimator it studies. In the field of econometrics, where
the frontier function is assumed to be monotonic, the uniform consistency of the Free Disposal Hull (FDH)
estimator introduced by Deprins et al. [6] was shown by Korostelev et al. [22], along with the minimax rate of
uniform convergence; the uniform consistency of isotonized versions of order-m frontiers introduced in Cazals
et al. [4] is proven in Daouia and Simar [5], but rates of convergence are not available in this study. Consistency
results in the L! sense were studied by Girard et al. [13] for an estimator solving an optimization problem and
by Geffroy et al. [11] for the blockwise maxima estimator. The minimax rate of L!-convergence was established
by Hérdle et al. [19].

Outside the field of frontier estimation, uniform convergence of the Parzen—Rosenblatt density estimator
(Parzen [26] and Rosenblatt [27]) was first considered by Nadaraya [25]. His results were then improved by
Silverman [28] and Stute [29], the latter proving a law of the iterated logarithm in this context. Analogous results
on kernel regression estimators were obtained by, among others, Mack and Silverman [24], Hérdle et al. [17] and
Einmahl and Mason [7]. The uniform consistency of isotonized versions of order-a quantile estimators introduced
in Aragon et al. [2] was shown in Daouia and Simar [5]. The case of estimators of left-truncated quantiles is
considered in Lemdani et al. [23]. Finally, the uniform consistency of a conditional tail-index estimator is shown
in Gardes and Stupfler [9].

The paper is organized as follows. Our main results are stated in Section 2. The estimator is strongly uniformly
consistent in a nonparametric framework. The rate of convergence is provided when the conditional survival
function of Y given X = x belongs to the Hall class (Hall [16]). The rate of uniform convergence is closely
linked to the rate of pointwise convergence in distribution established in Girard et al. [12]. The proofs of the
main results are given in Section 3. Auxiliary results are postponed to the Appendix.

2. MAIN RESULTS

Our results are established under the following classical condition on the kernel:
(K) K is a probability density function which is Holder continuous with exponent ng:

Jex >0, Va, y € RY, K (2) = K(y)| < ex |lo — yl|"™

and its support is included in B, the unit ball of R<.

Note that (K) implies that K is bounded with compact support. We first wish to state the uniform consistency
of our estimator on a compact subset 2 of R? contained in the interior of E. To this end, three nonparametric
hypotheses are introduced. The first one states the existence of the frontier g.

(NPy) Given X =z, Y is positive and has a finite right endpoint g(x).

Let F(y|z) = F(g(z)y|z) be the conditional survival function of the normalised random variable Y/g(x)
given X = x. The second assumption is a regularity condition on the conditional survival function of Y given
X along the upper boundary of S.

(N Py) There exists yo € (0, 1) such that for all y € [yo, 1], z — F(y|x) is continuous on E.
The third assumption, which controls the oscillation of the function F(y |-) for y close to 1, can

be seen as a regularity condition on the (normalised) conditional high order moment m, (x)/¢?(x) =
E((Y/g(2))P | X = ).
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(NPs) For all ¢ > 1,

1
YT F (y |2 — ) dy
sup sup |22 -1 —=0 asn— .

1
€2 ueB —
we? / Y F(y | 2) dy
0

Let f be the probability density function of X. The following regularity assumption is introduced:

(A1) f is a positive continuous function on F and g is a positive Holder continuous function on E with Holder
exponent 7.

Before stating our first result, let us introduce some further notations. For any real-valued function v on R,
the oscillation of v between two points x and x — h,u, u € B, is denoted by

Az, u) =(x = hnu) = y().
Finally, let u,, (x) be the smoothed version of the conditional moment m,, (x), namely

pp, () =EYP" K, (v — X)) = /Q K, (x —t)my, (t) f(t)dt.

Our uniform consistency result may now be stated:

— 00 and

hd
Theorem 2.1. Assume that (NPi—NPs), (K) and (A1) hold. If p, — oo, ITcL)g:L ;2% ;LEZIBSTEQ

Pn ha? — 0 as n — oo, then

sup [gn(x) —g(x)] — 0 almost surely as n — oo.
zesf?

As far as the conditions on (p,,) and (h,,) are concerned, let us highlight that, under (A4;) and since {2 is compact,
f is uniformly continuous on (2 and ir{l)f f > 0. Besides, Lemma A.1 implies that for n large enough the ball

B(z, hy,) with center x and radius h,, in R? is contained in E for every z € £2. The uniform relative oscillation

of f can then be controlled as

flx — hpu) Aﬁ(w, u)

sup sup — 1‘ = sup sup — 0. 2.1
ce uen| f(2) ce ueB| f() @1)
Similarly, igf g > 0 and we thus have
A9
sup sup =ACD) =0 (hJs) — 0. (2.2)
z€f2 ueB g(l‘)
Remarking that
¢%$—mﬂq Af (@, u)
log [7 =pplog |1+ T~
gP(x) ! g9(x)
entails, if p, hi?! — 0,
g (x — hyu) ’
sup sup |[——————= — 1| =0 (p, h)l7). 2.3
xE.I()Z ueg gpn (l‘) (p ) ( )

As a conclusion, the condition p, hn’ — 0 thus makes it possible to control the oscillation of gP» around z,
uniformly in xz € (2. This condition was already introduced in Girard and Jacob [14,15] and in Girard et al. [12].



4 S. GIRARD ET AL.

To give a better understanding of the conditions of Theorem 2.1, we introduce the semiparametric framework
(SP) Forally € [0, 1], F(y|x) = (1—y)*@ L (z, (1 — y)~!), where L is bounded on £2 x [1, 00) and satisfies

VeeE,Vz>1, L(z, z) = C(z) + D(z, z) 2 7®)

where «, 8 and C are positive Borel functions and D is a bounded Borel function on {2 x [1, 00).

In model (SP), the function L(z, -) is slowly varying at infinity for all 2 € E (see for example Bingham
et al. [3]) and belongs to the Hall class (Hall [16]). Let us emphasize that a(x) drives the behavior of the
distribution function of Y given X = 2 in the neighborhood of its endpoint g(z). In the general context of
extreme-value theory (see for instance Embrechts et al. [8]), the conditional distribution of ¥ given X = x is
said to belong to the Weibull max-domain of attraction with conditional extreme-value index —1/a(x). Model
(SP) is clearly more general than the one in Girard et al. [12], which is restricted to the constant case L = 1.
We introduce the additional regularity condition

(A2) « is a Holder continuous function on E with Holder exponent 7,; 3 and C are continuous functions
on E and there exists zg € [1, 0o) such that for all z > zg, the map x — D(z, z) is continuous on E.

Note that if (Az) holds,

o= maxa < 00
Q
because (2 is compact. Our next result shows that Theorem 2.1 holds in the semiparametric setting (SP).

Corollary 2.2. Assume that (SP), (K) and (A1—Az) hold. If p, — oo, np,*hl/logn — oo and p, hn’ — 0
as n — 00, then

sup [gn(x) — g(x)] — 0 almost surely as n — oco.
e

Note — see the proof of Corollary 2.2 — that if (SP), (K) and (A;—As) hold and p, ks’ — 0 as n — oo, then
hypothesis (N P3) holds as well. This hypothesis can therefore be considered not only as a regularity condition
on the conditional high order moment m,, (x) but also as a condition comparing the rates of convergence of
(1/py) and (hy,) to 0.
Our second aim is to compute the rate of convergence of the estimator (1.1). Under hypothesis (Az), we can
introduce the quantity
8= mrizn 6> 0.

Letting w,, = \/ npnRo 2 hd/logn, we can now state our result on the rate of uniform convergence in the
semiparametric framework (SP):

Theorem 2.3. Assume that (SP), (K) and (A1—Az) hold. If p,, — oo and

e np,“hl/logn — oo asn — oo,
—B-1
e limsup w, {h:’ﬁ Vv p,, b hlle \/png } < 00,
n—oo
then
Wy, Sup [gn(x) —g(x)] =0 (1) almost surely as n — oo.
zes?

Let us highlight that the condition np,®hl/logn — oo was already introduced in Corollary 2.2. The second
condition controls the bias of the estimator g,. The term h,’ corresponds to the bias introduced by using a
kernel smoothing, while the presence of both other terms is due to the particular structure of the semiparametric
model (SP). Moreover, as pointed out in Theorem 3 in Girard et al. [12], the rate of pointwise convergence of

gn(z) to g(z) is npra(I)Jr2 hd. Up to the factor v/logn, the rate of uniform convergence of g, is therefore the
infimum (over £2) of the rate of pointwise convergence of g, () to g(z).
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Theorem 2.3 allows us to compute the optimal rate of convergence oi Gn. For the sake of simplicity, we shall
consider the case when « is more regular than g (i.e. 7, > 1,) and F(y|z) = (1 — y)*@ for all y € [0, 1]
(namely, D is identically zero). In that case, the conditions on (p,) and (h,,) reduce to
npga+2 hi+27]g

— oo asn—oo and limsup ———— < .
logn n—oo logn

np,*hd

Up to the factor v/logn, the optimal rate of convergence is obtained if p,, has order n“* and h,, has order n=¢,
where (¢1, ¢2) is a solution of the constrained optimization problem

(c1, c2) = argmax 1+ (2 — @)c — dc’
(c,c")eA

with A= {(c,d) eR*|1—@c—dd >0, 1+ (2—a)c— (d+2n,)c <0, ¢, >0}

This yields ¢1 = ng/(d+any) and c; = 1/(d+@n,), in which case the (optimal) rate of convergence has order
nMs/(@+@n5) et us note that this rate of convergence has been shown to be minimax by Hirdle et al. [19] for
a particular class of densities in the case d = 1 with a L' risk.

3. PROOFS OF THE MAIN RESULTS

Before proceeding to the proofs of our main results, we point out that, due to our hypotheses, all our results
and lemmas on the behavior of my,, (), pp, () and fip, (z) hold as well when p,, is replaced by cp,,, ¢ > 1.

The key idea to show Theorem 2.1 is to prove a uniform law of large numbers for fi,, () in the nonparametric
setting.

hd
"0 g Mp”—(x). If p, — oo,
logn ze2 gPr(x)

Proposition 3.1. Assume that (NPi—NDPs), (K) and (Ay) hold. Let v, = \/

vy — 00 and pn hi? — 0 as n — oo, then there exists a positive constant ¢ > 0 such that for every e > 0 and
every sequence of positive numbers (8,,) converging to 0 such that d,, v,, — oo, there exists a positive constant c.

with
m 1
P (5nvn sup Fipa (7) — 1’ > 6) =0 (ncexp [—cs ﬁj}) .
ze2 | Pp, (T) 0%
Consequently,
O Uy, SUP Mp”—(a;) = 1‘ — 0 almost surely as n — oo.
z€R | Mp, ('T)

Proof of Proposition 3.1. The proof is based on that of Lemma 1 in Hérdle and Marron [18]. Since {2 is a
compact subset of R%, we may, for all n € N\ {0}, find a finite subset §2,, of £2 such that:

Voe R 3x(@) € o — @) <n™" and >0, [2.]=0(n°),

where |2,,| stands for the cardinality of £2,,, and n = d~* + 771_(1. Notice that, since n h¢ — 0o, one can assume
that eventually x(z) € B(x, hy,) for all z € (2. Besides, since h,, — 0, we can use Lemma A.1 and pick n so
large that B(z, 2hy,) C E for all « € £2. Picking € > 0, and letting

o (@) Tipa (X(@)| _ &
o () fip (X x>>‘> )

2
ﬁpn w) 6)
— =1 >=,
tp,, (W) 2

Ty ,n:=P <(5n Uy, SUp
e

and T, = Z P(én Un,

wE2,
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the triangle inequality then yields

Iip, ()
Pp, (%)

e

P <5n Vp, SUP

- 1’ > 8) <Ti,+To .

The goal of the proof is to show that

1
Tl,n +T2,n =0 (nc €xp |:_CE 05g2n:|> ’

n

We start by controlling T} ,,. For all z € (2,

Kp, (= Xi) Ky, (x(z) - X;)

fira(2) i (x(3) -
Mpn( ) Hp., (x(z))

tpn () pip, (X ()

’ n

Z an

bl

and the triangle inequality entails

‘Kh —Xi) _ Kn,(X(2) = Xo) | _ [, (2 = Xy) — K, (X(2) = X))
Hop,, () o, (X(2)) - Hop,, ()
|t () — bp, (X(2))] .
b @) i, (@) e () = K.

Using hypothesis (K) and Lemma A.4, there exists a positive constant x such that, for n large enough,

(T Xi) K, (x(@) - X5)
Hpn, (z) Hpn, (x(z))

K n n MK
sup {/ipn (z) } S g {—hn ] Iy xeB(z, ha)UB(x(2), hn)}-
n

e

Since the support of the random variable K, (x(z) — X;) is included in B(z, 2hy,), one has

n=" NK
S " |:—:| e
hn, mEQ /ipn

sup

sup nhd Z I¢x,eB(x, 20,)} | -

fip, (%) Fp, (X(w))‘
tip, () pp, (X (@)

For all z € 12,

—ZY I x,eB(e,2n,)} < sup g"n
i—1 B(z,2hy,)

almost surely, and in view of (2.3), it follows that

sup

) PR ’ <2k {n_—n} L sup gP (z)

P, () pp, (X () hd e tip, (2)

for n large enough. Finally, n h%¢ — oo implies

n=17" 1 ]/t 1
)l e G)

and therefore, we have the following bound:

i, (%) _ Ip,, (X ()
Hp, (T)  pp, (X(2))

On Up, SUP
ze

as n — oo. Hence 77 ,, = 0 eventually.
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Let us now control 75 ,. To this end, pick w € {2, and introduce

Y w—X;
Zp (W) = —t— K i),
) = e ()
B(w, hy)

Remark that |Z,, ;(w) — E(Z,, i(w))| < sup K almost surely and thus
B

sup gpn

B = 03 ) Bl ()
B(w, hy) =

is a mean of bounded, centered, independent and identically distributed random variables. Defining

€ 1 nuy, (w)hd

(W) = 2sup K 6, v, sup gP"
B

B(w, hy)

£ 1y, (w)he 1
d An(w) == supK 2 10) By :
an Q 2 s%p Op vy sup g¢gP* Var(Z,, 1(w))
B(w, hy)

Bernstein’s inequality (see Hoeffding [20]) yields, for all € > 0,

ﬁpn (w) _ 1 > E — ]P) hd ﬁpn (U.)) - /‘Lpn (U.)) > E ]' /"Lpn (U.)) h7dl
Hp,, (W) 2 " sup g’ 2 dpv, sup gPr
B(w, hy) B(w, hy)

Tn (W) Ap (W)
= 2o (‘2(1 + An<w>/3>) ‘

Using once again (2.3), we get, for n large enough,

P <(5n U,

. € vy, logn
f m > — :

wlennnT (W)= 4sup K 0,

B

Moreover, for all w € (2,

1 2 E(Z} () [E(Z, °
_ P |t 10 B EART)
An(w) €S1EI}PK B(w, hn) [p,, (W) Ip, (@)
and since sup ¢P" h,? Z, 1(w) = Y™ K, (w — X1), it follows that
B(w, hp)
Z2 | (w E(Z, 2
Y 110 N AT 5)) B

B(w, hy) p (W) Hip,, (@) B

so that
1 2

sup —— < =6, Uy
we 2, )‘n(w) € e

Remarking that the function z — 1/[2(z + 1/3)] is decreasing on R, there exists a constant ¢. > 0 such that,

for all w € §2,,
fi, () ‘ ) ( 1ogn)
P dnvn —1|>=) <2exp| —ce ,
( Hpn, (w) 2 on
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for all n large enough. Taking into account that |(2,| = O(n¢), this implies that

1
Ty, =0 (nc exp {—ce %}) .

Notice now that the above bound yields

Ve >0, Z]P’<5 Uy, SUP

e

o) <

and use Borel—Cantelli’s lemma to get the final part of the result. O
With Proposition 3.1 at hand, we can now prove Theorem 2.1.

Proof of Theorem 2.1. Since g is positive and continuous on the compact set {2, it is bounded from below by a
positive constant. It is then enough to prove that

1 1
Sup | = — ——| — 0 almost surely as n — oc.
ze2 | gn(T)  g(x)
To this end, notice that
~ -1
H(at1)p, (T) _ _HatDpn () H(at1)p, (T) [ a+1)pﬂ+1($):|
ﬁ(a+1)pn+1(1‘) M(a+1)pn+1(1‘) H(a+1)p, (z) a+1)pn+1(33)
and Iip,, (2) _ Mo (z) fip, () {Mpn 1(95)}
lip,+1(x)  pip,+1(2) pp, () [pp,+1(2)

Using again the positivity and the continuity of g on the compact set 2, Lemma A.3(iii) yields

1% €T
— 0 and sup 7((1 Lpn 1( )
Hopy, ('T)

— 0.
z€2| M(a+1)p, (l‘)

sup
e

—g(x) —g(z)

Since fi(q11)p, (2)/g VP (2) < iy, (2)/gP" (z) (1 + o(1)) uniformly in = € 2, Proposition 3.1 entails

1 x 1 1
sup ,\'u(aH)p"( ) . — 0 and sup Ay, (@) —0 (3.1)
€2 | fatp,+1(2)  9(2) ve | Hp,+1(2)  g()
almost surely as n — oo. The result follows by reporting (3.1) into (1.1). O

Before proving Corollary 2.2, a further examination of the behavior of the high order moment u, (x) is
needed. The next result gives a uniform equivalent of the moment y,, (x) in the semiparametric framework.

Proposition 3.2. Assume that (SP), (K), (A1—Az) hold, p, — oo and p, hi’ — 0 as n — oo. Then

pp, (7)
f(@) Clz) D(alz) + 1) gpr (z) pn *

sup —1]—=0 asn— oo.

e

Proof of Proposition 3.2. Let us introduce Fylylz) = (1 —y)Y®) for all y € [0, 1]. In the semiparametric setting
(SP), F(-|z) can be written as

Vyel0,1], Fly|z) = C2) Falyla) + D (v, (1 —y)7") Fassly|z)
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Using Lemma A.1, we can pick n large enough such that B(z, h,) C E for all z € 2. Pick then x € {2, and set
© p—
w2 = [ 10 C @) Ko=) [ [Ty Faly o) ay| o (32)
0

- /B (fCo") (& — hntt) o b(pns & — hyr) + 1) K () du

1

where b(z, y) = / t*~1 (1 —t)¥~1dt is the Beta function. With these notations, the high order moment p,, ()
0
can be rewritten as

n mnsy X
tp, () = My (pn, )1 + €n(pn, )] where &,(pp, ) = Mn((];m x)) (3.3)
and with
E,(pn, ) == / (fg"" ) (@ — hpu) pn Zatp, D(Pn, T — hpu) K (u) du (3.4)
B
1
where Zoig, p(pn, v) = / Yy Fasply|v) D (v, (1 —y)7") dy. (3.5)
0
Lemma A.9 and (3.3) entail
/‘Lpn (x) ’
sup |————— — 1| —=0 asn — .
zeg Mn(pna -T)
It is therefore enough to show that
sup Ma(pn, @) @) 1| =0 asn — oo.
2€2| f(x) Cz) I'(a(x) + 1) gP (2) pn
Lemma A.6 establishes that
sup Ma(pn, 2) —1’ — 0 asn — oo.
se2| f(2) C(z) afx) gPr (2) bpn + 1, a(w))
Finally, Lemma A.5 gives
sup a(2) bipa + 1, a(@)) —1|—0 asn— o
ve2| I'(a(a) +1)pa ™"
and the result is proven. O

Corollary 2.2 can now be shown.

Proof of Corollary 2.2. 1t is enough to check that the hypotheses of Theorem 2.1 are satisfied. This is clearly
the case for (NP;) and (N P,); besides, for all ¢ > 1, Proposition 3.2 yields

sup frep, (T)
se | [(2) O(z) I'(az) + 1) g (2) (cpp) ~*™)

Using Lemma A.3 then gives

—1/—=0 asn— oo.

/0 y P Fy| o) dy
S 1C@) Ma(@) + 1) ()o@

-1 —=0 asn— oo.
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The hypothesis p,, hn’ — 0 thus makes it clear that (N Ps) holds as well in this setting. Finally, Proposition 3.2
entails

- Kat1pn ()9 1P ()

e | f(2) C(z) I'(a(z) + 1) [(a + 1)pa] )

Consequently, for n large enough there exists some positive constant € > 0 such that

—1|—=0 asn— oo.

nhi e, (®) _ np, @ hg
in >e
logn ze glatpn(x) logn

— 0 as N —

which concludes the proof. O

In order to prove Theorem 2.3, since the expression of our frontier estimator involve ratios such as
Lp,, () /1p, +1(x), we shall first compute an asymptotic expansion of py, (z)/pp, +1(x):

Proposition 3.3. Assume that (SP), (K) and (A;—Az) hold. If p,, — oo and p, h,? — 0, then

| (@) 1 { a(a) } ‘
sup = — 1+ = 0O(1).
z€R { R prt R v pr PO g, (z) (@) P+ 1 M)

Proof of Proposition 3.3. Remark that, with the notations of Proposition 3.2 above, we have

pp, () My(pn, ) i N
/-tpn+1(l‘) a Mn(pn+1, l‘) [1+ n(pna )} (36)

where 7 (pn, ) == EnlPn; @) —En(pn + 1, 2),
R 1+ en(pn + 1, 2)

Using Lemma A.1, we can pick n large enough such that B(z, h,) C E for all € (2. Recall then the notations
of Lemma A.6 and write

sup
e

ala) 11~ o @ Ly (pn, =, u) K (u) du ”
{g(lw) {1 " pn(+)1]} | Mﬁpier 1,)95) - /B/Zn(pir 1, 2, u) K (u)du -0 <th Y };—n> .

Since Ly, (pn + 1, x, u) > 0, it follows that

[ a0 K () d
sup B — 1| < sup sup

z€N / ﬁn(pn +1, z, u) K(u) du €N ueEB
B

£n(pn7 Z, u) ’ ( hﬂa)
TR 1 =0 Ry 22 ).
Ln(pn +1, u) " Pn

Lemma A.6 entails

sup
e

{9(156) {1 " pj(f-)l} }_1 Mif(;ipi’ 19?56) “H=0 (hzg Y i;i:) '

Besides, applying Lemma A.9 yields sup ’pﬁ(z)ﬂ Tn (D, x)’ = O(1). Replacing in (3.6) concludes the Proof of
e
Proposition 3.3. U

We can now give a Proof of Theorem 2.3.
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Proof of Theorem 2.3. Since, by Theorem 2.1, sup |g,(x) — g(z)| — 0 almost surely, it is enough to prove that
xes?

Wy, SUP I O (1) almost surely as n — oo.
v |gn(x)  g(2)
Introducing
1 1 Fat1)p, () I, (%) ] 1 1
=— |((a+1)pp+1)————"~ — (pp+ 1)——=| and &,(z) = = -
G (0 Ve D )t R RN

the quantity of interest can be expanded as

1 1

1 1
@ g T {—Gm - M] |

Both terms are considered separately. The bias term is readily controlled by Proposition 3.3:

No A
~0 <wn {hgg v ZL v pnl 1}) —0(1)

in view of the hypotheses on (p,,) and (hy,). Let us now consider the random term &, (x). Lemma A.7 shows that

6(0) = - [of (o) — 0+ (B2 ) o - (Bl ) gy

apn Hp,+1(z /~L(a+1)pn+1($)

1 1

Gn(z)  g()

Wy, SUP
e

In view of Proposition 3.1, it is therefore sufficient to show that

W, W,
— sup ’(j(l) )‘ =0(1) and — sup ‘(j(z) )‘ =0(1) (3.7)
Pn zen Pn zen

almost surely as n — co. We shall only prove the result for Q(ll)(x), since the result will then be obtained for
Q(lz) (x) by replacing p,, with (a4 1)p,. To this end, we mimick the Proof of Proposition 3.1. For all n € N\ {0},
let £2,, be a finite subset of {2 such that:

Vee 2, Ix(z) € 2, lr—x(@)]| <n™" and Je>0, |2, =0 N,
where n = d~! + 171_(1 [1 + 671] and assume that n is large enough so that x(z) € B(z, h,) and, by Lemma A.1,

such that B(x, 2h,) C E for all x € 2. Pick € > 0 and an arbitrary positive sequence (d,,) converging to 0, and
let

Ti,n ::P(a 2 sup |¢9() — ¢ (x(@))| > f)
Pn zen 2
n €
wd = 2 P(‘” Pn 5”<“>’>5)'

wE2,

The goal is then to show that both series >~ 71 , and ), T5 , converge. Noting that

Pn
W,

On < 0p V
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we shall assume without loss of generality that 6n\/m — o0. Let first
o o [l ] )
O L)~ e | 16)
o = P (50 sup| [ 00— RO [ ][> 5).
e P Rt | | el ) &

so that for all sufficiently large n, T, < T3 5, +T4 n+T15 n+T6,n. A proof similar to the one of Proposition 3.1
gives the bound

Ty, =P (én Wy SUP
wef2 | Hp,+1(

VA

fip, (%) apn(x(x))’ {n } 1 o)
su - <K|— — sup p,
S @ @) | S | RSP

for n large enough, where & is a positive constant. Remark that np,® — co and nh?¢ — co yield

n=n)" O R S T KA 1
n | —— = — — =0l —-1-
p hon, npn® nhd n n
Recalling that, from Proposition 3.1,
d
Up = n b, inf Hen (2)
logn ze2 gPn (x)

Proposition 3.2 yields w,, = p,, v,, and therefore, applying Proposition 3.3, T3 ,, = 0 and T4, ,, = 0 eventually as
n — o0, so that y° T3, and ) Ty , converge. Furthermore, since x(x) € B(x, hy), Proposition 3.3 entails

P, (@) (@) | N
vebs | 1y, 1(2) Mpn+1(x(1‘))’ O<h” S ) (3.8)

Using once again the equality w, = p,v, and (3.8) together with Proposition 3.1 shows that ) 75 , and
>, T6,n converge. As a consequence, y_ Ti , converges.
To control T ,, we shall, as in the Proof of Proposition 3.1, show that there exists a positive constant c.

such that for all sufficiently large n,
€ logn
Cﬁl)(w)‘ > 5) < exp (— Ce 52 )

Pick w € 2, and let us consider the random variables

Ywe 2, P((snﬁ
p

n

S i(w) =Y [—1 + EAC YZ} Kn (w—X;),i=1,...,n
/‘Lpn“l’l(w)

such that

n

() = Lot 1 Z S (3.9)

1 (w

Let now Uy, (w) = Yi/ sup g, so that U, ;(w) <1 given {X; € B(w, hy)}. It follows that
B(w, hy)
e
sup gpn
B(w, hp)

Sp,i(w) = Uy (w)

_ X,
—14+ sup g¢g 7#;;”(&)) Up,i(w)| K (w ’) .
B(w, hp) Hopp+1(w) b,
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Using Proposition 3.3, the Hélder continuity of g and the fact that p,, ks’ — 0 therefore yields, for n sufficiently
large,

h‘i p w—X; /
(pn+1) i Sl I Spyi(w) = Uy (w) [Un,i(w) — 1] K W <K
et B(w, hn) "

where k’ is a positive constant. Some straightforward real analysis shows that

1 Pn
pn+1) sup uP*(1—u)= {1— ] —e ! < oo
( " u€l0,1] Pn + 1

Consequently, there exists a positive constant x” such that, for n large enough,

hd
(pn + 1)5611(123 Wsn,i(w) <k
" B(w, hn)

The random variables J

he )
Zn,l(w):(pn+1)wsn,z(w)’ Z:l’...’n
B(w, hn)

are therefore uniformly bounded, centered, independent and identically distributed. Let

€ Pn Npp,r1(w) th

Tn(W) = 2,{// 577, Wy, Sup gpn
B(w, hy,)
" hd 1
and  An(w) == ER Pn fpa+1(w) A
2 dpw, sup g’ Var(Z,(w))
B(w, hy)
ek’ pn (pn+1)"2h,?
= — — pUp, +1(w) sup ¢ ——————
2 Opwy, Hpnt ( ) B(w, hy) E‘Sml(w”z

Recalling (3.9), Bernstein’s inequality yields, for all € > 0 and n large enough,

Tn (W) An (@) ) _

Wn | ~(1) £ ~
Yw € (O, P(én n <“’>\>z> <26Xp< 2(1+ An(w)/3)

Pn

Proposition 3.2, equation (2.3) and the equality w,, = p, v, entail

€ Vdiogn
On

np,® hd

28 ) 2 1o o

for large enough n. Moreover, straightforward computations yield

g(l‘—hnu)y‘ <(1-y)+ W’

Pp, (%)

-1+
Hopp+1(T)

Yy € [0, 1], sup sup
z€S? uEB

with v, being a sequence of Borel functions converging uniformly to 0. Lemma A.10 thus shows that

E|Sp,1()[?
g2 (2) pn “ 72 iy

=0(1) asn— oo.

zes?
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Consequently, applying Proposition 3.2 to p,, +1(w) entails

npn® hd

n

=0 |4,

sup

WENR, )\n(w) logn

as n — oo. Thus, using once again the fact that the function z — 1/[2(z + 1/3)] is decreasing on Ry, we get
that there exists a constant ¢. > 0 such that for all n large enough,

€ logn
Cy(ll)(w)’ > 5) < 2exp <_C€ %) :

As a consequence, > T5 , converges and (3.7) is proven: applying Lemma A.11 completes the Proof of
Theorem 2.3. O

Vwe 2, P (5n Wn.
Pn

APPENDIX: AUXILIARY RESULTS AND PROOFS
The first lemma of this section is a topological result which shall be needed in several proofs.

Lemma A.1. There exists § > 0 such that for every x € (2, B(x, ) C E.

Proof of Lemma A.1. Let U denote the interior of E' and 0E = E'\ U be the (topological) boundary of E. Note
that OF is a closed set since it is the intersection of two closed sets in R?: since {2 is a compact set and 9F is a
closed set with 2 N JFE = @, it holds that

38 >0, d(f2, OF) := wuelfg ele%f}; |l — el =28 > 0. (A1)

We shall now prove the result. Pick « € 2. If one could find y € B(z, §) N E€ — where E€ is the complement of
the set I — then the real number

to =inf{t € [0, 1] |2z == (1 — )z + ty ¢ B}

would belong to (0, 1) since z € U and y € E° which are both open sets. Therefore, because for every ¢ € (0, tg),
z € E and there exists a nonincreasing sequence (tx) converging to to such that (z;,) C E° C U® which is a
closed set, one has
2ty =limz; € E and zy, = lim z, € U°.
tTto k—oo

Hence z;, € OF, but ||@ — z1,|| = tollx — y|| < B, which contradicts (A.1): Lemma A.1 is proven. O

We proceed with a technical result we shall need to examine the properties of m,,, (x) and yp, (2) in Lemma A.3
below. It essentially shows that the computation of a conditional high order moment is controlled by the behavior
of the conditional survival function F(-|z) in a neighborhood of 1.

Lemma A.2. Let h be a positive bounded Borel function on (0, 1), and let p,, — co. If (NPy—N Py) hold, then
for alle € (0, 1 —yo),

1
A 4P () Fly | z) dy

- —1|—=0 asn — oo.

1
Aym*mw?@MMy

sup
e
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Proof of Lemma A.2. Let € € (0, 1 — yp), « € 2 and consider the expansion

! _ 1 _ /_E?/p"‘lh(y)i_f(ylx)dy
/o?Jp"‘lh(y)f(ylx)d?!:/1 vt h(y) Fly| ) dy (14 =25

—€

y" h(y) Fly | z) dy
1—¢

Since, for all y € [1 — ¢, 1], the function z — F(y| ) is positive and continuous on (2, it is clear that
ian F(y|x) > 0. Consequently
e

1—e
[ Tl (1 =) sup
0 < sup |25 < sup |— 71(’)
res? Pr—1 h ? d res? Yy Pn —
Y () Fy|z)dy e hy) F(y | x)dy
—& —€
(1—¢) suph
< (07 1) .
T [1-e/2]7 7 ! —
_— h inf F d
= mFw e
. 1—g/217m " .
Remarking that - — 00 as n — 00, we get the desired result. O

The following lemma examines the behavior of the conditional high order moment m,,, (x) and its smoothed
version yi,, () in the nonparametric context.

Lemma A.3. Assume that (NPi—NP3) and (A;) hold. Let K be a probability density function on R? with
support included in B. If p,, — 0o and py, he’ — 0 as n — 0o, then

(i) sup,cqn ‘Wﬁ)@v) - 1‘ —0 asn — oo;

(i) supco| 52 — o) =0 asn—oo;

Bpn+1(2)
Hpp (@)

(iil) supgeq = g(x)‘ —0 asn— oo.

Proof of Lemma A.3. Before starting the proof of this result, use Lemma A.1 to pick n large enough such that
B(z, hy) C E for all x € £2.

(i) Let us remark that
(@) = [ K ) £ = o), (= )
B

so that

Hop,, (x) - ” f(x - hnu) mp,, (w - hnu) u
fmmM@_AM) @ m@

Besides,
1
pn—1"T o
mp, (x —hpu)  gP"(z — hyu) /0 Y Fly|z — hpu)dy

m, (z B Pz 1 _
B (P
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From (2.1), (2.3) and hypothesis (N Ps), it follows that

/"Lpn('T) - W) du =
7Ge) my, (@) /BK”d !

uniformly in « € {2 as n — oo, which proves (i).
(ii) Similarly, we have

] /01 yP Fy | z) dy |

1
/0 g7 F(y | 2) dy
Note that

1 1
/0 Y Fy|z) dy / Y71 — ) F(y | ) dy
1— =

1 1
/O yP L F(y | x) dy / yP\F(y | x) dy

and let € € (0, 1 — yp). Lemma A.2 shows that, for all n large enough,

1 1 o
/ yPr F(y | z) dy / Yy (11— y)F(y | z)dy
0 1—e¢

sup |1 — =7 <(1+¢) sup T <e(l+¢)
€N Pn—17T €N pn—17T
y" T F(yle) dy y T F(yle) dy
0 1—e
and the result follows.
(iii) is a consequence of (i) and (ii). O

The fourth lemma of this section establishes a uniform control of the relative oscillation of s, .

Lemma A.4. Assume that (NPi—NPs), (K) and (A1) hold. Let (gy,) be a sequence of positive real numbers
such that €, < hy. If pn — 00 and pp hy! — 0 as n — oo, then

-1l

Proof of Lemma A.4. For all z € (2 and z € B(x, ¢,), we have

sup  sup
€S2 z€B(z, &)

|bp, (2) = pip,, (2)| S E(YP" [Kp,, (2 — X) = Kp, (2 = X))
Hypothesis (K) and the inclusion B(z, hy,) C B(x, 2h,) now entail

cx [llz—=l7"
| Kp, (x = X) = Kp, (2 = X)| < i Wy xeB(z, ha)UB(y, hn)}
n
nK
CK >
<5 {ﬁ] Iy xeB(e,2ha)}
Let V be the volume of the unit ball in R%, K = 15/V be the uniform kernel on R? and let Kp,(u) = h=¢ K(u/h).
The oscillation of p,, () is controlled as

€n nK
o [t (5) =y 2 2V B K (2= X)) | 2] (A2
zeB(xz,en n
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Note that K is a probability density function on R? with support included in B. Therefore, Lemma A.3(i) yields

E (Y?" Kop, (z — X))
f@)my, (z)

Applying Lemma A.3(i) once again gives

sup
e

—1‘—>0 as n — oo.

E (an ICth (ZL’ — X))

—1‘—>0 as n — oo

sup
zeN i, (T)
which, together with (A.2), yields the result. O

Lemma A.5 below is a useful tool in establishing uniform expansions for ratios of Gamma functions:

) .

Lemma A.5. For all z, 2’ > 0, one has

log ]I:((j)) = (z— %) log z — (z’ - %) logz' — (2 —2)+ O (E —%

Proof of Lemma A.5. From (6.1.50) in Abramovitz and Stegun ([1], p. 258), one has

° arctan(t/z)

S

1 1
logl'(z)=|2z— = logz—z+—log27r+2/
2 2 o
Now, since x +— arctanx is a Lipschitz function on R, it follows that

/°° arctan(t/z) . /°° arctan(t/2")
0 0

e2ﬂ't -1 e2ﬂ't -1

1 1

e t
v /0 eQTrt_ldt

z z

dt‘ <

Remarking that the integral on the right-hand side is convergent yields

o0 oo /
/ arctan(t/z) d&t _/ arctan(t/z’) dt‘ _0 ( 1
0 0

e2mt _ 1 e2mt 1 z oz

and the result follows. O

The next result of this section is a generalisation of Lemma 2 in Girard et al. [12]. It provides a uniform
expansion of M, (p,, ), see (3.2) in the Proof of Proposition 3.2, which is the key to the Proof of Proposition 3.3.

Lemma A.6. Assume that (K) and (A1—Az) hold. For all x € 2, w € B and n € N\ {0}, let

(fO)x — hypu) T'(o(x — hpu) + 1) ox Af(w, u) o p
Eaton )= ey o e ™ o) 23
My (pn, x)
Ao D=5y C@) g @)
If pn — 00 and p, ha? — 0, then
A (pn, ) 1l
vet | a(@)b(pn + 1, a(@) 1‘ ’
and
An(pn, )

ven | a(@)b(pn + 1, a(x))

—/ Lyn(pn, z, u) K(u)du
B

hna
=0 (hzg \ 2 ) .
Pn
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Proof of Lemma A.6. Using Lemma A.1, we can pick n large enough such that B(z, h,) C E for all z € (2.

Introducing
e (fC)(x = hpu) INa(z — hyu) + 1)

we have
An(pna l') o - F(pn + 1+ a(l‘)) gpn (.T _ hnu) o) du
a(@)b(py + 1, a(z)) /BQ”( ) T(pn+ 1+ a(z — how))  gPn () K (u) du. (A.4)

The set {2 being a compact set, the set 2’ = {2/ € R? |3z € 2, ||z — 2'|| < h,,} is compact as well, and 2’ C E:
since f, C' and « are continuous on the compact set 2 C E, they are uniformly continuous on {2’. Furthermore,
since « is bounded on 2’ and I" is continuous on (0, 0o), the function z — I'(a(x) + 1) is uniformly continuous
on {2, so that
sup sup |Qn(z, u) — 1] — 0 (A.5)
z€f?2 ueB

as n — 00. Moreover, since p,, hy! — 0, we get

sup sup |log(pn) Az, )| = O (b log pa) = O ( (o

/Mg | log py|
— 0
rcf?2 ueB

pza /Mg

as n — oo and Lemma A.5 yields

I'(pn + 14 a(z)) hlle
Sup s 1 n) A% (2, —1=0(—=2)- A6
e e T E Y NF R ) . A0
Besides,
gPr (x — hpu) { ( Ad(x, u))]
Y — ~ —exp |pplog | 1+ 22 A7
(@) B @) A
where
A9
sup sup p,, | 2B Y|
r€2 ueEB g(iL’)
as n — oo, see (2.2). Replacing (A.5)—(A.7) in (A.4) gives both results. O

The aim of Lemma A.7 below is to linearise the random variable &, (x) appearing in the Proof of Theorem 2.3:

Lemma A.7. The random variable &,(x) can be expanded as

(o) =~ [of(0) = )+ (B2 ) e — (Mt ) g

Hp,+1() M(a+1)pn+1(ff)

where

(1) ()= Mm@) ﬂpn+1(x) _ ﬁpn(l")
@@= ) @) me(x) o, <w>}
H(a+1)p, (T) |:/-7(a+1)pn+1(x)  Hat1)pa (1‘)] .

and (P (z)=[(a + 1)p, + 1]
" s pnt1 () Ltat)p41(®) fgat1yp, (@)

Proof of Lemma A.7. Straightforward computations yield

apn &n(z) = DSLI)(.T) — Dg)(x) (A.8)
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with

D(l)(x) = (pn+1) Hp, () ﬁanrl(x)

Mm—&-l(gc) Mpn+1(73) Mpn—H(QC) Mpn(

(0 + L)pn + 1] 210 ) f(““)f’"“ ?) [“ atDpu+1(8)  Aati)p, (2)
P(at D) pn+1(Z) BlatD)pn+1(Z) L@t D)pnt+1(T)  M(at1)p, (T)

{ﬁpyﬂrl () _ Fpn (x)}

g
B
—
8
S~—"
[

This leads to

D%l)(x) _ /f‘pn+1(x) C(l)(x) and Dg)(l‘) _ /i(aJrl)PnJrl('T) 4722)

a S (z);
Hp,+1(z) /~L(a+1)pn+1($)

replacing in (A.8) concludes the Proof of Lemma A.7. O

We shall next take a closer look at the behavior of the functions e, (p,, ), see (3.3) in the Proof of Propo-
sition 3.2. We first introduce some tools necessary for this study. For an arbitrary set S, F(S) is the set of all
sequences of functions u, : N x § — R, denoted by w,(t, z). Let C(S) C F(S) be the subset of all the elements
u € F(S) such that u meets the following requirements:

(Q1) There exists Ny € N such that for all t € N, sup sup |un (¢, z)| < co.
n>N1 z€S

(Q2) There exists Ny € N such that for all t, ¢ € N, p, sup sup |u,(t', ) — un(t, z)| < cc.
n>No z€S
Finally, D(S) is a subset of C(S) whose elements are bounded from below:

D(S)={uelC(S)|INoeN, VteN, IM(t) >0, inf mfun(t x) > M(t)}.

n>Ny z€S
Lemma A.8 lists some properties of the sets C(S) and D(S).
Lemma A.8. Let S be an arbitrary set. Then:

(i) C(S) is a linear subspace of F(S) which is closed under multiplication;
(ii) D(S) is closed under multiplication and division;
(ili) Let u € F(S) such that there exists a sequence of uniformly bounded real functions (8,) on S with

Un(t, ) — [1 + ]fn(j:)t} ’ - (Pin) .
Then u € D(S).

(iv) If (8, T, ) is a finite measure space and if u € C(Sx S') (vesp. D(S xS)) is such that x’ — u,(t, (x, "))
is measurable for everyt € N and x € S, then

VteN, sup
zeS

(n, t, z) — 8 un(t, (z, 2')) u(dz") € C(S) (resp. D(S)).

Proof of Lemma A.8. (i) Since it is straightforward that C(S) is a linear subspace of F(S), it is enough to
prove that C(S) is closed under multiplication. Let u, v € C(S) and let wy, (¢, ) = un(t, ) v, (¢, ). One
has, for allz € S and ¢, t' € N:

wy(t', ) —wp(t, ©) = un(t', x)[vn(t', ) — vp(t, )] + va(t, )[un(t', x) — un(t, z)].

Since u and v satisfy requirements (@) and (Q2), this equality therefore shows that w satisfies (Q2), and
(i) is proven;
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(ii) Stability under multiplication is a direct consequence of (i). It is then enough to prove that if u € D(S),
then 1/u € D(S). Let w = 1/u: w clearly satisfies (Q1) and for all ¢ € N and n large enough, 122 wy,(t, )
xT

is bounded from below by a positive constant. Finally, for all ¢, ¢ € N, there exists No € N such that:

1 1

Pn SUP Sup —
nnZNQ zeS un(t7 l‘) un(tlv l‘)

1 /
< Pn SUP sup |un(t, x) — un(t, )| < oo.
M(t) M(t') n>Ns z€5| ( ) (¢, o)

This is enough to conclude that w € C(S), and thus w € D(S), which concludes the proof of (ii).
(iii) Just note that 1/(p, +t) = 1/py, + o(1/py), from which (iii) readily follows;
(iv) Let u € C(S x &') and
vi(n, t,z) — [ un(t, (x, 2")) p(dz’) € F(S).
S/
Then, for all ¢ € N, since p is a finite measure on &', it follows that there exists N1 € N such that

sup suplva(t, )| < sup  sup funlt, (@, )] [ p(de’) < oo.

n>N; z€S n>Ny (z,z2')ESXS’ S’

Besides, for all ¢’ € N, there exists Ny € N such that

pn sup sup |v, (¢, ) — v, (t, )| < p, sup sup  |un(t', (2, 7)) —un(t, (x, 2")| | p(dz') < oo
n>Nz €S n>Na (z,z')ESXS’ S’
so that v € C(S). If u € D(S x &), then there exists M (t) > 0 and Ny € N such that
inf inf >M !
nf inf vn(t, x) > M(t) // p(dz")y >0
so that v € D(S), and (iv) is proven. O

Lemma A.9 below essentially gives the order of magnitude of M,,(p, +t, ) and the error term E, (p, +t, x)
in the expansion of u,, (z):

Lemma A.9. Assume that (A;—As) hold. If p, — oo and p, ha’ — 0 as n — oo, then

() (0t ) = (o -+ 020 22 € (),

(i) (n, t, 2) = (po + ) B, (p, + 1, 2) € C(02).

Proof of Lemma A.9. Before proving this result, note that applying Lemma A.1, we can pick n large enough
such that B(x, hy,) C E for all z € (2.

(i) Recalling the notations of Lemma A.6, we have

a(@)b(pn + 1, a(2)) (fCgPr)(x)  Jp °"7 7 Ilpn + 1+ alz — hyu))  gPn(2)

Since

K (u) du.

(pn + t)a(w)+1

(Pn + )" b(pn +t+1, () = a(x)

b(pn +t, ) + 1),
Lemmas A.5 and A.8(iii) yield

(n, t, 2) = (pn + )" b(pn + t + 1, a(x)) € D(12). (A.9)
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Consequently, it is enough to show that

I'(pn+t+ 1+ a(z)) gP T (z — hpu)
ot T ala—ho)) g o7(o)

(n, t, z) — /BQn(w, u) 7 K (u) du € D(2).

From (A.6) and in view of

I(pp + 2+ a(x)) I'(pn+1+a(x)  Ipa+1+a(x)) —Aj(z, u)

I(pp + 2+ alx — hpu))  T(pp+ 1+ alz —hpu)) T(pp+ 1+ oz — haw)) pp+ 1+ alz — hpu)’
it follows by induction that

I'(pp+t+ 14 a(z))
I(pp +t+ 1+ a(x — hyu))

(n, t, (z, u)) — € D(2 x B). (A.10)

Then, using the relation

g’ (x — hpu) 9" (x — hau) _ g (x — hpu) AY(z, u)
gPrti(x) 9P~ (z) 9P (x) 9(x)

along with (A.7) gives, by induction,

gPrt(z — hpu)

i € D@2 xB). (A.11)

(n, t, (x, u)) —

As a consequence of Lemma A.8(iv), (i) is proven.
(ii) First and foremost, recall that from (3.4),

En(pn+t, @)= /B (fg"*") (z — hnu) (P + t) Lot g, D (P + t, & — hyu) K (u) du.

In view of Lemma A.8(iv), it is then enough to show that

[a+8](z)+1 9Pz — hnu) T

(n, t, (z, u) = (Pn +1) e atg,D(Pn +t, ¥ — hyu) € C(2 x B).

Using (A.11), we shall only prove that
(n, t, (l‘, u)) = (pn + t)[a+ﬁ](m)+1 Ia+ﬁ,D(pn +1t, v — hnu) € C(Q X B)

Since
(pn + t)[a+ﬁ](w)+1 _ pL“’m(x)H (1+ t/pn)[a+ﬁ](x)+1

and since (n, t, x) — (1+t/p,) @@+ € D(02), in view of Lemmas A.8(i) and (ii), it is sufficient to show the
latter property for the function defined by

wy(t, (z, u)) = pletP@OFLT o b(pn +t, © — hou). (A.12)

For all t € N\ {0}, let R; : [1, 00) — [0, 00) be the function defined by

Vy=>1, Rt(y)=y{1— {1—§]t}.

For all t € N\ {0}, R; is a bounded Borel function on [1, o), and one has, for all t < ¢’ € N,

DPn [wn(t/v (1‘7 U)) - wn(ta ('T? U))] = _pgza+ﬁ](m)+2 Ia-&-ﬁ—&-l,DRt/,t(pn + t’ xr — hnu) (A13)
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Remark that for all j, t € N, (x, u) € £2 x B and every bounded Borel function H on 2 x [1, c0),

|ZotB+4, H(Pn +t, = hpu)| <b(pn +t, [a+ B](x — hpu) +j +1) s[up : |H|.
02x[1, 00

Finally, Lemma A.5 shows that

. b(pn +1, [+ Bl(x) +5+1)
we? | I'(Ja+ Ol(x) + 5 + 1)p;[a+ﬁ](x)—j—1

— 1| —0.

The result follows from (A.12) and (A.13). O

The next result is particularly useful for providing a uniform asymptotic bound of the second-order moments
that appear when computing the rate of convergence in the Proof of Theorem 2.3. This result is an analogue of
Lemma 4 in Girard et al. [12].

Lemma A.10. Assume that (SP), (K), (A1—As) hold, p, — oo and pn hy’ — 0 as n — oo. Let (b, o) and
(bn,1) be sequences of Borel functions on {2 such that there exist sequences of Borel functions (Hy, o) and (Hp, 1),
uniformly bounded on [0, 1] with

H,
Yy €0, 1], sup sup |by,o(@) + b, 1(2) g(z — hyw) y| < Haoly) (1 —y) + Hna(y),
TEN uEB Pn

Then, the sequence of random variables
Sn(l‘) =YPr [bn,O(-T) + bm 1(1‘) Y} Khn(l‘ — X)

18 such that
E|Sn (x)]?

g%Pn () p;a(w)—2 h;d

sup
e

=0(1) asn— occ.

Proof of Lemma A.10. Using Lemma A.1, we can pick n large enough such that B(z, h,) C E for all z € (2.
Conditioning on X yields

B[S, (x)]? = /E]ET (V20 b o) + b a(2) Y| X = 0] K2 (& =) () o
- h;d/ E[V27" [bn,o(2) + b1 (2) V2| X = 2 — o] K2(u) (2 — o)
B

Now, given X = x — hyu, we have W,,(x, u) := Y/g(x — hpu) < 1. Introducing the bounded sequence

g% (z — hau)
g% (z)

)

z€2 ueEB

Cn = 2 sup {\Hn70|2, \Hml\z} sup sup
0,1
e

Holder’s inequality entails, given {X =z — hpu},
1
Y2 (b 0(2) + b1 (2) Y[ < e g () Wi (a, ) [<1 = Wz, w)® + p_] '

It is therefore sufficient to prove that, for all j € N:

E (Wr%p"(% uw) (1 — Wy (z, u))? | X=x- hnu)
(x)—j

sup sup —
z€2 ueEB Pn

=0(1). (A.14)




UNIFORM STRONG CONSISTENCY OF A FRONTIER ESTIMATOR 23

Integrating by parts yields

d

1
2P () (1 — z, u)) =T = hpu) = dv
E (Wi (2, u)(1 = Wy (z, w))’ | X fint) /ody

[y (1= y)’] Flyla — hou)dy

1
< 2, / Y2 (1 — ) Fly |2 — hyu) dy
0

since, given {X = z — hyu}, W, (z, u) has survival function F(-|z — h,u). To conclude, observe that if v is a
positive Holder continuous function on R?, then

1
/ y? PV Fy(y e = hau) dy = 0(2pn, (2 — hou) + 1)
0
From (A.6) and Stirling’s formula, it follows that

sup sup

1
up sup pZ(””)“/ v Fy(y e — hyu) dy| = O (1)
T u 0

because p,, hn’ — 0 as n — oo. Finally, for all y € [0, 1],
Fylv) =Cw) Falylv) + D (v, A =9)7") Farply|v),
and Lemma A.9(ii) yields (A.14), which ends the proof of Lemma A.10. O

The final lemma is the last step in the Proof of Theorem 2.3.

Lemma A.11. Let (X,) be a sequence of positive real-valued random wvariables such that for every positive
nonrandom sequence (0,) converging to 0, the random sequence (6,X,,) converges to 0 almost surely. Then

P <lim sup X, = —|—oo> =0 ie. X, =0(1) almost surely.

n—oo

Proof of Lemma A.11. Assume that there exists € > 0 such that P (lim sup X,, = +oo> > €. Since by definition
n—oo
limsup X,, = lim sup X, is the limit of a nonincreasing sequence, one has
n—o00 n—00 p>p

VEEN, VneN, P| | J{X, >k} | 2c

p=n

From this we deduce

n/
VEEN, VneN, 3n' >n, P | J{X, >k} | >¢/2. (A.15)
p=n
We now build a sequence (Nj) by induction: start by using (A.15) with & = n = 1 =: N; to obtain Ny > N;

such that
Nao—1

Pl {x=1}] =e/2

Then for an arbitrary k > 1, if Ny is given, apply (A.15) to get Ni+1 > Nj such that

Npy1—1

Pl J {Xp,2k}] >e/2
p=Ny
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The sequence (Ny) is thus an increasing sequence of integers. Let 6,, = 1/k if N < n < Niy1. It is clear that
(6,) is a positive sequence which converges to 0. Besides, for all k£ € N\ {0} it holds that

Npy1—1

P ( sup 6, X, > 1) =P| J X, >3 | 2P| |J {6,X,>1}] >¢/2.
PN P>Ni p=Ny,
This entails
liminf P (sup 0p X, > 1) >e/2>0.
n—oo pZn
Hence (6, X,,) does not converge almost surely to 0, from which the result follows. O
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