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OPTIONAL SPLITTING FORMULA IN A PROGRESSIVELY ENLARGED
FILTRATION

SHIQI SONG!

Abstract. Let F be a filtration and 7 be a random time. Let G be the progressive enlargement of
F with 7. We study the following formula, called the optional splitting formula: For any G-optional
process Y, there exists an F-optional process Y’ and a function Y defined on [0, oo] x (R4 x £2) being
B0, 00] @ O(F) measurable, such that Y = Y 1g -y+Y" (7)1, o). (This formula can also be formulated
for multiple random times 71, ..., 7). We are interested in this formula because of its fundamental role
in many recent papers on credit risk modeling, and also because of the fact that its validity is limited in
scope and this limitation is not sufficiently underlined. In this paper we will determine the circumstances
in which the optional splitting formula is valid. We will then develop practical sufficient conditions for
that validity. Incidentally, our results reveal a close relationship between the optional splitting formula
and several measurability questions encountered in credit risk modeling. That relationship allows us to
provide simple answers to these questions.
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1. INTRODUCTION

The progressive enlargement of filtration is a basic technique in the credit risk modeling. Let us recall its
definition (cf. [25]). Let (£2, A, Q) be a probability space equipped with a filtration F = (F});>0 of sub-c-algebras
in A. We assume that F is right-continuous and that Fy contains AN/F>, where, for a c-algebra 7 contained
in A, N7 denotes the o-algebra generated by {A C 2 :3B € 7,A C B,Q[B] = 0}. Let 7 be a random time
(i.e. a random variable taking values in [0, 0c]) on (£2,.4). The progressive enlargement of the filtration F with
the random time 7 is the filtration G = (G;);>0 where

G = NV v (Mo (Fo Vol As))), > 0.
According to [38],
NOOVFoo (Mo (Fo V o (T A 5))) = Nest (NTTIVF= v (Fo Vo (T A s))).

So, G is a right-continuous filtration. We denote by O(G) (resp. P(G)) the G-optional (resp. G-predictable)
o-algebra. We define O(F) and P(F) in a similar way. See [12,19].
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hypothesis.
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1.1. Background

In this paper we are interested in the measurability relations that a class of random maps can have with
respect to a o-algebra. The issue of measurability relations has been considered fundamental from the very
beginning of the theory of progressive enlargement of filtration. In [1] where a honest time 7 (see Sect. 5 for the
definition) is considered, it is shown that the G-progressively measurable processes can be written in term of the
random intervals [0, 7), [7,00) and of F-progressively measurable processes. As for the G-predictable processes,
they satisfy a stronger formula (cf. [25], Prop. (5.3)): For any Y € P(G), there exist Y, Y"” € P(F) such that

Yﬂ(O,oo) = YIE(O,T] + Y//E(T,oo)~ (1.1)

Based on these relationships, it is proved that every F-martingale is a G-semimartingale in the case of a honest
time 7.

If 7 is not a honest time, we have a less precise formula ([25], Lem. (4.4)): for any Y € P(G), there exist a
F-predictable process Y/ and a function Y defined on [0, 0o] x (R X §2) being B[0, co] ® P(IF) measurable, such
that

Y = Y/]l[077.] + Y”(T)Il(ﬁoo). (1.2)

In particular, [0,7] N P(G) = [0,7] N P(F). This formula is used in various computations in the filtration G
which vary from the predictable dual projections to the orthogonal decomposition of the family of G-martingales
stopped at 7.

More recently, in [29], the martingale representation property in G is studied for a Brownian filtration F and
a random time 7 satisfying the two conditions:

(i) any F-martingale is a G-martingale (called hypothesis (H)); and
(ii) the o-algebras G = o(7 At) V Fi,t > 0, completed by the null sets, form a right-continuous filtration.

The condition (ii) is a measurability condition and it is not trivial. In general {r = t} ¢ Gy, but always
{r =t} € G,. This question will be further examined in Section 5.

The paper [4] considers another filtration G = o({7 < s} : 0 < s <t)VF;,t > 0. The filtration F is supposed
to be a complete Brownian filtration and the random time 7 to be a Cox time, i.e.

T=inf{t>0:1} > =},

where I' is a F-adapted cadlag increasing process and = is a strictly positive random variable independent
of Fo. Then, it is proved that (G;)¢>o0 is a right-continuous filtration, and consequently G, = G;. This result is
a typical example of the problem studied in [38]: in what circumstances does the following formula hold:

T'V (ML Tn) = Mt (T'V 1),

where 7" is a o-algebra and (7,,),>1 is an inverse filtration. This interchangeability problem of [38] is in general
a very delicate issue. See [10,15,16,18,40] for more information. See also Section 2 below.

This result of [4] is a particular case of the following question: how can the o-algebra Gr, where T is a
F-stopping time, be factorized in terms of o({r < s AT : s > 0}) and of Fpr. Many works on G depend on that
decomposition, especially when the monotone class theorem is applied on Gp. For example, we have the identity
Goo = 0(7) V Fs (completed by the null sets). This is required in the paper [29] in order to obtain results on the
martingale representation property in G under the hypothesis (H). When the results in [29] are extended in [23],
one has to work with a general F-stopping time 7" other than co. But usually the o-algebra Gr is strictly greater
than ({7 < sAT :s>0})VFr. A laborious computation was necessary in [23] to get around the gap between
them. To better appreciate this idea, it is to be compared with the general equality Gr— = o(r AT) V Fr_
(completed with null sets), a consequence of formula (1.2) and of the identity {T' <7} ={T' =7 AT}.

In other respects, the work [5] requires the following fact: for the complete natural filtration I of a Brownian
motion W, which is postulated to remain a G martingale, for any G-martingale X, there exists a F-predictable
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process J such that X, = J; on {7 < co}. This is equivalent to say {r < co} NG, = {r < oo} NG,_. In general
these two o-algebras are different. The gap between such o-algebras is the subject of several papers [2,3,11,25,35].
We will come back to this question later.

1.2. The subject of the paper

Recently an optional version of formula (1.2) has been revealed to be fundamental in credit risk modeling
with progressive enlargement of filtration: for any G-optional process Y, there exist a F-optional process Y/ and
a function Y defined on [0, 00] x (R4 x 2) being B[0, 0o] ® O(F) measurable, such that

Y = Y/II‘[O,T) + Y”(T)]l[.,.’oo). (13)

This formula (1.3) is directly or indirectly involved in numerous works (cf. [4-6,9,14,27-29,31,39]). That said,
this widespread use of the formula suggests caution. Indeed, unlike formula (1.2), formula (1.3) is in general
not valid. We recall the well-known example of [1]: let F be the natural filtration of a Brownian motion B
with By = 0. Let T' = inf{t > 0 : |B;| = 1} and 7 = sup{s < T': Bs; = 0}. Then, X = 1|, )sign(Br) is a
G-martingale, which does not satisfy formula (1.3). See also [12,13,25], Proposition (5.6) for a complementary
analysis.

The aim of the present paper is to make a detailed analysis of formula (1.3) (as well as its extension to
multiple random times), to determine the circumstances of the validity of the formula, and to find sufficient
conditions for that validity.

1.3. The plan

We will investigate the problem under the name of optional splitting formula (abbreviated as OSF). Until
now, for the sake of clarity, we have only mentioned the case of the filtration G generated by a single random
time 7. Actually the problem can also be formulated for multiple random times 74, ..., 7%.

In Section 2 we begin the investigation with a single random time 7. We formally introduce the notion of
optional splitting formula at 7 (which is simply formula (1.3)). We draw the first consequences of this notion.
We prove in Lemma 2.11 that the G-predictable processes satisfy the OSF at 7, and in Theorem 2.8 that the
OSF at T entails an equality between G; (t > 0) and o({7 < s} : 0 < s <)V F; (completed by the null sets).
In Corollary 2.6 we formally prove that the OSF can not hold in general.

We now set the stage for the proof of the first main result. We notice that the OSF problem can not be
treated by itself. It is a particular case of a broader problem. We consider the family £° of G-optional subsets
A C Ry x £2 such that, for any G-optional process Y, there exists a F-optional process Y’ and a function Y
defined on [0, 00] x (R4 x §2) being B0, oo] @ O(F) measurable, such that

Y1, = (Y/II‘[O,T) + Y//(T)]l[T’OO))]lA. (14)

We say then that the optional splitting formula at 7 holds on A. Formula (1.3) is the particular case of for-
mula (1.4) when A = Ry x £2. To make the difference, we call formula (1.3) the global optional splitting formula.
The question now becomes whether Ry x 2 € £° or more generally, exactly which elements are contained in
the family £°. We note that, no matter whether formula (1.3) holds, the family £° always gives good indications
of what the filtration G looks like.

In Section 3 we examine the properties of L. Clearly, if A € L£°, for any G-optional set B C A, B € L°. Also
(¢f. Lem. 3.5), for any sequence (A;);>1 of predictable elements in £°, U;>14; is again an element in £°. From
Section 3.3 to 3.5, we establish conditions under which a random interval (S,T], where S,T are G-stopping
times, belongs to £°. The idea behind this consideration is that the intervals (S, T] are G-predictable sets. If
some of them are in £°, their union is an element in £°, which can be vast enough to give an answer to the
OSF problem. The results of this section are essential for the next section.

Section 4 is devoted to our first main result Theorem 4.8, which gives a sufficient condition for the OSF.
We begin with the optional splitting formula on the random intervals [0,7), (7,00) and [r,00). We show in
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Theorem 4.1 that [0,7) € L£° without any supplementary condition. The cases of (7, 00) and [r,00) are not so
easy. Inspired by [34,36] we introduce a covering condition. Then, with the results of Section 3, we prove in
Theorem 4.8 that, if the covering condition holds on (7,00), then (7,00) € L°. If the covering condition holds
on [1,00), then the global optional splitting formula holds.

Despite its unusual definition, the sH-measure condition is satisfied in most of examples we know in the
literature and Theorem 4.8 is applicable there. To illustrate this fact, in Section 5 we explain how the various
works mentioned in Section 1.1 are linked with the OSF and how their results can be explained as consequences
of Section 4. The key point is the so-called hypothesis (H). We prove in Theorem 5.1 that the OSF holds,
whenever the hypothesis (H) is satisfied under a probability measure equivalent to Q. We also present the
example of the f-model in [22] where the hypothesis (H) has not been verified, but the OSF holds. We recall
the only explicit examples of [1,25] where the OSF does not hold.

In Section 6 we tackle the problem in its general form with multiple random times 7y,..., 7. It is to note
that, once the case of a single random time is well understood, the case of multiple random times can naturally
be dealt with by induction. The true challenge lies elsewhere. In fact, the multiplicity of random times may
cause an inflation of notations in an induction argument. In Section 6, we adopt a definition of the multi-time
optional splitting formula which is specially formulated to adapt to the induction argument. (Of course, that
definition remains equivalent to the one used in the literature (c¢f. [31])). We prove the induction procedure
in Theorem 6.5. We recall the widely used density hypothesis. Thereafter, we prove our second main result
Theorem 6.9 which states that the multi-time OSF holds, whenever the density hypothesis is satisfied. These
results on OSF are again extended to the case of multiple random times with marks in Section 7 (¢f. Thm. 7.5).

The present paper is motivated by the use (direct or indirect) of the OSF in the papers [9,14,27,28,31], etc..
The results in Section 7 justify this use, due to the density hypothesis. This concludes the paper.

2. OPTIONAL SPLITTING FORMULA AT A RANDOM TIME 7 WITH RESPECT TO [F

2.1. Definition

When a multivariate function is viewed as a process, the time-randomness pair (t,w) € Ry x (2 is privileged.
Other variables will be considered as parameters. More formally, let E be a space and Y (6,¢,w) be a map
defined on (0,t,w) € E x (R4 x 2). If E is considered as a space of parameters, for § € E, we denote by Y (6)
(resp. by Y;(0) for t € Ry) the map (s,w) — Y (0, s,w) (resp. w — Y (0,¢,w)). For a map 7" defined on {2 into
E, Y () denotes the map (s,w) — Y (T (w), s,w).

Definition 2.1. We say that a G-optional process Y satisfies the optional splitting formula at 7 with respect
to I, if there exists a process Y/ € O(F) and a function Y defined on [0, 00| X (R4 x 2) being B|0, co] @ O(F)-
measurable, such that

Y = Y/II‘[O,T) + Y//(T)]l[.,.’oo).

We will denote pl®»7Y =Y’ and pl»>®)y =Y.
We say that the G-optional splitting formula holds at 7 with respect to F, if the above property is satisfied
by any G-optional process Y.

Remark 2.2. Let AV denote N7(T)V7 (cf. Sect. 1 for the definition). We note that the identity in Definition 2.1
is an indistinguishable equality with respect to N\, i.e. there exists a Q-negligible set A in N'7(7)VF such that the
map Y is identical to the map Y'1jg ;) +Y"(7)1[,o) on A°. Note also that the component Y in Definition 2.1
is uniquely defined only on the set [7,00). The maps plm>)Y designates one such component Y. This absence
of uniqueness does not affect the exactness of the subsequent computations, because pl™°)Y will be applied on
[7,00). Similar observations can be made on pl>7)Y".

Remark 2.3. The term “splitting” is twofold. It obviously means that the formula is split at the random
time 7. But, more importantly, it implies that the measurability of Y (7) is factorized into two components



OPTIONAL SPLITTING FORMULA IN A PROGRESSIVELY ENLARGED FILTRATION 833

o(7) and O(F) (Y € B0, 00]@ O(F)). Theorems 2.5 and 2.8 below compared to [25,38] show that these splitting
properties constitute a very strong condition on the filtration G.

In the rest of this paper we often omit the qualifying expression “with respect to F”.

2.2. Some consequences on G,
In this paper, if a map & is measurable with respect to a o-algebra 7', we will write £ € 7 and say that “€ is
in 77. For any random time R on {2, we denote (cf. [25])
Fr=0 {XRIL{R<OO} : X an F-optional process} ,
Fre =0 {XRll{R<oo} : X an F-progressively measurable process} .

Lemma 2.4. Let F' € B[0,00]® O(F). Then, the map w € 2 — F () (7(w),w) is in Fr and, fort > 0, the map
we N — F(r(w),w) isin o(r) V F.

Proof. By the monotone class theorem, we need only to see that the stated measurability is true for F' in the
particular form Fy(s,w) = h(s)fi(w) where h € B[0,o0] and f € O(F). O

Theorem 2.5. Assume the optional splitting formula at 7. We necessarily have Fr. = Fry = G,.
Proof. We know that G, is generated by Y; (cf. [19], Cor. 3.23), where Y runs through the family O(G). By
the assumption of the optional splitting formula at 7, there exists a Y € B[0, 0o] ® O(FF), such that

"

YT(w) (w) = 7(w) (T(w)’ w)'

According to Lemma 2.4, Y, € F,, and consequently, G, C F,. The theorem is proved, because always F, C
Fry CGr. O

Recall the result in [25], Proposition (5.6). Let M be a continuous uniformly integrable F-martingale such
that My =0, M # 0. Let 7 = sup{t > 0: M; = 0}. Then, F, # F,+. As a consequence, we have the following
corollary:

Corollary 2.6. The optional splitting formula at T can not hold in general.

2.3. Trace computation of o-algebras

Let D be a subset of {2 and 7 be a c-algebra on {2. We denote by DN 7 the family of all subsets D N A with
A running through 7. If D itself is an element in 7, D N7 coincides with {A € 7 : A C D}. We use the symbol
“4+” to present the union of two disjoint subsets. For two disjoint sets D1, Do in §2, for two families 77,75 of
sets in §2, we denote by D1 N7y + Do N 75 the family of sets Dy N By + Do N By where By € 7, By € Ts.

Lemma 2.7. Let T and T' be two o-algebras. Let D be a set.

(a) For any set D', we have
DNTcD'NnDNT+D“NnDNT.

If D' € T, we have
DNT=D'NnDNT+D“NnDnNT.

(b) Let (A;)i>1 be a sequence of sets. Suppose that DN A; NT C DNA,NT' foralli> 1. If A; € T' for all
1> 1, we also have
DnN (Ui21Ai) N7T cDnN (Ui21Ai) NnT'.
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Proof. We only prove the second part of the lemma. For any C' € 7, for any ¢ > 1, there exists C; € 7’ such
that DﬂAiﬂO:DﬂAiﬂCi. Let

By = Al, B, = A \ (Uf;llAz)
Then, By € 7" and DN C N B = DN Cy, N By. Therefore,

Dn (Ui21Ai) NnC = (Ui21Ai) NnDnN (Uilez’) nc
= (Ui21Ai) NnDnN (Uk21(Bk N Ck)) .

This proves the result. 0

2.4. A strong right-continuity

In this and the following subsections, an (in)equality between two measurable functions (resp. two random
processes) is to be understood as an almost sure relation (resp. an indistinguishable relation) with respect to
N (c¢f. Rem. 2.2).

For two elements a,b in [0, o] we denote

a ifa<b
atb=
oo ifa>b.

Theorem 2.8. If the optional splitting formula holds at T, then for any t >0, G =N Vo(r1t)V F;.

Proof. Let 0 < t < oo. The o-algebra G; is generated by Y; for Y € O(G). We write the optional splitting
formula

Y = Y/]l[O,'r) + Y//(T)]l[‘r,oo)a
where Y/ = pl®7)Y and Y = pl»®)Y. Since Y/ € F, Y/ (1) € o(1) V F; (Lem. 2.4), we have
Vi =Y/ 1pery + Y () {r<ny
ef{t<rinF+{r<t}n(o(r)VvF)

={t<rin(o(rtt)yVF)+{r <t}n(o(t1t)VF)
=o(T{t)VF,

where the last equality comes from the fact that {t < 7}, {7 < t} € o(r t t) V F.. This being true for any
Y € O(G), we conclude that G C NV o(7 1 t) V Fi. It is actually an equality, because the inverse inclusion is
always true. O

Remark 2.9. As a matter of fact, in the above theorem we can not replace the term 7 { ¢ with 7 At. In general,
{t<tinN(c(rAOVF)+{r<t}n(oc(t ANt)VF) #o(r At)V Fy,

because {T < t} (or more precisely {7 = t}) is not necessarily in o(7 A t) V F;. This is a potential pitfall. See

([12], Chap. IV, n°104) which comments on [11]. (The problem no longer arises if {7 = ¢} is negligible and if F

is complete). See also Chapter VI.3 of [32].

Remark 2.10. As a consequence of Theorem 2.8, the filtration (N V o(7 1) V F; : ¢ > 0) is right-continuous.
According to [38], this right-continuity is a fairly strong condition on the pair 7 and F.
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2.5. Predictable processes

Lemma 2.11. The G-predictable processes satisfy the optional splitting formula at 7.

Proof. The G-predictable processes are generated (in the sense of the monotone class) by the processes of the
form
g(t Na)l g1y, 4 + 1plg),

where ¢ is a bounded Borel function, 0 < a < b are real numbers, A € F, and B € Gy. We directly verify that
the process g(7 A a)l a1y, satisfies the optional splitting formula. As for 11, by ([25], Lem. (4.4)), there
exist B', B"” € Fy such that

Il = 1pTo<rylig + TprLir—y o) = L Lo Ljo,r) + Lo Lo Lo,

i.e., 1pl[g also satisfies the optional splitting formula. The lemma can now be proved by the monotone class
theorem. 0

3. OPTIONAL SPLITTING FORMULA ON G-OPTIONAL SETS

3.1. Definition and basic properties

Definition 3.1. Let A be a G-optional set. We say that a G-optional process Y satisfies the optional splitting
formula on A (at 7 with respect to ), if there exists a Y’ € O(F) and a function Y defined on [0, co] X (R4 x £2)
being B[0, o] ® O(FF) measurable, such that

Y1,= (Y/]l[oﬂ_) + Y”(T)Il[.,.po))]l,q

(an indistinguishable relation). We will denote pEg’T)Y =Y’ and pg’oo)Y =Y.

We say that the (G-)optional splitting formula holds on A (at 7 with respect to F), if the above property is
satisfied for any G-optional process Y.

We denote by L° the family of A € O(G) on which the (G-)optional splitting formula (at 7 with respect to
F) holds.

Obviously, this definition coincides with Definition 2.1 when A = Ry x §2. We will call the property in
Definition 2.1 the global optional splitting formula. Comments similar to those concerning p/®7)Y and plm>)y
in Definition 2.1, can be made about pEg’T)Y and pEZ’OO)Y.

The following properties are direct consequences of Definition 3.1.

Lemma 3.2. Let A be a G-optional set. Let Sy be the family of all G-optional processes which satisfy the
optional splitting formula on A. Then, Sa is a linear space, closed by pointwise limit, by inf, max, by product
operations.

Lemma 3.3. Let A, B be two G-optional sets such that B C A. Then, A € L° implies B € L°.

3.2. Optional splitting formula on predictable sets

Lemma 3.4. Let A be a G-predictable set. Then, A € L° if and only if, for any G-optional process Y, Y1 4
satisfies the global optional splitting formula.

Proof. Let Y be a G-optional process. Suppose that Y1 4 satisfies the optional splitting formula on the whole
time space Ry x 2. Let Y/ = pl®7) (Y1 4) and Y = p[m>) (Y1 4), respectively. We have

Y, = Y/ﬂ[oﬂ.) + Y//(T)]l[.,.’oo).
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Since 14 = 1%, we also have
Yia= Yﬂi = (Y/II‘[O,T) + Y//(T)E[T,oo))nAv

i.e. the optional splitting formula for Y on A.
Conversely, suppose that the optional splitting formula on A holds. Let C' = pE‘)’T)Y and C" = pEZ’OO)Y,
respectively. We then write

Y1, = (C/II‘[O,T) + C//(T)]l[T’oo))ﬂA.

Note that A is G-predictable. According to Lemma 2.11, 1 4 satisfies the global optional splitting formula. Let
B’ = pl®71 4 and B” = plm°)1 4. The above identity becomes

A= C/B/]l[077.) + C”(T)B//(T)]l[ﬁoo).
This is a global optional splitting formula for Y1 4. O
Lemma 3.5. Let (4;);2, be a sequence of G-predictable sets. Suppose that (A;)72, C L°. Then, U2, A; € LO.

Proof. Let Y be any G-optional process. We apply Lemma 3.4 in this proof. It is then enough to prove that
Y1 a, satisfies the global optional splitting formula.

By mductlon we see that YIlUk A satisfies the global optional splitting formula for any integer k. Actually,
for k = 1, this is the case. Suppose that for an integer k = n, Yyn 4, satisfies the global optional splitting
formula. Let us prove the same for £k = n + 1.

We write the identity:

YI[U:L:llAi = YHU;”=1A1 + 5/]114”_*_1 - YﬂAnJrlﬁ(U?:lAi)'

By assumption, Y1yr 4, and Y14, ., satisfy the global optional splitting formula. For the term

Y14, .~ a,), we write it in the form

YI[A"+10(U:L:1Ai) = (YﬂuyzlAi)(ﬂAn+l )'

14, satisfies the global optional splitting formula, because A, 11 is G-predictable (cf. Lem. 2.11). Y1n_ 4,
satisfies the global optional splitting formula by assumption. Applying Lemma 3.2, we conclude that Y]lugll A,
also satisfies the global optional splitting formula.

Now, taking the limit on Y]lUleAl when k — oo, we conclude that Y1y~ 4, satisfies the global optional
splitting formula (¢f. Lem. 3.2). O

3.3. Optional splitting formula on a left-closed right-open interval [S,T)

Lemma 3.6. Let S, T be two G-stopping times. To have the local optional splitting formula on [S,T), it is
necessary and sufficient that, for any bounded (Q, G)-martingale X such that Xp € Gr_, X satisfies the optional
splitting formula on [S,T).

Proof. The condition is necessary by definition. Let us consider the sufficiency. We follow the argument in ([13],
Chap. XX, n°22). Let {» € Goo be a bounded random variable and & = EQ[¢|G;],t € R. Let

Y = Ap€lir ooy — (Ar€lir o))" @

and X = &7 — Y, where Aré denotes the jump of the process & at T, €7 denotes the process & stopped at
T, and .6~ denotes the (Q,G)-predictable dual projection. Note that X,Y are (Q, G)-martingales. Because
(ATfll[Tpo))G_(p) is a G-predictable process, we have

ArX = AT(ATfﬂ[T’OO))Gi(p) € gr_
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(cf- [19]) so that X7 € Gr_. We now write
§= (€€ + X+ Arflipee) — (Ar€lina)® @

For the terms on the right hand side of the above identity, (£ — &%) + Ar&llr o0 is null on [S,T') and therefore
satisfies the optional splitting formula on [S,T'); by assumption X satisfies the optional splitting formula on
[S,T); (ATgll[Tyoo))G_(P) being G-predictable, satisfies the optional splitting formula thanks to Lemma 2.11.
Consequently, ¢ satisfies the optional splitting formula on [S,T') (¢f. Lem. 3.2).

Introduce 2 the family of all bounded Y € B[0,00) ® Goo such that ©~(°)Y satisfies the optional splitting
formula on [S,T), where ©~(°), denotes the (Q,G)-optional projection. We can verify that 2 is a functional
monotone class (cf. [19,33]) and, according to the above result, 2l contains all the random variables 1, 4§,
where a,b € Ry and £ is a bounded random variable in G.,. By the monotone class theorem, 2 contains all
bounded B0, o) ® Go-measurable random variables. This implies that all bounded G-optional processes satisfy
the local optional splitting formula on [S,T). O

3.4. Local optional splitting formula on the graph of a stopping time
For a random time R, the graph [R] is defined as [R] = {(¢t,w) : t € R4,t = R(w)}. Note that, if R = oo,

[R] = ). By the monotone class theorem we obtain the following lemma.

Lemma 3.7. Let R be a G-stopping time. For any random variable & € Frg, there exists a F-optional process
Y such that ]l{R<oo}£ = ]l{R<oo}YR'

In the same vein we have:

Lemma 3.8. Let R be a G-stopping time. Let ( € NVo(T)VFs be a random variable. Then, ¢ € NVo(T)VFg,
if and only if there exists a Y € B[0,00] @ O(F) such that

11{R<oo}}/R(7—) = Il{R<oo}C

Proof. Let C be the family of all function Y defined on [0,00] x (R} x §2) such that Yg(r) € o(7) V Fg. C
is a functional monotone class, containing the functions g(t)Zs(w), where g is a Borel function on [0, co] and
Z € O(F). By the monotone class theorem, C contains any function Y in B[0, c0] ® O(F).

Suppose the second condition with a Y € B[0, co] ® O(F). Then,

¢ = 1{reoo} YR(T) + T{r=0c}(
e{R<o}N(o(r)VFr)+{R=00}NN Vo(r)V Fg)
CNVo(r)V Fr.
Conversely suppose the first condition. Let C be the family of all functions on (2 which satisfy the second
condition. Then, C is a functional monotone class and contains random variables of the form 1pg(7)¢, where

B € N, g is a bounded Borel function and ¢ € Fr (see Lem. 3.7). Applying the monotone class theorem, we
conclude that C contains all N'V o(7) V Fr-measurable random variables. O

Theorem 3.9. Let R be a G-stopping time. Then, [R] € L°, if and only if
{R<oo}NGr={R<x}NNVao(rtR)VFg).

Proof. Suppose that the local optional splitting formula holds on the graph [R]. Let Y be any G-optional

process. Let Y’/ = p{(l){)Y and Y = p{gf’o)Y. Let 7° be the trivial o-algebra: 7° = {0, £2}. Note that R € Fr

and {T < R< oo} € {R < oo} N(o(TtR)V Fr). We have

YRIL{R<OO} = YI/{]I{OSR<T} + Y}/%/(T)IL{TSR<OO}

c{0<R<TINFr+{r<R<o0}N(o(r)VFR)+{R=00}NT°
={0<R<7}IN(@(TIR)VFr)+{r<R<oo}N(o(r1R)VFr)+{R=00}NT°
={R<oo}N(o(ttR)VFr)+{R=00}NT°.
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This measurability relation yields
{R<x}NGr C{R<oo}N(NVa(rtR)V Fr).
This is actually an equality, because the inverse inclusion is always true.
Now suppose {R < 0o} NGr = {R < 0o} N (N V o(r 1 R)V Fg). Let Y be any G-optional process. Since

Yr € Ggr, we have

Lir<oc}Yr € {R <00} NN Vo(TtR)VFr)+{R=00}NT°
C{R<TINNVFR)+{r<R<x}NNVo(r)VFr)+{R=0c}nT°

Therefore, there exist (' € Fr and ¢’ € o(7) V Fg such that
Tipeo}Yr = (lipery + "z <pecc}-

Let Y € O(F) and Y" € B[0,00] ® O(F) such that 1{pc0} Y = L{rcooy(’ and Lipeoa} YZ(7) = L{r<ocy(”
(see Lem. 3.7 and the proof of Lem. 3.8 for the existences of Y/, Y"). We deduce from the above identity that

Y]l[R] = YIE[O,T)E[R] + Y//(T)E[T,OO)II‘[R]'
Y satisfies the optional splitting formula on [R]. O

3.5. Optional splitting formula on intervals such as [S,T] and (S, T]

Recall the following notation. Let T be a G stopping time. Let A € Gr. We denote Ty = T1 4 + ool 4 (called
the restriction of T on A). T4 is again a G stopping time (c¢f. [19]).

Lemma 3.10. Let S,T be G-stopping times. Suppose that [S,T) € L° and [T{s<r<oc}| € L. Suppose that
| satisfies the optional splitting formula on [S,T]. Then, [S,T] € L°.

E[T{S§T<<>C}

Proof. Let Y be a G-optional process. Let A’ = p%%Y and A” = pg’?))Y. Let B’ = p%{TSLR }]Y and B" =
[7,00) _ ,[0,7) _ [70) o

p[T{ng<oo}]Y' Let O/ = p[S,T]ﬂ[T{ng«x}] and C" = p[S,T] H[T{S§T<m}]' Note that H[T{S§T<oc}] = E[T]E{S§T<oo}~

We can write

Ylgm =Yg +Ynlis<rcooy
= (A'Ljo,r) + A"Liro0)) s,y + (B'Lio,7) + B Liro0)) Lipscreny)

= (A ry + AL o) s (1 = Lo y) + (B Loy + B "Lr o)) Limpe ooy Lisit)
= ((A/ + (B/ - A/)C/)]l[oﬁ) + (A” + (B” - A”)C’”)]l[ﬁoo))ll[sj]. O

In the same way we can prove

Lemma 3.11. Let S, T be G-stopping times. Suppose that (S,T) € L° and [T{s<r<oc}] € L°. Suppose that
L7 s reny) Satisfies the optional splitting formula on (S,T]. Then, (S,T] € L°.
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4. SUFFICIENT CONDITIONS TO HAVE OPTIONAL SPLITTING FORMULAS
AT 7 WITH RESPECT TO F

4.1. Optional splitting formula on [0, 7)
Theorem 4.1. [0,7) € L°.

Proof. Let &5 € Goo be a bounded random variable and &, = EQ[¢|G;],t € R,.. We write the identity (cf. [13,20]):

Q[é-]l t<t |ft]
§tliiery = ﬂ{tq}ﬁﬂ{wqmpopt > 0.

This is an optional splitting formula for £ on [0, 7). Now, applying Lemma 3.6, we conclude the theorem. d
From this theorem we deduce the result.
Corollary 4.2. Let R be a G-stopping time. We have
{R<71}nGr={R<7}N(NVFg)

Proof. We have the identity
Liro,r) = Linlir<ry = Lir(no,y)-
Since [0,7) € £L° by Theorem 4.1, [R{r<r}] € L (Lem. 3.3). According to Theorem 3.9,

{Rin<ry <00} NGRnery = {Rin<ry <00} N(NV o (TH Ripery) V FRinery)

which is equivalent to {R < 7} NGr ={R <7} N (N V FR). O

4.2. sH-measure

Definition 4.3. Let S, T be G-stopping times. A probability measure Q' defined on G is called an sH-measure
over the random time interval (S, T] (with respect to (Q,F,G)), if Q' is equivalent to Q on G, and if, for any

(Q,TF) local martingale X, X571 is a (Q’, G) local martingale, where Xt(S’T] =XV - X7 t>0.

Remark 4.4. The notion of sH-measure is derived from the general study of the enlargement of filtration
in [34,36]. It is employed in [23] to study the martingale representation property in G. The above Definition 4.3
is a different but equivalent version of that used in [23] (see Lems. A.5 and A.6 in [23]).

Note also that, if Q' is an sH-measure on (S, T] and if (S’,T'] C (S,T], then Q' is an sH-measure on (S’, T”].

Remark 4.5. Note that the property of the optional splitting formula on a G-optional set is invariant by the
equivalent changes of probability measures on G.

Theorem 4.6. For any F-stopping time T, for any G-stopping time S such that S > 7 (an almost sure relation),
if an sH-measure Q" over (S,T) exists, then [S,T) € L°.

Proof. Let Q' be an sH-measure over (S, T]. Let ¢ be a Fr-measurable bounded random variable. We introduce

the martingale X; = EQ[¢|F;],t > 0. We note that ( = X; for all t > T.
Since X is bounded, X (%71 is a bounded (Q’/,G) martingale. Hence,

@ [x$MIg] = X7 = X x5, 20
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The relation 7 < S (which implies o(7) V Fs C Gg), which holds under Q, remains valid under Q. Let g be a
bounded Borel function. Noting that g(7)1s<s € G¢, we have
Qlg(r) Xsvr — 9(r) X516 = Qlo(r) XEGsvelGi]
= Qo(n X511 1G]
= g(n) XV — g(1) X7t > 0.

Consider this identity on the set {S <t < T'}. We obtain

Tis<i<ry9(1) Xy = Tis<1emQ'[g(7)¢|Ge].

This identity means that the (Q’,G)-martingale Q'[g(7)(|G:],t > 0, satisfies the optional splitting formula
on [S,T).

Let C be the class of all bounded random variables £ € G, such that the martingale Q’[£]|G;],t > 0, satisfies
the optional splitting formula on [S, T). The preceding result, together with the monotone class theorem, implies
that C contains all bounded o (7)VFr measurable random variables. By ([25], Lem. (4.4)), Gr— C (N'Vo(7)VFr)
(noting that we have the same family of negligible sets under Q and under Q'). Lemma 3.6 is applicable to
conclude the optional splitting formula on [S, T') under the probability measure Q'. Finally, Remark 4.5 completes
the proof. O

4.3. Structure of Gr under an sH-measure

Lemma 4.7. Let R be a G-stopping time. For any F-stopping time T and any G-stopping time S, if an sH-
measure Q" over (S,T| exists, we have

{T<RIN{SSKR<TINGr={r<RIN{S<R<T}INNVo(r)V Fgr).

Proof. Let Q' be an sH-measure over (S, T]. Let ¢ be a Fp-measurable bounded random variable. We introduce
the martingale X; = EQ[¢|F],¢ > 0. Let g be a bounded Borel function. As in the previous lemma, we prove

1r<mylis<r<}9(T)XR = L7 <yl 15<rem Q' [9(7)C|GR].
Then we can write
Lir<rylis<reryQg(T)¢|Gr] € {T < R}N{S < R<T}N (o(r)VFr)+({r < R}N{S<R<T})NTC

(7° denotes the trivial o-algebra). By the monotone class theorem, this relation is extended to any bounded
Eco(r)V Fr:

]l{TSR}]l{SSR<T}Q/[§‘gR] € {T < R} N {S < R < T} N (0'(7') \/.FR) + ({T < R} N {S < R < T})C N TO.
(4.1)
We note that {r < R}N{S<R<T}e€Gr_ and

{T<RIN{S<R<T}INGr C{T<R}IN{S<R<T}NGr_
CNValr)VFr_,

where the last inclusion is a consequence of ([25], Lem. (4.4)). Applying the equation (4.1) to all the £ € Gg,
we conclude that

{T<RIN{S<R<TINGrC{T<RIN{S<R<T}INWN Vo(r)VFg).

The inverse inclusion relation being obvious, we actually have an equality. O
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4.4. sH-measure with covering condition

Theorem 4.8. Suppose that there exists a countable family of pairs of G stopping times {S;,T;},j € N, such
that

(1) T, are F-stopping times;
(2) (1,00) C Uien(S;,T;) (covering condition on (T,00)).

Suppose that, for any j € N, there exists an sH-measure Q; over the time interval (S;,T;]. Then (1,00) € L°.
If we replace the condition (2) with the condition:

(2) [1,00) N (0,00) C Usen(S;,T;) (the covering condition on [T,00)),
then the global optional splitting formula holds.

Proof. Let us suppose the covering condition (2). For any k& > 0, consider the pair {Sy,Tx}. Let us verify the
three conditions in Lemma 3.11 with respect to the random interval (7V S, T)]. First, according to Theorem 4.6,
[TV Sk, Tk) € L%, and a fortiori (7 V Sk, T)) € L°. Second, we apply Lemma 4.7 to write the equality: j > 1,

{TSTk}ﬂ{SjSTk<Tj}ﬂng Z{TSTk}ﬂ{SjSTk<Tj}ﬂ(/\f\/U(T)\/]:Tk).
From this, we get
{T<Tp}n{S; <Ti <T;} NGr, :{T<Tk}ﬂ{Sj<Tk<Tj}ﬂ(N\/J(T)\/ka).

Since we have

{Tk <Tj} Gka CJ(T) \/ka,
{Sj < Tk} € ng7 CN\/O’(T) vV Fr,,

Lemma 2.7 is applicable. By then taking the union on j > 0, using the covering condition (2), we obtain
{T1<Tp <o} NGr, ={7<T <0} NN Va(r)V Fr,).

By Theorem 3.9, [(Tk){r<1,}] € £°, and a fortiori [(Tk){rvs, <1, <occ}] € L. Finally, we write
L(10) (v sy <mpcoer) = Limd Lrvsi<Ti<oo} = LmgLirvs, mi)-

Since 1z, is a F optional process, since (7V Sy, T] C [7,00), the above formula is an optional splitting formula
for 11[(Tk){‘r\/5'k<Tk<oo}] on (7’ V Sk,Tk].

According to Lemma 3.11, (7 V Sk, Tx] € L° for k > 0. Also they are G-predictable sets. By Lemma 3.5 and
the covering condition (2), (7,00) = Ugen(T V Sk, Tx] € L°. The first part of the theorem is proved.

Now suppose the covering condition (2)’. Applying Lemma 4.7 to the random time 7, we write

{S;<7<T;inG, ={S; <7 <T;} NN Vo(r)VF,).

Since {S; <7 <T;} € G-, {S; <7} € G- Co(r)VF;, and {1 < T;} € F,, Lemma 2.7 is applicable. Taking
the union on j > 0, using the covering condition (2)’, we obtain

{0<7<00}NG,={0<T7<0}NNVa(r)VF)={0<T<0}N(NVF).
On the other side, according to ([25], Lem. (4.4)),

{r=0NnG- ={r=0}NG={r=0}NNVF) ={r=0NnNVF).
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Taking the union of these two identities, we obtain
{r<oc}NG, ={r<oc}NNVF).

Theorem 3.9 is now applicable to conclude [r] € L°.
Let Y be a G optional process. Let A” = p[T’OO)Y and B” = p%:oo)Y. We check right away that

(7,00) ]
Y]l[T,oo) = (A//IL(T,OO) + B//]]'[T])]]'[T,OO)’

This proves the local splitting formula on [7,00). Since the local splitting formula always holds on [0, 7)
(Thm. 4.1), the second part of the theorem is proved. O

5. EXAMPLES

In this section we expose the connection between the results in the previous sections and different works in
the literature of credit risk modeling.

5.1. hypothesis (H)

We say that the hypothesis (H) is satisfied between the pair of filtrations (F,G) under Q, if every (Q,F)-
martingale is a (Q, G)-martingale. This hypothesis (H ) has been used in numerous papers on credit risk modeling.
The hypothesis (H) can be characterized with different equivalent conditions (c¢f. [6, 8]). In particular, the
hypothesis (H) is satisfied if 7 is independent of Fo, or if 7 is a Cox time (cf. [6]).

Theorem 5.1. If there exists a probability measure Q' equivalent to Q such that the hypothesis (H) is satisfied
under Q', then the probability measure Q' is an sH-measure over (0,00]. Consequently, the global optional
splitting formula holds.

Proof. The first part of the theorem can be checked by definition. For the second part, we note that the covering
condition (2') is satisfied. The global optional splitting formula, therefore, is the consequence of Theorem 4.8. I

Note that the condition of the above theorem is satisfied in the case of the hypothesis (H) or in the propor-
tionality model [21]. The theorem also is applicable in a model satisfying the density hypothesis (¢f. Sects. 6
and 7 below), if its density function is strictly positive. This said, better results can be proved on the density
hypothesis. See Lemmas 6.8 and 7.4. See [9,14,24,27,28,31] for applications under the density hypothesis.

5.2. Review of some results

We now return to the works of [4,5,29] mentioned in Section 1.1 and show that these results can be proved
with the optional splitting formula.

The work [4] established the right-continuity of the filtration of o(7 1 t) V F; (completed by the null sets),
t > 0, when 7 is a Cox time. For a new proof, we know from the previous Section 5.1 that a Cox time satisfies
hypothesis (H). According to Theorem 5.1 the global optional splitting formula holds. Applying Theorem 2.8
we obtain G, = N Vo (7 1¢) V Fy,t > 0. The result of [4] is proved, because G is a right-continuous filtration.

In the proof of ([5], Prop. 4.1) it is found that, for any G-martingale Z, there exists a F-predictable process
Z such that Z, = Z, if 7 < co. This is equivalent to saying that {7 < co}NG, = {7 < 00} NG, _. Let us explain
this property with the optional splitting formula. Indeed, the assumption of [5] implies that the hypothesis(H)
holds as well as the global optional splitting formula. Hence, [r] € L°, according to Theorem 3.9,

{r<oo}nG, ={r<occ}nNWNVo(r)VF:).
If F is moreover a Brownian filtration as assumed in [5],
NVo(r)VF, =NVo(r)VF._=G,_.
We obtain the desired equality.
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In [29] a random time 7 is considered, with a continuous probability distribution and satisfying the hypothe-
sis (H). It is then assumed that the filtration o (7 At)V F, t > 0, is right-continuous. Let us show that, under the
assumptions of [29], there is no need to assume this right-continuity, because it is automatically true. Actually,
since 7 has a continuous distribution,

NVa(tAt)VF =N Vo(rit)VF.

Now applying Theorem 2.8 (passing through Theorem 5.1), N'V o(7 t t) V F; coincides with G;, which is
right-continuous.

5.3. Honest time

A random time is called honest if it is equal to the end of an optional set, when it is finite. A large literature
exists on the subject of honest time. We mention, among many others, some of the first papers [1,25,26] and
some of the applications in financial modeling [17,30].

Honest time was the first (counter-)example in which the problem with the global optional splitting formula
was revealed. We can mention the example in [1] (see Sect. 1.2 for a description of the example). We also mention
Proposition (5.6) of [25] (see Sect. 2.2 for a description) which generalizes the example in [1]. Notice, however,
according to Proposition (5.3)b) of [25], (7, 00) € L° for a honest time 7.

5.4. f-model

We present in this subsection a model developed in [22]. Through this example we explain how to check the
optional splitting formula when the enlargement of filtration formula is known.

It is a model on a product probability space. We are given a space 2 equipped with a filtration F = (.ﬁt)teR N
and a probability measure (@ on Fu. We consider the product space 2 = [0, 0] x 0 equipped with the product
o-algebra B0, o0] ® Foo. Let 7 and 7 denote the projection maps: 7(s,&0) = @ and 7(s,0) = s for (s,0) € 2.
We define F to be the filtration F; = wil(.ﬁt),t € R4, and Q to be the probability measure on F,, such that
Q(r~t(n)) = Q(A) for A € Foo. The triplet (Q,F, ) represents a financial market with a credit default time 7.

The problem considered in [22] is the following. We are given an F-adapted continuous increasing process A
and a non negative (Q,F) local martingale N, such that Ag =0, Ng =1 and 0 < Nye™ < 1forallt € R,.

Problem P*. Construct on B0, co] ® Foo probability measure @ such that

— (restriction condition) Q|r_ = Q|£_; and
— (projection condition) Q[ > t|F;] = Nye="¢ for all t € Ry.

The problem P* is essential for a useful theory of credit default modeling through the progressive enlargement of
filtration. The process Nye ¢ t > 0, represents the data calibrated from the market. We need to know whether,
for any type of market, there exists a corresponding credit default model.

For long time, the problem P* was only solved in the case where N = 1 via Cox process method (cf. [6]).
In [22] the following result is proved. We suppose that all (Q,F) local martingales are continuous. Then, for
any (Q,F) local martingale Y, for any bounded differentiable function f with bounded continuous derivative
and f(0) = 0, there exists Q" solving the problem P* on the product space such that, for any u € R*, the
martingale M = Qf[r < u|F,],t > u, satisfies the following evolution equation(f):

(o) { X=X (— 5 dN: + J(Xe = (1= Z))aYi) , ¢ € [u, ),
N x,=1- 2.,

where Z, = Nye~ 4.
As a consequence, there exists an infinity of solutions to the problem P*. Moreover, if in addition, for 0 <
t < 00, the map u — M} is continuous on (0,#], then any (Q,F) local martingale X is a (Q% G) semimartingale
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in the way that X = X — I'(X) is a (Q%, G) local martingale, where I'(X) (the drift process) is given by the
following formula (called enlargement of filtration formula):

—Ag —As
NX)s = Jy Laery 7 AN, X)s = i 1rcap $=7-d(N, X)s (5.1)
5.1

[ L e (F(MI — (1= Zg)) + MIf'(MI — (1 — Z)))d(Y, X)s, t € Ry

It it interesting to note that, if f = 0, the above formula takes exactly the same form than that in the case
of a honest time (cf. [25]). However, unlike the honest time model, the optional splitting formula holds in this
g-model.

Following Theorem 4.8 we look for sH-measures. Notice that an sH-measure is simply a probability change
which cancels locally the drift process I'(X) in the filtration G. We introduce

e~ As

7 s =TT Bs = fF(M] — (1= Z)) + M f'(M] — (1= Zy)).

With these notations we can write the drift process I'(X) in the form
dF(X)t = (%Il{tgr} + at]l{-r<t})d<N7X> +ﬁtﬂ{‘r<t}d<YvX>’

Recall the notations X = X — I'(X),N = N — I'(N),Y = Y — I'(Y') which are (Q% G) local martingales. By
the continuity, we have
(N, X) = (N,X), (Y,X) = (Y,X),

so that
Al(X) = (lpi<ry + alprcy) AN, X) + Bl cnd(Y, X).

This expression of I'(X) in term of G local martingales indicates how to use Girsanov’s theorem to cancel locally
the drift process. Therefore, for 0 < a < oco,n € N*| we introduce

Tyn = inf {v >a: [[v2+a2d(N)y+ [ dY)+ (v—a) > n},

which is a F-stopping time, and we define the exponential martingale

t t
77?’” =& (/ (_VSH{SST} - asﬂ{'r<s})ﬂ{a<s§Ta,n}st +/ (_ﬁs)]1{7<s}ﬂ{a<5<Ta,n}dY3) )
0 0

t € Ry, whose associated probability measure, making X a local martingale by Girsanov’s formula, is an
sH-measure on (a, Ty p].

Notice that usually we would define the stopping times 7, , with the process (—y1jo - — 0411(7’00))2. But
we can not do so, because Theorem 4.8 requires Ty, ,, to be F stopping time. Since Z, N,Y are continuous and
0<Z <1on (0,00), limy, o Ty,n = 0o which implies (0,00) = Ugeqnen+(a, Ty,n). The sH-measure condition
covering [7,00) in Theorem 4.8 is satisfied. Consequently, the global optional splitting formula at the random
time 7 holds in this f-model. We emphasize that in this example the hypothesis (H) is not involved.

6. SPLITTING FORMULA AT MULTIPLE RANDOM TIMES

In this section we extend the preceding results to the case of multiple random times.
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6.1. Ordering the values of a positive function defined on the set {1,...,k}

Let a be a function defined on {1,...,k} (where k > 0 is an integer) taking values in [0, c0]. Let {a1,...,ar}
denote the values of a. Consider the points (a1, 1),..., (ar, k) in the space [0,00] x {1,...,k}. These points are
two-by-two distinct. We order these points according to alphabetic order in the space [0,00] x {1,...,k}. Then,
for 1 <i <k, the rang of (a;,%) in this ordering is given by

k k
R%(i) = R{alw’ak}(i) = Z ]l{aj<a7:} + Z Il{j<i,aj=a1} + 1.
j=1 j=1

The map i € {1,...,k} — R%(i) € {1,...,k} is a bijection. Let p® be its inverse. Define T a = a(p®), where
1 a(j) can be roughly qualified as the jth value in the increasing order of {ay,...,ar}. We check then that 1 a
is an non decreasing function on {1,...,k} taking the same values as a.

Let 1 <j<k,i=p*,j)and be Ry. Let atb={a11b,...,ar1b}. Suppose that b >7 a(j) = a;. Then, it
can be checked that an t b < a; 1 b (resp. ap 1 b = a; 1 b) is equivalent to ap < a; (resp. ap = a;). Therefore,
R (i) = R%(i) = j and

T(@fb)(j) = aitb=a;=Ta(j).

6.2. The enlargement of filtration with multiple random times

Let m > 0 be an integer and 71, ..., 7, be m random times. For a 1 < k < m, consider the random function
t on {1,...,k} taking respectively the values {71,...,7;}. We define w by w the non decreasing function 71 tj
as in the previous subsection.

Lemma 6.1. For any 1 < j <k, there exists a Borel function s; on [0,0]* such that
Tt(d) =55(m1,. ., 7h)

If the 11,..., 7k are stopping times with respect to some filtration, the random times T t,(1),..., 1 tx(k) also are
stopping times with respect to the same filtration.

Proof. This is a consequence of the following identity: for any ¢ > 0,
{1 t%(j) <t} =Urcq,.. ey pr=iim < t,Vh e I} O
The random times T t;(1),...,7T tx(k) form an increasing re-ordering of {7,...,7;}. We will denote them as
ok =1 t(j), 1 <j<k.
Let GO =F. For 1 < k <m, let G¥ = (Qf)tzo where

G = N*V (Nt (G Vol A s)), £ >0,

and
Nk’ _ ./\/0(7'1)\/...\/«7(7‘;€)\/_7:oc )

By induction, we can prove that G* is the smallest right-continuous filtration containing F and N'*, making the
T1,..., Tk sStopping times.

Remark 6.2. Let us temporarily denote G* by G(™~+7) in reference to the dependence of G* on the random
times (71,..., 7). We have the relation

G(n,...,m) 5 G(Uk,la--wo'k,‘k)’
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because the oy, ;,1 < j < k, are G(m7k)_stopping times. In general, there is no equality between G(7k1:+:7%.k)
and G(-7k) For example, let {A, B, C} be a partition of 2. If

71 =114+21p+ 31c,
To =214+ 31p + 11,
T3 =314+ 11p + 21¢,
we get 031 = 1,032 = 2,033 = 3.
6.3. The optional splitting formulas

Definition 6.3. We say that the G"-optional splitting formula holds at times 71, ..., 7, with respect to F, if,
for any G™-optional process Y, there exist functions Y (@, Y (1) Y™ defined on [0, 00]™ x (Ry x £2) being
B0, c0]™ @ O(F)-measurable such that

m
Y = Z y® (Tl Jf Omyiy--+3Tm J(Um’i)]l[am,i,am,iﬂ)
1=0

(an indistinguishable identity with respect to N™), where 0y, 0 = 0 and oy, m+1 = 00 by definition.
Note that this definition is coherent with Definition 2.1 when m = 1.

Lemma 6.4. Let (E,&) be a measurable space. Let 1 < k < m. Suppose that the GF-optional splitting formula
holds at times 71, ..., T with respect to F. Then, for any € @ O(G*)-measurable function Y (0, s,w), there exist
functions YO YD Y ®) defined on E x [0, 00]F x (R x 2) being £ ® B0, oo]* @ O(F)-measurable such that

k
Y(0)=> YOO, 711 0kir Tkt ki) oy s 0nii0)-
i=0
Proof. We only need to check the lemma upon the functions of the form Y (0, s,w) = ¢(0)Fs(w),g € £, F €
O(G*), and apply the monotone class theorem. O

Theorem 6.5. Suppose m > 1. Suppose that the G™-optional splitting formula holds at times Ty, ..., Tm_1
with respect to F. Suppose the G™-optional splitting formula holds at time T,, with respect to G™~1. Then, the
G™-optional splitting formula holds at times Ty, . .., Tm—1, Tm with respect to F.

Proof. Let Y be a G™-optional process. By assumption, there exist Y/ and Y such that Y’ € O(G™~1!) and
Y” € B[0,00] ® O(G™™ ') and
Y = Y/ﬂ[o’.,.m) + Y//(Tm)]l[rm,oo)-

The theorem will be proved, if we show that Y1y, y and Y"(7,,) 1}, o) satisfy the G™-optional splitting

Ty
formula at 7,..., 7, with respect to F. To do this, we now rewrite the functions Y’ and Y (7,,,) in terms of
Th { Omi-
According to the G™~'-optional splitting formula at times 71, . .., 7, _1 with respect to I, there exist functions

YOy y7m=1) defined on [0, 00]™ ! x (R x £2) being B[0, 0o]™ ! @ O(F)-measurable such that

m—1
Y = Z Y/(Z) (’7‘1 famfl,ia ey Tm—1 J[ O'mfl’i)]l[Jm_lmgm_lyi_*_l).
i=0
According to Lemma 6.4, there exist functions Y0, Y1) " y"(m=1) defined on [0, 00] x [0, 00] ™~ x (R4 x 2)

being B[0, co] ® B[0, 00]™ ! ® O(F)-measurable such that

m—1

Y"(0) = Z YO0, 71 Gty -+ oy Tt 1 0m—1.0)[on_1 i omr.it1)-
i=0
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The above expressions do not meet our requirements, because they employ o,,_1,. instead of o, .. But a precise
relationship exists which will make the transition from ¢,,_1.. t0 oy, .. If we denote k = RI70++™m} (m), we have
Om—1,i = Om,i for ¢ <k —1and opm_1,; = Om,it1 for k < i < m. Moreover, if k < m, o1 = Om k+1 > Tim-
This relationship entails

]]'[a'm,—l,iv O-m—l,i+1)]]'[077—m,) = ]l[ffm,m a'm,,i+1)]]'[070"rn,k') = ]]'[a'm,,h Om,it1)? ifi <k- 2,
Lo iirs om0 L0m0) = Lo i1y omni ) L0,0mn) = Lops1, omp)s Hi=k—1,
Il[o'nL—l,ia Um71,i+1)]1[0,7m) =0, ifi> k.

Notice that, if i < k and oy,,; = To = Ok, necessarily o, 41 < Ok 50 that [0, 4, Omi+1) = 0. Consequently,

Il{a"m,i<7'7n}7 ifl S k; — 17

[O'nL—l,ia O'nL—l,i+1)11[077'7n) = Il[o'nL,ia O'nL,i+1) = Il[o'nL,ia O'nL,i+1)

Il[o'nL—l,ia O'nL—l,i+1)11[07T'm) =0= ﬂ[ffm,i, Jm,i+1)]1{0m,i<‘rm}7 ifi > k.

With these identities we write

m—1 i
Yl =2 iso YO (11 Oty vy T {1 om—1.0) o1 omer.is) L[0,m)

= Zk:l Y/(i) (Tl Tam—lyi’ ceoy Tm—1 1’Um_Li)Il[O'nL—l,i70'7n—1,i+1)11[070'm,,k,)
Zk ) Y/(Z) (Tl Jf Om,is« s Tm—1 T amyi)]l[tfm,i,ffm,wﬂ)
= Z:i_ol Y@ (Tl Jf Om,is« s Tm—1 Jf amyi)n[anL,iaU'rrz,i+l)ﬂ{o'nL,i<T'rn}'

In the last identity the condition ¢ < k — 1 is replaced by the condition ,,; < 7,,. This is important because
of the following relations

Il[O'nL,iaU"m,'H»l)Il{U'm,i<T'm} = Il[o'nL,i70'nL,i+1)Il{a"m,i<7—7na0"m,i<oo}
= ]l[am,i,am,i+1)]l{'rmfam,i=oo,am,i<oo}
= ]l[Um,iyffm,i+1)]l{TmTJm,i=OO}’
which rewrites the expression with the term 7, { oy, ;. Substituting the last term into the preceding expression,
we see that Y'1pg ;, ) indeed satisfies the G -optional splitting formula at 71, ..., 7, with respect to FF.

Next consider the interval [7,,,00). For any j < k, if oy, j > 7y, We necessarily have 0., 5 = 0m j11 = T,
Q.. [Om.j,Om, j+1) = 0. We compute

H[Um—l,u 0m—1,i+1)11[7'm’00) = E[Um,ia 0'm,i+1):ﬂ[0'm,k700) =0= H[Um,iJrla 0m,i+2)]1{7'm§0’m,i+1}’ if1<k-2
Lo rier, omer) Lirmioe) = Lowmior, omist) Lowmio0) = Lo s o) Lrm<omids ifi=k—1,
Lo, 1 omeris) Lrmioo) = Lo i, omive) Lo o) = Loy v, omive) Lrm<om iz }s ifi >k,
and then
Y (T ) Lr,00) = Zﬁfl YO (T, Ti Ot -+ oy Tt 10m—1.0)[om_1 i i0m1.i01) Lrm,00)
=>" Ly YT Tt Oty -+ oy Tm1 | Om—1,) Lo ii1s0mive) Lirm<om.is1}
= ijl Y"U=(r,, {Om, s T1 1 Om—1,—1,- s Tm—1 JfUm—l,j—l)ﬂ[am,j,am,Hl)ﬂ{fmgo—m,j}-

Notice that we have not directly substituted o,,—1,. with oy, . in the expression

1n(j—1
Y9I (1 Oy T O 1153 Tt f Om 1) o o) L <o )
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This is because, according to whether or not j < k, the substitutes are different. Since k is random, we have to
be careful about the measurability issue of such a substitution. We begin with

Lo, om0 Mrm<om st = Lo j.omis0) Mrmtom,; <oo} -

We continue with 7, { 0y—1,;—1 for 1 <a <m and 1 < j < m. Since 0,,,j > Om—1,j—1, We have

Taf Om—1,j-1 = (Ta { Omj) { Om—1,j-1,
and, according to subsection 6.1,
Om—1,j-1 =1 (tm-1 1 om;)(j = 1).
By Lemma 6.1, there exists a function s,,_1 j—1 such that
Om—1-1 = (tm-110m;)(J = 1) = $m-1-1(T1 { Om s Tm—1 { Om ).
Consequently, 7, { om—1,j—1 also is a Borel function of (71 { 0y, ..., Tim—1 1 Om,;). From these facts, we conclude

that there exist Borel functions Z”U~1 on [0, 00]™ x (R x §2) being B[0, 00]™ ® O(F)-measurable such that

Y//(j:il) (Tm fam,jv T1 Jf Om—1,j—1y+++sTm—1 fUmfl,jfl)ll[om,j,am,7_7'+1)]l{7'm,§0m,j}
= Z//(J_l)(ﬁ To'm,jv s Tm—1 1’0’m7]‘, Tm TO-mvj)ll[g,rn,j70'7n,j+1)'

Substituting Z”¢~1) into the expression of Y (T )17, ), we finally prove that Y (7,,)1,, o) satisfies the
G™-optional splitting formula at times 71, ..., 7, with respect to F. O

6.4. Density hypothesis

Definition 6.6. We say that (71,...,7,) satisfies the (conditional) density hypothesis with respect to Fu,
if there exists a Borel probability measure p on [0,00] and a non negative function v on [0, 00]™ X 2 being
B[0, 00]™ ® Foo measurable such that

Q(1, .+, 7Tm) EA |Fuo] = /’y(t1,...,tm)u‘g’m(dtl,‘..,dtm)
A
for any A € B0, co]™.

We have the following results.

Lemma 6.7. Suppose that (T1,...,Tm) Satisfies the density hypothesis with respect to Foo. Then, T, satisfies
the density hypothesis with respect to GZ~Y. For any 1 < k < m, (r1,...,7k) satisfies the density hypothesis
with respect to Fuo-

The proof of the lemma is straightforward.

Lemma 6.8. Consider the case of m = 1. If the density hypothesis holds for T1 with respect to Fso, the global
G'-optional splitting formula holds at T with respect to F.

Proof. The proof is based on Lemma 3.6. Let h(u,w) be a bounded function defined on [0, co] x £2, B[0, 00] @ Fo
measurable. A direct computation with the density hypothesis yields

E[h(T)Liicrr|Fe E[h(uw)y(u)|Ft
E[(7)|F V (7 £ 8)] = L jpar) Sttt 1y EREQOIR o 1m0 o

where E[h(u)y(u)|F:] denotes the value at t of the parametered F optional projection of the parametered random
variable h(u,w)y(u,w), introduced in Proposition 3 of [37] (similar interpretation for the notation E[y(u)|F]).
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Notice that, by ([12], Chap. VI, n°48), these parametered F optional projections have right continuous path.
Taking the right limit in the above formula we see that the martingale E[h(7)|G:],t € Ry, satisfies the optional
splitting formula.

Notice that G, is generated by Foo— Vo (1) together with negligible sets. Hence, any bounded G martingale
X is indistinguishable to a martingale of the type considered in the previous paragraph. The lemma is proved
because of Lemma 3.6. O

Now look at Lemma 6.8, Theorem 6.5, and Lemma 6.7. They constitute a perfect mathematical induction
pattern. We obtain the following result:

Theorem 6.9. If times (71,...,Tm) satisfy the densilty hypothesis with respect to Foo, then, G™-optional split-
ting formula holds at times Ty, ..., Tm with respect to F.

7. SPLITTING FORMULA AT RANDOM TIMES WITH MARKS

The results in the previous section can be extended to the case of random times with marks. The proofs
follow the same idea with some notational complications.

7.1. Filtration G*™ and optional splitting formula

Let (E,E) be a separable complete metric space with its Borel o-algebra. Let A€ F and E° = E'\ {A}. Let

(&1, .. ,&m) be m random variables taking values in E°. Define, for 1 <i¢ < m,t > 0,
A ift <7y,
H;(t) =

Let Hjl"”’m} =o0(Hi(s):1<i<m, 0<s<t)and
ST = NV Ngs (Fs V HE ™),

where N*™ denotes NS VFe Let G*™ be the filtration of g;m,t > 0.
Let ©(FE) be the space of all cadlag functions taking values in E equipped with the Skorokhod topology
(¢f. [7]) and its Borel o-algebra D.

Definition 7.1. We say that the G*™-optional splitting formula holds at times 7, ..., 7, with respect to I, if,
for any G*™-optional process Y, there exist functions Y, Y V(™) defined on ®(E)™ x (R, x 2) being
D™ ® O(F)-measurable such that

U'rrz,i70'nL,i+1)’

m
Y =Y YOET L HOL
=0

where Hf "™ denotes the process H; stopped at oy, ;.
Note that, for 1 <k <m,0<7<m,0<u< o0,

Hljm,i(u) = ﬂ{o'nL,i<Tk or u<‘rk}A + ﬂ{anL,iZTImUZTk}fk
= Lirtomi>u} A+ Lirgo,,  <ut Sk

So, if & are constant random variables, the above Definition 7.1 coincides with Definition 6.3.

Theorem 7.2. Suppose m > 1. Supose that G*™-optional splitting formula holds at times Ty, ..., Tm_1 with
respect to F. Suppose G*™-optional splitting formula holds at time 1, with respect to G*™ 1. Then, G*™-optional
splitting formula holds at times Ty, ..., Ty with respect to F.
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Proof. Let Y be a G*™-optional process. By assumption, there exist Y',Y” such that Y’ € O(G*™!) and
Y" € D®O(G*™ 1) and
Y = Y/IL[O,Tm) + Y//(Hm)]l[nn,oo)'

Now, according to the G*™-optional splitting formula at times 7q,...,7,,_1 with respect to IF, there exist
functions YO Y/ y'(m=1) defined on D(E)"™ ! x (Ry x £2) being D™~ @ O(F)-measurable such that

ZY/@ H™ =% HI" MO

m—1 ) [Um71,i,0’m71,i+1)'

Also, there exist functions V() Y7 ' y"(m=1) defined on D(E) x D(E)™ ! x (R} x 2) being D@D" ' ®
O(F)-measurable such that

m—1
Y//(Hm) = Z Y//(Z) (HWH Hfhkl’i’ Tt Hf?;'iillyi)n[gvnfl,i’arn—l,i«kl)'
=0

We have (c¢f. the proof of Thm. 6.5)

m—1 i Tm,i Tm,i
Y g7y = Yor Y OHT™ L H Do ooy Lo i<t

m—1

Since Lo, <7y = LiH, (0m)=0} = Lo (so) = ,om.i <00} the above expression is simply a G*™-optional
splitting formula for Y'1pg ; y at 71,..., 7, with respect to F.
Next, we write (cf. the proof of Thm. 6.5):

Y//(Hm)ﬂ[rm,oo) = Zm Y//(j_l) (Hm’ HU"L?IJ?I R H’s’;'iillyjil)n[g'rn,j70'7n,j+1)11{7—7n§0'm,j}
_ Z] L Y// j—1) (Ho'm J HO'm 1,5— 1’ . ~7H;:{i_llyj_l)]]-[a-myj7o-m1j+1)ll{Hm(a-m7j)7éA}~
Recall that
Om—1,j—1 =1 (tm=110mj)(J — 1) = 8m-1,j-1(T1 t Omj, - - s Tm—1 f Omyj), 1 <i<m—1,

and also, for 1 <a<m —1 and u > 0,
HE =97 () = (HE )70 () = HE™ (u A 0 o).
Consider the measurability of the above object. First of all,
VO<t<oo, {Tafom; <ty ={1a <t, 70 <o} ={H;™(t) € E°} € (HZ™7).

This implies that

Om—1,j—1 € O'(Hfm’j, ey H;,:ii)
Note that the map (t,w) — Hg ™ (t) is B[0, 0] ® o(Hg ™) measurable. Composing this map with that one
w— (WA Om—1,-1(w),w), we obtain that

HZm=vi(u) = HI™ (WA 0py—1,j—1) € o(Hy™ ... Ho™9).

m—1
Consequently, there exist Borel functions Z”() on ®(E)™ x (R, x £2) being D™ @ O(F)-measurable such that

Y (Hi) i, 00) = 2oey YU (He™  HY™ 7 H ™ Voo L Ho (o )20}
_Z Z//])(HO-TYLJ7... HO’mJ HO’mJ

m—1> )Il[O'nL,jaU'rrz,j+1)'

This is a G*""-optional splitting formula for Y (7,,)1(;, o) at times 71,..., 7, with respect to F. O
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7.2. Density hypothesis

Definition 7.3. We say that ((£1,71), ..., (§m, Tm)) satisfies the (conditional) density hypothesis with respect to
Fo, if there exists a Borel probability measure v on Ex [0, co] and a non negative function v* on (Ex [0, 0o])™ x {2
being (£ ® B[0, 0])™ ® Foo measurable such that

Q[((gla’rl)a ey (gma’rm)) cA ‘foo] = /’7*((xlat1)v sy (xmatm))l/®m(d(xlat1)a ey d(wmatm))

A
for any A € (€ x B[0, oo])™.
Notice that the probability measure v in Definition 7.3 necessarily has support E° x [0, co].

Lemma 7.4. If m = 1, if (&,71) satisfies the density hypothesis with respect to Fuo, then the G*-optional
splitting formula holds at T with respect to F.

Proof. Let t € Ry. Let h(z,u,w) (respectively f(z,u,w)) be a non negative function defined on E x [0, co] x (2,
£ ® B[0, 00] ® F,, measurable (respectively € @ B[0, 00] ® F; measurable). For u € [0, 0c], z € E, denote by z(*)
the point z if u < oo or the point A if u = co. Denote by E[h(x, u)y*(z, u)|F;] the value at ¢ of the parametered
F optional projection of the random variable h(z,u,w)vy*(z,u,w) with parameter (z,u), introduced in [37],
Proposition 3 (similar interpretation for the notation E[y*(z, u)|F:]). We compute

Elh(61,71) L ppery FETY 711 )] = E[A(E1, 1)L 10ry (A, 00)]

= E[ E[A(&§1, 1)L j<ry [ Fe] f(A, 00)]

E[h(&1, 7)1 pecry | Fe] T
=E[ Eh{i«{l;\fi}] H{E[ﬂ{tcu\ft]>0}ﬂ{t<n}f(f§ lm’ T 1t)],

and

E (g1, 1)L FE™ m 1) = Eb(E, 7)<y f (61, 7)]
=E [[ h(z,u) <y f (2, u)y* (2, u)v(dz, du)]
= [E [h(z, u)lpu<ey f(z, u)y* (2, u)] v(dz, du)
— [ ELE[h(, uy* (o, ) FlL ey £ )], du)

— fIE [WE{EW(%u)‘ﬂbo}ll{ugt}f(x,u)’y*(x,u)] v(dx,du)

=E |:f WE{E[W*(z,u)\ft]>0}n{u§t}f(xa U)’Y*(.T, u)l/(d.T, du):|

—E [(E[h(x,u)w*mu)m] Ao fE H)] .

Ely* (z,u)| Ft) H{E[v*(wm)lft]>0}>

z=&1,u=
This computation shows

Elh(¢1,7)|F Vo (€1, 7 )]

_ E[h(§1,71) 1 {1 <ry 3| Ft] E[h(z,u)y" (z,u)| Fi]
= Licry =B o AT UEM ey 171500 + Lin<s) (—W(l,mm] ]l{rfzwx,u)m1>0})

z=§1,u=T;

Notice that, by ([12], Chap. VI, n°48), the parametered F optional projections in this formula have right
continuous path. Taking the right limit in the above formula, we see that the martingale E[h(&1, 71)|Ge], t € Ry,
satisfies the optional splitting formula.

Notice that G is generated by Foo_ V 0(&1,71) together with negligible sets. Hence, any bounded G
martingale X is indistinguishable to a martingale of the type considered in the previous paragraph. Now to
complete the proof of the lemma, we only need to repeat the argument in ([13], Chap. XX, n°22), as we did at
the end of the proof of Lemma 3.6. O
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Reproducing the argument in the proof of Theorem 6.9, we also obtain:

Theorem 7.5. If the marked times ((§1,71)s - (&m,Tm)) Ssatisfy the density hypothesis with respect to Fo,
then, G*™-optional splitting formula holds at times 11, ..., T, with respect to F.

Remark 7.6. As a consequence of the above theorem, the optional splitting formula is valid in the pa-
pers [9,14,27,28,31] due to the density hypothesis.
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