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ERGODICITY OF LEVY-TYPE PROCESSES *

NIKOLA SANDRIG!?

Abstract. In this paper, conditions for transience, recurrence, ergodicity and strong, subexponential
(polynomial) and exponential ergodicity of a class of Feller processes are derived. The conditions are
given in terms of the coefficients of the corresponding infinitesimal generator. As a consequence, mixing
properties of these processes are also discussed.
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1. INTRODUCTION

The main goal of this paper is to derive conditions for transience, recurrence, ergodicity and strong, subexpo-
nential (polynomial) and exponential ergodicity of Feller processes generated by an integro-differential operator
of the form

d
Lf(r) = —a(x)f(z)+ sz(a:) o, + % Z cij (*) Ox;0x;

J=

—

d

+ /Rd (f(y +a) - f(z) - ;yi%if)ljg(o’l)(y)> v(z,dy). (1.1)

The class of Feller processes of this type is known as Lévy-type processes (see Sect. 2 for details). This work
is motivated by the works of Mandl [30] and Bhattacharya [3,4] (see also [18,19]), where the authors ob-
tained sufficient conditions for transience, recurrence and strong ergodicity of conservative elliptic diffusion
processes, that is, processes governed by an operator of the form (1.1) but with a(z) = 0 and v(z,dy) = 0
for all x € RY. More precisely, under certain regularity conditions of the coefficients b(x) := (b;(7))1<i<d
and c(z) = (¢;5(2))1<i,j<a (local boundedness of b(x) and continuity, symmetry and nonsingularity of ¢(z)),

by defining A(z) = (1/2)|z| 20, @), Blw) = 2| 20 wibi(x), Cz) = ||t 3¢, miwjeq(x),

Keywords and phrases. Ergodicity, exponential ergodicity, Lévy-type process, polynomial ergodicity, recurrence, strong ergodic-
ity, transience.

* This work has been supported in part by the Croatian Science Foundation under Project 3526 and NEWFELPRO Programme
under Project 31.

I Institut fiir Mathematische Stochastik, Fachrichtung Mathematik, Technische Universitiat Dresden, 01062 Dresden, Germany.
nsandric@grad.hr

2 Department of Mathematics, Faculty of Civil Engineering, University of Zagreb, 10000 Zagreb, Croatia. nsandric@grad.hr

Article published by EDP Sciences © EDP Sciences, SMAI 2016


http://dx.doi.org/10.1051/ps/2016009
http://www.esaim-ps.org
http://www.edpsciences.org

ERGODICITY OF LEVY-TYPE PROCESSES 155

I(r) = infl, 1, (24(2) — C(a) + 2B(2))/C(), T(r) = supj, _, (24(x) — C(x) + 2B(2))/C(a),

T(r) = /r:exp{ /udu}d R(r) = /r:exp{—/r:T(u)/udu} ds,
B(r) = / (exp{ } exp{ :T(U)/vdv}/in:fuC(as) du) ds, (1.2)

they have shown the following:

(i) the underlying process is transient if for some ro > 0, lim, o, T'(r) < oc;

(ii) the underlying process is recurrent if for some ro > 0, lim, o R(r) = o0;

(iii) the underlying process is strongly ergodic if for some ro > 0, lim, o, R(r) = oo and E(r) < oo for all
T >T0.

The so-called Lyapunov functions T'(r), R(r) and E(r), defined in (1.2), appear as an appropriate optimization
of solutions of certain second-order ordinary differential equations associated to £ (see [3] for details). By using
a similar approach, in the general situation, certain ordinary integro-differential equations are associated to the
operator L. However, to the best of our knowledge, it is not completely clear how to solve these equations.
Therefore, we construct “universal” Lyapunov functions which do not depend on the coefficients of £ and share
some properties of T'(r), R(r) and E(r). By considering the simplest elliptic diffusion case: a(z) = 0, b(z) = 0
and c(z) = I for all 2 € R? (here, I denotes the d x d-identity matrix), that is, the case of a standard d-
dimensional Brownian motion, it is easy to see that adequate choices are 1 — r~* (for transience) and Inr or

@ (for recurrence) for some a > 0 and all > 0 large enough (see also [41-43,56,61]). Then, by using these
functions and following the ideas presented in [3], we are in a position to derive the desired conditions (see
Thm. 3.3).

Except for elliptic diffusions, whose transience, recurrence and ergodicity property has been studied
n [3,18,19,30,56], transience, recurrence and ergodicity of certain special cases of Lévy-type processes only
have already been considered in the literature. More precisely, the transience and recurrence of Lévy processes
have been studied extensively in [46]. In [59,60] the author has studied mixing properties of elliptic diffusions,
and in [11,15] conditions for the polynomial ergodicity of elliptic diffusions and compound Poisson-process
driven Ornstein—Uhlenbeck-type processes have been obtained. The transience, recurrence, strong ergodicity
and mixing properties of general Ornstein-Uhlenbeck-type processes have been studied in [31,47, 48, 54]. In
the closely related paper [61] the author has discussed the recurrence and strong ergodicity of one-dimensional
Lévy-type processes, while in [62,63] the transience, recurrence and strong ergodicity of multidimensional Lévy-
type processes but with uniformly bounded jumps and uniformly elliptic diffusion part have been considered.
In [6,16,17,41-44] the authors have derived sufficient conditions for the transience, recurrence and strong
ergodicity of one-dimensional stable-like processes (see Sect. 3 for the definition of these processes). In recent
works [45,52] Chung—Fuchs type conditions for the transience and recurrence of Lévy-type process with bounded
coefficients have been derived. In [32] the author has obtained conditions for the strong and exponential ergodic-
ity and mixing properties of strong solutions of Lévy-driven stochastic differential equations. Finally, in [29] the
exponential ergodicity of a strong solution of pure jump stochastic differential equation (Lévy-type processes
with zero diffusion part) has been studied.

In this paper, we extend the above mentioned results and obtain general conditions without any further
(regularity) assumptions and restrictions on the dimension of the state space and coefficients of the operator L.
Also, our conditions are given in terms of the operator £ itself, which is usually much more accessible and
practical.

This paper is organized as follows. In Section 2 we give some preliminaries on Lévy-type processes and
in Section 3 we state the main results of this paper. In Section 4 we discuss conservativeness of Lévy-type
processes and in Section 5 we discuss transience and recurrence of these processes. Finally, in Section 6, we
discuss ergodicity and strong, subexponential (polynomial) and exponential ergodicity of Lévy-type processes.



156 N. SANDRIC

2. PRELIMINARIES ON LEVY-TYPE PROCESSES

Let (2, F,{Ps}ucra, {Ft}t>0, {0t} >0, {Mi}1>0), denoted by {M;}i>o in the sequel, be a d-dimensional
Markov process. A family of linear operators {P;};>0 on B,(R?) (the space of bounded and Borel measur-
able functions), defined by

Pif(z) :=E.[f(M;)], zeR% t>0, fe By(RY),

is associated with the process { My }+>0. Since { M, }+>0 is a Markov process, the family { P; }+>¢ forms a semigroup
of linear operators on the Banach space (By(R?), || - ||oo), that is, Py o P, = Psiy and Py = I for all s,¢ > 0.
Here, || - ||oc denotes the supremum norm on the space By,(R?). Moreover, the semigroup {P; };>0 is contractive,
that is, | P f]loo < || fleo for all t > 0 and all f € By(R?), and positivity preserving, that is, P,f > 0 for all ¢ > 0
and all f € By(R?) satisfying f > 0. The infinitesimal generator (A, D 4 ) of the semigroup {P;};>0 (or of the
process {M;}>0) is a linear operator A® : D 4o — B,(RY) defined by
Abf = thﬁloy’ fe€Dyp = {f € By(R%) : tEnO y exists in || - ||OO} .

A Markov process {M;}i>0 is said to be a Feller process if its corresponding semigroup {P;};>o forms a
Feller semigroup. This means that the family {P;};>¢ is a semigroup of linear operators on the Banach space
(Coo (R, || - |loo) and it is strongly continuous, that is,

th£>10‘|Ptf_f||OO:0a fecoo(Rd)'

Here, Co. (R?) denotes the space of continuous functions vanishing at infinity. Note that every Feller semigroup
{P;}+>0 can be uniquely extended to B, (R%) (see [49], Sect. 3). For notational simplicity, we denote this extension
again by {P;}+>0. Also, let us remark that every Feller process possesses the strong Markov property and has
(a modification with) cadlag sample paths (see [23], Thms. 3.4.19 and 3.5.14). Further, in the case of Feller
processes, we call (A, D4) = (A*, D N Co(RY)) the Feller generator for short. Note that, in this case,
D4 C Ox(RY) and A(D4) C Coo (RY). If the set of smooth functions with compact support C°(R?) is contained
in D 4, then, according to ([9], Thm. 3.4), A|ce (re) is a pseudo-differential operator, that is, it can be written
in the form

A\Cgo(Rd)f(f) = —/

R

(@, et f()de, (21)

where f(&) = (2m) ¢ Jga e &%) f(z)dx denotes the Fourier transform of the function f(z). The function
q:R?xR? — C is called the symbol of the pseudo-differential operator. It is measurable and locally bounded
in (z,€) and continuous and negative definite as a function of . Hence, by ([22], Thm. 3.7.7), the function
£+ q(x,€) has for each 2 € R? the following Lévy—Khintchine representation

a(2,6) = alo) = i6.b(a) + 5 cla)e) — [ (0 1= i) lnen @) ey, (22)

Rd

where a(z) is a nonnegative Borel measurable function, b(x) is an R%valued Borel measurable function, ¢(x) :=
(cij(x))1<i,j<a is & symmetric non-negative definite d x d matrix-valued Borel measurable function and v(z, dy)
is a Borel kernel on R? x B(R), called the Lévy measure, satisfying

v(z,{0}) =0 and /Rd(l AlyPv(z,dy) < oo, xR

The quadruple (a(x),b(z),c(x),v(x,dy)) is called the Lévy quadruple of the pseudo-differential operator
Alceo ey (or of the symbol ¢(z,§)). Let us remark that the local boundedness of g(x,§) implies that for
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every compact set K C R? there exists a finite constant cx > 0, such that

sup lg(z, &) < ex(1+[¢?), €€RY, (2.3)

(see [22], Lem. 3.6.22). Moreover, due to ([50], Lem. 2.1 and Rem. 2.2), (2.3) is equivalent with the local
boundedness of the Lévy quadruple, that is, for every compact set K C R? we have

sup a(z) + sup [b(z)| + sup |c(z)| + Sup/ (LA [y[P)v(z, dy) < oc.
zeK zeK zeK zeK JRd

In addition, according to the same reference, the global boundedness of the Lévy quadruple is equivalent to

laC,&)lloo < c(1+[¢7), € €RY,

for some finite ¢ > 0. Further, note that by combining (2.1) and (2.2), A|gse(gae) has a representation as an
integro-differential operator (1.1). In the case when the symbol q(z, ¢) does not depend on the variable x € R,
{M;}>0 becomes a Lévy process, that is, a stochastic process with stationary and independent increments and (a
modification with) cadlag sample paths. Moreover, every Lévy process is uniquely and completely characterized
through its corresponding symbol (see [46], Thms. 7.10 and 8.1). According to this, it is not hard to check that
every Lévy process satisfies (2.1) (see [46], Thm. 31.5). Thus, the class of processes we consider in this paper
contains a class of Lévy processes. Let us also remark here that, unlike in the case of Lévy processes, it is not
possible to associate a Feller process to every symbol (see [7] for details). Throughout this paper, the symbol
{Fi}i>0 denotes a Feller process satisfying (2.1). Such a process is called a Lévy-type process. If v(x,dy) = 0 for
all z € R?, according to ([7], Thm. 2.44), { F}};>0 becomes an elliptic diffusion process. For more on Lévy-type
processes we refer the readers to the monograph [7].

3. MAIN RESULTS

In this section, we present the main results of this paper. Before stating the main results, we recall the defini-
tions of transience, recurrence and ergodicity of general Markov processes. Let (£2, F, {P*} ,cra, { Fi }+>0, {0t }1>0,
{M:}+>0), denoted by {M;}+>0 in the sequel, be a Markov process with cadlag sample paths and state space
(R4, B(R?)), where d > 1 and B(R?) denotes the Borel o-algebra on R.

Definition 3.1. The process {M;}¢>0 is called:

(i) Irreducible if there exists a o-finite measure ¢(dy) on B(R?) such that whenever p(B) > 0 we have
[ Pe(M; € B)dt > 0 for all 2 € R%.

(ii) Transient if it is -irreducible and if there exists a countable covering of R? with sets {B;}jen C B(RY),
such t{?at for each j € N there is a finite constant ¢; > 0 such that fooo P*(M, € Bj)dt < ¢; holds for all
r € R

(iii) Recurrent if it is p-irreducible and if ¢(B) > 0 implies fooo P*(M; € B)dt = oo for all z € R?.

(iv) Harris recurrent if it is ¢-irreducible and if ¢(B) > 0 implies P®(75 < o0) = 1 for all € R?, where
7p = inf{t > 0: M; € B}.

Let us remark that if {M;};>0 is a p-irreducible Markov process, then the irreducibility measure ¢(dy) can
be maximized. This means that there exists a unique “maximal” irreducibility measure ¥ (dy) such that for any
measure ¢(dy), {M;}i>0 is @-irreducible if, and only if, ¢ < ¢ (see [58], Thm. 2.1). According to this, from
now on, when we refer to irreducibility measure we actually refer to the maximal irreducibility measure. In the
sequel, we consider only the so-called open-set irreducible Markov processes, that is, Markov processes whose
maximal irreducibility measure is fully supported. An example of such a measure is Lebesgue measure, which
we denote by A(dy). Clearly, a Markov process { M, };>o will be Mirreducible if P*(M; € B) > 0 for all x € R?
and ¢ > 0 whenever A\(B) > 0. In particular, the process {M;};>o will be A-irreducible if the transition kernel
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P (M, € dy), x € R%, ¢t > 0, possesses a strictly positive transition density function with respect to A(dy). Let us
remark here that irreducibility of Lévy-type processes is a very well-studied topic in the literature. In particular,
we refer the readers to [53,56] for the elliptic diffusion case, to [27,28] for the case of stable-like processes (see
Example 3.6 for the definition of these processes), to ([25,26], [37], Rem. 3.3 and [45], Thm. 2.6) for the case of
Lévy-type processes with bounded coefficients and to [2,21,24,29,32,33,38,39] for the case of a class of Lévy-type
processes obtained as a solution of certain jump-type stochastic differential equations. Further, it is well-known
that every -irreducible Markov process is either transient or recurrent (see [58], Thm. 2.3). Also, clearly, every
Harris recurrent Markov process is recurrent, but, in general, these two properties are not equivalent. They
differ on the set of the irreducibility measure zero (see [58], Thm. 2.5). However, for an open-set irreducible
Lévy-type process these two properties are actually equivalent (see Prop. 5.1).

Now, we recall notions of ergodicity of Markov processes. A probability measure 7(dz) on B(R?) is called
invariant for {My}i>o if

/ P*(M; € B)r(dz) = n(B), t>0, B € B(R?).
Rd

A set B € F is said to be shift-invariant if 6, !B = Bforall t > 0. The shift-invariant o-algebra T is a collection
of all such shift-invariant sets.

Definition 3.2. The process {M;};>¢ is called:

(i)  Ergodic if it possesses an invariant probability measure 7(dx) and if Z is trivial with respect to P™(dw),
that is, P™(B) = 0 or 1 for every B € Z. Here, for a probability measure z(dz) on B(R?), P#(dw) is defined
as PH(dw) := [p. P*(dw)p(dz).

(ii) Strongly ergodic if it possesses an invariant probability measure 7(dz) and if

Jim [PE(M € ) —a()|rv =0, w€ R,

where || - |7y denotes the total variation norm on the space of signed measures on B(R?).
(iii) Polynomially ergodic if it possesses an invariant probability measure 7(dz) and if

[P (M, € ) —n()||ry < k(@)t™", zeRY t>0,

for some k : RY — [0, 00) and & > 0.
(iv) Ezponentially ergodic if it possesses an invariant probability measure 7(dz) and if

[P (M; € ) — n()||ry < Ek(x)e ™™, zcRY t>0,
for some k : RY — [0, 00) and & > 0.

Clearly, exponential ergodicity implies polynomial ergodicity, which implies strong ergodicity and strong ergod-
icity implies ergodicity (for the latter see [5], Prop. 2.5). On the other hand, ergodicity does not necessarily
imply strong ergodicity, strong ergodicity does not imply polynomial ergodicity which in general does not imply
exponential ergodicity (see [15,36,37]). However, for an open-set irreducible Lévy-type process which has an
irreducible skeleton chain, ergodicity and strong ergodicity actually coincide (see Sect. 6). Recall, a Markov
process { M };>0 has an irreducible skeleton chain if there are to > 0 and o-finite measure ¢(dy) on B(R?), such
that the Markov chain { M, }n>0 is ¢-irreducible, that is, whenever ¢(B) > 0 we have Y~ P* (M, € B) > 0
for all z € R?.

Now, we are in a position to state the main results of this paper, the proofs of which are given in Sections 5
and 6. First, we introduce some auxiliary notation we need in the sequel. For @ > 0, 79 > 1,0 < e <1—rg?,
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r>roand x € R?, || > 7o, define

Inr,a=0
Walr):=1—1r"% Vu(r) =
r a >0,

Wi — & (e 2o o (2] + 1) 2,(p
DY @)= (e + 0 e R ) [ vt an)

sl =172 [ ey, a=0
B(0,1)

o —24«

Sl =0 [ ey, 0<a<o
D () = ’ 2

« _ (lz] +1) /

a )M gy 2u(x, dy), 2 <4

5 (e -0 o ) [ by 2 <as

« _ _

Sl =0 mayel v ) [ et dy), s

EY () := / (Wa(ly + 2D 1gjytai>r0} @) + (Walro) — &) lgjyrel<rot (¥) — Wal|z])) v(z, dy),
B(0,1)

EY(2) = / (Vally + 2| V 70) — Vie(J2) (e, ),
Be(0,1)

To(x) == —a(2)Wall2]) + alz|(A(x) — (1 + a/2)C(x) + B(x)) + D (x) + EY |

Ru(@) m { —a(@)Vo(la]) + A(x) - C(2) + B(a) + Dy (2) + EY (a), a=0 o

| —al@)Vallz)) + afe*(Az) = (1 = @/2)C(x) + B(x)) + DY (x) + By, a > 0,

where a(z), A(z), B(r) and C(x) are defined in (1.1) and (1.2), B(z,r) denotes the open ball around = € R? of
radius r > 0 and aAb and a Vb denote the minimum and maximum of a, b € R, respectively. It is straightforward
to see (by employing Taylor’s formula) that for any C%-extensions W,,V, : R? — [0,00) of the functions
x — Wo(|z|) and z — V,(Jz|), z € R, |2| > 1o, such that the functions |z| — W, () and |z| — V,(z) are
nondecreasing and W, (0) = 1 —ry® — ¢, we have that LW, (z) > T, (x) and LV, () < Ra(z), z € R, |2| > ro.
Also, observe that

(i) if a < 1, then for all z € R?, |z| > 7y,

EW (z) > ——2

> _W/ lylv(z,dy) + (=1 + |z["*)v(z, {ly| = 1, [y + 2| < ro}).
TolT {ly|=1, |z|>|y+z|>ro}

(ii) for all z € RY, |z| > 7o,

fBC(OJ) In (1 + %) v(z,dy), a=0

EY(z) <
Jpeon) (2 + [y = |2|*) v(z, dy), o > 0.

e}

In particular, if a < 1, then for all z € R?, |z| > 7o,

217! [geony WIv(z,dy),  a=0
X(ﬂﬁ < { Bc(0,1)

az|~tte ch(o,l) lylv(z,dy), 0 < a < 1.

Theorem 3.3. Let {F;}+>0 be a d-dimensional open-set irreducible Lévy-type process generated by an operator
of the form (1.1) with coefficients (a(x),b(x), c(x),v(x,dy)).
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i e process {F;}1>o 1s transient if there exist a > 0, g > 19 > 1 and 0 < e < 1—ry“, such that T, (x) >

i) Th Fihi>o ist ient if th st 0 1 and0 <1l-—ry“ h that T, >0
for all x € RY, |z| > xo.

(ii) The process {Fi}1>0 is recurrent if there exist « > 0 and xo > 19 > 1, such that

2z — Vally + z))v(z,dy) s locally bounded (3.2)
{ly1=1, ly+z|=z0}
and Ry (z) <0 for all v € RY, |z| > x0.

(ili) The process {Fi}i>o0 is (strongly) ergodic if it has an irreducible skeleton chain and if there exist oo > 0,
B> 0 and xg > ro > 1, such that (3.2) holds true and Ry (x) < —f for all x € RY, |x| > x.

(iv) The process {F;}1>0 is polynomially ergodic if it has an irreducible skeleton chain and if there exist o > 0,
0<B<1,v>0and xg > ro > 1, such that (3.2) holds true and Ry (z) < —yVE(|z|) for all x € R,
|z| > wo. In this case, the corresponding polynomial rate of convergence is t3/(=P)  for any 0 < XA < v(1—p3)
and ty > 0 there exists k > 0 such that

[P*(X¢ € ) = 7()llv
< k(1 - B) (té/“‘ﬁ) +
for all z € R? and t >0, and

/ VB(@)m(de) < sup  |LVa(@)l/y + VE(xo), (3.4)
Rd z€B(0,z0)

\B/(B-1) toNB/(B=1) )
— V() + ———— sup |LV.(z t=P/(=F) 3.3
Y1 =B) = A %1—ﬁ)—ABmiJ @l 3.3)

where V,,(x) is any C%-extension of the function x —— Vo (|z]), 2 € RY, |z| > 7o, such that the function
|z| — Va(z) is nondecreasing and V,(0) > 0.

(V) The process {Fi}i1>o0 is exponentially ergodic if it has an irreducible skeleton chain and if there exist o > 0,
B >0 and xg > 1o > 1, such that (3.2) holds true and Ry (x) < —BVa(|2|) for all x € RY, || > xo. In this
case, for any 0 < X\ < B3, to > 0 and k > 0 there exists k(x) > 0 such that

e)\to _ toeAtO _ e>\t0 -1
IP*(X:€) —m()lrv < | 14+ ——=Va(x) + sup |LVy(z)| + ——— eh(r)—rt (3.5)
B—=A B = X B(0,20) A
for all x € R and t >0, and
Vo(r)m(de) < sup  |LVa(2)|/B + Va(ro). (3.6)
Rd 2€B(0,z0)

Here, Vy(z) is again any C?-extension of the function x — Vo (|z|), © € RY, |x| > 7o, such that the
function |x| — Vu(x) is nondecreasing and V,(0) > 0.

Let us remark here that the condition in (3.2) can be relaxed by replacing Vp(r) with
Voppi(r):=Inln---lnr, r>ry> e" 1 neN

Clearly, in that case, Theorem 3.3 still holds, but with some minor technical modifications.

As a direct consequence of Theorem 3.3 we can also discuss mixing properties of Lévy-type processes
(see also [32]). First, recall that a-mizing (or strong mixing) and [-mizing (or complete regularity, or the
Kolmogorov) coefficients of a Markov process { M, };>o with initial distribution p(dx) are defined as follows

at(t) == sup sup [PH(AN B) —PH(A)P*(B)|
s>0 A€ Fs, BEo{M,: u>s+t}

B (t) := supE! sup |P*(B|F,) — P*(B)|
$>0 Beo{M,:u>s+t}



ERGODICITY OF LEVY-TYPE PROCESSES 161

It is well-known that o} < )" for every t > 0 and every initial distribution p(dy) of {M;}:>0 (see [8]). Further,
if 7(dx) is an invariant distribution of { M }4>0, then, by using the Markov property of { M, };>( and stationarity
of 7(dz), we have the following

a”™(t) = sup [PT(ANB) —P"(A)P™(B)|
AeFy, BEa{M,:u>t}

pr(t) = /Rd [P*(M; € ) = ()|l v m(da)

(see [8,10]). A Markov process {M;};>¢ with initial distribution p(dz) is called o -mizing (respectively, G#-
mizing) if lim;_ oo ot (t) = 0 (respectively, lim;_, o, 8*(t) = 0).

Corollary 3.4. Let {Fi}i>0 be a Lévy-type process satisfying the assumptions from Theorem 3.3(iii).
Then, {Fi}i>o0 is BT -mizing. Furthermore, if {Fi}t>0 satisfies the assumptions from Theorem 3.3(v), then
im0 €37 (t) = 0 for every k > 0. Here, m(dz) denotes the unique invariant distribution of {X;}i>0.

Let us now give some applications of the results presented above.

Example 3.5 (Elliptic diffusions). Assume that the coefficients b(z) = (b;(2))1<i<a and c(z) = (¢i;(x))1<i,j<d
satisfy the following:

(i) b(z) is continuous;
(ii) ¢(z) is symmetric and Lipschitz continuous;
(iii) for some constant x > 1 and all i = 1,...,d and = € R?,

d d d
bi(z)] < k(14 |z]) and K1 Zm? < Z zixjeij(z) < mZaczz
i=1 i=1

ij=1

Then, according to ([40], Thm. 22.12 and [56], Thm. 2.3), the operator £ (with coefficients b(z) and c(x))
generates a unique open-set irreducible elliptic diffusion process which has an irreducible skeleton chain. Thus,
we are in position to apply Theorem 3.3. Specially, as a simple consequence we can deduce the well-known
transience and recurrence dichotomy of a standard Brownian motion, that is, a standard Brownian motion is
transient if, and only if, d > 2.

Example 3.6 (Stable-like processes). Let o : R? — (0,2), 8 := (8i)1<i<a : R — R% and v : R? — (0, c0)
be such that:
(i) «,B,v € C} (RY), i =1,...,d, where Cf(]Rd), k > 0, denotes the space of k times differentiable functions

such that all derivatives up to order k are bounded;
(ii) 0 < inf epa afx) < sup,epe a(x) < 2 and inf,cga y(z) > 0.

Then, under this assumptions (in [1], [27], Thm. 5.1 and [52], Thm. 3.3) it has been shown that there exists a
unique open-set irreducible Lévy-type process which has an irreducible skeleton chain, called a stable-like process,
determined by coefficients of the form (0, B(z),0,~v(z)|y|~?~**)dy). Note that when a(z), f(x) and (z) are
constant functions, then we deal with a symmetric stable Lévy process with drift. Now, by a straightforward
application of Theorem 3.3, it is easy to see that

(i) if for some oo < 1 and ro > 1,

d
timint (Z ifile) — SR o @)faf ol + 7“0|33|a)> >0,
=1

then the underlying stable-like process is transient;
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(ii) if liminf},| o a(x) > 1 and

111 Su X Sd’}/(x) SdrY(x) T
v (Z PO o=l a1 ') 0

then the underlying stable-like process is recurrent (here we used Vp(r) = Inr);
(iii) if for some 1 < a <2 and 8 > 0, liminf|;| . a(z) > o and

im st o 2 an’y(ZL') an’Y( ) an’Y( ) 2—a 1,2 a
I p(lzz@ 22— a@) T a@ 1P o ol Al )<0,

|| —o00

then the underlying stable-like process is (strongly) ergodic (here we used V, (r) = r%);
(iv) if for some 1 < <2,0< < (a—1)/aand v > 0, liminf|; . a(r) > o and

aSqy(x) aSqy(x) aSay(T) | g 2—ataf
lim sup (a;xzﬁz 32— a(2) +a(x)—1‘x‘+a(w) || + 7]zt > <0,

x| — 00
then the underlying stable-like process is polynomially ergodic with the rate of convergence t#/(1=5) (here
we used Vi (r) = r®).

Here, Sq and V; denote the surface and volume of a d-dimensional unit ball, respectively. Also, note that,
because of the boundedness of the coefficients, it is not clear that a stable-like process can be exponentially
ergodic.

Example 3.7 (Ornstein-Uhlenbeck-type processes). Let g := (gi;j)1<i,j<a be a dx d real matrix whose eigenval-
ues all have strictly positive real parts and let {L;};>¢ be an R%-valued Lévy process determined by coefficients
(0,b,c,v(dy)). Furthermore, let Fy be an Rvalued random variable independent of {L;};>0. The Ornstein-
Uhlenbeck-type processes is a strong Markov process defined by

t
Fyi=e YMEFy + / e~ (=saqr,. t>0,
0

(see [48] for details). Under certain regularity conditions of the matrix ¢ and coefficients (0, b, ¢, v(dy)), in ([48],
Thm. 3.1) it has been shown that {F;}+>0 is an open-set irreducible Lévy-type process which has an irreducible
skeleton chain, determined by coefficients of the form (0,b — gz, ¢, v(dy)). Now, assume that there exists a

constant xk > 0, such that
szqu” >/@sz, z € RY,
5,j=1 i=1

Then, {F}}+>0 is (strongly) ergodic if, and only if, v(dy) satisfies (3.2) with V() = In(r). The necessity has been
proved in ([48], Thm. 4.2), while the sufficiency easily follows from Theorem 3.3. Let us also remark here that,
under the condition in (3.2) (with Vo(r) = In(r)), in ([48], Thm. 4.1) the authors have explicitly determined the
corresponding invariant measure. Finally, if v(dy) satisfies (3.2) with V,,(r) = r®, for some « > 0, then again
by a straightforward application of Theorem 3.3 it is easy to see that {F};};>¢ is exponentially ergodic.

Example 3.8 (Lévy-driven SDEs). Let {L;};>0 be an n-dimensional Lévy process and let @ : R? — R*" be
bounded and locally Lipschitz continuous. Then, the SDE

dF; = &(F;_)dL;, Fy=x€cRY,
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admits a unique strong solution which is a Lévy-type process (see [7], Thm. 3.8). In particular, if

(i) Ly = (I4,t), t > 0, where {l;}4>0 is a d-dimensional Lévy process determined by coefficients (Lévy triplet)
(0,b, c,v(dy)) such that the Lévy measure v(dy) is symmetric;

(i) &(x) = (¢p(x)I,%(x)), = € RY where ¢,7) : R? — R are bounded, locally Lipschitz continuous and
|p(x)| > 0 for all z € RY,

then {F;}¢>0 is a d-dimensional Lévy-type process determined by coefficients of the form

(0, 9(2) + p(x)b, [¢(2)[*e, v(dy/|6(x)])).

The open-set irreducibility and existence of an irreducible skeleton chain of {F;};>o (in terms of ¢(z)) have
been discussed in [32]. Thus, we are again in position to apply Theorem 3.3.

The two main ingredients in proving Theorem 3.3 are: (i) characterizations of transience, recurrence, ergodicity
and strong, polynomial and exponential erodicity in terms of the first hitting time 75 4,) (see Prop. 5.1, [35],
Thm. 4.4, [15], Thm. 1 and [12], Thm. 6.2) and (ii) noticing that for any f € C?(R?) satisfying the condition

in (3.2) the process
t/\TB(O,ro)
{ )= [ 2rtras)
0

is a P*-local martingale for all z € R? (the operator £ will be an extension of the infinitesimal generator of
{F;}+>0 on this class of functions). Then, by an appropriate choice of the function f(x) (that is, f(z) = V,(x) or
Wa(x), where Vo, (z) and W, (x) are adequate C?-extensions of the functions x +— V,,(|z|) and z — W, (|z|),
respectively) and analysis of this process, we are in position to derive the desired conditions presented in
Theorem 3.3.

t>0

4. CONSERVATIVENESS

In this section, we discuss conservativeness of Lévy-type processes. Let {M,;}i>0 be a d-dimensional Markov
process and define

T.:=inf{t>0: M; ¢ R} and T,.:= Jim inf{t > 02 M, € B0, R)}.

The process { M }+>¢ is called conservative if P*(T, = oo) = 1 for all 2 € R? and nonezplosive if P*(T, = o) = 1
for all z € R%. Observe that, due to the fact that {M;}>0 has cadlag sample paths, these two notions actually
coincide and they are equivalent with the fact that P*(M; € R?) = 1 for all 2 € R? and ¢ > 0 (see [49]). Also,
note that 7T, represents the moment the process ceases to be finitely valued. Usually, once T, has been reached
we kill the process. This can be accomplished by a one-point compactification of the state space R?, say RZ
and by defining

1,2 =00 and B = {occ}

P*(M; € B) :=
0,z =00 and B =R

Proposition 4.1. Let {M;}>0 be a d-dimensional Markov process. If the function x — P*(T, < 00) is lower
semicontinuous, that is, liminf, ., PY(T, < 00) > P*(T, < oo) for all x € R?, and [;° P*(M; € O)dt > 0 for
all z € R? and open sets O C R%, then P*(T, = 00) = 1 for some v € R? if, and only if, P*(T. = 00) = 1 for
all x € RY.

Similarly, if the function x —— P*(T. < oo) is upper semicontinuous, that is, limsup, ., PY(T. < oo) <
P*(T. < 00) for all x € R?, and [;°P*(M; € O)dt > 0 for all v € R? and open sets O C RY, then P*(T, =
o) = 0 for some x € R? if, and only if, P*(T. = o0) = 0 for all x € R.
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Proof. Assume that P70 (T, < co) > 0 for some z9 € R?. Then, because of the lower semicontinuity of 2 ——
P?(T, < o), there exists an open set Oy C R? around g such that inf,co, P*(T. < oo) > 0. Next, let z € R?
and ¢ > 0 be arbitrary. Then, by the Markov property, we have

P*(T. < 00) = P (inf{s > ¢ : M, ¢ R} < o0)

= / P (M, € dy)PY(T, < 00) + P*(M; = o)
Rd

> / P*(M; € dy)PY(T, < o0)
Oo

> inf PY(T. < 00)P*(M; € Oy).
y€0o

Now, by assumption, for given z € R? and Oy C R?, there exists Ty > 0 such that fOTO P*(M; € Op)dt > 0.
Hence, P?(T, < oo) > 0 for all z € RY, which leads to a contradiction.

To prove the second assertion, note first that the upper semicontinuity of the function  — P*(T, < c0)
is equivalent with the lower semicontinuity of the function x —— P*(T, = oc). Now, the claim follows by
completely the same reasoning as above. O

Recall that a semigroup {P;}:>0 on (By(RY), || - ||e) is called a Cy-Feller semigroup if Pi(Cyp(R?)) C Cy(R?)
for all ¢ > 0 and it is called a strong Feller semigroup if Pi(By(R?)) C Cp(R%) for all ¢t > 0. For sufficient
conditions for a Feller semigroup to be a Cp-Feller semigroup or a strong Feller semigroup see [49,51]. Now, if
{M,}+>0 is a Markov process such that its corresponding semigroup satisfies the strong Feller property, then the
function z — P*(T, = o0) is continuous. In particular, {M,;};>¢ satisfies the lower and upper semicontinuity
assumptions from Proposition 4.1. Indeed, let ¢ > 0 be arbitrary. Then, for any z € R, by the Markov and
strong Feller properties, we have

lim PY(T. < oo) = lim PY (inf{s >t : M, ¢ R?} < o)
y—z y—z

= lim_ (EY [PM (T, < 00)1ga(My)] +PY(M, = o))

= lim EY [PM(T, < o0)]

y—z
=P* (inf{s >t: My ¢ Rd} < oo)
=P*(T,. < ),

which proves the assertion.
Note that if {M;}+>0 is irreducible, then it is necessarily conservative (nonexplosive). Thus, every open-
set irreducible Lévy-type process is always conservative (nonexplosive). A sufficient condition for the conser-

vativeness of a Lévy-type process {F;}i>o in terms of the corresponding symbol ¢(z,§) (or Lévy quadruple
(a(x),b(x), c(z),v(x,dy))) is as follows

im  sup sup |g(y,n)| =0, z€R?
k=00 |y —z|<2k [n|<1/k

(see [49], Thm. 5.5). Clearly, the above relation automatically implies that a(z) = 0 for all z € RY. Moreover,
in the bounded coefficients case and under the assumption that a(z) is continuous, {F; };>¢ is conservative if,
and only if, a(z) = 0 for all z € R? (see [49], Thm. 5.2). In the following theorem, under the assumptions that
a Lévy-type process (not necessarily with bounded coefficients) is open-set irreducible and the corresponding
function a(z) is lower semicontinuous, we prove that a(z) = 0 for all x € R%.
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Theorem 4.2. Let {F;}¢>0 be a d-dimensional open-set irreducible Lévy-type process with Feller generator
(A, D) and Lévy quadruple (a(x),b(x), c(x), v(x,dy)). If the function a(x) is lower semicontinuous, then a(x) =
0 for all x € RY.

Proof. As we commented above, the irreducibility of {F}}+>0 automatically implies its conservativeness. Hence,
P?(F; € RY) =1 for all z € R? and ¢t > 0. Next, let 7 > 0 and R > 0 be fixed and pick some ¢, € C?(R9)
such that 150, (2) < @r(z) < lp.en(z) for all z € R% Here, C¥(R?), k > 0, denotes the space of k

times differentiable functions such that all derivatives up to order k have compact support. According to ([7],
Thm. 2.37) (which states that C2(R?) C D4) and ([13], Thm. 2.2.13 and Prop. 4.1.7), we have

tATBe(0,R)
B [or(Forrpeo )]~ or(0) =7 | [ Ap(F.)as]
0
tATBe(0,R)
= E* [/ E(pr(Fs)ds] , zeRY >0,
0

where the operator £ (given by (1.1)) is an extension of the generator (A, D4) on C2(R%). Now, by letting
r — 00, the dominated convergence theorem entails that

t/\TBC(o,R) t/\TBc(O‘R)
0=FE" {/ Lle(Fs)ds} = —E” [/ a(Fs)ds] , zeRY >0,
0 0

and, by letting R — oo, the monotone convergence theorem implies that
o0
/ a(Fy)dt =0, P*-as., z€ R,
0

(recall that {F;}¢>0 is conservative and a(z) > 0 for all z € R?). Thus, if there would exist some zg € R? such
that a(zg) > 0, then, by the lower semicontinuity of a(x), a(x) > 0 on some open neighborhood around zo. But
this is in contradiction with the open-set irreducibility of {F}}i>o. O

Note that if {F;};>0 is an elliptic diffusion determined by a Lévy quadruple (a(z),b(x),c(x),0), then, due
to (2.1), the functions a(z), b(z) and c(z) are automatically continuous. As we have mentioned above, the
conservativeness of a Markov process is defined thorough the first exit times of open balls. In the following
theorem we give sufficient conditions for finiteness of exponential moments of these exit times. Let us remark
that this result generalizes ([7], Cor. 5.8) where only finiteness of the first moment has been discussed. First,
we prove the following elementary, but very useful, auxiliary result.

Proposition 4.3. Let {F;}1>0 be a d-dimensional Lévy-type process with symbol qr(x,&). Then, the process
{Mi}i>0, My == (t,Fy), t > 0, is a (d + 1)-dimensional Lévy-type process with symbol qur((u,x), (¢, €)) =

Proof. Clearly, {M;}:>0 is a (d + 1)-dimensional Markov process with respect to Pg\q/}’x)(Mt € By X By) :=
Sutt(B1)PL(F, € Ba), (u,x) € R¥*L ¢ >0, B; € B(R) and By € B(R?). Here, 6,(B), t € R, B € B(R), denotes
the Dirac delta measure. The Feller and strong continuity properties of { M, }1>¢ easily follow from the facts that
C.(R9*1) is dense in Coo (R¥1) and {31, wi(t)hi(z) : n €N, p; € Co(R), ¥; € Co(RY), i =1,...,n} is dense
in C.(R9*1) (see [14], Chap. 4.7). Finally, let us denote by (Ar,Da,) and (Anr,Da,,) the Feller generators of
{Fi}i1>0 and { M, }>0, respectively. Then, by a straightforward computation (and by employing [7], Thm. 2.37),
we see that for all f € C2(R*!) we have
of (u,x)

A (f)(u, ) = “ou + Apf(u,z), (u,z) € RITL

Hence, {M;}i>0 is a (d + 1)-dimensional Lévy-type process with symbol gar((u, z), (¢,€)) = —i¢ +gp(z,§). O
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Theorem 4.4. Let {F;}1>0 be a d-dimensional Lévy-type process with Feller generator (A,D.a) and symbol
q(z,€). Assume that for some x € R% and R > 0 the following two conditions are satisfied

sup inf Req(y,€) >0 and sup M

> 9R. 4.1
le|<1/(2R) ly—=I<R €1<1/(2R) |y—|<r [ETmq(y, §) 1)

Then, for any

2
0<)\<£ sup inf Req(y,§),
le|<1/(2R) ly—=|<R

we have E* [e’\TB“($=R>] < 00.

Proof. Let x € R, R > 0 and A > 0 be as in the statement of the theorem and let us put p(t) := e, t € R,
and 9 (y) := cos ((y — z,2)/R), y € R%, where z € R?, 0 < |2| < 1/2, is such that the first condition in (4.1) is
satisfied for z/R, that is,
z
inf_Req(y, ) > 0.
|y—1§cl|§R UV R

Further, let a > 0 be fixed and pick some ¢, € C2(R) and ¢, € CZ(R%), such that 15(g,q)(t) < pa(t) < 15(0,24) ()
for all t € R and 1p(4,0)(¥) < Ya(y) < 1B(z,24)(y) for all y € R?. Now, according to Proposition 4.3 and ([13],
Thm. 2.2.13 and Prop. 4.1.7), we have

E” [(¢9a)(u+ t A Tpee,m) (a) Finrpe )] — (90a) (W) (Y1)a) (@)

= [E* [/O TBE (2, R) ((ppa) (u+ 8)(V1ha)(Fs) + (ppa)(u + S)A(w¢a)(E€))d5:|

_ [ {/O TBC(CE,R)((()DQDG)/(,U + 8) (Y (Fs) + (p0a)(u + S)E(¢wa)(Fs))d3:| , ueR, t>0. (4.2)

Observe that, by letting a — oo, the dominated convergence theorem implies that the above relation also holds
for ¢(t) and 9 (y). Next, under (4.1), ([7], the proof of Thm. 5.5) shows that for any y € R?, |y — x| < R, we

have Y
2 z
Loy) < - inf Req(y. =),
Yy) < - ,nf Req(y 3
which, together with (4.2), implies

O S ]Ex |:e>\(u+t/\TBc(w’R))w(Ft/\TBC(w,R)):|
t/\TBC(myR)
cem [ [T ey e
0

et (A — G infl,_s<rReq (v, %))

< eAu + A (Ew |:e>\(t/\TBC(:n,R))i| — 1) s u e R’ t> 0.
Fina11y7 by takmg uw =0 and lettlng s 00, We get
V3 )
E® [e)\TBc(a:,R)] < _8 inf,_,<rReq (y’ E) ]

Y2infl, ,<pReq(y, %) — A

Let us remark that the second condition in (4.1) is, for example, satisfied if

inf,, R , sup,,_ Im ,
lim inf My—e|<R cq(y, ) >0 and limsup Ply—s|<k 409 ¢)
l€|—0 €] €| —0 €]

for some a € (0, 2).
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5. TRANSIENCE AND RECURRENCE

In this section, we discuss the recurrence and transience properties of Lévy-type processes. First, we provide
some characterizations of these properties which we need in the sequel (see also [45], Prop. 2.1). Recall that
every Feller semigroup { P, }+>0 has a unique extension onto the space B,(R%) (see [49], Sect. 3). For notational
simplicity, we denote this extension again by {P;};>¢. In particular, if {P;};>¢ is a semigroup of a conservative
Lévy-type process ([49], Cor. 3.4) implies that {P;}+>0 is also a Cp-Feller semigroup. Now, directly from ([6],
Thm. 4.3 and [34], Thm. 3.3 and [58], Thms. 4.1, 4.2 and 7.1) we get the following.

Proposition 5.1. Let {Fi}1>0 be a d-dimensional open-set irreducible Lévy-type process. Then, the following
properties are equivalent:

(i) {Fi}e>o is recurrent;
(ii) {Fi}i>0 is Harris recurrent;
(iii) there exists v € R,

pe (1}@?; IF, — 2 = 0) =1
(iv) there exists a compact set K C R? such that
P*(rx <o0) =1, zeR%
In addition, if we assume that {F}}+>0 is a strong Feller process, that is, if the corresponding Feller semigroup
also satisfies the strong Feller property, then directly from ([44], Pop. 2.4) we get the following.

Proposition 5.2. Let {Fi}i>0 be a d-dimensional open-set irreducible Lévy-type process, such that the corre-
sponding Feller semigroup is a strong Feller semigroup. Then, the following properties are equivalent:

(1) A{Fi}e>o is transient;
(ii) there exists v € R,
P ( lim |F}| = oo) =1
t—— 00

(iii) there exist x € R and an open bounded set O C R?, such that

P* </ 1{Ft€O}dt = OO> =0.
0

Let us also remark that in Propositions 5.1 and 5.2 we can replace “there exists € R?” with “for all z € R%”
and “there exists a compact set K C R%” with “for every compact set K C R,
Now, we prove the main results of this section.

Proof of Theorem 3.3(1). Let @ > 0, &9 > 19 > 1 and 0 < ¢ < 1 — ;. According to Proposition 5.1, it
suffices to prove that P*(75(g 4,) < 00) < 1 for some z € R?. Take w, : R — [0,00) such that w, € C*(R),
it is symmetric, nondecreasing on [0,00), we(0) = 1 — g — € and wq(u) = Wo(|u|) for |u| > ry. Define
W, : RY — [0,00) by Wo(2) := wa(|z]), © € R Clearly, W, € C?*(R?). Next, fix a > 0 and R > xo and
pick some ¢, € CZ(R?) such that 1p5(0,0)(z) < pa(®) < 15(0,24)(2) for all z € R%. Then, due to (7], Thm. 2.37
and [13], Thm. 2.2.13 and Prop. 4.1.7),

i - tATB(0,20)NTBC(0,R) —
]Eaf (Wa@a)(Ft/\TB(O,mo)/\TBC(UVR)) - (Wa@a)(@ = Ew |:A A(Wa@a)(Fs)dS:|

t/\TB(O,$O)/\TBC(O,R) -
=E* [/ [,(Wacpa)(Fs)ds]
0
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for all z € R? and t > 0 (recall that C2(R?) C D4 and Alczray = L|c2®e))- By letting a — oo and applying
the dominated convergence theorem in the previous relation, we get

_ _ INTB(0,20)\TBC(0,R)  _
E® [WQ(FMTB(MO),\TBC(OYR)) = Wy (z) + E* [ /O LWa(Fs)ds] (5.1)

for all x € R? and ¢ > 0. Further, as we have commented in the first sectionLEWa(ac) > To(|z|) for all z € RY,
|z| > xo, where the function T,(r) is given in (3.1). Thus, by assumption, LW, (z) > 0 for all z € R?, |z| > .
Now, by using this fact and letting ¢t — oo in (5.1), we get

Wa(20) +P*(TB(0,20) > TBe(0,R)) = Wal20)P*(TB(0,20) < TBe(0,R)) + P (TB(0,20) > TB<(0,R))

_]Eﬂ’/'

(
> E* { o Frp0.00) 1{TB<o 20) STB (0, R)J +E [WG(FTB%D,R))1{TB<o,mo>>TBC(o,R)}
Lt —

Wa(

x) (5.2)
for all z € R?. Finally, by letting R — oo, the conservativeness property of {F;};>¢ entails
P*(TB(0,9) = 00) > Wa(z) — Wo(zo), x€ R

Thus, due to the fact that W (z) = 1 — ||~ > 1 — |x|™* = Wa(z0) for all z € RY, |z| > |zo|, the assertion
follows. O

Proof of Theorem 3.3(ii). Let & > 0 and xzg > 79 > 1. According to Proposition 5.1, it suffices to prove
that P*(75(0,09) < 00) = 1 for all z € R?. We proceed similarly as in the Proof of Theorem 3.3(i). Take
Vo : R — [0,00) such that v, € C%(R), it is symmetric, nondecreasing on [0,00) and va(u) = Va(|ul) for
|u| > 7o, and define V,, : R? — [0, 00) by Vi (x) := va(|z|), € Re. Clearly, V,, € C?*(R%). Next, fix a > 0 and
R > x¢ and pick some cut-off function ¢, € C?(R?) as in the Proof of Theorem 3.3(i). Similarly as before ([7],
Thm. 2.37 and [13], Thm. 2.2.13 and Prop. 4.1.7) imply that

B B tATB (0 TO)/\TBF(O R) _
E® (Va@a)(Ft/\rB 0.2V ATBC(O0 R )| — (Vawa)(z) = E* A(Vapa)(Fs)ds
(0,z0) (0,R) 0

tATB(0,20)NTBC(0,R) _
0

for all z € R? and ¢t > 0. In particular,

_ _ IATB(0,20)N\TBC(0,R)
o (LA IT N IT—— L AN R £(Vapa) (F)s

for all x € R? and ¢ > 0. Again, by letting a — 00, the dominated and monotone convergence theorems
automatically yield

_ _ tATB(0,20)NTBC(0,R)  _
B [VQ(FMTBC(D,R))1{73(07m0)>TBC(01R)}} < Vo(a) +E® { /0 L:Va(Fs)ds] (5.3)

for all z € R? and ¢ > 0. Note that here we employed the fact that £V, () is locally bounded (assumption (3.2)).
Next, by construction, we have that LV, (z) < R,(|z|) for all z € RY, |x| > o, where the function R,(r) is
given in (3.1). Hence, by assumption, £V, (z) < 0 for all z € R%, |z| > z¢. Now, by employing this fact and
letting t — oo in the relation in (5.3), Fatou’s lemma implies

Va (R)Px(TB(O,IO) > TBC(O,R)) < E* ‘_/0/'(FTBC(OaR))1{TB(0,.7:0)>TBC(O,R)}j| < Va (l‘), xr e Rd. (54)
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Finally, by letting R — oo, the conservativeness property of {F;}+>o entails that
P*(T(0,z9) = 00) =0, x€ R?,

which proves the desired result. O

6. ERGODICITY

In this section, we discuss ergodicity properties of Lévy-type processes. Let {M;};>0 be a d-dimensional
Markov process. It is well-known that if {M;};>¢ is recurrent, then it possesses a unique (up to constant
multiples) invariant measue w(dz) (see [58], Thm. 2.6). If the invariant measure is finite, then it may be
normalized to a probability measure. If {M;};>¢ is recurrent with finite invariant measure, then {M;};>¢ is
called positive recurrent, otherwise it is called null recurrent. One would expect that every positive recurrent
process is (strongly) ergodic, but in general this is not true (see [35,37]). However, in the case of open-set
irreducible Lévy-type processes which have an irreducible skeleton chain, due to Proposition 5.1 and ([35],
Thm. 6.1), these three properties coincide.

Further, note that a transient Markov process cannot have a finite invariant measure. Indeed, let {M;};>0 be
a d-dimensional transient Markov process with finite invariant measure 7(dz). Then, because of the transience,
there exists a countable covering of R? with sets {B;};en C B(R?), such that for each j € N there is a finite
constant M; > 0 such that fooo P*(M, € Bj)dt < M; holds for all € R<. Fix some ¢ > 0. Then, for each j € N|
we have

tm(B;j) = /Ot /Rd P*(M, € Bj)r(dr)ds < M;m(R?).

Now, by letting t — oo we get that 7(B;) = 0 for all j € N, which is impossible. Therefore, open-set irreducible
transient Lévy-type processes can only have infinite invariant measures. Examples of such processes can be found
in the class of Lévy processes. Recall that Lebesgue measure is invariant for every Lévy process. Furthermore,
since a (non-trivial) Lévy process cannot have finite invariant measure (see [46], Example 29.6), recurrent Lévy
processes can only be null recurrent. In the following theorem we give a sufficient condition for null recurrence
of open-set irreducible Lévy-type processes.

Theorem 6.1. Let {F;}i>0 be a d-dimensional open-set irreducible Lévy-type process with Feller generator
(A, D). Then, {F,}i>o0 is null recurrent if there exist a1 > 0, ag >0, >0, 20 > 19 > 1 and 0 <e < 1—ry“,
such that Ty, (z) > —f3/Va,(R) holds for all R > o and v € R, 2y < |z| < R, and (3.2) and R, (x) <0 hold
for all v € R, |z| > 20, where the functions T, (), Va,(r) and Ra,(x) are defined in (3.1).

Proof. Let iy >0, 2 >0, 8> 0,20 >7r9>1and 0 <e <1—ry,*. Clearly, due to Theorem 3.3(ii), { F} };>0 is
recurrent. Hence, according to ([55], Thm. 4.1), in order to prove null recurrence of {F} };>¢, it suffices to prove
that

A ({.Z‘ eR?:E” [TB(OJO)] = oo}) > 0. (6.1)

Let W,, : R — [0,00) and V,, : R? — [0,00) be as in the proofs of Theorem 3.3(i) and (ii), that is,
Wa, (z) := wa, (|2]), 2 € RY, where w,, : R — [0, 00) is such that w,, € C?(R), it is symmetric, nondecreasing
on [0,00), Wa, (0) =1 =1y — ¢ and wa, (u) = 1 — |u|=2 for |u| > 19, and Vo, (z) := va, (|7]), 2 € R, where
Vay : R — [0,00) is such that v,, € C%(R), it is symmetric, nondecreasing on [0,00) and va, (u) = Va, (|u])
for |u| > ro. Now, by assumption, we have that LWy, (¥) > Ta, (2) > —3/Va,(R) for all R > z and = € R?,
7o < |x| < R, and LV, () < Ra,(z) <0 for all z € R?, |z| > x¢. Combining these facts with (5.1) and (5.4)
we get

Ve (R) Px(TB(O,mO) > 7-BC(O,R)) < Va2 (1')7 S Rda
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and

7 B

Wa, (-T) - me [TB(O,xo) A 7—BC(O,R)] <E* |:Wal (FTB(o,zD)/\TBG(o,R) )} y T E Rdv
as

respectively. Further, from (5.2) we see
T |11 T d
E Wal (FTB(o,zO)/\TBG(o,R) )} < Wal (l‘o) +P (TB(O,IO) > TBC(O’R))’ zr € R%
Thus,

Vs (R) (Wa, (2) = Wa, (20)) = Va, (%) < BE® [T5(0,00) A TBe(0,0)] < BE” [TB(0,20)] » @ € R%.

Finally, by letting R — oo, we get E* [TB(OJO)] = oo for all x € R?, |z| > x¢, which, together with open-set
irreducibility of {F;}+>0, concludes the proof. O

Finally, we prove Theorem 3.3(iii)—(v).
Proof of Theorem 3.3(iii). Let « > 0, § > 0 and z¢p > r9 > 1. According to our previous comment (that is,

positive recurrence and (strong) ergodicity are equivalent for open-set irreducible Lévy-type processes) and ([35],
Thm. 4.4), in order to prove the ergodicity of {F};}¢>o, it suffices to show that

sup E” |:7't0 } < 00 6.2)
z€B(0,z0) B(0,20) (

for some ty > 0, where Tz,?(o o) = inf{t > to : F; € B(0,x0)}. The proof proceeds similarly as in the case of

recurrence. Let V, : R — [0,00) be as in the Proof of Theorem 3.3(ii). Next, fix a > 0 and R > x( and pick
some cut-off function ¢, € C?(R%). As before, by ([7], Thm. 2.37 and [13], Thm. 2.2.13 and Prop. 4.1.7),

B B tATB(0,20)NTBC(0,R) B
B (Vo) Finrm g iroro )] = (Vo) o) + | | AlVag)(F.)as]
_ IATB(0,20)N\TBC(0,R)
(Vo) (@) + 7 { / L(Va%)(Fs)ds}
0

for all z € R? and ¢ > 0. In particular,
t/\TB(o,mO)/\TBC(o,R) _ -~
E® [/ L(Vagoa)(Fs)ds} + (Vapa)(x) >0, zeRY t>0.
0

Further, by assumption, LV, (2) < Ro(x) < = for all x € R, |x| > x. By using this fact, local boundedness
of LV, (x) (assumption (3.2)) and letting a — 00, t — oo and R — oo in the above relation, respectively,
the dominated and monotone convergence theorems yield
Va(z)
ﬁ b

Now, we prove (6.2). Let g > 0 be arbitrary. By the Markov property we have

xr e RY.

E* [TB(OJO)] <

E* [Vo(Fy,)
= [T?(O,xo)} =B [Ew [Tg)(o,xo)|ftoﬂ =to+E” [E™ [75(0.09)]] <to+ 2 Vo] , wERL
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Thus, in order to prove (6.2), it suffices to prove that sup,cp(g ) E [Va(Fy,)] < oo. Again, fix a > 0 and
R > x¢ and pick some cut-off function ¢, € C?(R?). As above,

E? [(Vaa) Fronrpeon)] = (Vaa)(@) +E { /O AT B (0. ) A(Va%)(ﬂ)ds}

toATBe(0,R)
= (Vawa)(z) + E* [/ E(Vaapa)(Fs)ds] ., zeRY t>0.
0

Now, by letting a — oo, the local boundedness of LV, (x) and dominated and monotone convergence theorems
imply that for all € R? we have

- -~ to/\TBC(O,R) B
B [Va(Franrpro )] = Valo) + 7| [ £V (F)s
0
_ tOATB"’(O,R) B
- Va (1') + E* |:/ 1B(0,xo)(Fs)£Voc(Fs)ds:|
0

to/\TBC(O,R) -~
+ ]EI |:/ ]-BC(O,xO)(FS)ﬁva(FS)dS]
0

_ _ toATBc(0,R)
< Vo(z) +to Sl(lp : |LVy (x)] + E® [/ 13e(0,20) (Fs) LVa (Fy)ds| . (6.3)
z€B(0,z¢ 0

In particular, since LV, (z) < —f for all # € R?, |z| > zo,

E* [Va (Fto/\TBc(o,R))] < Va(x) +1o sup ‘ﬁVa (z)], =e R%
z€B(0,z0)

Finally, by letting R — oo, Fatou’s lemma and the conservativeness property of {F}};>¢ imply

E* [_a(FtO)] <Va(x)+te sup |[LVa(z)|], 7€ R, (6.4)
z€B(0,z0)
that is,
V. t _
sup [E* [Tlgo(o xo)} <to+ a(0) +2 sup | AVy(x)],
x€B(0,x0) ’ ﬁ ﬁ z€B(0,z0)
which proves the assertion. O

Proof of Theorem 3.3(iv). Let « > 0,0 < § <1, v > 0 and z¢ > ro > 1. First, note that, according to Theo-
rem 3.3(iv), {F}}+>0 is automatically (strongly) ergodic. Therefore, in order to prove the polynomial ergodicity
of {F}}¢>0 with rate of convergence t%/(1=5) " according to ([15], Thm. 1), it suffices to prove that

N IRV N IRV .
sup E (TB(OJO)) <oo and E (TB(OJO)) < oo, x€R? (6.5)
z€B(0,z0)

for some ty > 0, where TEO(O,IO) is as in the proof of Theorem 3.3 (iii). Take v, : R — (0,00) such that
vo € C2(R), it is symmetric, nondecreasing on [0, 00) and v, (u) = Vi (|ul) for |u| > 79, and define V,, : R —
[0,00) by Vo (z) := va(|z]), = € R Clearly, V,(0) > 0 and V,, € C?(R?Y). Next, fix some A > 0 and define
flu,z) == (e + V)P(2)Y =8 Obviously, f € C?([0,00) x R?). Now, by fixing a > 0 and R > z and
picking some ¢, € CZ(R) such that 15(,q)(u,2) < @alu, ) < 1p5(0,20)(u,x) for all (u,x) € R, from
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Proposition 4.3 and ([13], Thm. 2.2.13 and Prop. 4.1.7), we have

]Ex |:(f90a)(u + tA TB(O,I()) A TB“(O,R)? Ft/\TB(D,zD)/\TBC(O,R) ):| - (f@a)(ua 'T)

tATB(0,20) NTBC(0,R a . ’Fs
:Ex[/o .50 <><(fso)(gu+s )+A(f<pa)(u+s,E§))d3}

tATB(0,20)NTBC(0.R) 8(f(,0 )(u +s. F )
— = a s L's " Fs Rd > 0.
[/0 ( 50 + L(fpa)(u+ s, ))ds], reRY u,t>0

Observe that, due to (3.2), the function

(u, ) — flu,y +x)dy
{ly1>1, [y+a|>ro}

is locally bounded, hence, by letting a — oo, the dominated convergence theorem and (6.4) yield

E” [f(u +t A TB0,50) N TB(0,R)> Ft/\TBw,mo)/\TBC(O,R))] — flu,x)

t/\TB(O,a.- )/\TBC(O,R) 8 F
— E* |:/ 0 (%'Fﬁf(u‘i’&fl))ds}v .TGRd, U,tZO (66)
0
Now, let us discuss the right-hand side of (6.6). First, by assumption, it holds that
LVa(2) < Ra() < =V (2) (6.7)

for all z € R?, |z| > zo. Further, note that the process

_ t/\TB(o,mO)/\TBC(o,R) 3
{VQ(FWBMWBC(O,R)) =1 % (Fs)ds}
0 t>0
is a P*-supermartingale for all € R%. Indeed ([13], Thm. 2.2.13 and Prop. 4.1.7), we have

_ tATB(0,20) NTBC(0,R) o
B | Vo) Fira yprm )+ | (V2 en(F o]

=E* (Va@a)(Ft/\TB(o,zo)/\TBc(o,R))

EATB(0.20)\TE(0,R) = VO/ a Fv VO/ a Fv
o [ (72001 + AlT2E)E) Al >)dv\a]

_ SATB(O,zO)/\TBC(O,R) _
= (Vae) Fanrmoo Arpecom) — / A(Vapa) (Fy)do
0

SATB(0,20)ATBE(O.R) / A(Vppa) (Fy
[ ((stoa)(Fv) + %) @
0

tATB(0,20)A\TBC(O.R) [ AVopo) (Fy
e | [ ((vfsoamew) d”!fsl

/\TB(OP.,:O)/\TBC(O’R) Y

- SATB(0,20) \TBC(0,R) _
= (Va(pa)(FS/\TB(O,:I:O)/\TBC(O,R)) _/0 »C(Vawa)(Fv)d’U

SATB(O,CI;())/\TBC(D,R) _ ;C Va “ FU
o [ (2enr) + S22 T ) gy

IATB(0,20) NTBC(0,R) [ _ L(Vawa)(Fy
+~E* [/ ((Vf‘Pa)(Fv)_‘_w) d’l}‘fs‘| ’

ATB(0,20)NTBC(0,R) Y
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for all z € R% and w,s,t > 0, s < ¢. Here, again a > 0 and ¢, € CZ(R?) is such that 1594 (z) < @a(z) <
1p(2q)(z) for all z € R%. Now, by letting a — oo, (6.4) (which ensures the integrability of the process), the
dominated convergence theorem and (6.7) imply

B t/\TB(oymo)/\TBc(OyR)
E® {VQ(FWB(MO)MBC(O,R)) +7 / Vf(Fv)dv‘fs}
0
_ SATB(0,20)NTBC(0,R)  _
= VO/,(FS/\TB(Q,:ZO)/\TB(;(D,R)) — / LV, (F,)dv
0

SATB(0,20)\TBC(0,R) [ _ ,Cva F,
[ (vam) + S ) ao
0

tATB(0,20)\TB<(0,R) _ I/ F
[ ) )

v

ATB(0,20)NTBC(0,R)

_ SATB(0,70) NTBC(0,R) 3
< Va(Fs/\TB(o,ro)/\TBC(o,R)) + '7/ Va (Fv)dv,
0

for all z € R? and u, s,t > 0, s < t. Now, by using this fact ([20], Cor. 4.5) states that the process

A _ ,_Y 1 _ ﬁ t/\TB(O,mO)/\TBC(O,R) 8f U + S,Eg
Fu+tATB0,20) A TB<(0,R): Finrpo.. )ATBC(D,R)) - # / st
0 A 0 Ou >0
is also a P-supermartingale for all z € R? and « > 0. In particular,

A=q(l=f) [rAmEeeorTsen §f(u+ s, Fy)
E* |:f(u +tATB0,2) /\ TBe(0,R)> Ft/\TB(O,mo)/\TBC(o,R)) — + / #
0

< flu,z) (6.8)

ds

for all z € R? and u,t > 0. Now, by combining (6.6) and (6.8), we get

tATB(0,20) NTBC(0,R) 1— tATB(0,20) NTBC(0,R) F
E* {/ ’ Lf(u+ S,Fs)ds] < —MEJ” [/ ’ st} (6.9)
0 0

for all z € R? and u,t > 0, and, by combining (6.6) and (6.9), we obtain

A o 1— t/\TB(D,m YATBe(0,R) 8 F
f(u,ac)—&—#ﬂﬁw [/ ’ st} >0, zeR? ut>0.
0

Specially, by taking u = 0 and 0 < X\ < (1 — ), the above relation entails

1— _ A t/\TB(O,a;O)/\TBC(D,R) B B

7(17@5 E® U (As + V;—ﬁ(FS))ﬁ/“—ﬁ)ds] <Vo(z), t>0, zeR%
- 0

By letting ¢ — oo and R — oo, the monotone convergence theorem and conservativeness of {Fy}i>o auto-

matically imply

_ _ TB(0,20) B B
% E® / 0 ()\s + Vo}ﬁ(Fs))ﬁ/(lﬁ)ds} < Va(f), r € R%.
B 0

In particular,

E” [ NI g
L BOx) | = 4(1—8) — A
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Now, for an arbitrary to > 0, the Markov property yields

1/(1—8) v

Ee {(n?(o,m)) ] —E* {]Ex {(T,?(o,m)) ‘f“’H
—E= |:EFto |:(t0 + TB(O,IO))l/(l_ﬁ)”
<o e o )

eNB/(B=1)

Y1 =p) = A

<ctd/P) E°[Va(F,)], =€R%

where in the third step we used the fact that for a > 0,

1+ <e(l41t%), t>0,
holds with ¢ := sup, (11—2& The relations in (6.5) now follow by combining the previous result with (6.4).
Further, directly from (the proofs of) ([15], Thm. 1 and [57], Thm. 4.1) we see that for any 0 < A < y(1 — ()
and to > 0 there exists £ > 0, such that

Va-p)7T .,
IP(X, € ) — () |lov < k(1 — B)E {(T?(O,ID)) } tBI0=B) gz eR? ¢ >0,
which proves (3.3). Finally, to obtain the relation in (3.4) we proceed as follows. First, by combining (6.3)
and (6.7) we get

- tATBe(0,R) B B
E” [Va(Finrge.n))] + 7E {/ 1Bc(o,x0)(Fs)Vf(Fs)d8] <Va(@)+t sup [LVi(2)]
0 z€B(0,z0)

for all z € R? and ¢ > 0. Further, by letting R — oo, Fatou’s lemma and the conservativeness of { F} };>0 entail

t
E® [Va(Ft) A m] + yE® {/ 1Be(0,20)(Fs) (Vf(Fs) A m) ds} <Va(z)+t sup |LVa(z)
0 2€B(0,z0)

for all z € R%, t > 0 and m > 0. Now, by dividing the above relation by ¢ and letting t — oo, we obtain

1 ! . .
~ lim sup EE‘” [/ 1pe(0.20)(Fs) (V2 (F) Am) ds] < sup [LVa(z)], zeRY m>0.
0

t—s00 z€B(0,z0)

Finally, by integrating the above relation with respect to 7(dz) and employing Fatou’s lemma and invariance
property of 7(dx), we get

’y/ 1Be(0,20) () (Vf(m) Am)m(dz) < sup  |[LVo(z)|, m >0,
Rd z€B(0,x0)

which, together with Fatou’s lemma, proves the assertion. O

Proof of Theorem 3.3(v). Let @« > 0, 8 > 0 and zg > 19 > 1. Then, again by Theorem 3.3 (iii), {F}}i>0 is
(strongly) ergodic. Therefore, in order to prove the exponential ergodicity of {F;}¢>0, due to ([12], Thm. 6.2),
it suffices to prove that

|: Arto

sup E” |e B<07wo)} <oo and E” {e’\TBD(Uv%)} <oo, z€RY (6.10)

z€B(0,z0)
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for some A > 0 and #o > 0. Let V, : R? — [0,00) be as in the Proof of Theorem 3.3(ii). By assumption,
LVy(z) < Ruo(|z]) € —BVa(z) for all z € RY, || > zo. Next, fix A > 0 and R > z¢ and define ¢(t) := e

and ¥(x) := V, (7). Now, by similar arguments as in the proof of Theorem 4.4 (by applying Prop. 4.3 and [13],
Thm. 2.2.13 and Prop. 4.1.7), we get

E® eA(t/\TB(D’zD)/\TBC(D’R))VOC(Ft/\TB(O,mO)/\TBC(m,R)):|
_ t/\TB(o,mO)/\TBC(m,R) B B
= Vo(x) +E® U (NN V() 4 MLV, (Fy))ds|, = eRY t>0.
0
In particular,

_ tATB(0,20) NTBC (2, R) B
Vo (z) + E” U (A — 5)e’\SVa(FS)ds] >0, zeRY ¢t>0.
0

Thus, by taking 0 < A < 3, we get

t/\TB(oymo)/\TBc(myR) B V
E U e“va(Fs)ds] < ﬁ"“;), zeRY, >0,
0 _

and, by letting ¢ — oo and R — oo, Fatou’s lemma and the conservativeness property of {F}};>o entail

TB(0,z0) - 1/
E* |:/ ’ eksVa(Fs)dsil < Va(m) T € Rd.
0

Specially, we have

Now, for any to > 0, the Markov property yields

to to
E* |:e>‘TB(0,mo):| — E* |:]Eac |:e>\TB(O,.1:0)

al

— e)\tOEI I:IEFtO I:e)\TB(O,mo)]]
Aerto

<=
S3oa

which together with (6.4) proves (6.10). Furthermore, under (6.10), (the proofs of) ([12], Thms. 5.2 and 6.2)
imply that for any x > 0 there exists k(x) > 0, such that

Lo
/ B(0,zq) e)\tdt‘|> ek;(/.i)—ﬁ,t’ T € Rd’ t 2 0.
0

E® [V (Fy,)] + €M, zeRY, (6.11)

IP*(F, € ) —n()||lrv < (1 +E®

Thus, by combining this with (6.4) and (6.11), we automatically conclude (3.5). Finally, the proof of the relation
in (3.6) follows by employing completely the same arguments as in the proof of (3.4), which concludes the proof
of the theorem. O
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