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ANALYSIS OF A SPLITTING SCHEME FOR A CLASS OF RANDOM
NONLINEAR PARTIAL DIFFERENTIAL EQUATIONS *

RoMAIN DuBoscqQ! AND RENAUD MARTY?

Abstract. In this paper, we consider a Lie splitting scheme for a nonlinear partial differential equation
driven by a random time-dependent dispersion coefficient. Our main result is a uniform estimate of
the error of the scheme when the time step goes to 0. Moreover, we prove that the scheme satisfies an
asymptotic-preserving property. As an application, we study the order of convergence of the scheme
when the dispersion coefficient approximates a (multi)fractional process.
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1. INTRODUCTION

The study of partial differential equations (PDEs) driven by random processes is a subject of much interest
because of their numerous applications. In particular, Schrodinger type equations with random coefficients
are relevant models for wave propagation, Bose-Einstein condensates, or optical fibers for instance. The driving
random processes or random coefficients can model random perturbations of physical quantities, inhomogeneities
of the medium (wave propagation), or a random dispersion coefficient (optical fibers). They can be defined in
terms of Brownian motion (for mixing properties) or fractional Brownian motion (for long-range properties).

Besides applications, the asymptotic analysis and numerical simulations of such equations are crucial ques-
tions. Since the splitting schemes are quite simple to implement, they are often used for the simulation of
nonlinear evolution PDEs [6, 16, 32]. They consist of constructing a numerical solution by combining the solu-
tions of two partial problems which can be solved explicitly and obtained by an operator splitting. These methods
are consistent for deterministic nonlinear Schrédinger equations [6] and can take different forms (mainly the Lie
and Strang schemes). For instance, in [6] the authors prove that the Lie scheme is of order 1 and the Strang
scheme is of order 2 (in dimension 1 or 2). The Lie scheme has also been studied for nonlinear Schrédinger
equations with random white-noise dispersion [27]. In this case, it is proven that the Lie scheme has an order
of convergence bounded below by 1/2.
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* This work was partially supported by the French ANR grants MICROWAVE NT09-460489 (http: //microwave. math. cnrs.
fr/) and BECASIM ANR-12-MONU-0007-02 (http://becasim.math.cnrs. fr/).

I Institut Mathématique de Toulouse, 118 route de Narbonne, 31062 Toulouse, cedex, France.
romain.duboscq@math.univ-toulouse.fr

2 Université de Lorraine, CNRS, Institut Elie Cartan de Lorraine, UMR 7502, Vandoeuvre-les-Nancy, 54506, France.
renaud.marty@univ-lorraine.fr

Article published by EDP Sciences © EDP Sciences, SMAI 2016


http://dx.doi.org/10.1051/ps/2016023
http://www.esaim-ps.org
http://microwave.math.cnrs.fr/
http://microwave.math.cnrs.fr/
http://www.edpsciences.org

SPLITTING SCHEME FOR RANDOM EQUATIONS 573

In addition to convergence, a property of great importance for a numerical scheme is the asymptotic-
preserving property. It can be described as follows. Let {u®}.>¢ be the solutions of a family of problems such
that lim._,ou® = u°, and {ug’h}gzo the family of numerical solutions approximating {u°}.>o for a time-step
h > 0 and obtained from a numerical scheme. We say that the given numerical scheme is asymptotic-preserving
if u" approximates u° independently of € and lim._u®" = u®". There exists a lot of works dealing with
Asymptotic-Preserving (AP) property in various problems (for instance [4,10,13,19,23,25]). In particular for
splitting schemes for Schrédinger and/or random equations, we mention for instance [2,3,7,21,27].

In this paper we consider a nonlinear PDE driven by a general random process with continuous sample paths.
We analyze a Lie splitting scheme for this equation. We prove that the scheme converges and we establish a
uniform error bound in terms of the sample paths of the driving process. The form of this error bound and a
continuity theorem are then used to establish a general asymptotic-preserving property for the scheme. These
results are then applied to nonlinear PDEs driven by processes approximating fractional and multifractional
processes. This generalizes results of [27] dealing with processes approximating a Brownian motion.

In Section 2, we introduce the setting and study the order of convergence of the splitting scheme and we
establish the AP property and study equations driven by processes approximating (multi)fractional processes
in Section 3. Section 4 is dedicated to the proofs of the results of Section 2.

Notation

For a measurable space E and a normed space F, we denote by L?(E, F) the space of the square integrable
functions from E to F. For the sake of clearness, we denote by L? the space L?(R,C). For every p € N*, we
introduce HP? as the Sobolev space of the square integrable functions from R to C such that the first p derivatives
are square integrable. We consider || - |r2, || - ||g1, || - |2, - .-, as their associated norms. For every function
v € L?, we denote the Fourier transform of v by F(v) or F,(v(x)): for every £ € R,

F)(€) = Folw(@)(€) = J% / "0 (z)dz.

We recall that ||v] gz = || F(v)||z2 and if v € H', then F,(iv'(z)) () = Fx(v(x))(€). For every function w € L?,
we denote the inverse Fourier transform of w by F~!(w) or fgl(w(f)).

Throughout the paper, all the random variables are defined on a probability space ({2, 7, P), the corresponding
expectation being E.

When considering a Lipschitz function g, we designate by ||g||zip its Lipschitz constant.

Finally, for every k € N*| we denote by By, the set of functions g : R — R such that g is k times differentiable
and ¢, ¢@, ..., and ¢g*) are bounded.

2. MAIN RESULTS

2.1. Nonlinear PDE with random dispersion

Let to and T such that 0 < tg < T < co. We consider the following nonlinear PDE with random dispersion
written in differential form:

u(t, ) = ug, () —|—i/ P (z%) u(f,x) o dW(0) + / gu(8,2))d0,  (t,z) € [to,T] x R. (2.1)

to to

The function uy, is the initial condition at to. The function g is the nonlinear function such that g(0) = 0 and
whose other assumptions we precise later. The notation W designates a continuous stochastic process, which
can be eventually a deterministic function; P is a polynomial with real coefficients and its degree is denoted by
dp or 6 when there is no ambiguity. The symbol o is explained below (Rem. 2.1).



574 R. DUBOSCQ AND R. MARTY

In order to deal with existence and uniqueness of the solution of (2.1) we consider the corresponding linear
problem

v(t,z) = ug, (z) + z/t P (z%) v(0,2) o dW(0), (t,x) € [to,T] x R. (2.2)
Applying Fourier transform, we have
F(u)(t,€) = F(ug,)(x) +i/t P (&) F(v)(0,8) odW(0),  (t,€) € [to, T] x R, (2.3)

then we construct the unique solution of (2.2) as v : (t,2) — X (to,t)us, () where

X (to, tyusy () = F 1 (& = e POV O-WED £, )(6) ) (2) (2.4)

Remark 2.1. If W is a Brownian motion, using the It6 formula we prove that the solution obtained in (2.4)
is the Stratonovich solution. This is why we use the notation o in (2.2) and (2.1).

Remark 2.2. Because of the properties of Fourier transform, for every k € N, if uy, € H¥, then

1X (o, yut || rrx = llwt | s (2.5)

Hence, equation (2.1) is understood as the integral equation

u(t,z) = X (to, t)us, (z) + tX(Q,t)g(u(@,x)) dé,  (t,x) € [to,T] x R. (2.6)

to
We have the following preliminary result.

Theorem 2.3. If uy, € L? and g is Lipschitz, then there ewists a unique solution u with sample paths in
C([to, T), L?) to equation (2.6). Moreover, if there exists k € N* such that uy, € H* and g € By, then there exists
a (deterministic) constant Co ), > 0, independent of W, such that

max |Ju(t,)||gr < Coox <00 and max ||g(u(t, ))||gr < Coop < 00
t€(to, T t€(to, T

The constant Co 1, depends on ||ug, || g and g.

The proof is postponed to Section 4. We define the family of operators {S(to,?)}¢ef,, ) such that (t,z) —
S(to,t)ut, () is the unique solution to equation (2.6).
2.2. Time-splitting scheme

From now on we assume that 7 = 1, we fix an initial condition ug € L? and u denotes the solution w :
(t,z) — S(0,t)up(x) to equation (2.6) when ¢ty = 0 and with the initial condition ug. This subsection is devoted
to introduce a splitting scheme to approximate wu.

For to € [0,1] and uy, € L?, we introduce the problem

w(t, ) = ug, () —|—/t g(w(0,x))do, (t,x) € [to, 1] x R. (2.7)

If ¢ is a Lipschitz function, the unique solution w of (2.7) is given by Theorem 2.3 (with W = 0). We then
define the family of operators Y = {Y'(¢) }+>0 such that for every (¢,x) € [to,1] x R, w(t,z) = Y (t — to)us,. We
define the (Lie) splitting operator by

Z(to, t) = Y(t — to)X(to, t). (28)
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Let N € N* and h = 1/N. For every k € N* such that ¥ < 1/h = N, we set S¥" := S((k — 1)h, kh) and
Zkh .= Z((k — 1)h, kh). For every n € N* such that n < 1/h = N, we set

wth =gl 7y,

We aim to prove that {U"’h}ne{l,...,N} approximates {u(nh, -)}neq1,..., N} in some sense for A — 0.
For every 0 <ty <t <1 we define

t 4
Tw (to, 1) ;:/t (W(t)—W(H)Jr/t |W(9)—W(a)da> de. (2.9)

Our main result is the following theorem. The proof is given in Section 4.

Theorem 2.4. We assume that ug € H®, W admits finite first-order moments and g € Bs. There exists a
constant C' which depends only on g and ||uo||gs, such that for all N € N*,

N
E b u(nh, - <CY E[T — 1)h,nh)]. 2.10
s 187wt 2] £ €SB (= ) (2.10)
Remark 2.5 (Fundamental remark). Notice that the constant C' appearing in Theorem 2.4 is independent of
the process W. This is a key point of the result.

We can easily deduce the following corollary about processes with stationary increments. The proof can be
omitted.

Corollary 2.6. Under the assumptions of Theorem 2.4, if W has stationary increments, then (2.10) can be
written as

h
E| max |u”’h’—u(nh,~)|Lz] < C’N/ E[|[W(0)]] d. (2.11)
ne{l,...,N} 0
We refer the reader to Section 3 for applications of Corollary 2.6 to equations driven by Brownian motions
and (multi-)fractional processes.

Remark 2.7. Notice that existence and uniqueness of global solutions for stochastic Schrodinger equations
are studied in [11,12] in the cases of cubic and quintic nonlinearity. Moreover, the convergence of a splitting
scheme for local solutions are established in [27] in the case of cubic nonlinearity. Nevertheless, for the sake
of simplicity and because the greatest generality on the nonlinear term is not our aim in this paper, we have
chosen to work under strong boundedness assumptions on the function g. In particular, we can see in the proofs
that the constants appearing in the uniform estimates depend on upper bounds of some derivatives of g.

2.3. Asymptotic-preserving property

This subsection is devoted to establish the so-called asymptotic-preserving property of the Lie scheme for the
family of equations above. From now on, the process W driving equation (2.1) may vary. We then introduce new
notations to take account of the dependence of all quantities with respect to the process. For a given stochastic
process W whose sample paths are continuous on [0,1] and (to,t) € [0,1]? satisfying to < t, we define the
operators Sy (to,t), Xw (to,t) and Yy (to,t) such that for all us, € L? the functions Sy (to, -)usy, Xw (to, ),
and Yy (to,-)us, are respectively solutions of (2.1), (2.2) and (2.7). We let Zw (to,t) = Yw (to,t)Xw(to,1).
For all N € N* and k € {1,...,N}, denoting h := 1/N, we define S{f‘}h = Sw((k — 1)h,kh) and Z"fl}h’ =
Zw ((k—1)h, kh). For every n € {1,..., N} and an initial condition uo € H?, we set uly" := Zu" ... ZLug. We
denote by uy the solution of equation (2.1) with ¢y = 0 and driven by W and we set uV[},l = {uc{}h}ne{l,...,N}
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We consider a family of continuous processes {W¢}.~o and another continuous process W° such that the
solution uy - converges to uyo as € — 0. We establish and prove in other sections that the schemes u"}lﬁs and
u'v’lfo converge respectively to W¢ and W° as the time step h goes to 0. Under suitable assumptions on the
sequence of processes {W¢}.~o we establish in this section that:

e The scheme u'v’lfg converges (in some sense) to up - uniformly with respect to € > 0 when h — 0,
e and the scheme uwﬁs converges (in some sense) to uwﬁ.’o as € — 0 for every h > 0.

This implies that the limit € — 0 does not affect the convergence of the splitting scheme. This is the so-called
Asymptotic-Preserving (AP) property, which is usually represented by the diagram

- ,h e—0 “h
UWE — uWO
b—0  |a—0 (2.12)

—0

(>
Uwe — UWo

We establish the main results of this subsection. The proofs are given in Section 4. From now on, we suppose
that {W¢}.~o and WP satisfy the following assumptions.

e Assumption (A1l). As e — 0, W€ converges in distribution to W in the space C([0, 1], R).
e Assumption (A2). There exist three constants K > 0, v > 1 and § > 1 such that for all #; and t5 € [0, 1]
and € > 0,

E[(We(t1) = W*(t2))"] < Kt — 1. (2.13)
The first result concerns the convergence of uy= when ¢ — 0.

Theorem 2.8. Let ug € H®. The mapping
c([0,1],R) — c([0,1],L?)
W > Uy

is Lipschitz. As a consequence, when e — 0, uw- converges in distribution to uyyo in C([0,1], L?).

The second main result of this section deals with the convergence of uwﬁs as e — 0.
Theorem 2.9. Let ug € H°, N € N* and h = 1/N. The mapping

C([0,1,R) — (L*)N*!
wr— {ul"}jz0,..N

18 Lipschitz. As a consequence, when ¢ — 0, {u{v’}i}jzow,N converges in distribution to {u{}’[fo}j:o,m’N m
(L2)N+L a5 e — 0.

We state the last main result of this section.
Theorem 2.10. We assume that ug € H® and g € Bs. Then there exists a constant C which depends only on

g and ||uo||gs, such that for every h € (0,1] and every € > 0,

E wh e (nh, - < CRhP/. 2.14
ne{rﬂlf{fmlluw uwe=(nh,-)| 2| < (2.14)

This implies the AP property described by diagram (2.12).
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3. APPLICATIONS

This section is devoted to apply Theorem 2.10 to different frameworks. From now on, we assume that uy € H?
and g € Bs.

3.1. Diffusion approximation

In this subsection we improve results from [27]. For all € > 0, consider the solution u° : [0,1] x R — C of the
equation

ou® i t 0

—tz)=-m|( 5 |Pliz |u(tx u(t,x)),
or 40 =2 (€> (‘913) (o) gttt ) for all (t,2) € [0,1] x R, (3.1)
ut(t =0,2) = ug(x),

where m is a continuous, centered, stationary and mixing process [18] with finite second order moments. Let B
be a Brownian motion and ¢y be a positive constant defined by

2 =2 /0 R (0)m(8))de.

SE(t) = é/otm <§2> de.

It well-known that {S°(t)}se[0,1] converges in distribution to coB in C([0,1]) as € — 0 (the functional Donsker
theorem, see [18] for instance). As a consequence, by Theorem 2.8, u° converges in distribution to u in the space
C([0,1], L?) as € — 0, where u is the solution of

For every t > 0 we set

u(t, z) = ug(x) + ico/o P (z%) u(6, ) o dB(0) —I—/O g(u(f,2))do, for all (¢t,z) € [0,1] x R. (3.2)

For every N € N* (with h = 1/N), let {u™"*}o<,<n be the Lie scheme associated to u° and {u™"}o<,<n be
the Lie scheme associated to u. We now establish the AP property in this framework.

Theorem 3.1. For all N € N*, {u™"*}o<,<n converges in distribution to {u™"}o<p<n in (L2)NF! ase — 0.

Moreover, there exists a constant C' which depends only on g and ||ug||gs, such that for every h € (0,1] and
every € > 0,

E mhe _uf (nh, - < Ch'? and E b u(nh, - < Ch'/2. 3.3
oA [[u ut(nh,)z2| < andE | max [[u u(nh,)|pz2| < (33)

A weaker form of this result has been proven in [27]. More precisely, it has been shown that, for P(&) = &2,
there exists a constant C' which depends only on g and ||ug|| g2 (because § = 2 in this case), such that for every
h € (0,1] and every € > 0,

negéfN}]E [||u”’h’5 —u®(nh,")||r2] < C(hY? 4 ¢). (3.4)

The improvement comes from the general formulation of the error estimate in Theorem 2.4 and in particular
from the use of a modified Gronwall lemma in its proof.
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Proof. The convergence of {u™"<}o<,<n to {u™"}o<,<n is a direct consequence of Theorem 2.9 and the
functional Donsker theorem. To prove (3.3), we show Assumptions (A1) and (A2). For all s < ¢ € [0, 1], because

m is stationary, we have
I ¢ 0 o I ¢ 0—o
g/sde/sdaE{m(s—z)m(s—z)H:g—Q/sdO/SdU]E[m( = )m(O)”
2 t 0 o t 0/e>
gs—z/sde/o da‘]E[m(g—Q)m(o)HZQ/s de/o do [E [m (o) m. (0)]

< 2(t—s)/0 do [E[m (o) m (0)]].

Hence, Assumptions (A1) and (A2) are satisfied. This ends the proof. O

IN

E[(5°(t) - §°(5))°]

3.2. Approximation by a fractional Brownian motion

A fractional Brownian motion By = {Bg(t) }+>0 (see [31]) with Hurst index H € (0,1) is a Gaussian process
with mean 0 and satisfying for all t and s > 0,

E[By(t)By(s)] = % (27 4 21— |t — s2H) .

Notice that a fractional Brownian motion with H = 1/2 is a Brownian motion.

The class of fractional Brownian motions is important in applications of stochastic processes because it
satisfies the invariance principle stated below.

Let H € (0,1) and m be a stationary Gaussian process with mean 0. For every ¢ € (0,1) we define §¢ =
{8%(t)}+>0 such that for every ¢ > 0,

t/e?
SE(t) = e2H / m(s)ds.
0
We assume that one of the three following properties holds:

o If H € (1/2,1), there exists o > 0 such that E[m(0)m(t)] ~ ogt?" =2 as t — oo.
o If H € (0,1/2), there exists o5 < 0 such that E[m(0)m(t)] ~ ogt*" % ast — oo and [~ E[m(0)m(t)]dt = 0.
o If H=1/2, [°|E[m(0)m(t)]|dt < oo and [;~ E[m(0)m(t)]dt > 0.

We have the following result (invariance principle, see [31]).

Lemma 3.2. Asec — 0, 8¢ converges in distribution in C([0,00)) to cyBm where By is a fractional Brownian
motion with Hurst index H and cy is a positive constant defined by c¢3; =2 [~ E[m(0)m(t)]dt if H = 1/2 and
by 2, =opy/H(2H — 1) if H #1/2.

For all € > 0, consider the solution u® : [0,1] x R — C of the equation
ou® [ t L0 . R
T (t,x) = poRcTilL (6—2> P <Z%> us(t,x) + g(u®(t, x)),

ut(t =0,2) = ug(x),

for all (t,z) € [0,1] x R, (3.5)

where m is defined just above. Thanks to Lemmas 3.2 and 2.8, u® converges in distribution to u : [0,1] xR — C
in the space C([0, 1], L?) as ¢ — 0, where u is the solution of

u(t, z) = ug(x) +icy /0/ P (z%) u(f,x) odBpy(0) + /O/g(u(Q,x))dH, for all (¢t,z) € [0,1] xR.  (3.6)

In the equation above, ¢y is the constant defined in Lemma 3.2, By is a fractional Brownian motion with
Hurst index H. For every N € N (with h = 1/N), let {u™"¢},<,<n be the Lie scheme associated to u° and
{u™"}1<,<n be the Lie scheme associated to u. We establish the AP property.
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Theorem 3.3. For every N € N*, {u™"¢}1 o, <N converges in distribution to {u™"}1<,<n as e — 0. More-
over, there exists a constant C which depends only on g and ||uo||gs, such that for every h € (0,1] and every
e >0,

E| max [[u™" —uf(nh,)||2| < ChT and E| max |u™" —u(nh,-)||2| < ChH.
ne{l,...,N} ne{l,...,N}

Proof. By Lemma 3.2 and Theorem 2.9, we get the convergence of {u™"¢}1<,<n as ¢ — 0. By Lemma 3.2
again, S° satisfies Assumptions (Al). Moreover, because m is Gaussian, for every ¢ € N*, there exists Cy > 0
such that for all ¢t and s,

E[(S°(t) — §°(5))%7] < Clt — 5|71

Then, S°¢ satisfies assumptions (A1) and (A2), which concludes the proof by Theorem 2.10. O
Notice that, if H = 1/2, then Theorem 3.3 is Theorem 3.1 in the Brownian case.

3.3. Approximation in a long-range random medium

Recently, long-range random media have attracted a lot of attention in applications to wave propagation
(see [20,29] for instance). A fractional Brownian motion with Hurst index H > 1/2 is a basic model for long-
range dependence. Nevertheless, this model is Gaussian and we also need non-Gaussian models. A natural
generalization of fractional Brownian motions is the class of Hermite processes. Let K € N* and H = (2 —
~vK)/2 € (1/2,1). We define the Kth Hermite process of index H for every ¢t > 0 by

K
BH,K(t): gHVK(t,Z‘l,...,l‘K)HB(dl‘k)
R k=1
with
(e—itZﬁl Tj _ 1) K

Tk
Oux(t,x1,...,0x) =
| C(H)Y i x; kl;ll |z, T D/E+3/2

where C(H) a normalizing constant, B (dz) is the Fourier transform of a Brownian measure and the multiple
stochastic integral is in the sense of [14].

Notice that for K = 1, Bg,x = Bpu,1 is a fractional Brownian motion with Hurst index H > 1/2. More
generally, for every K, By i is centered and admits the same covariance as a fractional Brownian motion, that
is, for all t and s > 0,

1
E[Bu k(t)Bu.k(s)] = 3 (tzH +s2H ¢ — s|2H) .
Moreover, By, i is Gaussian if and only if K = 1.
As the class of fractional Brownian motions, Hermite processes are important in applications of stochastic

processes because they satisfy the invariance principle [15,33,34]. Let m be a continuous Gaussian process,
centered, stationary, satisfying E [m(O)Q] = 1 and such that

E [m(0)m(t)] ~ cmt™”

as t — oo, where 1 <y < 1/K and ¢, > 0. For every ¢ € (0,1) we define §° = {S§°(t) }+>¢ for every ¢ > 0 by

t

Se(t) = 677K/0 ¢ (m (;2)) ds
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where @ is a continuous function in L2(efz2/ 2dx) with Hermite index equal to K € N*. This means that if we
denote the kth Hermite coefficient of @ by

00 e—x2/2

where Py is the kth Hermite polynomial, then we have
o= &P
k=K

with @ # 0. The invariance principle for Hermite processes can be stated as below.
Lemma 3.4. Ase — 0, 8 converges in distribution to ¢y x Bu x in C([0,00)), where ¢} ;o = ch &% /(K!)2.

For every € > 0, we consider the solution u® of the equation

uf(t = 0,2) = ug(x),

for all (t,x) € [0,1] x R, (3.7)

where m is defined just above. Thanks to Lemmas 3.4 and 2.8, u® converges in distribution to u : [0,1] xR — C
in the space C([0, 1], L?) as ¢ — 0, where u is the solution of

u(t, z) = uo(z) + icn x /O P(i%) w(0,2) 0 dBi x(0) + /O g(u(0,2))d0, for all (t,2) € [0,1] x R, (3.8)

with the constant cy i defined as in Lemma 3.4, By, i is a Kth Hermite process of index H. For every N € N*

(with b = 1/N), let {u™"*}1<,<n be the Lie scheme associated to u® and {u™"};<,<n be the Lie scheme
associated to u. We now establish the AP property.

Theorem 3.5. For every N € N¥, {u"’h’s}lgng\z converges in distribution to {u"’h}lgnSN as € — 0. More-
over, there exists a constant C which depends only on g and ||uo||gs, such that for every h € (0,1] and every
e >0,

E| max |Ju™" —u(nh,-)|g2| < Ch", and E| max |[u™" —wu(nh,-)| 2| < ChT.
ne{l,...,N} ne{l,...,N}

Proof. The proof is similar to the proof of Theorem 3.3. It is a consequence of Lemma 3.4 and Theorems 2.9
and 2.10. O

3.4. Generalization to multifractional media

Fractional Brownian motions with Hurst index H > 1/2 and Hermite processes fit very well for modeling
long-range media. Nevertheless, their range properties are governed by the constant Hurst index, which implies a
strong homogeneity. To deal with less homogeneous media, multifractional processes have been introduced [5,30].
The main interest of multifractional processes lies in the fact that they have a Hurst index varying along their
trajectories. This implies more flexibility in the choice of the models. Applications of multifractional models to
waves in random media have been studied recently [29]. In this subsection we deal with the AP property of
the Lie time-splitting scheme in the case of convergence to multifractional processes. We restrict our study to
a simple Gaussian framework, but it can be easily generalized to non-Gaussian settings as discussed at the end
of this subsection.
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Let m = {m(t, H)} ¢ m)erx(1/2,1) be a Gaussian field. We assume that m is centered and satisfies for every
compact set K C (1/2,1),

lim sup |R(H1, Hg) — ‘t1 — t2|27H17H2]E[m(t1, H1)m(t2, HQ)H =0, (39)
|[t1—t2]|—o0 (Hy,Hy)EK?

where R : (1/2,1)% — (0, c0) is a continuous function. This is long-range assumption in a multifractional setting.
Let H : [0,00) — [a,b] C (1/2,1) be a continuous function. We define 8¢ = {S°(¢) }+>0 such that for every t > 0,

t/e? ) t
Se(1) :/ M) (s, H(e2s))ds :/ M) =2 (s /e H(s))ds.
0 0

The following result establishes an invariance principle for Gaussian multifractional processes (][9], see [28,29]
for generalizations and applications).

Lemma 3.6. As ¢ — 0, §¢ converges in distribution to a process Sy in C(]0,00)), where Sy is Gaussian,
centered and satisfies for all t and s > 0,

E[Sn(t)Sn(s)] = /Ot e /0 doR(H(0), H(o))|0 — o[HO+H(@)=2,

A detailed study of Sy, can be found in [9]. In particular, it is proven that Sy satisfies the main properties of a
multifractional process.
For every € > 0, we consider the solution u° : [0, 1] x R — C of the equation

ous i s 0

—(t,x) = =——m|—=,H(s) ) P|i=— | u®(t,x) + g(u® (¢, x)),
ot ) = (52 ( )> ( 535) () gttt ) for all (,z) € [0,1] xR,  (3.10)
uf(t = 0,2) = ug(x),

where m is defined just above. Because of Lemmas 3.6 and 2.8, u® converges in distribution to w : [0,1] xR — C
in the space C([0,1], L?) as ¢ — 0, where u is the solution of

u(t, ) = ugp(x) —l—i/o P <z%> u(f, x) o dSy(6) +/0 g(u(f,x))do, for all (t,z) € [0,1] xR.  (3.11)

In the equation above, Sy is the multifractional process defined in Lemma 3.6. For every N € N* (with h = 1/N),
let {u"’h’s}lgnSN be the Lie scheme associated to u® and {u"’h}lgnSN be the Lie scheme associated to u. We
have the following result.

Theorem 3.7. For every N € N*, {u™"¢}1 o, <N converges in distribution to {u™"}1<,<n as e — 0. More-
over, there exists a constant C which depends only on g and ||uo||gs, such that for every h € (0,1] and every
e >0,

E| max |[[u™" —uf(nh, )| 2| <CH™ M and E| max |[u™" —u(nh,-)||g2| < CHPH,
ne{l,...,N} ne{l,...,N}

Proof. From the covariance of Sy, we can easily deduce that there exists C' > 0 such that for all ¢ and s,
E[(8°(1) — §°())%) < Ot — 5P,
The remaining part of the proof is similar to the proof of Theorem 3.3. g

To conclude this section, notice that we can also pursue the same study for non-Gaussian multifractional models
by using Hermite processes and replacing Lemma 3.6 for suitable limit theorems (see [28,29] for invariance
principle for non-Gaussian multifractional processes).
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4. PROOFS

4.1. Proof of Theorem 2.3

Throughout this section, we consider a continuous sample path W of a given stochastic process. Notice that
all the constants appearing in this proof are independent of W, even though the other quantities do depend on
W. For the sake of simplicity, we assume that tp = 0 and T' = 1.

Let I" be the application from C([0, 1], L?) to itself such that for every U € C([0,1], L?),

LUt 2) = X(0,)uo(x / X (s,)g(U (s, ))(x)ds.

We define the sequence {U;}jen € (C([0,1], L )) by Uy := ug and Uj4q := I'(U;) for all j > 0. Using a classical
fixed-point procedure, we get the following result.

Lemma 4.1. There exists a unique solution u € C([0,1], L?) to (2.6).

Proof. Obviously, for every U and V in C([0, 1], L?) and every ¢ € [0, 1],
t
sup [|[D(U()) = T(V(#)llrz < ||gHLz'p/ sup [U(#) =V (t')|[r2d0 (4.1)
t’€[0,t] 0 t'€[0,0]
Moreover, since ¢g(0) = 0, we have
t
sup D)2 < luolla + lglein [ sup [U(E)]1240
t'€[0,t] 0 t'€[0,6]

and thus

sup [[I'(U(1))[|L2 < [luoll L2 exp(llgll Lip)- (4.2)
te[0,1]

We deduce from (4.1) and (4.2) that the sequence {U,};en is a Cauchy sequence in C([0,1],L?). Then there
exists a solution u to (2.6). The uniqueness is a direct consequence of (4.1). O

We now prove the estimates on the H*-norm of the solution u. Let us first give the following useful lemma.

Lemma 4.2. Letn > 1, ¢ € C*(R,R?) and ¢ € C"(R?,R). There exists a constant C > 0 such that for every
r €R,

(Gow)” @] <Y Vol Y ﬁHwW(w)H (4.3)
k=1

1<h <..<lpy<nr=1
li+...+lpg=n

Remark 4.3. In the previous result, remark that

NIVl Y HHw 2| = Vol [ @) + S I e 3 ﬁ”wm”
k=1

1<ih <..<lp<nr=1 k=2 1< <..<lp<nr=1
lhi+...+l=n lhi+...+lk=n

The proof of Lemma 4.2 is a direct consequence of Lemma 4.4 stated just below and whose proof is omitted.
It can be proven by induction.
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Lemma 4.4. Letn > 1, ¢ = (¢1,12) € C*(R,R?) and ¢ € C"(R?,R). Then

k J
(¢o¢)(n) _ Z Z Wiy (¢(k,j) O¢) <E¢EZT)> (H wgmr)> (4.4)

J,k>0 1<l <..<lx<n r=1
<mi<..<m;<n
1+...tmi+...=n

1<j+k<n |
where all the coefficients wy, .. m,,... are integer.
We now establish the following lemma.

Lemma 4.5. Let ug € H™, n > 1. Then there ezists a deterministic constant C,, = C(g, ||uo||zn) depending
only on ||ug|| g~ and g such that the solution u of (2.6) satisfies

sup [[u(t)|[an < Cn. (4.5)

te[0,1]
The proof of Lemma 4.5 is a direct consequence of Lemma 4.6 stated just below.

Lemma 4.6. Let ug € H™, n > 1. Then there exists a deterministic constant C,, = C(g, ||uo||u») depending
only on ||uo||gnand g such that for every j > 1, U; satisfies

sup [|U;(t)|[» < Cn. (4.6)
te[0,1]

Proof. We prove by induction that for all n € N and j € N,

t
WU (®) e < oz + e / U3 (5) - ds (47)

where ¢,, depends on g and ||ug||g» so that the proof can be concluded by Gronwall’s lemma. Inequality (4.7) is
obvious for all 5 € N and n = 1. We suppose that (4.7) is true up to the rank n > 2 and we consider ug € H" 1.
Because of Lemma 4.2 and Remark 4.3 there exists C' > 0 such that for all j € N,

n+1 k
ortlgUpl <Y IVhale Y. T l00U
k=1 1<l;<..<lp<nr=1
i+ . +lp=n+1
n+1 k
< OlVgllee [0 U | +C Y- IVF gl > T 100U
k=2 1< <..<lp<nr=1

li+...+lk=n+1

Using the Sobolev inequality ||¢]|r~ < C||@| g1, we get

n+1 k
102 9(U)| 2 < ClIVlloo |0 U || o + C D 1V 0lloe Y 1oy
k=2 1<l <..<lp<nl|lr=1 L2
li+...+lk=n+1
n+1 k
< C|Vgllo |77 U o + C D 1V loe D= 02U [T IO US
k=2 1<l <..<lp<n r=2
li+...+lk=n+1
n+1 k
< CIVYlloo |05 T || 2 + C D NIV loe D 15l e TT 1G04
k=2 1< <...<lp<n r=2

li+...+lk=n+1
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In the last sum on the set {1 <1y < ... <y <n;li+...4+lx = n+1}, at most one index from {iy,lo+1,..., lx+1}
can be equal to n + 1. Moreover, by assumption, we have sup ||U;(0)]|z < C; for every I € {0,...,n}. We
0€[0,1]

then get that for all ¢,
t
om0 (1) <[]0 o) —i—K/O 1T (0| 2056,

where K depends on g and ||ug|| gn+1. Using (4.7), we prove by induction that

t
0510l gvss < tllzess + vt [ 100 s,
0
where ¢,,+1 depends on g and ||ug|| gn+1. This concludes the proof. O

4.2. Proof of Theorem 2.4

We now state some lemmas for the proof of Theorem 2.4. The first lemma deals with the boundedness of the
splitting operators {Z(to, ) }1eft,,1) in HF for to € [0, 1] under some assumptions on g.

Lemma 4.7. Let vy € L?. If there exists k € N such that vo € H”, g is k times differentiable and its derivatives
up to the order k are bounded, then there exists a (deterministic) constant Coo > 0 such that for every
(to,t) € [0,1]? satisfying to < t we have

max || Z(to, )vol|lgr < Coo e and max _||g(Z(to, 8)vo)| g+ < Coo
OE[to,t] OE[to,t]

The constant Cw i, depends only on ||uol| g -
Proof. We follow the same lines as the proof of Lemma 4.5 (and Lem. 4.6). O

The two following lemmas provide useful estimates on the operators X and Z. Lemma 4.8 essentially states the
continuity of {X (to,t)},c(y, 1) for to € [0,1[-

Lemma 4.8. Let vg € H®. There exists a constant Cp only depending on P such that for every (to,t) € [0,1]?
satisfying tog < t we have

||X (to, t)vo — vol|L2 < Cp[W(t) — W (to)|l[voll ms-

Proof. Using the estimate |exp(iz) — 1|? < 22, we get

+oo 2
| X (to, t)vo — vol|32 = [ ‘f(vo)(e) exp ( — (W (t) — W(to))P(0)> - T(vo)(ﬂ)’ do
+oo
< W - W) [ IPOFO) 1
< CR(W(t) = W(to))lvol[7rs
where, for instance, C3 = § Zj‘:o p?. O

Finally, the Lemma stated below proves the Lipschitz property of the operators Z(tg,t) (for to < t) from L? to
itself.
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Lemma 4.9. Let vg,v; € L?. If there exists k € N such that vo and vi € H*, g is k times differentiable and
its derivatives up to the order k are bounded, then there exists a (deterministic) constant Cy > 0 such that for
every (to,t) € [0,1])? satisfying to <t we have

1Z(to, t)vo — Z(to, t)v1llrz < [lvo — villp2 exp(Cy(t — to)).
The constant Cy depends only on g.

Proof. Because of (2.5), it is enough to prove that there exists a (deterministic) constant Cy > 0 such that for
every (to,t) € [0,1)? satisfying to < ¢t we have

1Y (t — to)vo — Y (t — to)vil|zz < |lvo — vi |12 exp(Cy(t — to)). (4.8)

Since (2.7) and because g is Lipschitz, we have
t
1Y (t —to)vo = Y (¢ —to)vrllL> < [lvo —vnll> + / l9(Y (0 —to)vo) — g(Y' (6 — to)v1)]|L2df
to
t
< llvo —viflz2 + HgIIsz/ 1Y(0 — to)vo — Y(6 — to)vs | L2d6.
to

We conclude by Gronwall’s lemma. O

To prove Theorem 2.4 we deal with the local error of the scheme (Lem. 4.10) and then we prove the estimate
of the global error.

Lemma 4.10. Let vg € H®. There exists a (deterministic) constant C = C(g, ||vo||gs) > 0 depending only on
g and ||vo| s such that for every (to,t) € [0,1]? satisfying to < t we have

HS(to,t)’Uo - Y(t - to)X(to,t)U()HLz S C’Iw(t(),t).

Proof. Throughout the proof, the letter C' stands for a deterministic constant, can vary from line to line and
depends only on P, g and |[vg||gs. First, we remark that

Z(to, t)’Uo = Y(t — to)X(to, t)’Uo = X(to, t)’Uo + /t g(Y(9 - to)X(to, t)vo)de. (49)

to

Thus, we have, using (2.6) and (4.9),
S(to, t)UO — Z(to, t)Uo =R (to, t) + Rg(to, t) + R3(t0, t) (410)

where

Ry (to,t) = /tX(W){g(S(to,@)vo) —9(Z(to,0)vo)}db,

Rg(to, t) = X(Q, t)g(Z(t(), 9)’00) — g(Z(to, 9)@0)d0,
Ra(to, 1) = / (9(Z(to B)vp) — (¥ (8 — 10) X (fo, o)) A

= /t (g(Y(0 —to) X (to, 0)vo) — g(Y (0 — to) X (to,t)vo)) dO

to
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Because of (2.5), we have

t
[ R1(to, )|l L2 < H9||Lz‘p/ 1S (to, @)vo — Z(to, 0)vol|L=> db. (4.11)
to

Since Lemmas 4.8 and 4.7 we have

|Ra(to, )Lz < C [ [W(t) = W(O)lllg(Z(20, z")v0)l| 20

<o(/W >w)3gﬂmzmﬁwmnm (1.12)

From Lemmas 4.8 and 4.9 we obtain that

1Rs(to, t)l[L> < [ lg(Z(to, O)vo) — g(Y (0 —to) X (to, )vo)||> A6

to

S C/ HX(to,g)UO - X(to,t)’UoHL2 deo
20

<C ( t W (t) — W(9)|d9> . (4.13)

to

Then, by (4.10)—(4.12) and (4.13), for every (to,t) € [0, 1]? satisfying to < t we get

t t
Hﬂmﬂ%—Z%JMMPSC/HWH—WWMW+MMw/Hﬂm@m—Z%ﬁWﬂmM~
to to

We complete the proof by using the modified Gronwall lemma recalled below (Lem. 4.11). O

Lemma 4.11 (Modified Gronwall lemma). Let ¢ and f be two nonnegative functions defined on an interval
[a,b]. We assume that there exists a constant ¢ > 0 such that for every t € [a,b], ¢(t) < f(t) + cf; ¢(0)do
Then, for every t € [a,b], ¢(t) < f(t) + ce f; e f(6)do

Remark 4.12. Remark that we do not assume f to be increasing.
Now we prove Theorem 2.4.

Proof of Theorem 2.4. We write
ul —u(nh,-) = Z (Z"’h L gihgimLh L Ghhyy — gt ZitLhgih S{’uo) .
j=1

From Lemma 4.9, there exists a (deterministic) constant Cy > 0 depending only on ¢ such that

n
[u™" — u(nh, )| < Zecg(”_j)H(Zj’h — §PmMygI=Lh L Shhy|| e,
j=1
By Lemmas 4.10 and 2.3, there exists a (deterministic) constant C(g, ||uol|zs) > 0 depending only on g and
luo|| s such that

N

e ™" = w(nh, )| < C(g, ||uol ) Z ((j = 1)h, jh).

This concludes the proof. O
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4.3. Proof of the asymptotic-preserving property
We first prove Theorem 2.8 which deals with the continuity of the solution with respect to W.

Proof of Theorem 2.8. Let wy and wo in C([0,1],R). We have
t
Uy (t7 l‘) = Uwy (t’ 'T) = le (0’ t)uo(x) - Xw2 (07 t)uo(x) + / (le (97 t) - Xw2 (97 t))g(uuh (97 l‘)) d¢
0

- X (8, 1)(g ot (6,2)) — gt (6,))) .
Taking the L2 —norm, we get
i (6 = 22 < [ Xo 0. 0 = ol + [ (X (0,2) = X (0,69 ot (O)] 12 00
+f X (0, 2) 9t (6)) — 9t )]
From Lemma 4.8, we get
10 0,80 = Xoa 0. a1+ [ (X (6,1) — X (0, 0)) gt )] 00

= 113,00 = Xo 0. 22 + | X 60, )9 s (6)) — gty (002 6
< lfuwr = wlloo(lluoll s +2/Ot 19t ()15 46) < Clluwn — wslloc

where the constant C' > 0 only depends on g and ||ug||gs. Moreover,

/0 |1 X, (6, 8) (9 (v, (0)) = 9(ww, (6)))]| 2 A6 :/o 19 (v, (0)) = 9w, (6))]] 2 A8

t
< IVglleo / [ty (8) — 1y (6)]] 26

Then, we obtain

t
[ty () =ty ()| 22 < Cf|wr — waloo + ||V9||oo/O [ty (0) = s, (0] L2d6.

By Gronwall’s lemma,

sup [t (8) = twaw, (B)]| 22 < Cexp([[Vglloo)[ w1 = w2l[oo,
tef0,1

which concludes the proof. O
We then prove Theorem 2.9 which states the continuity of the splitting scheme with respect to W.

Proof of Theorem 2.9. By induction, it is enough to show that there exists C' > 0 such for all j =1,..., N and
(w1, w2) in C([0, 1], R)?,

h
2

= wliyllze < Clluds, ™ =, "2 + Cllwr — w2l o. (4.14)



588 R. DUBOSCQ AND R. MARTY

Throughout this proof, C' stands for a positive constant which depends on |[ugl|gs, g and N and can vary from
line to line. We have, using (4.9),

Jih _ o 0h — xdh, i—Lh _ xdhy j—1,h
uwl u'LUQ - Xw1 uwl Xw2 ’LLw2

Jh S S
+/ (g(Y(9 = (= DR)XG ") — g (Y0 - (G - 1)h)XZU’QhUZu§1’h))d9-
(G=1h

Taking the L?—norm, because g is Lipschitz and using (4.8), we get

i h j,h b, j—1,h j,h, j—1,h
HuZul - u‘Z,UQ |L2 S HX’Z)l uzﬂll - X’-Zug u"zugl |L2
ih o o
+/ g(Y (0 = (G = DR)XGMul, M) = g(Y (0 = (5 = D)Xl M) | de.
(G—Dh 12
j,h, j—1,h b, j—1,h
< ONXG uy, ™ — X ud, " [l 2.
Because of Lemmas 4.5 and 4.8, proceeding as in the proof of Theorem 2.8, we obtain
iy —wlitlle < CIXG (uly " = wly, M) pe + ClIXG ul M — Xl |2
< Cllu ™" = ul, M lpe + Cllwr — w2

This concludes the proof. O

Finally we prove Theorem 2.9 which establishes the uniform convergence of the splitting scheme when the
time step goes to 0.

Proof of Theorem 2.10. By Theorem 2.4 and Remark 2.5, there exists a constant C' which depends only on g
and ||uo||gs, such that for every h € (0,1] and every € > 0,

N
E Lefnffw} [l — e (nh, -)||L2} < C’;]E [Zwe ((n — 1)h, nh)]. (4.15)

By Hoélder’s inequality and (2.13), we have

nh 0
E[Zw-((n — 1)h,nh)] < / E[|W*(nh) — W (0)|7]/7 +/ E[|We(0) — We(o)|"]"/"do | d6
(n—=1)h (n—=1)h
< C'pB/
where C’ is a constant. Combining the last inequality with (4.15) we conclude the proof. O
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