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MINIMAX REGRESSION ESTIMATION FOR POISSON COPROCESS*

BeENOIT CADRE!, N1COLAS KLUTCHNIKOFF? AND GASPAR MASSIOT?

Abstract. For a Poisson point process X, Ité’s famous chaos expansion implies that every square
integrable regression function r with covariate X can be decomposed as a sum of multiple stochastic
integrals called chaos. In this paper, we consider the case where r can be decomposed as a sum of § chaos.
In the spirit of Cadre and Truquet [ESAIM: PS 19 (2015) 251-267], we introduce a semiparametric
estimate of r based on i.i.d. copies of the data. We investigate the asymptotic minimax properties of
our estimator when 0 is known. We also propose an adaptive procedure when ¢§ is unknown.
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1. INTRODUCTION

1.1. Regression estimation

Regression estimation is a central problem in statistics. It is widely used and studied in the litterature.
Among all the methods explored to deal with the regression problem, nonparametric statistics have been widely
investigated (see the monographies by Tsybakov [14] for a full introduction to nonparametric estimation and
Gyorfi et al. [5] for a clear account on nonparametric regression). A more recent challenge regarding this
statistical problem is the regression onto a functional covariate (see the books by Ramsay and Silverman [13]
and Horvath and Kokozska [6] for more precision on functional data analysis). Although very challenging, the
functional regression problem in the minimax setting has little coverage up to our knowledge. In the kernel
estimation setting, Mas [11] studied the small ball probabilities over some Hilbert spaces to derive minimax
lower bounds at fixed points. More recently, Chagny and Roche [4] derived minimax lower bounds at fixed points
for adaptive nonparametric estimation of the regression under some Wiener measure domination assumptions
on the small ball probabilities. Based on the k-nearest neighbor approach, Biau, Cérou and Guyader [1] used
compact embedding theory to get bounds on the minimax risk. See also the references therein for a more
complete overview.
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1.2. Minimax regression for Poisson coprocess

In this paper, we focus on a regression problem for which the covariate is a Poisson point process. In the
spirit of Cadre and Truquet [3], we use a method based on the chaotic decomposition of Poisson functionals.
Let X be a Poisson point process on a compact domain X C R? equipped with its Borel o-algebra X. Letting
d, the Dirac measure on z € X, the state space is identified to S = {s = Z:’;l 0z, : m € N*, z; € X} equipped
with the smallest o-algebra making the mappings s — s(B) measurable for all Borel set B in X. We denote by
Px the distribution of X whereas L?(Px) denotes the space of all measurable functions g : S — R such that

H9||12L2(PX) = Eg(X)? < +oc.

Let P be a distribution on & x R and (X,Y’) with law P. Provided E|Y| < 400 where E is the expectation with
respect to P, we consider the regression function r : S — R defined by r(s) = E(Y | X = s).

We assume that 7 belongs to L?(Px) and we aim at estimating r on the basis of an i.i.d. sample randomly
drawn from the distribution P of (X,Y). In this context, any measurable map 7 : (S x R)” — L?*(Px) is an
estimator, the accuracy of which is measured by the risk

Rn(iz, ’I”) = EHHF — 7'”]%2(]}»)(),

where E™ denotes the expectation with respect to the distribution P®". Following the minimax approach, we
define the maximal risk of 7 over a class P of distributions for the random pair (X,Y") by

R, (7, P) = sup R, (7,r).
PeP

We are interested in finding an estimator 7 such that

R, (7, P) < inf R, (7, P),

where the infimum is taken over all possible estimates of r and u, < v, stands for 0 < liminf, u,v,! <
lim sup,, u, v, ! < +o00. Such an estimate is called asymptotically minimax over P.

1.3. Chaotic decomposition in the Poisson space

Roughly, It6’s famous chaos expansion (see Itd [8] and Nualart and Vives [12] for technical details) says
that every square integrable and o(X)-measurable random variable can be decomposed as a sum of multiple
stochastic integrals, called chaos. To be more precise, we now recall some basic facts about chaos decomposition
in the Poisson space. Let p be the mean measure of the Poisson point Process X, defined by pu(A) = EX(A)
for A € X, whenever X (A) is the number of points of X lying in A. Fix k& > 1. Provided g € L2(u®*), we can
define the kth chaos I (g) associated with g, namely

I(g) =/A gd(X — p)®*, (1.1)

where A, = {z € X¥ : ; # x; for all i # j}. In Nualart and Vives [12], it is proved that every square integrable
o(X)-measurable random variable can be decomposed as an infinite sum of chaos. Applied to our regression
problem, this statement writes as

P(X) = BY + 30 (), (12)
k>1

where equality holds in L?(Py), provided EY? < co. In the above formula, each f is an element of L2 (u®*)

sym
~the subset of symmetric functions in L2(u®*)-, and the decomposition is defined in a unique way.
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1.4. Organization of the paper

In this paper we introduce a new estimator of the regression function r based on independent copies of (X,Y)
and we study its minimax properties. Section 2 is devoted to the definition of a semiparametric model i.e. the
construction of the family P of distributions of (X,Y). In particular, we assume that r is a sum of § chaos. In
Section 3, we provide a lower bound for the minimax risk over P. When ¢ is known, we prove that our estimator
achieves this bound up to a logarithmic term. Finally, in Section 4, we define an adaptive procedure when 9§ is
unknown, the risk of which is also proved to be optimal up to a logarithmic term. Last sections contain proofs.

2. MODEL

In the rest of the paper, we let ©® C RP. For each § € O, ¢y : X — R, is a Borel function. The family
{po}oco contains the constant function 1x/A(X), and is such that there exists three positive constants ¢, @
and ~; satisfying, for all z,y € X and 6,6’ € O,

¢ < po(x) <7, (2.1)
o () — o ()| <710 — 0],
lpo(z) — wo(y)| <mlz —yl,

where, here and in the following, | - | stands for the euclidean norm.

Let (X,Y) be a pair of random variables taking values in & x R with distribution P, where S is the Poisson
space over the compact domain X C R?. Here, X is a Poisson point process on X with intensity ¢y, i.e. for all
set A e X:

EX(A) = /A vod), (2.4)

where ) is the Lebesgue measure and E is the expectation with respect to P. In other words, the mean measure
of X, say u, has a Radon—Nikodym derivative @y with respect to \. We assume that for all [ > 1, there exists
an estimator

él:(SxR)lH@,
such that,

~ K
E'6, — 6]? < , 2.5

- 0P < (25)
where k£ > 0 is an absolute constant that does not depend on I and E! is the expectation with respect to P,
As shown in Birgé ([2], Prop. 3.1), the above property is satisfied by a wide class of models, provided 6; is a
maximum likelihood estimate.

Moreover, the real-valued random variable Y satisfies, for some u, M > 0, the exponential moment condition:

EYZetY! < M, (2.6)

As seen in (1.2), the regression function r(s) = E(Y | X = s) has a chaotic decomposition. In our model,
we consider the case of a finite chaotic decomposition, i.e. there exists a strictly positive integer § and f; €
L2 (1), .., fs € L2 (u®°) such that

sym sym
1
r(X) :]EY‘F;HIk(fk)a (2.7)
=1
where the Iy (fi)’s are defined in (1.1). The coefficients fi.’s of the chaos lie in a nonparametric family, for which
there exists two strictly positive constants v, and f such that for all k = 1,...,d, and z,y € X*
(@) = fe(y)] <72lz —yl, (2.8)

© 0o

(@) < f. (2.9)
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Remark 2.1 (On the finiteness of the number of chaos).

(1) Finiteness of the number of chaos roughly implies that the regression function r(X) is unbounded. Indeed,
consider for simplicity the case where r(X) is decomposed onto only one chaos, i.e.

r(X) = /de(x —A).

Here X is a simple Poisson process on the domain X C R with unit intensity and f is any A-integrable
function on X. Observe that, if f > a > 0, then

r(X) > aX(X) - /de)\.

Consequently, r(X) is unbounded. The same tendency may be expected whatever the number of chaos.

(2) Finiteness of the chaotic decomposition relies on the distribution of (X,Y") wia the Malliavin calculus.
Indeed, as proved in Proposition 4.1 by Last and Penrose [10], the decomposition in § chaos of 7(X) holds
if and only if the (6 + 1)th Malliavin derivative of r is null.

In the rest of the paper, the constants ¢,®,v1,u, M, 9,72, f and x will be fixed, and we shall denote by P the
set of distributions P of (X,Y’) such that the assumptions (2.1)—(2.9) are satisfied. In this setting,  implicitly
denotes the true value of the parameter, that is @p is the intensity of X (with mean measure p).

3. MINIMAX PROPERTIES FOR KNOWN ¢

3.1. Chaos estimator

Our task is to construct an estimate of the regression function which achieves fast rates over P. Let P € P
and (X,Y) ~ P where X has mean measure u = @p - \.

First recall some basic facts about chaos decomposition in the Poisson space. If g € L2(u®*) and h € L2(u®!)
for k,1 > 1, we have the so-called It6 Isometry Formula:

Bl (9)I;(f) = k! / ghdp® 1,y and EI,,(g) = 0, (3.1)
X,
where g and h are the symmetrizations of g and h, that is, for all (z1,...,z;) € XF:
_ 1
g(l‘l,...,ajk) = Hzg(l‘g(l),...,xa(m), (32)

the sum being taken over all permutations o = (0(1), ce U(k)) of {1,...,k}, and similarly for h.

Now let W be a strictly positive constant and W be a density on X such that supyx W < W. Furthermore,
let hy, = hi(n) > 0 a bandwidth to be tuned later on and denote

1 .
Wi ()= —W[—)-
One may easily deduce from relations (1.2) and (3.1) that

BY I (WM (z — ) = /Xk FeWEFR (@ — ) FdA®F,
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where, here and in the following, for any real-valued function g defined on X, the notation ¢®* denotes the
real-valued function on X* such that

k

g% (x) = Hg(wi), x=(21,...,21) € X~
i=1

Thus, under the smoothness assumptions (2.1) on ¢y and (2.9) on fi, the right-hand side converges to
Fe(@)p$F (2), provided hy, — 0.

Now let (X,Y), (X1,Y1),...,(X,,Y,) be iid. with distribution P. Based on this observation, a semipara-
metric estimate denoted Iy, (X) of the kth chaos I(f) of (1.1) may be defined as follows:

_ E Y1y, ke 2 77 X; —p; - A d X —w; -\ dﬁL’, 33
nia =T /Ai 2 () ( w5, A (dy) (X =y - )7 (d) (3.3)

where T}, > 0 is a truncation parameter to be tuned later on and the 6,’s are the leave-one-out estimates defined
by 0; =0, ((Xj)jgn’j;,gi) (see Sect. 2)

3.2. Results

Based on the estimate (3.3) of the kth chaos, we may define the following empirical mean type estimator of
the regression function r for any strictly positive integer [

l
A(X) =Y+ Y ol (X)), (3.4)

where Y, is the empirical mean of Y3,...,Y,,.
In this subsection, we study the performance of the estimate 75 of the regression function from a minimax
point of view when the number of chaos § is known.

Theorem 3.1. Let ¢ > 0 and set T,, = (Inn)'*¢ and hy, = (T2n=1)Y/ k) Then,

" 2/(2+d5)
limsup | ——=— sup Ry, (75,1) < 00.
n~+£<<lnn>2+26) o B (Fa.r)

Remark 3.2. Thus, the optimal rate of convergence over P is upper bounded by ((ln n)2+26n*1)2/(2+d5). Here

it is noticeable that, up to a logarithmic factor, we recover the optimal rate n=2/(2+4%) corresponding to the
do-dimensional regression with a Lipschitz regression function (see, e.g., Thm. 1 in Kohler et al. [9]).

In our next result, we provide a lower bound for the optimal rate of convergence over P in order to assess
the tightness of the upper bound obtained in Theorem 3.1.

Theorem 3.3. We have,

lim inf n?/2*4%) inf sup R, (7,r) > 0,
n—+o0 T pep

where the infimum is taken over all estimates T.

Remark 3.4. Theorem 3.3 indicates that the optimal rate of convergence over P is lower bounded by n—2/(2+d%)
which, up to a logarithmic factor, corresponds to the upper bound found in Theorem 3.1. As a conclusion, up
to a logarithmic factor, the estimate 7s is asymptotically minimax on P.
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4. ADAPTIVE PROPERTIES FOR UNKNOWN ¢
We now consider the case of an unknown number of chaos §. For m > 0, we set
Pm)={PeP:|fc]l =m; kel,...,o}
where ||-|| stands for the L2-norm relatively to the Lebesgue measure. Thus, whenever P € P(m),
0 =min(k : || fx|| =0) — 1.
Based on this observation, a natural estimate of § may be obtained as follows. Let we assume that the dataset

is of size 2n, and let (X1,Y1),..., (Xan, Y2, ) be i.i.d. with distribution P € P(m). For k € 1,...,0, we introduce
the empirical counterpart of g fi, defined by

2n
. 1 k
Bl == D2 V[ W) (X ) (), (4.)
i=n+1 k

where 6 = On(Xps1,..., Xop) is defined in Sect. 2), and b, = bg(n) is a bandwidth to be tuned later. The
estimator § of § is then defined by

§ = min(k : gl < pr) — 1. (4.2)

where pr. = pr(n) is a vanishing sequence of positive numbers that we choose later on. We may now define the
adaptative estimator 7 of r by

T =T,
where 7 is defined in (3.4) for all strictly positive integer .

Theorem 4.1. Lete > dd > 2, a, 3 > 0 such that a+ 3 < 1 and 2a+ 3 > 1/(2+d6), and set T,, = (Inn)+e.
Then, if we take for all integer k,

hi = (T2~ )Y @R - o — (2k))2n(@HP=D/2 gnd by, = n~P/ 240

we obtain, for all m > 0,

n 2/(2+d0)
lim sup (7> sup R, (7,r) < 4o0.
n—+o00 (ln TL)2+25 PeP(m) ( )

Remark 4.2. Here it is noticeable that despite the estimation of the number of chaos  and up to a logarithmic
factor, we recover the optimal rate n=2/(2+49) of Theorems 3.1 and 3.3.

5. PROOF OF THEOREM 3.1

In this section, we assume without loss of generality that the constants B, v1, 72, f, A(X) and W are greater
than 1 and that ¢ is smaller than 1. Moreover, C' denotes a positive number that only depends on the parameters
of the model, i.e. u, p,®, 71,72, f,6,0, %, A\(X), M and W, and whose value may change from line to line.

We let P € P and, for simplicity, we may denote E = E™ and var stands for the variance relatively to P®".
Finally, let (X,Y), (X1,Y1),...,(X,,Y,) be i.i.d. with distribution P.
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5.1. Technical results

Let k£ > 1 be fixed and denote for all z,y € X andi=1,...,n:

W, (z —y) Wh,(z —y)
gi(z,y) = ————— and g(z,y) = ————— 5.1)
H 2, @) 20(@) (
We also let
dX; = dX; — ;. d), dX] = dX — @ d, (5.2)
dX; = dX; — ppd and dX = dX — pgdA. (5.3)
With this respect, we have (see (3.3)):
. 1< . ;
o (X) = 23 Vibisjen, [ o) X0 @0) X[ da).
i=1 k
Furthermore, denote for all z € X*:
Zur(w) = Vilpjer, || o7 @) XEH) (5.4)
k

Lemma 5.1. Leti=1,....n and k < be fized. Then for all x € X*:

L kICF L RN
var(Z; i (z)) < Tnh—‘ék’ and |EZ; (z) — fr(x)] < C (¢h_ﬁk> + C"hy,

where ¢ = EY?1)y >, .

Proof. On the one hand, by the isometry formula (3.1) over the set P,

var(Zix(z)) < T?E (/A g‘z‘@’k(fﬂ,z/)?~f(2°’€(<111/)>2

— 2
< Tﬁk!/kg@)’“ (z,y)05 " (y)dy
X

<T2W’“¢k k!
e ) Q02k h_gka

k

where ¢®F(z, ) is the symmetrization —see (3.2)- of the function g®¥(z,-) defined in (5.1). On the other hand,
denote

Zin(@)=Y; | g% (z,y)XPF(dy),
Ay

then by the isometry formula (3.1):

EZ; 1 (z) = Er(X) /

g (2, y) X (dy) = / Fe@)gF (2, ) oS (y)dy
Ap Xk

1

= 25 (@) S fr(@ = hy2)WOR(2)pP% (x — hyz)dz.
%
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Furthermore, by assumptions (2.1), (2.3), (2.8) and (2.9) on the model, we have for all z,y € X*:

[fe(@)eg" (@) = few)es™ )| < B[ ful@) — fr()| + Flog* (@) — o5 ()]
< (@ 2+ k[P ) 2 -yl
<2k oz — yl.

Hence, letting wy, =[5, |2|W®*(2)dz,

t

EZi(z) — ful2)| < [E(Zin(2) = Zin(@))| + [EZik(z) — fu()]

< [EY1y|s, R 9®k($7y))~(®k(dy)| + [EZ; k(z) — fr(2)|

o 1/2

One last application of the isometry formula (3.1) to the first term on the right-hand side of above gives the
Proposition. U

With the help of notations (5.1)—(5.3), define

Z1k:]E</
A2

k

sz:]E</
A2

k

97" (@, y) X P (dy) [X[¥F () — X‘g’k(dw)]) : (5:5)

2
97" (@, ) [XP* (dy) — X?k(dy)]ff@k(dx)) : (5.6)

Lemma 5.2. Leti=1,...,n and k < ¢ be fired. Then, for j =1 or 2:

(k)?*
nhdk

Jk?—Ck

Proof. The proofs for the bounds for R}, and R}, being similar, we only prove the one for Ri,. We have

t, =ERE (/
A2

k

98" (2, y) X ¥ (dy) [X;‘@k(dw)—)‘é@k(dw)]) (Xiza |

Using the independence of X and (X7);<,, we can apply Lemma 4.2 from Cadre and Truquet [3], which entails

_ B2
ik<ZJ!<j> @J/XklE

Jj=0

2
v ( / g?k<w,y>X?k<dy)> 1 dz, (5.7)
Ay
where V; = [|pg — ©pl|?. Now let 2 € X¥ and j = 0,...,k — 1 be fixed. We have
4 K 2 . A ) 2
B! ([ ot e xetan) <2 ([ o) (30 - £ @)
k k

2
+2]EVikﬂ </A g?k(:r,y))z?k(dy)> )
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We proceed to bound the two terms on the right-hand side of above. As before, we apply Lemma 4.2 from Cadre
and Truquet [3], but conditionally on (X;);<n ;. For notational simplicity, and since it does change the result

anymore, we do not specify the symmetrized version of the functions when using the isometry formula. By (3.1)
and assumption (2.1), we then get

2 k—1 2
EV*-i (/ g?k(w’y)XZ@k(dy)> < 22“<k> alEv;Qkflfj/ 9E (2, y)?dy
+ 2k!¢kIEVik_j/ gf@k(x,y)zdy.
Xk
Note that for all m > 1, by (2.2), we have
m — -1 2
V" < (BPAX) ™" (sup 129, = 0]) AX)
< (PAX))"16: — 6%,

and

k
Hence, since l!<l> < k!, we get with (2.5):

—k
W' Kk 2

2 .
BV (/A g;@’%x,y)Xi@’“(dy)) < o (@ (X)) (7 + B°A)".

Finally, we deduce with similar arguments and inequality (5.7) that

—k

fo< 2002

R L 2k

because both ¥ and A\(X) are greater than 1. The Lemma is proved. 0

Lemma 5.3. Let ¢ > 0 be fized and set T, = (Inn)'™¢. Then, for all k < §:
R Inn 24-2¢
Bl () - R(5)7 < o2 (B2 4 z)

dk
nhy,

Proof. With the help of notations (5.1)—(5.3), we let
1 — - -
h= 3 Yiler, /A 9P () X () X (a),
i=1 k

1O " "
Ta= 23 Vilijer, [ 6% @) XF (a0 X5 o).
i=1 k
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Then, using notations of Lemma 5.2, by Jensen’s Inequality

. T2 <, ,
E(Ik,hk(X) - Jl) < 2_ Z( 1k + Rk,

i=1

Hence, by Lemma 5.2

(T (X) = J1) <TQC’€(IZZIZ (5.8)

Moreover, sequentially conditioning on (X;);<y, then on (X;);<n,ii, and using assumption (2.1), we find with
two successive applications of the isometry formula (3.1) that

2
B~ 12)” < WPL2E"E [ (57 (w) — 9H(ww)) dady.
X2k

Now let z,y € X¥ be fixed. We have

@k g
Wi ($_y)k<pk : sup |9y, — ol
pitx) et x T

97" (@, y) — g* (@, )| <
so that (2.2) and (2.5) give

E(J - Jo)* < C*T2 (’2‘32 (5.9)

Finally, using notation (5.4), by the isometry formula (3.1), we have

E(Jo — Iu(fi))> =E (/ ( ZZZ K )) X®k(dx)>

i [ E( %z k(@) = (@) 5" @)

[ (%Var(zl,k@)) + (E2140) — (@) ) 65 @

By Lemma 5.1, we thus get

1)2
E(J2 — Ik(fk))2 <72 (k! Ldf + Ok(k;')2hdk + CkEIn2.

Moreover, given that (2.6) gives ¢ < e~"“Tn EY2e*IY]. Consequently,

k T2 e—2uTn )
]E(Jz_jk(fk)) < C*(k1)? ( hdF +W+hk> :
n k

Finally, combining inequalities (5.8), (5.9) and above, we deduce that with the choice T}, = (Inn)*e:
- 2 Inn)2t2e
Bl (0) - 1(7)" < O (B0 1)
k

hence the Lemma. O
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5.2. Proof of Theorem 3.1
According to Jensen Inequality and Lemma 5.3, we have by (3.4) and (2.7):

2 - d 1. 2
B (75 (X) — (X)) = E(Yn SEY 4 Y g (o () - () )

k=1
2var lnn 2+2e
+6 Z c* ( hi) :

, we deduce that, since var(Y') < M:

Setting Ay = ((In n)2+5n71)1/(2+dk)

)

242¢ \ 2/(2+dd)
E(75(X) - r(X))? < % +C (%)

hence the theorem. O

6. PROOF OF THEOREM 3.3
In this section we assume for simplicity that X contains the hypercube Xq = [0, 1]%.
6.1. Technical results

We introduce the set F = Fs(72, f) of functions f : X® — Rin L2 (A®?) for which conditions (2.8) and (2.9)

sym

hold, and let R = Rs(v2, f) be the class of functions r; : S — R with f € F such that

=5 [, Fae -0 (61)

Letting P the distribution of the Poisson point process on X with unit intensity, we may define the following
distance D on R by

D(rsy,rp) =rfe — 71 llL2(p)- (6.2)

Whenever P € P, we can associate the regression function r. To stress the dependency on r, we now write P,
instead of P. Now let N > 0. We define the following three conditions for any sequence of size N + 1 of functions
O W) from S to R

(R1) 7)€ R, for j =0,..., N;
(R2) (’F(Z) r()) > 2n‘1/(2+d5) for 0 <i<j<N;
R3)

Z IC IP’T(:’) , IP’?Z}) < alog N for some 0 < o < 1/8 where K is the Kullback-Leibler divergence (see e.g.
Tbybakov [14]).

Lemma 6.1. Introduce fo =0, fi1,..., fn, N + 1 functions from X° to R such that

(F1) f; € F;
F2) [Ifi - f]|| > op~1/(2+d?).

2
(F3) NZ_”fz” < alog N for some 0 < o < 1/8.

Then, the sequence of functions ry,, ..., 75y defined by (6.1) verify conditions R1, R2 and R3.



MINIMAX REGRESSION ESTIMATION FOR POISSON COPROCESS 149

Proof. First of all, remark that since f; € F for j = 0,..., N, by definition of the r,’s and the set R, we
have 7y, € R. Hence condition R1 is satisfied by the ry,’s. Now remark that the It6 isometry (3.1) gives for
any 0 <4, 5 <N

D(T‘fj’Tf’L) = ||f] - sz
This ensures that the 7y,’s statisfy condition R2. Finally, for all j =0,..., N

K(Pe" P%) = nk(P, . Pry,)

T.f7 I’

=nE 1 d]P’"fOXY
=nk,, OgdP (X,Y)

Tt

ae,.,
=nE,, E,, | log aF,, (X,)Y)| X |,

where E,. is the expectation under P, . Denote by p the density of the N(0,1). Then, since fo =0

dPTfO - p(u)
E, <log I, (X,Y) | X) = /Rlog <m> p(u)du.

Simple calculus then give

2

(Tfj (X)) :

N —

dP,,
]Erfo (10g CHP%(X,Y) ‘ X) <

T
Thus, by the 1t6 Isometry,

k(g PE) < SIAI1%

£ Tfo
hence the lemma. O

6.2. Proof of Theorem 3.3

Let Py be the subset of distributions P, of (X,Y) in P for which X is a Poisson point process with unit
intensity (recall that the unit function lies in {¢g}gco, see Sect. 2) and such that

Y =r(X)+e¢, (6.3)
where 7 € R and ¢ is independent from X with distribution A(0, 1). Since Py C P, we have

inf sup R, (7,7) <inf sup R, (7,7).
7 P.ePo T PP

As a result, in order to prove Theorem 3.3, we need only to prove that

liminf n? 24 inf sup R, (7,r) >0,
n—-+oo T PTGPO

which accordingly to (6.2) may be written

liminf n?/ 4% inf sup E"D?(7,r) > 0, (6.4)
n—-+oo T P, ePo r
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where E? denotes expectation with respect to P®". Then, according to Lemma 6.1 and Theorem 2.5 page 99 in
the book by Tsybakov [14], in order to prove (6.4), we need only to prove the existence of a sequence of functions
satisfying conditions F1, F2 and F3 defined in the previous subsection. To this end, we let 1) € ]Lsym()\w) be a

nonzero function such that Supp(y/) = X§ and, for all z,y € X¢:
5 _
[0(y) — ()] < Iy — | and ()| < f. (6:5)

Let Q = |con®/(2+4) | > 8 where ¢y > 0 and [-] is the integer part and let a, = (1/Q)"/ (49, One may easily
prove that there exists ¢1,...,tg in Xg such that the functions

Gnp

7/1q('):an1/1(._tq>, for qzl,"'an

verify the following assumptions

(1) Supp(hy) C X§, for g =1,...,Q;

(2) Supp(¢yg) N Supp(ty) = 0, for g # ¢';
(3) A% (Supp(v)) = Q"

Now let, for all w € {0,1}%:

Q
fol) = quwq(')v
qg=1

According to the Varshamov—Gilbert Lemma (see the book by Tsybakov [14], Lem. 2.8 p. 104), there exists a
subset 2 = {w©® ... w™} of {0,1}9 such that w(® = (0,0,...), N > 2%9/8 and for all j # k:

Q
) & Q
;‘wé;) — WP > =

Now fix 0 < v < 1/8 and set

co = (AP~ /@),
We may now prove that functions {f,_ ;) : 7 =0,..., N} satisfy conditions F1, F2 and F3. First of all, let j # k
be fixed and remark that,

1 fuir = fum | < /xé (foor (@) = fom (x))zdﬂﬁ
0 Q )
ety

I
T

o>

/

q=1

I
Me
o

(W) — w®)2a2 2 (@) dz,
Supp(thq) n

q=1

|w((lj) — wék)| ) wQ(aj)daz.
1 X3

I
oI5
Mo

q

Furthermore, by definition of the set {2, we have

®|O

Q
<Y o) ] <@
q=1
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so that

2
W2 < o = fuo I® <lla2, (6.6)

Now let 0 < 7 < N. Since ¢ € Lgym()\@‘s) it is clear that f,¢) inherits that property. Then, using the first part
of assumption (6.5) on 1 and assumption (ii) on the 1),’s, one may easily prove that f_) is a Lipschitz function
with constant .. Finally, using the second part of assumption (6.5) on 1 and assumption (ii) on the ,’s, we
get that for all z € X*, |f o) ()| < anf with a,, < 1 as soon as n > Ca(2+d§)/(d5). We conclude that f ;) € F
so that condition F1 is satisfied by f,,¢). Now, taking k = 0 in (6.6) gives

N
1 n o _ nlll? 5 I —(24ds)/as)
_ j < < .
N %:1 2||fw<>|| ST <TG Q

Since N > 22/8 and ¢ > (4||¢||2a1)¥/ (2440 | we get
1 oan
¥ 2 5 1w P < 4lPe @ log N < alog N,

so that F'3 is satisfied. Finally, according to (6.6), we have

”fw(j) o fw(k)” > !i/;l ap = %( ) 1/(d5)n—1/(2+d5).
We can now conclude that conditions F1, F2 and F3 are satisfied so that according to Theorem 2.5 page 99
from the book by Tsybakov [14] and Lemma 6.1, (6.4) is verified. Theorem follows. O

7. PROOF OF THEOREM 4.1

In this section, we assume without loss of generality that the constants @, 71, 72, f, A(X) and W are greater
than 1 and that ¢ and m are smaller than 1. Moreover, C' denotes a positive number that only depends on the
parameters of the model, i.e. m,u, p, P, 8, V1,2, f, 0, &, A(X), M and W, and whose value may change from line
to line. N

We let P € P(m), and for simplicity, we denote E = E2" the expectation with respect to P®?". Recall that
the pairs (X,Y), (X1,Y1),..., (Xan, Ya,,) are i.i.d. with distribution P.

7.1. Technical results

For k > 1, denote for all z € X*:

=23 [ W - (- e ) ). (7.1)
nia Ag
We also let

Sk =+ I 00) + AC0) (7.2)

Lemma 7.1. We have, for all k:

-6
pIk/2
by,

lgr — grll < C*Sy,
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Proof. Let ji the signed measure

fldy) =+ _Z Vi (i =5 - ) (dy) = (X = 00 - 2) ()]

n k l k k
:—Z ZZ< )(—1)k‘lHXi(dyj) IT eotwndy; = TT wolys)dy;

1=0 =1 j=l+1 j=l+1
Then,
2
o anli = [ ( / Wk (dy>) da
= [ w0k - y®hae atayata®),
But,
Wk:
Rk 1 ®k 2
/xk Wy " (x —y ))ka (z —yP)da < b?'

Furthermore, one gets by induction that for [ =0,...,k — 1:
k k
1T @) — TI eolwy)| <& Z lva(yi) — eo(y;)l,
j=l+1 j=l+1 j=1+1
and by assumptions (2.1) and (2.2),

/| S Ven05) — 90(us)des g < (s — DAGDP- 1 lp = eoldn

—l+1

< (k= DAX)*'5|0 —0].

Puting all pieces together, we get

||gk_gk||2_ bdk ( Z|Y2k;< ) (X)'g - IA(X )k_lé—9|>

We can then conclude

2 n 2
95 = oxll* < M|9 92<1ZIE(Xi(X)+¢A(X))’“_1>.

bk i=1

2

Lemma follows, since A(X) > 1. O

Denote for all i, >0

sy = B[V (X(X) + BPAX)). (7.3)

Moreover, (V;,), is a sequence of real numbers, bigger than 1 and tending to infinity, to be tuned latter.
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Lemma 7.2. Let [ >0 be fized. Then for all x € X*,

Cvlk

~ l
]E‘Y/ W}i’k(w—y)X@k(dy)‘ < sLakg
Ag k

Moreover,
- 2 V2 e—an/2
E(Y [ W@ —-y)X®*(dy) | <C"saan (klme+ —7— )
A, " ’ be b

Proof. First observe that

d
i 1=0
W
< W (X(X) + @x\(X))
Hence,
1 —lk
W sk
E’Y Wl;g’k(ac—y)X(@k(dy) < ik
Ap k

Regarding the second inequality, we observe that

( J, Wi X®k<dy>) < VPR ( [ wte y)X‘@k(dy))Q
2
+E(Y1y|>vn /A ng(x—y))&@k(dy)) .

By (3.1),
y (3.1) , .
(/ Wit ( X®’“(dy)) < bl

Ay k

Moreover, by the Cauchy—Schwarz Inequality, (2.6) and above,

9 2
E(Ylywn /A Wﬁ’“(x—y))?@k(dy))] <P([Y] > Vy)

Puting all pieces together gives the result. O

Lemma 7.3. Let k > § be fized. Then,

k) < C ((2k)' + 51 k)z 52 2k Ck

- n (KNAVE e 2uVn
P($ = ¢ . _
( (p bdk/2) n((2]{j)')2 + pi $8,8k INax <

b by Gl )
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Proof. Since k > §, we have with notation (7.1)

P(0 = k) < P(||gxll > pr)
< P(llgx — gkl + llgxll > pr)
< P2[|grx — grll > pr) + P2l grll > pr)- (7.4)

Regarding the first term on the right-hand side, we observe that by Lemma 7.1 and (2.5):

X 00
P(QHQk - ng > pk) < P (Ckskde/J > pk>
k

<P (ck((zk)! +s1p)|0—0] > pkbzk/z)
FP (S — s1.4] > (2K))
((Qk‘)' + 817k)2 ]E|Sk — 817k|2'

n(pkbzkm)2 ((2k)1)?

<c*

Regarding the latter term on the right-hand side of inequality (7.4), since k > §, we have
EY [ WF(a —y)X®¥(dy) =0,
Ay
by (3.1). Thus, according to the Rosenthal Inequality (e.g. see Ibragimov and Sharakhmetov [7]), we get

Blocl* < AK)VE | g

1 1
<c* /X max (WD,C,S(J;), F(Dm)‘l(gc)> s,

where for all j > 0 and x € Xk

_ J
Dej() =E ]Y Wk (& — ) Xe*(dy)
Ay

Finally, according to Lemma 7.2 and since si 4 < 58,8k, We obtain

n (kD48 n e 2uVn
(nbg®)®" (nbg")*— (nbg™*)*

E||gk\|8 < CkS&gk max (

Lemma follows. O
From now on, denote
B}y =23 e + kfEF)wr i A(X) 2, (7.5)

where wi1 = [y [2[K®¥(2)dz and the other constants are defined in assumptions (2.8) and (2.9) on the
model.

Lemma 7.4. Let k < 9§ be fized. Then,

IEgit1|l > m — Exq1v/bit1, and

) V2 e—an/2
Ellgk+1 = Egrn I < O\ —555 + —5amm |-
by o1
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Proof. By (3.1), for all z € XF+1,
T®k+1,. N, .®k
Egit1(z / Ferr W (@ = y)eg ™ (y)dy

= / (fk+1<p®k+ )(l‘ — bk+12’) W®k+1( )dz.
Xh+

By assumptions (2.1)—(2.8) on the model, we have

[(Frr105" ) (@ = brg12) — (frar95 ") (@) < (@2 + kB brs|2]-

Hence, since [, WdA =1,
Egii1 > frr1 (@) — @ e + kfR")bryiwiir.
Then,

_ T 2
IBgria|? > /Hl (fry1(x) — @ e + k") bpprwir) da
X 7

> | fer1ll® — 2@ e + kfEM )by 1wir /Xk+1 Jrr1dA

> | frral? = 2@ 2 + kfE")brs 1wk a AT froga |-

First part of the lemma follows, since || fr11| > m and |fxy1]| < f. Moreover, the second part is straightforward
from Lemma 7.2, since

Ellge+1 — Egria|® = / var(ge41(x))de
Xh+1

1 -
— —/ ( / Wb@fﬁjl — y)X‘X’kH(dy)) dz
n Xk+1 Apia

2
1 ~
< — /Xk+1 E (Y Wlﬁﬁjl(w . y)X®k+1(dy)> de. .

A

Lemma 7.5. We have, for all k < 6:

R ( V2 —uV, /2
P(o=k)<C d Z+1 T e |-
”bk(ﬂ ) ”bk+(1 )

Proof. Since || fi+1]] # 0,

P(0 = k) < P([|grrll < prs1)
P([gr+1 — gl + llgx+1 — Egryall > IEgrs1ll — prr1)
<P

. Egr+1|| — pr+1
<|9k+1 —9k+1H 2 %

Egr41ll — pria
P (|9k+1 — Eggi1]| > 1B+ 9 . (7.6)

<
<

According to Lemma 7.1 and using the lower bound obtained in Lemma 7.4, we find that the first term on the
right-hand side of (7.6), denoted by py, is upper bounded by

6—6 1
P <0k5k+1ﬁ > 3 (m — Epp1v/bry1 — Pk+1)>-
byt
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Since by assumption bgy1, prr+1 tend to 0 as n tends to +oo, for all k < §:
p1 <P (Skﬂ\é -0 = biffmf)»
for some I > 0 that does not depend on n and k < 4. Thus, by the Markov Inequality,

P1 S P ((1 + 31,k+1)‘é - 9| Z bzgf;rl)/QI) +P(‘Sk+1 - 817k+1| Z 1)
(1+s1.41) Elf — 0]

< e I E(Sk+1 — s1,5+1)°
k1
C C
< —+ =, (7.7)
TN

by assumption (2.5) on the model, and since 55 5(;4+1) < C. In a similar fashion, regarding the latter term on
the right-hand side of (7.6), further denoted by ps, we obtain with Lemma 7.4:

4 ) V2 o—uVn/2
P2 < ﬁEHng —Egpa1l" < C (nbd(:H) * p2d(htD) )
k+1 k+1
We conclude the proof combining (7.6), (7.7) and above, since V,, > 1. O

7.2. Proof of Theorem 4.1

First observe that for all k > 1, § is independent from 7, so that
. 2 . 2 . 2 A
E(#5(X) — r(X)” < E(#5(X) = r(X))" + D E(7u(X) = (X)) P = k)

+ 3 E(#(X) — (X)) 'P(6 = k). (7.8)
k>6

By Lemma 5.3, it is clear that for k < §,
E (i (X) - r(X))* < C.

Moreover, following the arguments of the proof of Theorem 3.1 (see Sect. 5.2), we can prove that for all k > §
(recall that C' > 0 does not depend on k nor n):

o 2/(2+dk)
E(#4(X) — r(X))? < C* (T—) -

n

Thus, by Theorem 3.1, (7.8) and above,

9N 2/(2+d0) R
E(#5(X) —r(X)) < C (%) +0Y P =k)
k<
+ ) C*P(0 = k). (7.9)

k>0



MINIMAX REGRESSION ESTIMATION FOR POISSON COPROCESS 157

Let pi and by be defined in Theorem 4.1, and let V,, = 2(Inn)¢/u, where ¢ > 1. Then by Lemma 7.5, we get
for k < 6:

(Inn)2¢

ni-6/2"

Provided € > dé, £ < (2+¢)/(2+dd) and 5 < 2d6/(2 + dd), we have

P(o=k)<C

o 2/(2+d5)
Y Po=k)<C (5) . (7.10)

k<o "
Note that when (3 < 1, the previous condition on 3 holds if d§ > 2. Our task now is to bound ]P’(<§ = k) when
k > 6. First, we observe that for all ¢, > 0:
2i\1/2 2\ 2, j
sij < (EY?) [(E(X(X) )) + P AX) ]
< (B2 [0 /(37) + FAX) |
according to the Cauchy—Schwarz Inequality. Consequently, by Lemma 7.3, if k& > §:

ck C*\/(@k)!
(@R))2ne 72 n((2k)1)2
C*\/(16k)! 1 (RS e 2uln
+ ((2k))T6 maX(n4a+3’n4a+2ﬁ o )

P =k) <

Noticing that by the Stirling Formula,

ZCk(,/(z;k)! (k)4 (16k)!> e

(@2 " (@K

k>1

we deduce, whenever 2a + 3 > 1/(2 + dJ):

R 72 2/(2+d6)
ZP(5:k)<c(—“> .
n

k>0

Theorem is now a straightforward consequence of (7.9), (7.10) and above. O
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