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FURTHER REFINEMENT OF SELF-NORMALIZED CRAMER-TYPE
MODERATE DEVIATIONS *

HAILIN SANG! AND LIN GE?

Abstract. In this paper, we study the self-normalized Cramér-type moderate deviations for centered
independent random variables X1, X2, ... with 0 < E\Xi|3 < 00. The main results refine Theorems 1.1
and 1.2 of Wang [Q. Wang, J. Theoret. Probab. 24 (2011) 307-329], the Berry—Esseen bound (2.11)
and Corollaries 2.2 and 2.3 of Jing, et al. [B.Y. Jing, Q.M. Shao and Q. Wang, Ann. Probab. 31 (2003)
2167-2215] under stronger moment conditions.
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1. INTRODUCTION

Let X1, X2, ... be independent random variables with EX; = 0 and 0 < FX? < co. Set

S, = En:X V2= En:XE, and B2 = iEXE.
i=1 i=1 i=1

The last two decades have witnessed a significant development on the limit theorems in the self-normalized
form S, /V,, including central limit theorem, weak invariance principle, law of the iterated logarithm,
Berry—Esseen inequality, large and moderate deviation probabilities. The last two in this list are the main
approaches for estimating the error of the normal approximation of the self-normalized probabilities. One ad-
vantage of these self-normalized limit theorems is that they usually require less moment conditions than those
for the corresponding regular limit theorems. An incomplete list of reference includes Griffin and Kuelbs [4, 5],
Giné, Gotze and Mason [3], Shao [11,13], Wang and Jing [18], Csérgd, Szyszkowicz and Wang [1], Jing, Shao and
Wang [6], Jing, Shao and Zhou [7], Robinson and Wang [10], Wang [16,17], the survey papers of Shao [12,14]
and Shao and Wang [15]. A systematic treatment of self-normalized limit theory is also collected in the book
by de la Pena, Lai and Shao [2].
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The focus of this paper is on the self-normalized Cramér-type moderate deviations. Let b = z/B,, and
7 = B,/ max{1l,z} with > 0. Set

n n
Lin =B, *Y EXF and Lin = B,* > EXFI(bXi| <1), k>2,

i=1 i=1

Lin =B *Y EIXi|* and Ly = B> EIX;FI(B|X;| < 1), k>2,
i=1 =1

AR =N CBIXGPI(X] > 1)+ Y D EIXGFI(X < 1), k> > 2.

& =
i=1 i=1
For the i.i.d. case, Shao [13] proved that as n — oo,

P(S,/Vy > ) ] P(Sn/Vy < —x) _
1—&(z) ’ &(—x)
holds uniformly for = € [0, o(n%/(*+20))] under the conditions EX; = 0 and E|X;|**% < oo for 0 < § < 1. Here
@(x) is the distribution function of the standard normal random variables.
For independent random variables X7, Xs,... with FX; = 0, 0 < EXi2 < 00, 2 max; EXZ»2 < BZ, and
A%3 < (1+12)%/A where A is a constant sufficiently large, Jing, Shao and Wang [6] established a Cramér-type
deviation result for self-normalized sums

PSuVo 2 ) _ oot
1—P(x) .

Wang [17] developed new techniques to refine the self-normalized Cramér-type deviation results and simplified
the proof. Theorem 1.2 there states that if EX; = 0, 0 < E|X;|? < 00, #L3, < 1/A, 2° max; E|X;|® < B3 /27,
and |¢| < z/5, then

P(S, > 2V, + cBy) = Wy (A1, ¢)(1 — B(x + ¢))e® DA% {1+ O(1)(1 + 2) L3},

where ¥, (t,c) = emO+(@+e)?/2-t(2+2w0) for 1 (4) = S log Eet(2bXi=b"X?) and Ay is the solution of A for
m/(\) = 22 + 2cz. His Theorem 1.1 states that if EX; =0, 0 < EX} < co and z < [,;11/4, then

P(Sy/Va 2 ) = Wu(A0, 0)(1 = D(2)){L + O(1)(1 +@)Lan + O(1)(1 + ") Lan},

where )¢ is the solution of A for m/(\) = 22.

In this paper, we further refine the proofs and results of Wang [17]. Section 2 gives the main results including
a theorem and three corollaries. The theorem refines Theorems 1.1 and 1.2 of Wang [17] under stronger moment
conditions. The corollaries refine the Berry—Esseen bound (2.11) and Corollaries 2.2 and 2.3 of Jing, Shao
and Wang [6] under stronger moment conditions. The proof of the theorem is also given in Section 2 using
the propositions in Section 3. In Proposition 3.4, we obtain a formula for the probability P{2bS, — (ag —
aszL3,)b?V2 > (2 — ag)x? + §(x)} where ag and a3 are constants with different values in different situations,
and §(z) is a function of 2. This probability generalizes the probability P(2bS, —b*V,?2 > x?) given by Jing, Shao
and Wang [6] and the probability P{2bS,, —b*V,2 > 22+ §(x)} given by Wang [17]. This generalized probability
is necessary to produce the desired accuracy in Theorem 2.1, in particular, the exponent —x3 L3, /3 — 24 Ly, /12
in equations (2.5) and (2.6).
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2. MAIN RESULTS

Theorem 2.1. Let X1, Xo, ... be independent random variables with EX; = 0 and 0 < E|Xi\3 < 00. Assume
that there exists a constant 1 < A < oo sufficiently large such that for x > 0,

xLs, <1/A (2.1)
and
2’ B,? juax EX? <1/12. (2.2)
Then
%;é‘)m = exp (_ x3’§3n B x41L24n + 0(1)A§;;’;) {1+0()(A +x)L3,}. (2.3)
Consequently,

P(Sn > l’Vn) — exp (_ x3L3n

1 () 3 +0<1>Ai’i) {1+00)(1 +2)L5}. (2.4)

If0 < EX} < oo, then

P(Sn > ZL’Vn) — exp (_ .’ESLSn .’E4L4n
3 12

1 o) - +0(1)Ai’,‘1) {1+0(1)(1 +)Lsn}. (2.5)

If0 < E|Xi\4+5 < oo with 0 <6 <1, then for 0 <z < E(_Zli/é;i:‘s),

P(Sp, >aV,) _.T3L3n 2 Lyy
B 3 12

1 — &(x) N ) {1+0M) A +2)Lan + O (1 +2) " Ligssyn}.  (26)

< AP J2?. Since |(1—s) 7! —

Proof. First we prove the lower bound. By Lemma 3.1(i), we have 23£3, < 235,
1—s— % <2|s|? for |s| < 1/2, then

’; _1_ l‘i3n _ 1'21_13,“ 'T3Egn Ai”i ) (27)
1 —xL3,/2 2 4 | 4 T 4z
Hence
_ 72
P(S, > aV,) = P{QbSn —(1- $L3n/2)b2vn2 > m

- (W —bVa(1- xign/2)1/2> }

2
>PJobS, — (1 — alay/202V2> — 2
- { (= whan/ 20V 2 T F
i3 2772 2 1%L, $4E§ 35
EP{QbSn—(l—ngn/Q)b Vi>a —|—T+T”+Anv,z}_

By Proposition 3.4 with ag =1, ag =1/2, f5=1/2, 5, =0 and f5 = 1/4,

1 .- 1 ,-
P(S, > aV,) > eXp{ - §$3L3n - Ex4L4n - AA?L’FI}(I — P(x))(1 — AxLsy,).
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Next we prove the upper bound. First we consider 0 < x < 2. Observe that 2Ly, < 23Ls, < 1’2/A <1 by
condition (2.1). Since |e — 1| < e*V9|s|, then

1 .- 1 _ 1 1 _ _
exp (_ngL?’” — E$4L4n) — 1‘ < (5 + E) 61/390353” < 3xLs3,.

Hence by condition (2.1),

exp <—%£L’3L3n — %1’4.[/471) {1 + 2A(1 + ZL’)Eg,n} > (1 — 3$Z3n){1 + 2A(1 + .T)Egn} >1+ A(]. + .T)E;;n (28)

By (2.16) of Wang [17], |P(S, > 2V,,) — (1 — @(x))| < ALs,. Then for 0 <z < 2,

P(S, > 2V,)

T S L AC )L (2.9)

Combining (2.8) and (2.9), we obtain the upper bound. For z > 2,
P(S, >a2V,)=P (Sn > aV,, max | Xi| > T> + P(S,, > 2V,)

where 7 = B, /z, S, = >, XiI(|X;| < 7) and V2 = 31| X2I(|X;| < 7). Page 2181 of Jing, Shao and
Wang [6] shows that

> ) < (1) > (2 _ 1)1/2 (i)) ) )
P (sn > oV, max |Xi| > T> < Z;P (sn > (z2 — )2V P(IX;| > 7)
Since Y. | P(|Xi| > 7) < A%5 | then the upper bound follows from Propositions 3.5 and 3.3. O

Note that equations (2.5) and (2.6) refine Theorems 1.2 and 1.1 (when ¢ = 0) of Wang [17], respectively,
under higher moment conditions.

Corollary 2.2. Suppose that maxi<i<n EX;l < C for some C < oo and B2 > cn for some ¢ > 0. If
S EX? =0(n") for 0 <~ <1, then

P(Se > aVi) — (1— @) = 0 =2 1 22 L) oo
(Sp 2 aV,) — (1 —2(x)) = W—FF—FW e

for 0 < & < min{O(n/2-7/3), On!/*)}.

Proof. Let y = —2®L3y, /3 — 2 Ly, /12 + O(1) A5, in (2.5). Note that Ap5 < (14 2)*Lay. Then y is bounded
for x = min{O(n'/?=7/3), O(n'/*)}. Since |e¥ — 1| < "0y, then e¥ = 1 + O(1)y. Hence P(S, > zV,) =
(1 — ®(x)){1 4+ O1)y + O1)(1 + z)L3n} by (2.5). Note that 1 — &(z) < 2e7*°/2/(1 4 z) for & > 0. Then
23 L3, (1-®(2)) = 0(3:2/713/2*"’)6*"’02/2 and 24 Ly, (1-®(2)) = O(xg/n)e*‘”Q/Q. Moreover, (142)Ls, (1—&(x)) =
O(1//n)e*"/2 because E|X;]? < (EX})3/4 < C3/4. Therefore, the corollary follows. O

Compared with the Berry—Esseen bound (2.11) by Jing, Shao and Wang [6], this corollary shows that the
bound can be lowered and the range of x can be extended under stronger moment conditions. For example, if
maxi<i<, E|X;|> < C and B2 > cn, their result shows that P(S,, > zV,,) —(1—®(z)) = O(l)(l—i—w)ze*‘”?/z/\/ﬁ
for x = O(n1/6). However, if maxi<i<n EXZ4 < (C and BZ > c¢n, the above corollay shows that P(S, >
aV,) — (1 — ®(z)) = O(1)(1 + z)e=*"/2/\/n for S EXP = 0(n?/4) and @ = O(nl/4).
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Corollary 2.3. Suppose that maxi<;<, EX} < C for some C < oo and B2 > cn for some ¢ > 0. If
YL EX2 =0(nY) for 0 <~ <1, then by (2.5),

P(S, > aV,)
1—&(x)

uniformly for 0 < x < min{o(n'/2=7/3), o(n'/4)}.

This corollary extends the range of 2 for Corollary 2.2 of Jing, Shao and Wang [6] where 0 < z < O(nd/(4+29))
for 0 <9 < 1.

Corollary 2.4. Let X1, Xa,... be i.i.d. random variables with EX; = 0, 0> = EX? and 0 < E|X1|> < oo.
Assume that 0 < x < \/n/A for some sufficiently large constant 2/3 < A < co. Then

> 3 3
P(S, > 2V,) :exp< 2 EX; +O(1)A§l’i> {1_1_0(1)1—5-:E}7

1—&(x) - 3y/no? NG
where A3 = (1Vx)3E\X1ISI\{/IE);I%/EJ/(W@} 4 W EXIHIX <o/ ()}

If 0 < EX} < oo, then

P(Sn > aVn) ?EX}  o'EXY{ 45 1+
1 —d(r) - - 1A% 1 1
1—&(x) p( 3v/no3  12not +oM)a,, +0(1) Nk

= 4 4 5 5
where A5, = WD EXIHIX > o /Ava)} 4 (Ve BIXPHIXa|SViie/QVal}.

If0 < E| X1 |*T0 < 0o with 0 < § < 1, then for 0 < x < n(2+0)/(8+20) 5 /(| X, |4+0)1/(4+9)

P(S, > zV, PEX]  riEX{ O +z) OQ1)(1+x)*
T o (e ) (TR )

3v/nod  12not
Note that since Xi, Xa,... are i.i.d. random variables, condition (2.1) becomes x < /no®/(AE|X;]?) <

Vvn/A, and (2.2) becomes xz < \/n/12.

3. LEMMAS AND PROPOSITIONS

From now on, all |O(1)| < A. First we establish some preliminary facts in the following lemma.
Lemma 3.1.

E?ln < ESn‘C_E'mv £_3n£_4n < EE’m and ‘C_gn < EEm-

2Ly < max{Ls,, 2*Ls,}.

Proof. (i) Let X; = X;I(|bX;| <1). Then EX} < (E|X;>)/?(E

=
(@23
S~—"
:
~
[\v]
=
@
B
@]
@
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by the Cauchy—Schwarz inequality. Therefore,
L3, < LanLsn. (3.1)
Similarly,
L3, < LonLyn < Lyp. (3.2)
By (3.1) and (3.2), £3,L4, < L5, which, together with (3.2), implies £3, < Ls,,.
(i) If 22Lyn < 2*Lsy, then 2Ly, < max{Ls,, 2*Ls,}. If 22Ly, > 2*L5,, then L3, < L3,27 2Ly, by (3.1)

and hence 22Ly, < L3, < max{Ls,, 2*Ls,}.
O

Let b = x/B,, with & > 0. Define the function
E(y) = 2by — (ao — Ol31’.i3n)b2y2

where ag and a3 are constants such that 1/3 < ag — azxLs, < 7/3. Here 1/3 and 7/3 are selected from the
estimates of I and I3 in Proposition 3.5. In other situations, we only need cg = 1 and a3 = 0 or 1/2, and thus
ap — agrLa, is close to 1 by condition (2.1).

Denote that X; ) = X; and X; o) = X;I(|bX;| < 1) for i > 1. For A > 0, let Zx 1 (&), .-, Zan, k) be
independent random variables with Zj ; () having the distribution function

[ eMWdP(X; ) <)

P(ZA,i,(k) < U) = EeAg(Xl‘(k)) (33)
where k£ = 1 or 2. Then for any function f,
Joo Fu)e M AP (X ) < u)
Ef(Z)\,i,(k)) = EeAf(Xi,(k)) . (34)
In particular,
(7 5 E(u)er M AP(X; ) < u) _d(log Ee$(Xiw)) 25
g( )\,i,(k)) - EeAg(X'i»(’ﬂ) - d\ ( . )
and
d?(log BEe*Xim)
Var(§(Zxi,r)) = ( ). (3.6)

dA?

Lemma 3.2. Let b = x/B, with v > 0, X; 1) = X; and X; 2y = X;I([bX;| < 1). Under conditions (2.1)
and (2.2), for 7/16 <X <9/16 and k =1 or 2,

n f
43 -
Zlog EMNXim) = (202 — Aag)a? + (T —2X%aq + )\ag) 3 La,
i=1

Aa3

AP *Lan + 2Nz’ L}
+ I ap + T Ly + azxr L3y,

2% — Aag)” 2 S (EX2)?
| 5 ) Zlfég ) +0(1)A35. (3.7)
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Consequently,
Z Ef(Z)\’i,(k)) = (4)\ — 040).%‘2 + (4)\2 — 4 g + 043)1‘3E3n
i=1
8A? 2 2\ 47 472
+ =3 - 6" + Ao | 27 Lay + 4haszz”™ L3,
‘ AN (@ 2)2
+(=8) 4 6A%ag — Aad) =L TR ZZ:&S J
n
+0(1)AS (3.8)
and
n
> Var((Ziw) = 42° + O(1)2° Lsy. (3.9)
i=1
Moreover, for m > 2 and |O(1)| < AY/®,
EZY o) = EX]" + 20 EX]" ™ + O()0*E|X, ™2, (3.10)

Proof. We follow some proofs in Lemmas 6.1 and 6.2 of Jing, Shao and Wang [6]. Let v = 2X and 0 =
Moo — azxLsy). Then A(X;) = vbX; — 0b>X?2. Hence

B(eMXem) — DI(bX;] > 1) < & /UDE| X | T(1bX;] > 1). (3.11)

Since |e® — 1 — s — 52/2 — 53/6 — s*/24| < |s|%e%V0/120 for s € R, then

E(Xem) - DI(pX] < 1) = E (1bX; — 00°X2) + %E (1bX; — 0v2X2)° + éE (X, — 00> X2)°

1 _ Y o d o7/ (49) 5
+24E(7bXZ 0v°X7)" + O(1) 50 |

_ y2 _ ~3 B
= YbEX; + (7 — 9) VEX? + (F — 79) VEX?

E|ybX; — 00> X7

4 2 2
T 0 9_ 4704 I 35 Y5
+ (24 5 + 5 ) b*EX; +O%9b E|X;|°, (3.12)
where
1 1 o2/ (40)
! <z 3 _ 4 5\ . .
1056 < {6(v+9) (0" + —5—(y +0) (3.13)

By (3.11) and (3.12),
— ’yz — ’YS « —
EMEam) = 1 4 vbEX; + (7 - 9) VEX? + (F — w) VEX?
4 2 2
R A A T T
L L L) EX
* (24 2 T3 ) EX;
+0(1)e UNBEIX|T(1bX,] > 1) + O b E| X7, (3.14)
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where [O(1)] < 1. We want to show that |[Fer(Xu®) — 1| < 11/12. Since 7/16 < A < 9/16 and 1/3 <

ag — agxLg, < 7/3, then 7/8 <~ <9/8 and 7/48 < 0 < 63/48. Hence by (3.13),

4 29 92
M3 ta
< [(7/8)%/2 —63/48| + [(7/8) /6 — (9/8)(63/48)|

+1(9/8)*/24 — (7/8)%(7/48)/2 + (63/48)*/2]
+ ‘(9/8 +63/48)% /6 + (9/8 + 63/48)* /24 + e*7/16(9/8 + 63/48)° /120

<0.93+4+1.3740.88 +7.77 = 10.95.

+ 10 4

29 gl |2
V)2 - 6] + 6 ¥0| +

Note that YbEX; = —vbEX;I(|bX;| > 1). Since v%/(46) = \/(ap — azxrL3,) < 27/16, then

|y + O BB X, I(bX,] > 1) < (9/8 + T2 EXZI(|bX;] > 1)

<
< 6.54° EXZI(]bX;| > 1).

From the above, | Ee (X)) — 1] < 10.950°EX? < 11/12 by condition (2.2). Note that |log(1+y) —y+y*/2| <
123|y[3/3 for |y| < 11/12. Since v = 2\ and 6 = A(ag — azxL3,), then by (3.14) and Lemma 3.1(i),

log BeN(Xim) = log (1 + {EeAg(X’%(’“)) - 1})
2 T 2 v 2 4A3 2 T 3 v 3
= {2)\ — )\(Oéo - 0431‘[/3")} b"EX! + T — 2\ (040 - 0431‘113”) b EX;

224 _
+ {% — 2/\3(Oéo — Oé3.TL3n) +

)\2 (Oéo — Oé3.TI_/3n)2
2

}b‘*E)‘(;1

1 . -
=5 {2V = Mao - aseLs)} 0 (EX?) + O BIXPI(pXi] > 1)
+O(VE|X;°.

Hence (3.7) follows from Lemma 3.1(i). Taking derivative with respect to A on both sides of (3.7) and by (3.5),
we obtain (3.8). Taking derivative with respect to A on both sides of (3.8) and by (3.6), we obtain (3.9). Similar
to (3.14),

EXMeMXi@) = XM 4 AbEXM T 4+ O(1)WP E| X, |2 (3.15)
for m > 2. Since |(1+y)™ — 1| < 122y for |y| < 11/12 and v = 2, then by (3.4), (3.14) and (3.15),

EXime)\é(Xf,,(z) )

EZY; o) = = EX" + 20 EX" T + O(1)b*E| X; ™. O

EeAE(Xi,(z) )

Lemma 3.3. Let z > 0, |6(x)| < 2?/5 and k =1 or 2. Under conditions (2.1) and (2.2), for Y1 E&(Zyi k)
in (3.8), the equation

> E&(Znim) = (2 - ag)a® + 6(x) (3.16)
=1
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has a unique solution of X\, denoted as \s, with 7/16 < \s < 9/16. If §(x) = P32 L3y, + Bax* Ly, + Bs2* L3, +
O(1)A%S with |8;] < VA, then

12 13
2\ 25 (22 O(1)ARS
L(L_3a0  ag) 2?3, (BXD)? O (3.17)
178 '3 Bl 2

Proof. Since the left-hand side of (3.9) is equal to d(}_;_; E{(Z,k)))/dX and the right-hand side is positive,
then Y 7" | F&(Zy ;) increases strictly as A increases. By (3.8), condition (2.1) and |§(z)| < 22/5,

Z E&(Zzj16,i,0)) < (2 — ap)a® + 6(z) < Z E&(Zy 16, (k) )-
i=1 i=1
Hence (3.16) has a unique soluion A\s and 7/16 < A\; < 9/16. By (3.8) and (3.16),

_ 20} 3A2 Asag\ o7
s = =+ (—)\g + Asa — %) xLgn + (—7‘; + 3 gOéo - %) 2° Ly,

322ag N Asad\ 220 (EX?)? N 0(1)A%S N ()
2 4 B x? 4x?

~Nsazx? L3, + (2)% —
If 5(1‘) = ﬁ3$3f43n + ﬁ4$4i4n + ﬁ5l‘4f4§n + O(l)An’i, then
1 B3 az\ :
)\ 25 (——>\5+>\5QO—Z>$L3H

+
2§ , 38Xa0  Msad) - . _
(% - = 5% _ _5a0> 2% Ly + <% - Ams) 2?L3,

2 4
3\ 2aq A5a2 223 (EX?)? O(1)A%S
2)\3 5 0 i=1 ) + T (318)
4 B x?
By Lemma 3.1(i) and (3.18),
= 1 - Bs 1 o o3 = O(1)A3
ko= el + (T~ 3+ 3 - ) P T T

and
_ o _
AsooxLs, = ?ngn —+ g <— —

Hence the second term on the right-hand side of (3.18)

as 1 « o = s 1 a « 7
(iﬁ’) )\24‘/\6040_?)1'[’3":(&___'__0__3)1{’3"_'_(0[0_1)(13_1_'_70_?3)1‘2[1571

For the other terms in (3.18) involving 2%La,, 22L3, and 2?B,*Y " | (EX?)? by Lemma 3.1(i), s can be
replaced by 1/2 with a difference of O(1) A3, /2. Therefore (3.17) follows. O
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Proposition 3.4. Let S, ) = > iy Xi ) and Vi’(k) = >, Xiz,(k), where X; 1) = X; and X; (o) =
X;I(]bX;| < 1). Under conditions (2.1) and (2.2), for x > 0, |6(z)] < 2?/5 and k =1 or 2,

P{QbSn’(k) — (a0 — ozgacfzgn)szf’(k) > (2 —ag)2® + (5(9@)}

= exp {%2 + z”: log Be o ¢(Xim) — \5(2 — ag)a? — )\55(3:)}(1 —P(x)) x (L +O0(1)xLsy,) . (3.19)

=1
If 6(z) = B32°Layn + Baa Ly + Bs2* L3, + O(1)ASS, with |3;] < VA, then

2 n
% + Z log B¢ (Xam) — \5(2 — ag)a® — \sd(x)

— —_— — _— 2 —
:<C¥3 53+1 3040>$3L3n+<_%+(0¢0 1) —i>w4L4n

9 6 8 12
2
+<a3—ﬁs (B3 —az+2a0—1) >9€4E:2m
2 8
1—ap)? 2t 37 (EX2)?
( 8ozo) x Zzzéi i) +0(1)A%5. (3.20)
n

Proof. By the conjugate method (e.g., (4.9) of Petrov [8] or (2.11) of Petrov [9]) together with (3.3) and (3.16),

P{QbSny(k) (a0+0l31'L3n)b V (k) Z (2—&0)1’ +5( )}
/ /{foZEQ—aox +(x }HdP (k) < T)

_ /,,./ezilogEeW(X«mL,\&zig(zi)
X I{Zg i) > (2 — ap)z® + 6(x }HdP Zgithy < 1)

_oXlog Ee*aﬂxiw’A5(2ao)w2A56(w>E{eA5 ¥ i{€(Zns.0.00) — BE(Zxg.i.(0))}

x I (Z(g(z)\g,i,(k)) — B2y, i,0))) = 0) } (3.21)

i=1

Let Wi = &(Zx,.i,x)) and S = Y"1 | (W; — EW;). By (3.9), we have

B? .= ZE (W; — EW;)? ZVar (Zxs.iiry)) = 4a® + O(1)2> Ls,,.

i=1 i=1

Then by the proof of Proposition 2.2 of Wang [17] with § = 0,

E{e—xaz{fw»muw)—ff%am>} x 1 (Z(g(zM w09) — BE(Za ) > o) }

i=1

= FEe M51(S > 0)
=" /2(1 — &(2))(1 + O(1)zLsn). (3.22)



FURTHER REFINEMENT OF SELF-NORMALIZED CRAMER-TYPE MODERATE DEVIATIONS 211

Hence (3.19) follows from (3.21) and (3.22). By (3.7),

" AN _
Z log Be*s(Xim) — \5(2 — ag)a? = (202 — 2)5)2? + <?‘S — 2\ + )\5&3) 2% La,
i=1

2/\4 /\2 2 B B
+ (T —2X\3aq 550) 1Ly + 22332 L3,

(223 - Aoao)” 24 S (EX2)?
2 Bi

5

+0(1)A33 . (3.23)

From the expression of A5 in (3.17) and by Lemma 3.1(i), we have

1 2
(@23 )t = - 42 ( +o -2 - —) o' L5, + 0(1) A, (3.24)

2 4 2 4 4
and
4)\3 Q= 1 (67} Q= 53 Qs 1 =
(7 —2\jag + >\5045> 2°Ls, = (E -5t ) 2Ly + (1 = 200 + ) < 2 -7 1 o' L3,

+0(1) A% (3.25)

Applying (3.24) and (3.25) to (3.23) and by Lemma 3.1(i),

En:logEeAJE(Xi,(k))_)\é(Q_a)1~2:_$_2 1_@_’_% $3L + i_%_kﬁ 1~4L

0 2 "\6 2 2 T 24 4 T8 i

i=1

B3, a0 g 1 - a3 4=

_ (—a)’ et 3R (BXD)?

S B +0(1)A%5.. (3.26)
Since §(z) = B33 Ly, + Bax* Lan + Bsx* L3, + O(l)An:‘Z, then
—Asb(z) = ﬁ“)’ 2% Loy — @x%n
{ﬁ5 + B3 (ﬁ?’ + % —~ % — i) } 2'L3, +0(1)A%%. (3.27)
Combining (3.26) and (3.27), we obtain (3.20). O

Proposition 3.5. Under conditions (2.1) and (2.2), for © > 2,

12
X (1 —@(2))(1 + AxLs,). (3.28)

Consequently, for Sy(li) =S5, —X; and Vn(i) = (V2 - X2)V2,

1 .- 1 -
P(S, >aV,) < Aexp {—§$3L3n - —a*Lyn + AA?{FI}

) ) 1 .- 1 -
P (S,(L’) > (x2 — 1)1/2VTE’)) < Aexp{ — —2®Lgy, — —a* Ly + AA?;?E}
3 12 ’
X (1 —&(x))(1 + AzLsy,). (3.29)
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Proof. Let P(S,, > aV,) =11 + I + Is + I, where
L =P{S, >aV,, |V,/B,—1|<|vL3,|/2+2°Lan},
I, =P{S,>aV,, 0<V,/B,<1-|zLs,|/2—2°La,},
Iy = P{S, >aVy,, 1+ |xLspn|/2+4 2°Lay < Vo/Bn <3},
I, =P{S, >zV,, V,/B,>3}.
Observe that for any real valued set B and any constants v > 0 and 6 > 0,
Vi 99 ) zVy 2?V?
PSS, >2V,, — € By < P{~bS,—06b > f — — =" . .
{S >V, B, € } {7 S % Vn/ljrBlneB yx B, B2 (3.30)

Let t = 2V,,/B,,. Then f,(t) := 2zt — t? has minimum at a for ¢ € [a,z] and has minimum at b for ¢ € [z,b].
Hence by (3.30), Lemma 3.1(i) and Proposition 3.4 with ag =1, a3 =0, 83 =0, 84 =0 and 85 = —1/4,

Lonl - Lol .. \2
L < P{QbSn ~0PV2 > 2 <1 - % _g;2L4n> g2 (1 _ ‘”52_3| _$2L4n> }

E‘n = Zx n = 2
+P{265n ~ PPV > 22 (1 y 2ol +x2L4n> a2 (1 g l2Lonl :c2L4n> }

1 - =4
= 2P{2bSn —b*V2E > 2? — Z:&Lgn + 0(1)A§;¢;}
L a7 L a7 3,5
< 2exp< — 3% L3, — 3% Lan + AAS 0 (1= D(z)) (1 + AxLsy).

To estimate Iz, note that f,(t) := 2zt — 7t*/3 has minimum at a for ¢ € [0, a] with a > 6x/7. Then by (3.30),
Lemma 3.1(i) and Proposition 3.4 with ag = 7/3, az =0, 34 = 8/3, B5 = —7/12, and B3 = 4/3 if 23L3,, > 0
and (33 = —4/3 if 23Ls, < 0,

7 L _
I < P{QbSn -V 2:c2(1 - w - x2L4n>

7 2
T (1  JoLs| _Mﬂ) }
3 2

72

3

_ 7 — E
an - 5o L+ O

8

4 _
= P{QbSn — ngVf >4 §|x3L3n\ 57

3

To estimate I3, note that f,(t) := 22t —*/3 has minimum at a for t € [a, 3z]. Then by (3.30), Lemma 3.1(i)
and Proposition 3.4 with ag = 1/3, a3 =0, B4 =4/3, 85 = —1/12, and (3 = 2/3 if 3L3,, > 0 and B3 = —2/3
if 1’3E3n <0,

1 52 1 4=
< exp { — —23 L3, — E$4L4n + AA?L’FI}(I — P(x))(1 + AxLsy,)

1 Lsn _
I3 < P{QbSn - §b2vn2 > 222 (1 + ‘”“"2—” +x2L4n>

1 Lan -\
—5’ (1 + |"T2—5‘ + 1’2L4n> }

e
3

1

1 2 4 4 ,- _
= P{QbSn - §b2vn2 > + 5\1‘3L3n\ + §x4L4n — 12904L§n + 0(1)A§;ﬁ;}

1 5= |
< exp { - §x3L3n - E$4L4n + AA?L’FI}(I —&(x))(1 + AzLsy),
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where we also use the fact that L2, < Ly,.
Finally by the proof of Lemma 8.1 of Jing, Shao and Wang [6], for = > 2,

1 .- 1 =
I, < %2~ < Aexp{ — §x3L3n — Ex4L4n + AA%”i}(l — &(x)).

Therefore, (3.28) follows from all of the above.

For x > 2, let 7 = B,,/x and set

n n
Xi=XI(Xi| €7), Zngi=Zrizy Sn=> Xi, Vi=)» X},
i=1 i=1

2
n 2 n
- - - - x
Vnz,é = Zzimv U; = Zim - EZia,i’ Vn = B—% (Z uz> .
i=1 =1
Proposition 3.6. Under conditions (2.1) and (2.2), for x > 2,

—_ — 1 = 1 = 2=
P(S, > 2V,) <exp {—§x3L3n - E$4L4n + AA?J;:} (1 —P(x))(1 + AxLsy,).

Proof. Let &(y) = 2by — (1 — xL3,/2)b%y? and

l‘sl_zgn lAI’?in
2 4

o(z) = —2AA°.

By the conjugate method similar to (3.21),

n

p(5n2xvn):/.../[ sz>x<2$?> HdP(XiS:ci)
=1 =1 =1

n

:/ . _/ezilogEekgf()ﬁ)f}\é Zlg(:m)l(sn > l'Un) HdP(Z)\g,i < -Ti)a

i=1

where s, = Y1 | ; and v2 = Y | 27, We can write

By, 1/2
= 1 —|— s
where
B (1- l‘i3n/2)21}% — Bfl.
Yn = Br%

Since L3, < Luy, then A5 = 1/2+ O(1)xLs, + O(1)z =2 A3, by (3.17). Hence by (3.10) and (3.31),

n n 2 n

_ — T — T — _

EV2, =Y EX?+ B > EXP+ 0(1) 55 Y EX}+0(1)z A% B2
i=1 i=1 oi=1

= B2 + 2L3,B2 + O(1)2® Ly, B2 + O(1)z~2A35 B2

n,x-n:

213

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)
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Since (1 — xL3,/2)? =1 — L3, + 22L%,/4. Then

(1—2L3,/2)?EV;2 s = B2 + O(1)a” Ly B2 + O(1)z 2 A%° B (3.36)
Applying (3.36) to (3.35), we have

(1 —xLs,/2)%(v2 — EVfa) n (1- $f/3n/2)2EVn2,6 - B

Yn = B2 B2
1 —2Ls,/2)*(v2 — EV}? - 5
_ ( 3n/ )32( n ) +O(1)22Lun +O(1)x72AZ’7}~ (3.37)

Note that 2L%, < 2L3,Ls5, < Ls5,/A by Lemma 3.1(i). Then

2 2(1 — xL3, /2)*(v2 — EVnQ’(;)2

Y2 < B + Ax—Mif;. (3.38)
n

Observe that (14 y)Y/2 > 1 +y/2— y?/2 for any y > —1 and (1 +y)/2 > 1+y/2 — yf/m for y > m/2 with
m > 0. By (3.37), B, *(v;, — EV,?5) > —=3/2 because y, > —1. Moreover, B, *(v; — EV;?5) > m implies that
Yn > m/2 for m > 2. Hence

(L+yn)/?>1+ %" —0y2, (3.39)

where _
1/2 i Bp*e?— BV <2
0= .
Um i m < By? (02— EVZ) Sm+1form>2.

Since 4(1 — xL3, /2)* < 5, then combining (3.34), (3.35), (3.38) and (3.39), we have

(1 +yn)l/2}

2

x

507 (v} — EV,25)°

< I{2bsn — (1 — L3, /2)b*? +

By
ST s (3.40)
“1—xL3,/2 mE s '
From (2.7) and (3.32),
L — AA3S > 2? 4+ 6(x) (3.41)
1-— ZL’Lg,n/Q T = ’ '
By (3.33), (3.40), (3.41) and the definition of 5/, in (3.31),
. - n
p(gn > V) < EeZilogEexée(xi),,\a 2i8(Zxas) {Zg(zmi) + 507, > 22+ 6(3:)} _ (3.42)
i=1

Let

Tn = Z(&(ZW-) — E&(Zx;.4)) + 50 V-
i=1
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Note that 1" | E&(Zy, ) = 2* 4+ 6(x) in (3.16). Hence
P(S, > zV,) <exp {Zlog BeME(Xe) _ a2 — )\55(1’)} x Fe™ 2 Di(€(Zx;.)=BE(Zos)) T (T, >0). (3.43)
Since |e® — 1| < e%V#|s|, then

Fo M Xi(6(2x;.0)—EE(Zx5.)) T (T, > 0) = Ee3026Vn—AsTn T (T}, > 0)

Ee YT (T, > 0) 4 50\ E <7, 26 Vn=2sTu 1 (T, > 0)

Ee MTn[ (T, > 0) 4 50\ E <7, 226V n

= J1 + Jo. (3.44)

IN N

To estimate Jy, let B/2 = > | (K; — EK;)? where K; = £(Z, ;) 4+ 502? B, *u?. Then BJ? = 422 + O(23L3,,)
by (3.9) and (3.10). Following the proof of Proposition 2.2 of Wang [17], we have

Ji = e 12(1 — &(2))(1 + AzLsy). (3.45)
By Lemma 3.7 below and Lemma 3.1(ii),

Jy < Ax?Lyn < A(L3n + 271 ADD). (3.46)
Note that (27)~/2(z~1 — 273)e~*"/2 < (1 — &(x)) for > 2. Then by (3.44)—(3.46),

Ee i 62000 =B [ (T, > 0) < o /2(1 — &(x))(1 + AxLa, + AADD)

< e /2HANL (1 — (2)) (1 + AzLsy). (3.47)
By (3.20) in Proposition 3.4 and the d(z) in (3.32),
$_2 + ilog Eerss(Xi) _ sz — Aso(x) < —lng/;;n — i.’l}'4.£4n + Aﬂi’i~ (3.48)
2 — 3 12 ’
Therefore, the proposition follows from (3.43), (3.47) and (3.48). O

Lemma 3.7. Suppose that § = 1/2 if B, 2|3 " w;| < 2 and § = 1/m if m < B2(> i, u;) < m+1 for
m > 2. Then for x > 2 and <7, defined in (3.31),

E <7, €®9Vn < A2 L4,

Proof. By the definition of 57,, in (3.31),

2 7 2

x x
E 7, eV = 5i E EuZe®Vn 4 o1 E Buuje®Vr. (3.49)
=1 1<, j<n, i

First, we want to show that for d = {1,...,n}\{i} or d = {1,...,n}\{4,4},

E6109x23774(2k6d ug)? < A. (350)
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Since B, ?|uk| < 1/2? and since B, ?(3)_; ur) > —3/2 as mentioned after (3.38), then B, %(3> ). ur) >
—3/2 —2/x? > —2. Hence
2]

>

ked

D

E6109w2B;4(Zked ug)? _ EelOQJc?B,;4(Zk6duk)2I (1,3772
ked

+E810012B;4(E ked uk)2] <2 < 1'3772

< 233)

+ Z Eel002* B (S pequn) (mx <aB;? Z“k < (m+ 1)3:)
ked
= K1 + Ky + K. (3.51)

m=2

Since 6 < 1/2, then

K <e®. (3.52)

Sl-l—l)

> l) . (3.53)

Let [2z] be the largest integer smaller than or equal to z. Then

D

[2]
Ky <Y Bl B (Chcaw)’y (l < B>
ked

=2

S

ked

2]
< Z AU p (J;B;Q

=2

Since |e® — 1 — s| < €%$s2/2 and Fuy = 0, then for ¢t > 0,

P (wn? >

ked
Let t = (log A'/2)l/2. Since 2B, %|uy| < 1/z, then et B lukl < A2 for | < 2z. Note that Fu? < EZﬁw- <
AYAEX}! by (3.10) and 22Ly, < 1/A. Then

—2 —2
> l) < eftl H Eetan Up + eftl H Eeftan Up
ked ked

1 _
S Qe—tl H (1 + ieth"Quklt2l'2B;4Eui) .
ked

P (.TB,;2 Zuk > l> S 2€—tleA1/2t2A1/43:2£_4n S 26—(lOgA)lz/4+l2. (354)
ked
Applying (3.54) to (3.53), we have
(2]
Ky <> eh <A (3.55)
1=2

For K3, if ma < 2B, %Y, cqur < (m~+1)x, then m—2/2* < B2 )", up < m+1+2/22 By the assumptions
of the lemma, § < 1/(m — 1) for ma < 2B;2>, ., ur < (m+ 1)z with m > 2. Hence

K3 < Z elOgg?(m-&-l)?/(m—l)p (B;2zuk S m) )
m=2

ked
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Let t = (log AY/?)z2. Then

1 _
P (B,;2 Zuk > m) S e—tm H (1 _|_ ietB”ﬂuktzB;‘lEui)
ked ked
< e—(log A)mx2/2+x2_

Hence

K3 <AY em <A (3.56)

m=2

Therefore, (3.50) follows from (3.51), (3.52), (3.55) and (3.56).
Now we estimate the first term on the right-hand side of (3.49). Since § < 1/2, then for each ¢ and d =
{1,...,n}\{i},
Fu2e%9Vn < EuzeloﬁB;“u?HOx?B;“(zked uy)?

= Ee'07 B (T reaus)® gy 2100 B v, (3.57)
Since 22 B,, ?|u;| < 1, then applying (3.50) to (3.57), we have

n _ A n _
ZEu?e"ev" < B—CE ZEUZ? < Az%Ly4,,. (3.58)

.’E2 2
B4 4
n =1 noi=1

Next we estimate the second term on the right-hand side of (3.49). For each ¢ and j with d = {1,...,n}\{4,j},
659Vn _ Euin650I2B;4(ui+uj)2+109x23774(ui+uj) Zked uk+50z2B;4(Z ked 'u,k)2 )

E’LLin

Since |e* — 1 — s| < %%5%/2 for s = 10022 B, *(u; + u;) Y ey ur and since 1002% B, 4| (u; + uj) Y ey uk| <
108,23 q Uk, then

2 2
$_4 Y Eujue®’Vr < x—4 > Buju;e®? B (witug)? 0302" B (D g ui)®
B - B /

iy iy

4
+ Hgf Y E {’Lbiuj(ui + )P0 B () (Z Uk) 5977 B (T hea uk)Q}

o #5 ked

2,.6
+5(j}3% > Bluiug|(u; + uj) e B (itu)”
Ay
2
< E (Z uk) 10BI2I Y g i 4502 B4 (5 g i)’
ked

= Ll + L2 + L3. (359)

For Ly, since |e* — 1| < e*V9|s|, Fu;u; = 0 and 6 < 1/2, then

‘E (uiuje59x23,;4(ui+uj)2‘uk’ ke d) ‘ < Am2B;4E\uiuj|(ui + Uj)2.
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Then by (3.50),

2 _

Ly = .T4 ZE{ 50228, (Zked“k) E (uiujeww?B"4(“’""“-7)2‘uk,k c d)}
"]

ZE\u wil(wi +uj)? < Ax? Lo,

By i#]

Aac

For Lo, since |e® — 1| < e%V%|s| and Fu;uj(u; +u;) = 0, then

‘E (uiuj(ui + uj)(3593”21554(“"'"'“-7')2 ‘ ug, k € d) ‘ < Az? B, Elugug||ui + uj]?.

By Holder’s inequality and (3.50),

E Zuk

x
2
n ked

n ked

By (3.61) and (3.62),

Ly — 1091‘ ZE{ (Z Uk) e59x2B,;4(EkEd up)?
n i£] ked
B (uiuj' (s + uj)e59x23,j4(ul+uj)2 ’uk, ke d) }

Az® 3 27
"]

IA

For Lg,
E(|uzu]\(uz + uj)2659m2354(ui+uj)2 ‘u]w ke d) < AE(\uzu]\(uf + uzz))

Applying Holder’s inequality twice and by (3.50),

(Z Uk) 020823 e g k] +5022 B (T e g ur)?

ked
1/2
= ﬁ (Z“ > 108" X kea v {E109w2854<zk6duk>2}”2
" ked
1/4
1/4
S 316 (Zuk> {EGSOB;2|ZkEduH} / .
ked

Since |e® — 1 — 5| < e%V4s2/2 and Euy, = 0, then

Fe80B 2 icaukl < [B0BL? Y kequk +Ee—803;22keduk

<2[J(1+ AB Eud) < 26452 Fan < 2e.
ked

1/2
2
B e )’ < {%E(Zukf} {pron e} < 4

(3.60)

(3.61)

(3.62)

(3.63)

(3.64)



FURTHER REFINEMENT OF SELF-NORMALIZED CRAMER-TYPE MODERATE DEVIATIONS 219

It is easy to check that 2® B " E (Y, ., ux)® < Az?Ly, < 1. Then from the above, we have

By

z? i 20B72| S, oy k| 45022 B (S g uk)?
ok D up | 0P I Enears n (Lreat)” < A, (3.65)
n ked
(3.64) and (3.65),
Az 2 2 25
L; < B ZE(|uZu]\(u] +ui)) < Az“Lap. (3.66)
"oty

Combining (3.59), (3.60), (3.63) and (3.66), we obtain

2
1‘_4 Z Euiujewv" < Ax’Ly. (3.67)
Ba i#]
Therefore, the lemma follows from (3.49), (3.58) and (3.67). O
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