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EXTREMES OF ~-REFLECTED GAUSSIAN PROCESSES WITH STATIONARY
INCREMENTS

KRzYSzZTOF DEBICKI!, ENKELEJD HASHORVA? AND PENG LiIu?

Abstract. For a given centered Gaussian process with stationary increments X (¢),¢ > 0 and ¢ > 0,
let W, (t) = X (t) — ct — yinfo<s<¢ (X(s) —es), t > 0 denote the ~-reflected process, where v € (0,1).
This process is important for both queueing and risk theory. In this contribution we are concerned with
the asymptotics, as u — oo, of P (sup0<t<T W, (t) > u) , T € (0,00]. Moreover, we investigate the
approximations of first and last passage times for given large threshold u. We apply our findings to the
cases with X being the multiplex fractional Brownian motion and the Gaussian integrated process. As
a by-product we derive an extension of Piterbarg inequality for threshold-dependent random fields.
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1. INTRODUCTION

The seminal contribution [1] derived the exact asymptotics, as the initial capital v tends to infinity, of the
ruin probability

P0,00(u) =P <Sup Wo(t) > u) , Wo(t) :=X(t)—ct,c>0
>0
for some general centered Gaussian processes X (¢),t > 0. A key merit of the aforementioned paper is that
it paved the way for the study of the tail asymptotics of supremum of Gaussian processes with trend over
unbounded intervals. With a strong impetus from [1] a wide range of asymptotic results for supremum of such
threshold dependent families of Gaussian processes were obtained in [2-9].
This paper is devoted to the analysis of extremes of v-reflected processes W.,, defined as

Wy(t) = X(0) —ct = inf (X(s)=cs), 7€ 0.1),
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where X is a centered Gaussian process with stationary increments and ¢ > 0. The analysis of v-reflected
processes is of interest for both queueing and risk theory. In risk theory = is related to a fixed tax-payment rate,
with

Wy oo (1) = P ( inf (u - Wﬂ,(t)) < o) —P ( sup W, (t) > u) (1.1)

0<t<oo 0<t<oo

representing the infinite-time ruin probability with initial capital w, see e.g., [10]. For v = 1, W has also
interpretation as a transient queue length process in a fluid queueing system fed by X and emptied with
constant rate ¢ > 0, see e.g., [11-14].

More importantly, investigation of extremes of such processes is related to investigation of extremes of Gaus-
sian random fields with interesting structures as already shown in [15]. Therein the asymptotics of (1.1) for
X = By a fractional Brownian motion with Hurst index H € (0,1) has been investigated. Using the self-
similarity of By, for any u > 0 and X = By we have

by oo (1) = P (sup (X(t) “et—~ inf (X(s)— cs)) > u)

t>0 s€[0,t]

P( sup MM)

0<s<t<oo L+c(t—1s)

=P < sup Y (s, t) > u1H> , (1.2)

0<s<t<0

where Y (s,t) := W In view of (1.2) it is clear that for X being an fBm, the approximation of ¥ ()
>y s )

as u — oo is closely related to the study of supremum of the Gaussian random field Y. The fact that Y does not

depend on the threshold u is crucial and leads to substantial simplifications of the problem at hand. However,

for a general centered Gaussian process X with stationary increments, due to the lack of self-similarity, one has

to analyse the tail behaviour of threshold-dependent random field

X (tu) — vX (su)

Yu(s, t) =
(s:%) 14+ct—cys

, s, t€]0,00), (1.3)
which significantly increases the complexity of the problem due to the explicit dependence on the threshold w.
We overcome this difficulty by deriving extensions of two classical results in extreme value theory of Gaussian
processes. In particular, Lemma 5.3 provides a uniform (with respect to local behavior of variance-covariance
structure of family of processes X,) version of the celebrated Pickands-Piterbarg lemma, as given in, e.g.,
Theorem D.2 in [16]. Lemma 5.1 extends Piterbarg inequality to threshold-dependent Gaussian random fields.
The generality of these findings makes them also applicable to other problems related with extremes of threshold-
dependent families of Gaussian random fields.

Under some conditions on the variance function ¢, assuming in particular that it is regularly varying with
index 2a and 2a at 0 and oo, respectively, our main result presented in Theorem 2.1 below gives an asymptotic
expansion of 1., o (u) as u — oo. It turns out that three different types of asymptotics of 1 .0 (u) take place,
mainly determined by the following limit (which we assume to exist)

2
@ = lim o (u)

U—00 u

2

€ [0, 0], (1.4)

where 02(t) = Var(X(t)). Interestingly, this trichotomy is tightly related with the dependence structure of X.
For example, if X = By, we can distinguish the case of ¢ € (0,00), i.e., X is a standard Brownian motion,
e =0if H € (0,1/2) which is the well-known case of short range dependent fBm and ¢ = oo corresponding to
H € (1/2,1], i.e., the case of long range dependent {Bm.
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Comparing our findings with those obtained for v = 0 in [4], using ~ to denote the asymptotic equivalence,
we obtain the following asymptotic tax equivalence (derived for X = By in [15])

P00 (W) ~ P Yo00(w), F:=(1=7)/7, 7€(0,1) (1.5)

as u — 00, with

Vo =

2
\/;(WX, if o € (0,00), Vj = Ba,, if p € {0,00}. (1.6)

In our notation

te[0,00)

Py — E{ sup eﬁZ(t><1+a>Var<z<t>>} a0

denotes the generalised Piterbarg constant, where Z is a centered Gaussian process with stationary increments
and continuous sample paths. Note in passing that by Theorem 1.1 in [17] a.s. continuity of Z at each t € [0, 5]
is equivalent to the sample-continuous assumption above. Further, the constants Pg_, with By a standard fBm,

are known only for
FaB _—1—|——1 and FaB = —1 1+ 1+—1 1.7
1/2 a ! 2 a ’ ( ’ )

see e.g., [16,18,19]. For general H € (0,1), bounds for P{  are derived in [19,20].

The asymptotics in (1.5) shows that the generalised Piterbarg constant governs the relation between the
two ruin probabilities corresponding to the model with tax and without tax, i.e., it defines what we call the
asymptotic tax equivalence. However, in view of [21,22] we know that for the case X = By, the tax rate v does
not influence the limiting distribution of the first and the last passage times. We investigate these problems in
more general models for X. Define therefore the first and last passage times of W, given that the ruin occurs by

(5 (), 75 () 2 (71 (w), 72 (w))| (1 (u) < 00), (1.8)

where
71(u) =inf{t > 0, W, (t) > u} and mu(u)=sup{t >0, W,(t) > u},

with the convention that inf{()} = oo and sup{0} = 0. Here £ stands for equality of the distribution functions.
Complementary, in this contribution we address also finite-time horizon counterparts of the introduced above
problems. Namely

rir(a) =7 (s 7,0 > ) (19)

0<t<T

for any finite 7' > 0 is analysed, extending partial results on o given in [23]. Moreover, we shall deal also
with the approximation of the conditional first passage time

Tl(u)’(’ﬁ(u) < T)

as u — 0o (see Thm. 2.5), which shows that the approximating random variable is exponentially distributed.
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The family of Gaussian processes X with stationary increments, considered in this contribution, covers general
classes such as

(A) Multiplex fBm model, i.e.,

with Bpr,’s being independent fBm’s;
(B) Gaussian integrated process model, that is the case where X (t) = fot Y (s)ds,t > 0 with Y being a centered
stationary Gaussian process with a.s. continuous sample paths.

Organization of the paper: In Section 2 we present some preliminaries, followed by the main results for the
approximation of 1, r(u),T € (0, 00], the approximating joint distribution for conditional scaled first and last
passage times for T' € (0, c0]. Section 3 is dedicated to applications related to model (A) and (B) mentioned
above. For reader’s convenience, we postpone all the proofs to Section 4; whereas some very technical claims
are presented in Appendix.

2. MAIN RESULTS

In the rest of this paper X (¢),t > 0 is a centered Gaussian process with stationary increments, a.s. continuous
sample paths and variance function o2(¢). An canonical example is X = By, H € (0,1] for which we have
o2(t) = t*# . For a given centered Gaussian process Z with a.s. continuous sample paths set

Hz[0,S] =E{ sup oV2Z(t)—Var(Z(t))
te[0,5]

and define (whenever the limit exits) the generalised Pickands constant Hz by
Hz = lim S~ Hz[0,S).
S—o0
See [2,4,16,24-38] for various definitions, existence and basic properties of Pickands constant.

2.1. Infinite-time horizon

First we focus on the infinite-time horizon case. Due to the stationarity of increments, the covariance of
X is directly defined by o2, therefore our assumptions on X shall be reduced to assumptions on the variance
function, namely:

AT :02(0) = 0 and 02(¢) is regularly varying at oo with index 2a., € (0,2). Further, o2(¢) is twice continuously
differentiable on (0,00) with its first derivative o2(t) := dd%f (t) and second derivative o2(t) := d;;? (t)
being ultimately monotone at oc. )

ATl : o?(t) is regularly varying at 0 with index 2ag € (0,2] and its first derivative o2(¢) is ultimately monotone
ast — 0.

ATII : 02(t) is increasing and

(1)

t2

is decreasing over (0, 00).

Define ¢ by (1.4) assuming that the limit exists. For notational simplicity we set
(679

te = m >0
and
— [ V20%(ut,) .
Ay (u) = 7 <7u(1 + ct*)> » i p=o0or, (2.1)
1, if e (0,00),

where @ is the asymptotic inverse of o (see e.g., [39,40] for details).



EXTREMES OF v-REFLECTED GAUSSIAN PROCESSES WITH STATIONARY INCREMENTS 499

Let t,, be a maximizer of % over t > 0. In view of Lemma 4.1 for u large enough ¢, is unique and

lim ¢, =t.€ (0,00).

u—00

Hereafter ¥ stands for the survival function of an N(0, 1) random variable.
Before stating our main result, let us observe that

B X (tu) —vX (su)
Yroolu) =P <0<SSEF<00 u(l+ct —cys) ” 1)

is valid for any w > 0. Typically the most likely point to reach high value u for a centered Gaussian random
field corresponds to the point that maximizes its variance function, i.e., in our case

X (tu) — vX (su)
(Sustu) = argsup s ¢): 0<s<t<oo VAL (m )

It will be shown in Lemma 4.1 that s, = 0 for u large and thus ¢, = argsup,. tzo%. This explains the

exponential term in the derived asymptotics. The following theorem extends results derived in [15], where the
special case X = By is considered.

Theorem 2.1. If AI-AIII are satisfied, then for any v € (0,1) and ¢ € [0, 00] we have

1 [ 200w 5 o(ut.) u(l+ cty,)
Urool) ~ DA T g TVe PV, Ar(w)” ( olut,) )’

with V,, = ‘/ECX if o € (0,00) , Vi, = Ba, if ¢ € {0,00} and 5 := (1 =) /7.

An immediate application of the above theorem, together with the known results in [4] for the case v = 0, yields
that, as u — oo

P00 (1) ~ P\Z 0,00 (1)

The above asymptotic tax equivalence shows that 1., o (u) is proportional to 1y o(u) as v — oo, where the
proportionality constant is determined by the generalised Piterbarg constant P&w.

Theorem 2.2. If AI-AIII are satisfied, then for any v € (0,1) and ¢ € [0,00] we have the convergence in
distribution

(71* —uty, TS — uty

d
T ) S W,

where A(u) = Z8t) [ _ase and A~ N(0,1).
c -t

The above result implies that the standardized conditional first pasage time leq_(::)t * and last passage time T"’;(z)t O

both weakly converge to standard normal random variables and W — 0 in probability as u — oo.
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2.2. Finite-time horizon

Next, we consider the finite-time horizon ruin probability, investigating ¢ r for 1" a finite positive constant.
Since we consider the finite-time horizon, we shall impose weaker assumptions on the variance function o2,
namely:

BI :02%(0) =0 and o?(t) is twice differentiable over interval (0, 7.
BII : 02(t) is regularly varying at 0 with index 2aq € (0, 2].

BIII : For ¢ € (0,7, the first derivative ¢2(¢) > 0 and Uigt) is decreasing.

02
()= (M) .

u—+cl

For notational simplicity we set below

Theorem 2.3. Suppose that BI-BIII hold and € (0,1).
(i) Ifs=o0(c%(s)) as s — 0, then

Vo, 1(u) ~ HBQOPZQO -

2(2;;61(2)112 v (“;(_;)T> '

(i)  If lims—o ) _pe (0,00), then

S

b(y = 7*) +70%(1)
bvy?

=0 p(by)
bor(u) ~ Py PR

u+ T
Bija

S ) e

(iii) If 0%(s) = o(s) as s — 0, then

Uy, r(u) ~ ¥ <u - CT> :

o(T)

Remarks 2.4.
(i) From the proof of Theorem 2.3, we can similarly get the asymptotics of ¢ r(u) (see also [23]), which
compared with 1, r(u),y € (0,1), gives

'(/J‘Y,T(u) ~ ’C%,T(U)v U — 00,
with

Pgao, ifs=o(c?(s)),

K= PtV it dim,o ) = b e (0,00),

1, ifo?(s) = o(s).

(ii) The approach used in the proofs of Theorem 2.1 and Theorem 2.3 enables us to find exact asymptotics
of ¥ 1, (u) as u — oo, for some scenarios where the time-horizon T, is a deterministic function of w. For
example, if ut, = o(Ty,) as u — oo, then by the proof of Theorem 2.1 we have ¥ 1, (u) ~ ¥y 00 (1), u — 0.
Additionally, if T}, — T as u — oo, then the asymptotics of ¥ 1, (u) can be obtained by replacing T,, with
T in the corresponding formulas of Theorem 2.3. On the other side, the case Ty, ~ t*u as u — oo, is out of
the approach given in this paper. We suspect that it leads to the asymptotics of qualitatively other type
than derived in Theorems 2.1, 2.3.
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Next we consider a finite-time counterpart of Theorem 2.2. While for the infinite-time horizon the limit
distribution in Theorem 2.2 is Gaussian, as shown below, this is not the case for finite-time horizon, where
the limit distribution is exponential. The intuitive explanation for this is that the local behaviour of variance
function of the considered Gaussian field in neighbourhood of the variance maximizer plays the key role for the
type of the limit distribution. In particular, if the first derivative of the variance function is positive at this
point, then the limiting distribution is exponential, while the first derivative equal to 0 at that point leads to
limit with Normal distribution; compare Lemma 4.1 with Lemma 4.3.

Theorem 2.5. If BI-BIII are satisfied and lim,_,¢ o*(s) € [0, 0], then the convergence in distribution

S

%u% —m)|(n <T) 5 €

holds, as u — oo, with £ a unit exponential random variable.

3. APPLICATIONS

In this section, we shall focus on two important classes of processes with stationary increments. We discuss
first the sum of independent fBm’s with different Hurst parameters and then investigate Gaussian integrated
processes.

3.1. Multiplex fBm

Let next Bp,,1 < i < n be independent standard fBm’s with index 0 < Hy < Hy <--- < H,_; < H, <1
and define for ¢t > 0

n

X(t)=Mgp(t):=Y _ Bu,(t), H=(Hy,-- Hy,). (3.1)

i=1

A motivation to consider such a process stems from the insurance models with tax, where By, represents the
aggregated claims of the sub-portfolios of the insurance company. We have that

n
o2 (t) = ok, (1) = D 21
i=1

satisfies AI-AIII with ag = Hy, oo = H,,. Further,

00, 1/2 < H, <1,
= 1, H,=1/2,
0, 0<H,<1/2

implying the following result:
Corollary 3.1. Suppose that X is defined by (3.1).
(i) If0< H, <1/2, then

> Hy—1 2H, —HyHp—Hy % 4H, —Hy—2H{ Hp—2
wW,OO(u) ~ HBHl PBH12 2H \/EC H1 H, ! (1 - Hn) 2H)

H{Hp—2Hp+1 1 t
wxu @ [ inf M .
t>0 o pry (ut)
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(ii) If H, =1/2, then

_ 2ru (. u(l+ct)
~ Yy - _— -
1/}"/’00(“) H\/ECMH ,P\/ic'yMH 3 v <1}r>1£ O Mg (ut) >

(iii) If1/2 < H, < 1, then

_ Hp—1 2H, -3 3Hp —2-2H7  (1-Hp)? u(l + ct)
~ 7 9T, I=Hnpr =27 (1 — H ZHn oW inf ———2 | -
'l/}"/’oo (U) HBHn PBHn \/EC " ( n) " 220 O M (ut)

Moreover, since BI-BIII are satisfied for Mg (t), we obtain for any T > 0.
Corollary 3.2. Suppose that X is defined by (3.1).
(i) If0< Hy <1/2, then

= __1
w%T(u) ~ HBHl ’Pg,Hl 927 TH,

(Zn T2H‘) QHI};l 1—2H, +cT
i=1 Sy u+c .
Yoy HiT2Hit Vi, T

(ii) If Hy =1/2, then

Yy,r(u) ~ 7331/2 PBW /ST TRH
i=1

2 n 2H; —1
Y=y A2y Y H T
27 H, Tt = !P( u+cl >

(iii) If1/2 < Hy < 1, then

u—+ I’
¢7,T(U) ~ v (W) :

Remark 3.3. In the above corollaries, the main contribution to the asymptotics depends on all H;’s while the
polynomial terms depend on the properties of variance function at time 0 and oo which is determined by Hurst
parameters Hy and H,. It follows from the fact that the formula under @(-) comes from global optimum of the
variance function of the appropriate Gaussian field, while the polynomial part of the asymptotics follows from
the asymptotic relation between local behavior of variance and correlation in the neighbourhood of the variance
optimizer.

3.2. Gaussian integrated processes

Suppose that
t
X(t) = / Y(s)ds,t >0, (3.2)
0
where Y is a stationary centered Gaussian process with unit variance and a.s. continuous sample paths.
Let R(t) = Cov (Y (s),Y(s+1)),s,t > 0. In this subsection, we shall consider two scenarios:

SRD (short-range dependent), i.e., we shall assume that

(i) Ro(g) is decreasing over [0, 00),
(i) f,~ R(t)dt = G € (0,00).

LRD (long-range dependent), i.e., we shall suppose that

(i) R(t) is decreasing over [0, 00),
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(ii) R(t) is regularly varying at infinity with index 2H —2, H € (1/2,1). It follows that AI-AIII are satisfied
if X is SRD or LRD, implying our next results.

Corollary 3.4. Suppose that X is defined by (3.2).

(i) If X is SRD, then

2rGu (. u(l+ct)
~ v N :
Py,00 (1) H% wa 3 4 <%1>1(f) o(ut) )

(ii) If X is LRD, then

Py 00 (U) ~ HBHP}Y; o m S HHM(I—H)b(QH \/ (u ( of 1+ct)>’

u) t>0  o(ut)
with R* the asymptotic inverse function of ur/R(u).

Since, BI-BIII are satisfied (note that o2(t) ~ t> = o(t) as t — 0) for R(t) positive and decreasing on [0, 7],
applying Theorem 2.3 we arrive at the following corollary.

Corollary 3.5. If X is defined by (3.2) with R(t) positive and decreasing on [0,T], then

=0 (55). oo

4. PROOFS

We begin with introduction of some useful notation. Namely we write
D :={(s,t): 0<s <t < oo}, Ui(s,t) = Var(X () —vX(s)),

o~ (us, ut)

((5,t — 5
Tyaul(s:t) = 1+c(t—s)

and set further for (s,t), (s1,t1) € D

ry(s,t,s1,t1) == Cor(X (ut) — vX (us), X (ut1) — vX (us1)).

Hereafter, @, Q;,7 = 1,2,... are positive constants that may change from line to line. For any non-zero random
variable X we shall define ¥
B Var(X)'

In our proofs multiple limits appear; the order when passing to limit is important. We shall write for instance
ay(S,51) — 0, u— 00,5 — 00,5 — o0

to mean that
lim lim lim a,(S,S1)=0.

S1—o00 S—o00 u—00

This convention applies for other instances of double or triple limits.
We briefly comment on some useful properties of o. For A € R, by AI and AII, the function

gr(t) == o~ (4.1)

is regularly varying at 0 with index 2ay — A and at infinity with index 2ao, — A.
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Further, by uniform convergence theorem (UCT) in [40-42], we have that for any 7" > 0 and 0 < X <
min(2ag, 2000 )

t
lim sup galut) |t]220=r =0
u—04e(0,17] gx(u)

implying that for any 7" > 0, when wu is sufficiently small

o2 (ut) ~ ga(ut)

o?(u)  ga(u)
Moreover, Potter’s bounds (see e.g., [40-42]) show that for any 0 < € < 2ay, there exists T > 0 and Q1,Q2 > 0
such that for all 0 < s,t < T

N (GO e (C ) i R

4.1. Proof of Theorem 2.1

() < 2ATPO e, ¢ e [0,T). (4.2)

First, we re-write for any « > 0 the ruin probability ¢, o (u) as

w%mOO:ﬂPGmp<X@)—ct—7 mf(X@)—cQ>:>u>

t>0 s€[0,t]

:p< sup M>u)

0<s<t<oo L+c(t—1s)

P (( sup  Zy(s,t) > m(”)) ;

s,t)eD
with
Zu(s,t) = (Xl(li)cav_)igs)) (22;3) . (s,8) € D,u>0, (4.4)
and
m(u) = inf u(al(;rt;t) - U(;(;Ltjt)u)’ u=0. (45)

Hereafter we shall denote

B(u) = Fr(u) x Bs(u), By (u) = lO, T (u—laj(u) 1nu)> | Ea(u) = (tu B a(uilnuﬂfu N U(uilnu) . (4.6)

As it will be shown below, the set E(u) covers sufficiently large neighbourhood of the maximizer of variance of
Z, in order to determine the asymptotics of 1, o (u) by supremum of Z,(s,t) over E(u). More formally, for
any u > 0 we write

O(1) < 1.0 (u) < O(u) + Oolu), (47)
with
O(u) =P ( sup  Zy(s,t) > m(u)> , Op(u)="P ( sup  Zy(s,t) > m(u)) .
(s,t)EE(u) (s,t)eD\ E(u)

The strategy of the proof is to derive first the exact asymptotics of @(u) as u — oo and then to show that
(recall (4.7)) that limy,—.c Oo(u)/O(u) = 0.

Before proceeding to details of these steps of the proof, we summarize some dependence properties of the
analyzed Gaussian field which will be needed in our proofs.
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4.1.1. Dependence structure of Z,
Proofs of the following lemmas are deferred to Appendix.
Lemma 4.1. If the variance function o? of X satisfies AI-AIIL, then for u large enough, the unique maximizer

of o4 u(s,t) over D is (0,t,) and lim,_ o t, = ts € (0,00). Moreover, for any 0 < € < min(aq,as), when u is
large enough and § is small enough

2 2
o?(us) Oy (S, t) 9 o”(us)
a; —€)(t —tu)? + (a2 — € <1- 21 <(a1+e)(t —tu)*+(az+ € t—t,]<0,0<s<$
(@1 )t~ ) + a2 = 050 <1 = P <+t - 1) an 4 0 T5 0 -t <a0<s <
with
. 2000
Al - ax)? Y1 =) | (1l — as)
a = ———————, az=: .
20050 2 [67%)

Lemma 4.2. If AI-AIII are satisfied and §,, > 0,u > 0 are such that limy, . d, = 0, then we have

1- ru(svta 817t1)

lim sup 5 75 —
B0 (o ) ) €10,60) X (bt | ZLATH LR (e )

1} =0.

4.1.2. Asymptotic upper bound for Og(u)
For notational simplicity we define next (recall that D = {(s,¢) : 0 < s <t < o0})

Dpr={(s,t):0<s<t<T}, D:=D\Drp, Dsy=Dr\([0,0] x [ty —3,t,+ ]

and
D;,u = ([076} X [tu — 0,1ty +6D\E(u)

For any v > 0

P (( sup Zu(s,t) > m(u)>

s,t)ED\ E(u)

<P ( sup  Zy(s,t) > m(u)) +P ( sup  Zy(s,t) > m(u)) +P ( sup  Zy(s,t) > m(u))

(s,t)eDS. (s,t)€Ds o (s;t)ED; ,,
= pl(u) —I—pz(u) -I-pg(u).
Lemma 5.1 leads to
) — SR /4 ;i =1.2.3 4.8
() =0 (ot Pn) ) i= 12 (4.8

implying that

u

Op(u) =o <WW(m(u))> , U — 00. (4.9)

Since the proof of (4.8) is quite technical, we shall present it in Appendix.
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4.1.3. Asymptotics of O(u)

We shall distinguish three scenarios: ¢ = 0, ¢ € (0,00) and ¢ = co. The reason for this is that after rescaling
the time of the correlation function in Lemma 4.2, we get

A (w)s At A, (u)sy A1<u>t1)) M@t | o (AWl si])
v ’ ’ 2 (A1) (A, (w))

4.10

m?(u) (1 — 7

If p = 0, then lim, oo A, (u) = 0 for v € (0,1], implying that only the local behaviour of o2 at 0 contributes
to the limit in (4.10). If ¢ € (0,00), then lim,_o A,(u) € (0,00), indicating that the whole function o?
determines the limit in (4.10). If ¢ = oo, then lim,_ oo A, (u) = oo, which means that the value of o2(t) as

t — oo is sufficient for the limit in (4.10).
Case ¢ = 0. We shall apply the wniform double sum technique which is based on appropriate division

of the set F(u) on “tiny” intervals for which one can uniformly derive exact asymptotics utilising our novel
result in Lemma 5.3 in Appendix. For this purpose we define

A A
Fys(u) = |ty +k iu)S,tu +(k+1) 15“)5 ., keZ,S>0
A A
Lis(u) = Z#S, (I+1) ”If“)s , LeNU{0},S>0
and set
Iiis,s, (u) = Lis, (u) X Fig(u), Ir(uw):=Iko,5,, (4.11)

with k € N,1 € NU {0}, 5,51 > 0. Recall that, due to (2.1), A, (u) = o (%) Further, let
o(u)Inu

(=12
) o (uto?(u) Inu)
gAY g ND =
Al(u)S] Lo Nsiw

Ay (u)S1

N = { +1 (4.12)

and put
Vl = {(kvkl)a _NS,U S k < k;l S NS,ua |k - k‘l‘ > 1}7

Vo = {(k‘, kl),—N&u <k<k < N57u7k‘+ 1= k‘l}

We begin with the derivation of an upper estimate for O(u), as u — oc.
Upper bound of @(u). Bonferroni inequality yields

Nsu
Ou) < Z P ( sup  Zy(s,t) > m(u))
k=—Ns (st

)€l (w)

Ns.. N (511) u
+ Z Z P ( sup Zy(s,t) > m(u))
k (

e 1T \G0ehnss

=6, (u) + @z(u) (4.13)
In light of Lemma 4.1 for u large enough

NS,u 7 ( t)
S
O1(w)< > P sup ety > M) | (4.14)
k=—Ns.. (s,t)elp(u) 1+ ((12 — 6) o2 (w) ,
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with € € (0, min(as, az)) and

i Ay (u)
u

miso(u) = m(u) (1 + (a1 —€) ( S) ) ., k* = min(|k], |k +1]).

In order to derive an upper bound for @1 (u), we apply Lemma 5.3 in Appendix, which gives uniform asymptotics
for all terms in (4.14). For this purpose, let

Zu’k(s,t)
1+ fu,k(sv t) ’

with k€ K, ={k: —Ng, <k < Ng,}, where

Gu,k = m,;g(u), fu,k = (S,t) c b= [0, Sﬂ X [0, S], (415)

02 (A (w)s)

Uz(u) , S€ [0, Sﬂ

Zu,k(svt) = Zu (A’YT(U)&tu,k + AlT(u)t) s fu,k(s) = (a2 - 6)

and for u > 0 A
tuk =ty + kﬂs
u

We check that the conditions of Lemma 5.3 hold with the above introduced notation. We start off with proving
that P1-P3 (see Appendix) hold with

V(s,t) = Ba,(s) + B (), (s,t) €[0,51] x [0, 5],

where B,, and B}, ~are independent fBm’s with index ag. It is straightforward that condition P1 holds. For
P2, by Lemma 4.2 and the fact that
Guk ~m(u), u— 00

uniformly with respect to k € K,,, we have that for all k € K,, and (s,t), (s1,t1) € E, as u — o0

(gui)2Var (Zu s (s,t) — Zus(s1,11)) = 2(gur)? (1 . (A”u(“) s, Allf“)t, A”If“) 51, Allf“) t1)>

Lo (A (W]t — 1)) + 720 Ay ()]s — 5]
o2 (ut*)
(POl - ) | (A ()]s — i)
2( 2M@) oA W) )

~ (gu,k)

implying that we can set

(M@t —t])  o*(Ay(u)ls = s1])

Ou (s, t,81,t1) = + , (s,t),(s1,t1) € B,k € K. 4.16
u,k( 1 1) O_Q(Al(u)) UQ(A—Y(U)) ( ) ( 1 1) u ( )
Moreover, since
lim A,(u) =0, ~e€(0,1]
U—00
by UCT
lim sup sup |9u7k(s,t,31,t1) — |5 — s1]%0 — |t — t1\2a°|

U0 keK, (s,t),(s1,t1)EE

(A (ws = s1l) | o2(Ai(w)lt —t])
= lim sup ~ +
U= (5.4) (s1,t1)EE 0'2(A’y(u)) o?(A1(u))

— ‘8 — 81|206°C — |t — t1|2a0 =0.
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This means that P2 holds. For P3, by (4.2) we have that for u sufficiently large

o? (A ()]t — ta])
o?(A1(u))

0?(Ay(u)|s = s1])

Ouic(8,t,81,t1)) = o2(Ay(u))

+

<2 (52%—A + Sf“O*A) (Is=s1]* + [t —t1]*)

for (s,t),(s1,t1) € F and all k € K,, with 0 < A < min(2a, 2ae.). By UCT, we have for all (s,t), (s1,t1) € E

sup ‘eit,k(svtaovo) _eu,k(slvtlaovo)‘
[(s,t)—(s1,t1)|<e

- ) a?(Ai(u)t) = o*(A(u)tr) | (A (u)s) = a*(Ay(W)s1)  say 200 | 200 200

< sup 5 A A — (130 — {200 4 g2a0 _ g2o0)
|(s,8) = (s1,t1)| <€ 0?(A1(u)) 0%(Ay(u))
+ sup 1200 — g2a0 4 G20 _ g2ao|

[(s,6)—(s1,t1)|<€
< 2+ sup [t200 — 700 4 5200 _ 200| < Ce |y — o0, (4.17)

|(s,t)—(s1,t1)|<e

with C depending only on ag (but not on k € K,). Moreover, using UCT, we have for (s,t),(s1,t1) € E,
[(s,t) — (s1,t1)| < e and k € K,

A A
’(gu,k)2 <]- — Ty (Su,l + #S,tu,k + 1u(U) tv su,latu,k)> - eu,k(sataoa 0)‘ S €|9u,k(sata 070)‘

< 2(5%%0 + §70)e

for all u large. Consequently, as u — oo

(gu,k)z]E{[Zu,k(sa t) - Zu,k?(817 tl)} Zu,k(oa 0)}

Aw) A
u s bu, u

< ‘(gu,k)z (1 - Tu(Su,l + t, Su,ly tu,k)) - eu,k(sv t,0, O)‘

A A
+ ‘(gu,k)Q <]- - Tu(su,l + #Slatu,k + #tlv su,lvtu,k)> - gu,k(svta 070)’

+10u.1(5,1,0,0) — B, 1 (5,1,0,0)]
< Ce® 44820 4 §7%0)e

uniformly for (s,t), (s1,t1) € E, |(s,t) — (s1,t1)| < € and k € K,. Letting ¢ — 0, we confirm that P3 holds.
Hence we can conclude that P1-P3 hold with V(s,t) = By, (s) + B} (1), (s,t) € E, where B,, and B}, are
independent fBm’s with index «g. Therefore, by the fact that for all € > 0 sufficiently small (hereafter = means
uniform convergence)

. ag — €__
gikfu,k(s) = 7.5%% 5 €[0,8], with 7. = 2a2 7,
and Lemma 5.3 we have
P (Sup(s,t)eE uk(s,t) > gu,k) 200
— Ry (E)="Hpg, [0,SIPk [0,51], u— o0 (4.18)
W(gu,k) 0 a0
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uniformly with respect to —Ng,, <k < Ng,. From (4.14) and (4.18) it follows that

Ns,u
O1(u) < Y Hp,,[0.SPF, (0,51 (m;§(u) (1 +o(1))
k=—Ng,.
Ns,u Aq(u 2
< Z ’HBQO [0’ S]Pg’lo [0’Sl}&p(m(u))e—(m—O(k*m(u) ,f )S) (1 + 0(1))
k=—Ng,.
Moo, 0,51 0, V2 (m(u))—— h e dx 0
< TSPy S ) () s [ e (1 4 o(1)
~ (ay — e)—1/2\/7FHBHOPgZOLP(m(u))m, (4.19)

as u — 00,.5,51 — oo (in this order).
Next, we deal with ©3(u). By UCT, for any e > 0 sufficiently small

o2 (us)

(ag —€) sup — 0, u— o0.

s€EFE(u) o? (u)

Moreover, by (4.3) for u large enough

. _ 202(us) _ 1 . o?(A,(u)s
f € > - inf 2l
seLllr,lS(u) (mk’o(u)) -2 sG[lSl, +1)51] 02(Ay(w) o2 (u)

S~—
Q
[ )
NS
2
S
S~—
S~—

: a* (A, (u)s)
=@ [zsl,ufﬂ)sl] aQ(A:(U))

> QIS 1<1<NEY,,0 <\ < min(2X, 20).

Consequently, by Lemma 4.1 and 5.3 (note that we can similarly show the validity of P1-P3 for Z,,(s,t)) we
have for any € > 0

(1)

Nsu Nsju . . B o2 (us)
Qs 3 D P b Zulst) > mig) 1+l —9) jnt oo

—Ns. I=1 (s, t)EIklssl(u)

(1)
Nsuw Nsju

< Y Y e, [0,5H,, [0, S8 (mih (w)e 5 (14 o(1))
k=—Ns,. =1
Ns,u

< > Hp, (0,5 Hp,, [0, S (mi§(u))e 5 (14 o(1))

k=—Ns,u

o (W(m(u))m) : (4.20)

as u — 00,.5,51 — co. Combining (4.19) and (4.20), and letting € — 0, we derive the upper bound of O(u).
Lower bound of ©(u). By Bonferroni inequality we obtain

Ngu—1
O(u) > Z P (( sup  Zy(s,t) > m(u)) = Xi(u) = Xa(u) := J(u) — 21(u) — Xa(u), (4.21)

k=—Ng ,+1 s,t)ETL (u)
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with
Yi(u) = Z P ( sup  Zy(s,t) > m(u), sup  Z,(s,t) > m(u)) , 1=1,2. (4.22)
(k,k1)EV; (s,t)ET (u) (s,t) €Tk, (u)

With similar arguments as in the derivation of (4.19) we have

J(u) > (a1 + 6)_1/2\/?7'[3(10 Pg;oy'/(m(u))

v
m(u)A; (u)
In light of Lemma 4.2 and (4.3) we have for (s,t,s1,%1) € Ip(u) x Iy, (u) with (k, k1) € V3

(I+0(1)), u— 00,5,5 — . (4.23)

2 < Var(Zy(s,t) + Zu(s1,t1)) = 4 — 2(1 — 14(s,t,51,t1))
220 (uls — 1)) + o> (ult — ]

<4 -
= 202 (uty)
1 o2(Ar(u)|u(t — t1) /A1 (u)])
ST (A1 (u))
A QA
<4 -— Qg%a

where 0 < A\ < min(2ayp, 20 ), implying thus

Yi(u) < Z P (( sup  Zu(s,t) > m,;g(u), sup  Zu(s,t) > mkf,o(u)>

(k,k1)EVy s,t)ETL (u) (s,t) €Ik, (u)

< Z P <( )Sup (7u(3a t) +7u(31a tl)) > ka k1,0 ( ))
s,t,81,t1

EIk(u)XIk,l (u)

(k,k1)€EVy

= = 2m, S, o(u)
< Y r sup Zu(s,6) + Zulsr b)) > ——20 |,
(kkyevy  \(Bhsnt) €l (u)x Tk, (u) 4—Qs3 ‘kln:k(‘u)s

with m, 5 o(u) = min(m, §(u), mg©o(u)).
Let next L .

ru(t, s ty, 51, 8" b, 81) = Cor(Zu(s,t) + Zu(s1,t1), Za(s' ) + Zu(sy, 1))
By Lemma 4.2 and (4.3), for u sufficiently large

’ ’

Var(Z,(s,t) + Zy(s1,t1) — Zu(s',t') — Zu(s1, 1))
2\/Var (5,t) + Zu(s1,t1)) \/Var (8", ) + Zu(s71, 1)

’

<1 —ru(s,t, s, t')+1 —ru(sl,tl,sl,tl)

2 (A W)uls — 51) /Ay (w)]) + 0 (A (u)|u(s’ — s1) /Ay (u)])

/ /
1- Tu(S,t,Sl,tl,S at aslv

= w2 u) 2(Dy ()

L2 Al — )/ @) + (A (wlelt’ — )/ A (W)

() 2(81())

Q4(S*)2 u " _ | S—S/H u " Nk T
<G [(52) (omrrinmsir) o () (emrrmi)
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holds for (t,s,t1,51), (', t1,51) € Ix(u) X I, (u) with 0 < £ < min(2ae,20) and $* = max(S,S;) > 1
Define the following homogeneous Gaussian field

Xl tos1,t1) = 271 (X, (s) + X5(t) + Xii(s1) + X5(1),  (s,t,1,11) €RY,

with X! (s),1 <i < 4, being independent with the correlation functions

Kls—s!|m

. _ )2 w
’rq(/,Z) (8,8/) —e 8Q4(S™) (Al(“')) m2(w) , i = 1’3’

[s—s'|"

r0) (s, 5') = @ (@) 5F | 204,

We denote the correlation function of X* by r*. Clearly, for (t,s,t1,s1), (t',s',ty, 1) € Ip(u) x Iy, (u) and u
large enough

1—ru(s,t,s1,t1,8 ', s1,t1) <1 —ri(s,t,s1,t1,8,t,59,1).

In light of Slepian’s inequality (see e.g., Thm. 2.2.1 in [43]; note in passing that there is a remarkable extension
of this inequality for stable processes, see [44]) and Lemma 5.3 we have

Pi(u) < P sup Xi(s,ty81,t1) > 2
(k,l%:evl (s,t,51,t1) €Tk (u) X i (1) 4— Q?)%
< M o0, 52])? (Hi 1[0, S0 | kool ) (44 5
< Y (Heu0.%0)" (Ha,,.[0.5]) L | (o)
(k,k1)€EVy 4-Q3 3 2wy
Ns,u 2 2
- ’HBK, 2[0, 52] HB,Q., 2[0, Sg,] e e - N
< k—ZN < /52 ) ( /53 ) W (my5(u))Ss %S, 2;‘3 @097 (1 + 0(1))
= Ns. i>
u _9 _ A
S Q6w(m(u))m51 26 Q7S (1 -+ 0(1))
U
= —_— 4.24
o (¥ ) (424

with Sy = (2Q4(S*)?)V/*S and S3 = (2Q4(S5*)?)'/*S}, as u — 00, S — oo (in this order). Further, we obtain

Ns.u
Yo(u) = Z P (( sup  Zy(s,t) >m(u), sup = Zy(s,t) > m(u))

= s,t) €Iy (u) (s,t)ETp41(u)

Nsu
< Z [IP’ (( tsup Zy(s,t) > m(u)) +P (( sup  Zy(s,t) > m(u))

—Ns,u y )EIk(u) S,t)elk+1(u)
-P sup Zy(s,t) > m(u)
(s,t) €l (u)Ulqq(u)
Ns,u
< Z (2M5,, 10, 8] = Mz, [0,25]) PE [0, S1]@ (15,1 0(w) (1 + (1))
—Ns,u

S (W(m(u))m) (4.25)
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as u — 00,51 — 00,5 — oco. Combining (4.23)—(4.25) and letting ¢ — 0, the lower bound of ©(u) is derived.
Since the upper and lower bound coincide, then we have

u

O(u) ~ \/EHBQOPZ%gp(m(u))W

and therefore the claim follows by (4.7) and (4.9)-

Case ¢ € (0,00). The main difference to the above proof is that A,(u) = 1 and v € (0,1}, which influ-
ences (4.16) and (4.18) and hence the resulting Pickands or Piterbarg constants that show up in the result.
Therefore, in order to avoid repetitions, we present only the counterpart of the derivations of (4.16) and (4.18).
Next, we check P2—P3 (conditions P1 is easy to verify) by using the same notation as in (4.15) and (4.16). In
order to prove P2, in light of Lemma 4.2 and the fact that g, ~ m(u) as u — oo uniformly with respect to
k € K,, we have that for all k € K,, and (s,t), (s1,%1) € E, as u — o0

(), A, 2w),, At

(G 2VAr (Zui(5,1) = Zun(s1,41)) = 2(gun)’? (1 r

LAt = t1]) + %0 (Ay ()]s = 1]
~ (m(u) i

2¢%2 2c?
NQ( o?(|s — s1) + (|t —t1]) ) -
©? @
Hence, we can set that

2¢%+2 2c?
eit,k(svtaslvtl) - 90;/ U2(|5_31)+FU2(|t_t1|)5 (Sat)v(slatl) eEakeKua

which ensures that P2 holds. Next, for P3, in light of (4.3) we derive that for u sufficiently large and A €
(0, min (20, 2a00)),

2

2c
Ou (s, t,51,t1) = F\Uz(ls —si)+o”(t—t) <Q (s — s+t —ta]),

with k € K, (s,1), (s1,t1) € E. In addition, for (s, 1), (s1,t1) € E, |(s,t) — (s1,t1)| < ¢, k € K,, and u sufficiently
large we have

(9u o) B Zuge1 (8,8) = Zug1(81,11)] Zue1(0,0)}

1 1
< ‘(gu,k)2 (1 - Tu(Su,l + ﬂs’ tu,k + Etv Su,ly tu,k)) - 91L,k(87t? 070)’

1 1
+ ‘(gu,k)Q (1 - Tu(Su,l + aslvtu,k + ﬂtl’ Su,ly tu,k)) - eu,k(slvtlvoa 0)‘

+10u.x(5,1,0,0) — 0y 1 (s1,%1,0,0)]
< €0ur(5,1,0,0) + Oy r(s1,11,0,0)] + O k(5,2,0,0) — Oy r(s1,%1,0,0)]
< C (e+ |0?(t) = o*(t1)| + |0*(s) — 0?(s1)|) — 0, €e—0.
Thus P3 is satisfied. Next let

1+ ct, [’}/X(S) —I—X*(t)] — %['}/X(S) +X*(t)]a (s,t) €k,

V(Sat) = \/i@t 20000
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with X* an independent copy of X. Hence by Lemma 5.3 and the fact that (recall that 7. = 22=<7%)

az

’76'72(1 + Ct*)z 2

2 . 2.2
(gu,k)2fu,k(svt) = 2t*4a°c(p2 g (8) = 7(;27 02(8)7 (Sat) € Ev U — o0,
we have
P (Sup(s,t)eE Eu (s, t) > gu,k) M(ﬁ(s) .
Q(gu,k) — RV (E) = H%X[O’ S]P@X[O’ Sﬂ, U — 00

uniformly with respect to k € K. Repeating the derivations of (4.19)—(4.25), we conclude that the claim follows
with the generalised Pickands and Piterbarg constants above instead of those for case ¢ = 0. Note that the
existence of Hx~ has been proved, see e.g. [2,4,16]; the proof of the finiteness of the generalised Piterbarg
constants limg, _, P@X[O, Si] is postponed to Lemma 5.4 in the Appendix.

7

Case ¢ = oo. Since A, (u) is the same as in the case ¢ = 0, the proof is very similar to that case. The main
difference is that the limiting Gaussian process V' that appears in (4.18) is here different, namely P1-P3 hold
with

V(s,t) = Ba, (s) + B _(t), (s,t) €[0,5] x[0,5],

where B, and B},  are independent fBm’s with index a. We omit details. O

4.2. Proof of Theorem 2.2

We begin with transformation of the distribution of the conditional passage time to the ratio of two tail
probabilities of supremum of -reflected Gaussian process over appropriately chosen intervals. Using the same
notation as introduced in the proof of Theorem 2.1, first we focus on 7{(u). Let Dy, = {(s,1) : 0 < s <t <
ru~tA(u) +t, }. For all u large we have

P(rnw<oo) by )
P (sup(eep,., Zuls:t) > m(u))

= ) , (4.26)

with Z,(s,t) defined in (4.4) and m(u) defined in (4.5). By Theorem 2.1, it suffices to find the asymptotics of

P (SUP(s,t)eDm,u Zy(s,t) > m(u) ), for which we write

. (Tl*(u) —uty _ x) C P(n(u) <zA(w)+ut,) F (5UPrefocaquysut) WA (H) > )

7 (u) <P ( sup  Zyu(s,t) > m(u)) <7%(u)+P ( sup  Zy(s,t) > m(u)) , (4.27)

(5,6)EDy 4, (s,t)ED\E(u)
where

Sty + J;u_lA(u)>
s,t)EE1(u) X ES (u)

with D defined in (4.4) and Ey(u), F(u) defined in (4.6). Moreover,

J(u) — Zi(u) — Yo(u) < 7%(u) < 77 (u) + O2(u), (4.28)
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where

N§ . Ng ,—1
i (u) = Z P (( sup  Zy(s,t) > m(u)) . JP(u) = Z P (( sup  Zy(s,t) > m(u))
k=—Ns 5.t

s, )E Tk (w) b Va1 €T (u)

with NZ, = [gﬁi’;g] +1, Ij(u) defined in (4.11), Ng,, in (4.12), Oy(u) in (4.13) and X;(u),i = 1,2 in (4.22).

Case ¢ = 0. Similarly as in (4.19), with € € (0,a1) and k* = min(|k|, |k + 1|), we have that

NS . AL(u) o\ 2
MW < S M [0S [0, Sw(m(u)e @I mOHE) o)

k=—Ns,u

Mp,,10.8] .. B u Ve
= P, 0.5 (a1 ~ <) 1/2&D(m(u))m/m e V' dy(1 + o(1))
~ ww/m@(x)HBaO Pg%@(m(u))m, (429)

as u — 00,5,5] — 0o0,e — 0, and
() > Vafaid(@)Hp,, PE, V(m(u)— (u)“Al o (1+ o(1)). (4.30)

By (4.9)

(s,£)ED\E(u)

P( sup zu<s,t>>m<u>>:ow%(u)):o(ﬁ(u».

Furthermore, it follows from (4.20), (4.24) and (4.25) that O2(u), X1 (u) and Yo (u) are all negligible in compar-
ison with 7{(u) and J*(u) for x € (—o0, oc]. Therefore, as u — oo,

P ( sup  Zy(s,t) > m(u)) ~/r/a1P(z)Hp,, 73;3’,10 &D(m(u))ﬁ ~ D(2) 1y, 00 (1), (4.31)
( miu 1u

$,t)EDg o

which together with (4.26) implies

* _ t .
o (e <v) o), se o]
Next, we investigate the last passage time. Similarly as above, for = € (—o0, oo] we have
75 (u) — uty, To(u) — uty
P2l < =1-P —— ‘ 4.32
(<) (* e > o < 52

P (Supte[xA(u)—&-utu,,oo) W‘Y (t) > u)

=1- P (11 (u) < o0)

P (Supte[zu_lA(u)thu,oo) Z’U«(Sa t) > m(”))
P (11 (u) < 00)
—1-U(x) =d(z)

=1

as u — 0o. Hence application of Lemma 2.1 in [21] (recall that 7 (u) < 72(u)) yields that for any =,y € R

T — ut 75 —ut
Pt e v < P (N < mi .
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Case ¢ € (0,00). Note that (4.29) and (4.30) are also valid by replacing Hp, [0,S] with H 5. [0, 5]
B
and Pg;o [0,.51] with P%CWX[O,Sl]. As shown in the proof of i) in Theorem 2.1, O(u), X1 (u), X1 (u) and
=7

P (sup(svt)eD\E(u) Zy(s,t) > m(u)) are all negligible in comparison with J*(u), x € (—00, o0] and 7§ (u). Hence

P (( tsup Zu(s,t) > m(u)) ~ \/W/a1¢(x)H@XPY;§_mXW(m(u))m

YEDg v

~ @)y ,00(u), u— 0.

In light of (4.26), we have
* _ t'u,
uler;oP (% < 1’) =P(z), z € (—o0,00].
Further, (4.32) can be proven using the same arguments. The joint weak convergence of the passage times
follows now by a direct application of Lemma 2.1 in [21].

Case ¢ = o0o. The proof of this case follows line by line the same as the proof of case ¢ = 0 with the ex-
ception that we have to substitute B,, with B, throughout the proof of case ¢ = 0. This completes the proof.]

4.3. Proof of Theorem 2.3
For any u positive

(1) = IP( sup (X(t) —ct—~ inf (X(s) —cs)) > u)

0<t<T s€[0,1]

= IP’( sup Z1,4(s,t) > m1(u)> ,
0<t<T

where my(u) = f{;}; and

Z1u(s,t) = (

Below, for notational simplicity we set

u+ c(t —ys)

01 u(5:) = Var (Ziu(s, 1)),
r1(s, 1, s1,t1) := Cor(Z1,u(s, t), Z1,u(s1,11)) = Cor(X (t) — yX(s), X (t1) — 7 X (s1)).
Let Dy = {(5,1),0 < s <t < T} and As = [0,6] x [T — 6,T] with 0 < § < T/2. For all large u
7 (u) < by r(u) < 7 (u) + 77 (u) (4.33)
holds with

7 (u) =P (( sup  Z1u(s,t) > ml(u)> , T (u) =P (( t)sup Z1 (s, t) > ml(u)> .

s,t)EAs €D\ As

The idea of the proof is to apply to 7*(u) Theorem 3.1 in [45] which gives the tail asymptotics of supremum
of Gaussian random fields with unique maximum variance point and to show that 7**(u) is asymptotically
negligible compared to 7*(u). For this we need to know the dependence structure of the random field Zj ,
which is analyzed in the next step of the proof.
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4.3.1. Dependence structure of Z 4,

Proofs of the following lemmas are postponed to Appendix.

Lemma 4.3. If 02 satisfies BI and BILI, then the unique mazimizer of o1 (s, t) over {(s,t):0<s <t < T}
is (0,T). Moreover, for u large enough and as (s,t) — (0,T)

1—o1u(s,t) = (2‘7022((7% _ ag(u)> (T —t)(1+ o(1))

(’;Z—ETT; - 7@3(U)> slto). i o*(s)= o)
+ (b(” —PI) m(u)) s(1+ (1)), if uf(s) ~ bs (434
L)1 +ol1) it s = olo®(s),
where ag(u) = —= — 0, as u — oo,

Lemma 4.4. If 02 satisfies BI-BII and t?> = o(02(t)) as t — 0, then

o?([t = t1]) +~%0%(|s — s1l)

1- t,s1,t1) ~ 4.
Tl(sa ; S1, 1) 20’2(T) ( 35)
holds for (s,t), (s1,t1) — (0,T).
4.83.2. Upper estimate of m* (u)
By Lemma 4.3, there exists a positive constant 0 < n < 1 such that
sup  Var(Zyu(s,t)) <1—mn.
(s,t)eDr\As
In addition, it follows from BII that
Var(Z1 . (s,t) — Z14(s', ') < Q1 (Jt = | + |s — §'|*), (s,t) € Dr.
Using Lemma 5.1 for u large enough we obtain
) L (i)
P sup  Ziu(s,t) > ma(u) | < Q2T (my(u))o0 ¥ : (4.36)
(s,;t)€DT\As 1—n

4.3.3. Asymptotics of 7*(u)

Case s = 0(0?%(s)) as s — 0. In light of Lemma 4.3, for any positive § and ¢ sufficiently small we have
P sup Zoe(s,t)>mai(u) | <7(uw) <P sup Zs_e(s,t) >mi(u) ],
(s,t)EAs (s,t)EAs

where -
X0 -2X0)

o2 (T)+te —v2te ’
(1+ 255 - 1) (1+ Sz o))

Zy,+e(s,t) = (s,t) € As,
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where Z means standardisation of Z, i.e., Z(t) = Z(t)/\/Var(Z(t). In view of Lemma 4.4 and using Theorem 3.1
in [45], we derive

P ( sup  Za,te(s,t) > mq(u) u — 00. (4.37)
(

Lz 20X(T) W (mi(u))
~ HB
s,t)EAs

(
w0 Beo 527y £ e q(u)mi(u)’
Letting § — 0, ¢ — 0 leads to
=~ 20’2(T) v (m1

* i ()
T (u) ~ HBnoPBao U'Q(T) q(u)ym?(u)

, U — 00,

which together with (4.33) and (4.36) establishes the claim.
Case 02(s) ~ bs as s — 0: In light of Theorem 3.1 in [45], in this case (4.37) is changed to

P Z t P IOy,
e 2.xc(8,8) >mai(u) | ~Pg o Pp, , (ma(u)), u— oo,
S, 5

with
X(t) —vX(s)

(1+ 2551 - ) (1+ Morpp Diey)

Z27:|:€(S,t) = (S,t) € As.

202(T) 202(T)
Thus letting § — 0, € — 0 and using (4.33) and (4.36) establishes the claim.
Case 02(s) = o(s) as s — 0: For any € > 0, if § is sufficiently small, then

2 (o2(|t = ta]) + o*(|s — s1]))

1—T1(8,t,81,t1) S JQ(T)

Se(lt—ti|+]s—=s1]), (s,1),(s1,t1) € As.

Let ZX(s,t) be a stationary Gaussian field over [0, T]? with variance 1 and correlation function

—4es —4et
%, s,te[0,T].

It follows that
ef4e\sfsl| +ef4e\t7t1\

2 )
In light of Lemma 4.3, by Slepian’s inequality (see e.g., Thm. 2.2.1 in [43]) and Theorem 3.1 in [45], we have,
for positive § sufficiently small

1—7ri(s,t,81,t1) <1— (5,1),(s1,t1) € As.

ZX(s,t
™ (u) <P | sup 2 L 2 7l
(s,8)EAs (1 + %(TT))(T - t)> (1 + ZZQ((;)) 8)
85-22(71% 87(7-22('1;)
~ PR PET W (m (), u— oo, )

Moreover,
7 (u) > P(Z1,(0,T) > mq(u)) ~¥(mqi(u)), u— oc.
Thus letting € — 0 in (4.38) leads to
7 (1)~ (W), w— o0,

which together with (4.33) and (4.36) completes the proof. O
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Proof of Theorem 2.5 For z > 0, let T, ,, = T — 204(T)w For all the three cases, using Theorem 2.3 and

o2(T)u?"
Remark 2.4 ii) we have
X u+cTy o
P o*(T)u*(T — 1) S x’T <7 = Yr,. () v ( o (To.0) ) N e<:a+2c(TT>)2 _<::2c(7;2,:1>)2 -
20’4(T) 1> - wT(U) !p (u+CT) ’ 9 3
o(T)
where for any = > 0
(T —Ts.
(utel)?  (utclhn)®  (utcl)? 1— (14 utcl J)2
202(T) 202(To,u)  202(T) G
(u+ cT)? (1 — 2L-Tely2
20%(T) 1— %
o?(T
— —x, U — 00.
Thus the claim is established. 0

5. APPENDIX

In this section we present an extension of Theorem 8.1 in [16] to threshold-dependent Gaussian fields, followed
by a uniform version of Pickands—Piterbarg lemma motivated by Lemma 2 in [4]. Then we give lemma that
deals with existence and positivity of generalized Piterbarg constants, which is followed by the proof of (4.8).
Finally, we display the proofs of Lemmas 4.1-4.5. Before proceeding to the proofs in Appendix, we first present
some regularly varying properties on o2. By AT and Theorem 1.7.2 in [41], we have that

uo?(u)

uh_)ngo () = 2000, (5.1)
5
im Y2 9y (200 — 1), (5.2)

u—oo o2 (u)
Lemma 5.2 in [46] shows that AT implies that in a neighborhood of 0
a?(t) > Ot?, (5.3)
then the function
1 2
—— . te(0,00 5.4

is regularly varying at infinity with index 2(1 — aw) > 0 and is bounded in a neighborhood of zero. By (5.4)
and uniform convergence theorem in [41] we have that for any 7' > 0

gQ(U) o ‘t|2—2(1<x,

o (ul) =0. (5.5)

lim sup
U0 4 (0,7

Moreover, Potter’s bound in [41] shows that for any 0 < € < 2a, there exists T > 0 and Q1, Q2 > 0 such that
for all s,t >T >0

(37 s 5 s ()

Q
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By UCT, similarly as in (4.2) we have that for 0 < A < min(2ay, 2a) as u sufficiently large,

o(ut) _ ga(ut) 20100 — A4 A
)~ g =2 >, telo,T]. (5.7)

By AII and Theorem 1.7.2 in [41] that
to2(t) ~ 2a002(t), t— 0,

which combined with (5.3) gives that ¢/ 02(t) is bounded in a neighbourhood of zero. Therefore if AI-AII hold,
we have from (5.1) that

K(t) :=t(c2(t))"", te(0,00) (5.8)
is a regularly varying function at infinity with index 2(1 — @) > 0 and bounded in a neighbourhood of zero.

5.1. Extensions of Piterbarg inequality and Pickands-Piterbarg lemma

Piterbarg inequality, e.g. [16], (Thm. 8.1), provides a precise upper bound for tail distribution of supremum
for a wide class of Gaussian processes. Our next result extends Piterbarg inequality to threshold-dependent
Gaussian random fields with general covariance structure, allowing for supremum to be taken on sets that
depend on wu.

Lemma 5.1. Let X, ,(t),t € R, 7 € K,,u > 0 be a centered Gaussian field with variance o> _(t),t € E, , and

a.s. continuous sample paths where K,, are some index sets. Let further E,, ; C Hi:l[_M’U«,i7 Mu’i}, u>0,7€ K,
be compact sets, and pul 0y ; = Supcp, ou,r(t). Suppose that 0 < a < oy < b < 0o holds for T € K, and
all large . If for all u large and for any s,t € B, ;

Var (Xw(t) - Xw(s)) <C Ed] ;
i=1

with ; € (0,2],1 <i <d, then for some Cy; > 0 and ug > 0 not depending on u and 7 € K,

82(81,.‘.,8(1), t:(th.‘.,td),TEKU, (59)

1@( sup | Xur(t)] >u> < 011'[( Mo u™ +1)w(u/au,7), u > ug. (5.10)

tEE., i=1

Proof of Lemma 5.1. Let E,(Lll ={teE, :04:()>0y,/2}and ES  :=FE, :\ E,(Lll Then for s,t € E,(Lll,

u

Var(Xor (1) — Xuur(s)
— < -
1= Cor(Xour (6 Xur(9)) € ——3 M05m—03 Z'

Let Y (t),t € R be a homogeneous Gaussian process with variance 1 and correlation function
ry(t) = Cov (Y(s),Y (s + 1)) = e o7 izl g 4 c RY,
and let

d
H[ku i /C—i—l)u w27 ,
i=1
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with k = (k1,...,kq) and k; € Z,7 = 1,...,n. By Slepian’s inequality (see e.g., Thm 2.2.1 in [43]) for u large
enough we have

IP’( sup | Xy -(t)] > u) < QIP’< sup X, (t) > “ >

teB() teBY) Tu,t
u
< 2P ( sup u,T(t) > >
k: Lk(u)ﬁE(l) tELk(u)ﬂEf‘ Z’ T
u
< 2P ( sup  Y(t) > )
k: Lk(u)ﬁE}(‘ll—;ﬁQ tELk(u)ﬁE(l) Ou,t
u
< 2P sup Y(t .
teLo(u Uu,T

k: Lk(u)ﬂE(l) 0

Further, by Lemma 6.1 in [16] and the fact that

inf — 00, U — 00,
TEKy Oy, 1
we have
P (supteLo(u) Y(t) > ) 1
. Cur Zal
w2 TP, V() H”B~ o [0 (aea™) ] =00

Consequently, for u sufficiently large

P ( sup | X, ()] > u> <2]] {HBW .10, (4ca=2)"] ([2 Mo u ] + 1)] U(u/oy.r)

te L), i=1

<y H ( OM, u™] + 1) U (u)o.r) (5.11)

uniformly with respect to 7 € K,,. By (5.9) for any 0 <h <1

1/2
) < (Cd)l/Qh"’O/Q,

sup \/Var(Xu,T(t) — X ( (CZ

[ti—si|<h,1<i<d

with 7o = minj<;<qy;. Thus by (2.2) in [47] and (5.9), for any Ef, N Lg(1) # (), we have

P ( sup | X7 (t)] > {b—i— 2+ V2)(Cd)'/? /OO 27

teE;  NLk(1) 1

} :c) < 222(1\/%u7 (z) (5.12)

for all 2 > (14 4d1n2)'/?, which implies that we can find a constant y such that

teES NLk(1)

P ( sup Xu7(t) > y) <1/2
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holds for all k with Ef N Lg(1) # 0. Further, using Borell-TIS inequality, see e.g., [43,48,49]

P ( sup X, (1) > u) < Z P ( sup | Xy (1) > u)
e (1)#0

KiES Lk t€ES NLi(1)

d
< 2d H(Mu,z + I)W(Q(u - y)/%;)
i=1
d 2
=0 (H (Mwuv_i + 1) y'/(u/auﬁ)> ,
i=1
hence the claim is established by considering also (5.11). O

Remarks 5.2.

(i) Incase X, =X and E, , = E for all uw and v; = v,7 < d, the claim of Lemma 5.1 coincides with that
of Theorem 8.1 in [16]. Note in passing that Piterbarg inequality gives sharper bounds than Borell-TIS
inequality. The later however holds under weaker assumptions.

(ii) In the formulation of Lemma 5.1 we write (M, ;u?/? 4+ 1) and not simply M, ;u®/ " since we want to cover
also the case that lim, .., M, ;u?/7 = 0.

The classical Pickands lemma gives the exact asymptotics of Gaussian processes on short intervals. We present

below an extension of that lemma; our result is uniform with respect to some parameter 7, € K,. Let therefore

E c R? be a compact set with positive Lebesgue measure containing the origin and let K, some index sets. We

denote Cy(E) the space of all continuous functions f on E, such that f(0) = 0, equipped with the sup-norm.

For f, r € Co(E) define

6ur(t) = 22O
u,T 1 + quT(t) )

with Z,, » a centered Gaussian field with unit variance and a.s. continuous sample paths. In the following lemma
we derive the uniform asymptotics of

teE, 7:=1, € Ky,

pu,T(E) =P (sup gu,‘r(t) > gu,‘r> , U — 00,
teE

with respect to 7 € K,,. We need the following assumptions, which are similar to those imposed in [46], (Lem. 5.1)
and [4], (Lem. 2).

P1: inf ek, gur — 00 as u — oo.
P2: Let 0, -(s,t) be a function such that

Var (Zuﬂ-(t) - Zu,'r(s))
20,7 (s,1)

lim sup sup gfw

U= reK,, s#teE

—1‘:0.

There exists a centered Gaussian random field V (¢),t € R? with V(0) = 0, covariance function (o2 (t)+ o
o2 (t—s))/2,s,t € R? and a.s. continuous sample paths such that

<

—
w

N
I

lim sup |0,,(s,t) —op(t—s)| =0, Vs,tekFE.

U—=0 rc K,
P3: There exists some a > 0 such that

li 0’[1,,7'(87 t)
imsup sup ~ sup —g———
u—oo TEK, s#t,s,tEE Zi:l [s; — ti]®
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and further

lim lim sup sup sup g2 E {[Zuq(t) = Zy7(5)] Zu-(0)} = 0.
€l0 u—oo TEK, |t—s|<e,steE

Lemma 5.3. Let gy -, V, 0, - satisfy P1-P3. Assume that f, , € Co(E),u > 0,7 € K,

lim  sup |92 fur(t) = F(8)] = 0. (5.13)

U= re K, teE

Then we have

pu,-r(E) _ f _
7o) RV(E)‘ =0, (5.14)

lim sup
U=0 reK,

with RL,(E) == E {supteE eﬁv(t)_”%/(t)_f(t)} € (0,00).

Proof of Lemma 5.3. By conditioning on &, -(0) = gu,r — ==, w € R for all v > 0 large we obtain

Gu,7’

g%y‘.,_ 711172
V2rgyre 2 P (sup Eur(t) > gu’7> = / e 2P <sup Xu,r(t) > w) dw =: I, -+,
teE R teE

where
Xu,‘r(t) = Cu,‘r(t)Ku,T(O) =0, Cu,T(t) = gu,T(gu,T(t) - gu,‘r) + w.

In order to establish the proof we need to show that

lim sup |, — R{,(E)‘ =0. (5.15)

U—=0 reK,
M __w?
sup | I,» — RY(E)| < sup / [ew 2087 P <sup Xu,r(t) > w> —e"P (sup V(t) > w)} dw‘
reK, reKy | -Mm teB teE

w— w?
+ sup / e 0L (sup Xu,r(t) > w) dw
reKy Jjw|>M teE

+/ eVP (sup V(t) > w) dw.
w|>M teE

Next, we give an upper bound of each term in the right hand side of the above inequality. Clearly, x,. -(0) =0
almost surely, and the finite-dimensional distributions of x,.-(t),t € E coincide with that of

It follows that

1

¥ fur(D) (gu,T(Zu,T(t) - rz,‘,‘T(t,o)Zu,T(o)) + uumw(t)) . tEE,

where

puraw() = =g - (L =72, . (6,0) + fur(t) + Wl =1z, (£,0) + fur (1), 7z, (t5) = Cor(Zur(t), Zur(s))-

Consequently, by P1-P3 and (5.13) we have that uniformly with respect to t € E, 7 € K,,,w € [-M, M]

Pa,rao(t) = =(00 (8) + f(2)), u— o0 (5.16)
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and also for any (s,t) € E uniformly with respect to 7 € K,,w € [-M, M|

va(s,8) 1= Var (14 fur ()X (1) = (1+ fur(8))Xur ()

= 2 [B{ (20r0 - 20 9) } - (2 (00 = vz (5.0)]
— 2Var(V (t) — V(s)), u— oo. (5.17)

Note that v, (s, t) does not depend on w and f € Cy(E). Consequently, following the proof of Lemma 4.1 in [50],
the finite-dimensional distributions of (1 + fy, ~(t))xu - (t) converge uniformly for 7 € K,,w € [-M, M] where
M > 0 is fixed. By P3, the uniform convergence in (5.16), (5.17) and

lim  sup |fur ()] =0 (5.18)
E

U—=X0 re K, te

imply along the lines of the proof of second part of Lemma 4.1 in [50] that for arbitrary M > 0, > 0

P (Sup Xu,r(t) > w) —P (sup V(t) > w) ’ =0,

telE telE

lim sup
U0 re Ky, we[—M,M]|,wi[—e,ée]

where we use the fact that sup,cp V' (¢) has a continuous distribution H(t),t > 0 for all ¢ > 0, see e.g., [51]
(Thm. 7.1) (recall that since 0 € E and V(0) = 0, then sup,. V() > 0). Further, by P1
_w? eMM2

. 2
lim sup e[l —e ur] < —— - 5
U0 L e we[— M, M] 2liminfy o infrek, 9z -

— 0, u—o00

we obtain by the fact that € > 0 can be chosen arbitrary small

M w2
/ [ew 291%; ]P; (Sup X’LL,T(t) > U)> _ ewIP) <Sup V(t) > w)} dU)‘ = 0
-M teE el

Using (5.16) for 6 € (0,1/2), |w| > M with M sufficiently large and all u large we have

sup B {(1+ fur(t))Xu,r(t)} < 6wl
TEK, ,teER

lim sup
U0 T,

It follows from P3 that for u large enough,
d
Var (14 fu,r (0)Xu,r (8) = (14 fu,r(9))xur () S QD _|si —til"  (s,1) € E.
i=1

Thus by (5.18) and the result of Lemma 5.1, we obtain for some €,6 € (0,1/2) and all u and M large

w2
/ e MirP (sup Xu,r(t) > w) dw
|w]>M teE

< / el <sup (L4 fu,r (0)Xu,r (1) = E{(Q + fu,r (1) xu,r()})
|w|>M

o teE

> w2 sup E{<1+fu,7<t>>xu,7<t>}) du
teE,TeK,

IN

/ et / o (S“p(X“’T(t) —E {xur (D)) > w/2 ~ 5w> dw

—o0 M teE

IN

e_M-i-/OO eV ((1—¢)(1/2 - )w) dw
M
= A(M)—0, M — oco.
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Moreover, using Borell-TIS inequality (see e.g., [43,49])

Az (M) ::/ P (sup V(t) > w) dw—0, M — oo.
[w|>M teE

Hence (5.15) follows since

w2
o 293P (sup Xu,r(t) > w) —e"P (sup V(t) > w)
‘e E teE

sup | L r — RfV(E)| < sup
TEK, TeK,

L.

_>A1(M)+A2(M)a U — 00,

— 0, M — occ.

Since further

lim sup
U= 1K,

9%,
v 27Tgu,7'e' z &D(gu,‘r) - 1‘ =0,

the proof is completed. O

5.2. Piterbarg-type constant

In this subsection we prove the existence and positivity of the generalized Piterbarg constant that appears in
Theorem 2.1. Let X be a centered Gaussian process with stationary increments, a.s. continuous sample paths
and variance function satisfying the following two assumptions:

CO0: o2(t) is regularly varying at infinity with index 2a., € (0,2) and its first derivative is continuously
differentiable over (0, 00) with o2(¢) being ultimately monotone at infinity.
C1: o?(t) is regularly varying at zero with index 2aq € (0,2].

Then we have

o?(ult — s|) — (o(ut) — o(us))®  o*(ult — s]) — (uc(ub)(t — s))?

1 — Cor (X (ut), X (us)) = 20 (ut)o (us) - 20 (ut)o (us) ’

with 6 € [s,t]. Note that (5.1) implies

which together with (5.5) implies that

1 — Cor (X (ut), X (us)) ~ Tl <1 B %%)

_ Eilﬂi;;iQ.<1__a2 _gzﬁyﬁl__) (5.19)

> g2 (ult — s[)

N (5.20)

as u — oo for s,t € [1,1 +u"'lnul.
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Lemma 5.4. If X is a centered Gaussian process with stationary increments and a.s. continuous sample paths

such that its variance function satisfies C0,C1, then
P% = lim P%[0,5] < oo
S—o0

holds for any a € (0, 00).

Proof of Lemma 5.4. We first introduce some notation. For S > 0,u > 1 define

X (u(t+1))

ac?(ut) ’

L+ 202 (u)

Y.(t) = te[0,u " nul,

Io(u) = [ku™ 'S, u= (k+1)S], 0<k < N(u), with N(u) :=[S™ Inu] + 1.
It follows that for S sufficiently large

N(u)

po(u) <P ( sup Y, (t) > \/§U(U)> < po(u)+ Y pi(w),
k=1

te[0,u—1 Inu]

where

po(u) =P ( sup Y, (t) > ﬂa(u)) ,

telo(u)

tel (u)

pr(u) =P ( sup X (u(t + 1)) > V20(u) <1 + w)) , k>1

In order to apply Lemma 5.3, by (5.19) we set

ac?(kS)

Ku:{kiZOSk‘SN(U)}, E= [O,S], gu,k:\/iO'(U) (1+W

)7kEK1L7

Zup(t) = X(u(u'kS+u 't +1)), ke K,,

S ()]

— gu,k 202(u) s S,t - E,k € Ku,

Qu,k(s, t)

fuo(t) = %, teE, fur=0, keKk,\{0}, V=X

Since P1-P2 are obviously fulfilled, we shall verify next P3. By C1 we have, for u sufficiently large

o?(|t — s])

2 :
202010 < 20°(jt —s|) < QJt — s|*°, s,te EkeK,.

Oui(5,t) = gk

Moreover, by (5.19)

sup sup gik]E {{Zuk(t) = Zu,7(5)] Zu i (0)}
kEK, ||t—s||<e,s,teE
o?(t) o%(s)
< sup sup gi (—1+01 — 14 o(1 )
KeKo |li—sl<c.steE 202(”)( @) 202(”)( @)

g: k
< sup sup >

< o2(t) — o?(s)| + o(1)) = 0, u — o0,€ | 0.
kEK. ||i—s]|<e.s,ter 202(u) (‘ () (s) ( ))

(5.21)

(5.22)
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Thus P3 is satisfied. Hence

giofu’o(t) — aaz(t), U — 00
uniformly with respect to t € E and
92 1 fur(t) =0, te E ke K,\{0}, u>0,

implying that

D | ) B
P oty )
and
pr(u)

lim  sup
U0 ke Ky /{0}

v (Vaotu) (1+ <2E51)) Hxlo, S]’ =0. (5.23)

Dividing (5.21) by ¥(v/20(u)), letting u — oo and applying (5.6) for sufficiently large S; we have

P%I0, 5] < P%[0, S1] + Hx|[0,54] Ze,w

k=1

< P[0, S1] + Hx [0, S4] Z o~ Q1(kS1)
k=1

< PL0,51] + Hx[0, Sy]e Q25
Letting S — oo leads to

lim P%[0,S] < PL[0, S1] + Hx[0, S1]e 951~ < oo

S—o0

establishing the proof. O

5.3. Proofs of (4.8)

We begin with p;, assuming that 7' € N is sufficiently large. For (s,t) € [k, k + 1] x [I,{ + 1] with [ > T and
0<k<I, by (5.6), we have

[(1 = y)o?(ut) + (v2 — v)o?(us) + yo? (ult — s])](1 + ct,)?
(1+c(t —7s))* 02 (uty)

Var(Z,(s,t)) =

t2a°¢+e
Y —
(14 el =)
< Qt7(272aoofe)
< Ql7(272a°¢76)
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for w sufficiently large, with 0 < € < min(2aee,2 — 20i). Moreover, in view of (5.7), for (s,t),(s1,t1) €
[k, k+1] x [I,14+ 1] with! > T and 0 < k <! and u large enough

X (ut) — vX (us) X(utl),vX(usl)>
oy(us,ut) " oy (usy,uty)
_ Var (X (ut) — X (ut1) + vX (us1) — vX (us)) — (o (us, ut) — o, (us1, ut1))?
oy (us, ut)oy (ust, uty)
o?(ult — t1]) + o2 (uls — s1])
oy (us, ut)oy (ust, uty)
4 o*(ult —t1]) + o%(uls — s1|)
SN o2(al)
<Qr(Is—si+ 1t —ta]*),

Var(Z,(s,t) — Zu(s1,t1)) = 2 — 2Cov (

where Qr is a positive constant depending on 7" and 0 < A < min(2ayg, 2as ). Thus from the above results and
using further Lemma 5.1, for T" large enough we have

co 1
p1(u) < Z ZIP’ ( sup Zu(s,t) > m(u)>

(s,t)€lk,k+1]x[1,14+1]

Z m(u)
= P sup Zu(s+kt+l)> ———te
Z ((s,t)e[o,lp ( ) Ql(22aooe)>

5 Qu (-2

o o)

Next, we show that pa(u) is also negligible. By UCT, we have

1— 152()40c 2 _ 2000 t— 2000 1 t* 2 ,t
Var(Za(o.1)) —» (L2 407 =)~ fali s~ et)? _ f(0)
(14 c(t —s))* t, 20 f(0,t.)
uniformly over Dy ,, where f(s,t) is defined in (5.25) with (0,¢,) the unique maximum point over D. Conse-
quently, there exists a constant 0 < bs < 1 such that for u large enough

sup  Var(Z,(s,t)) < bs.
(s,t)€Ds,u

Furthermore, by (5.7) for u large enough we have

(14 cty)? {(X(ut) —X(us)  X(ut:) — ’YX(usl))Q}

Var(Zu(s, t) - Zu(slvtl)) =

o2 (uty,) 1+ c(t—s) 14+ c(ty —ys1)
<Q (‘72((;(2; 7;1') + 022“2(3”; ;m (1) + (s — 31)2)
< Q5(|t - t1|>\ + |S — 81|)\), (S,t), (81,t1) € Drp, (524)

with A € (0, min(2ap, 2t )). Consequently, by Lemma 5.1

() < Qo m(w) P () —o (ot wmiu))
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Finally, we focus on p3(u). In light of Lemma 4.1, we know that for § sufficiently small and u sufficiently large

2
a1 o a2 0 (us)
sup Var(Z,(s,t)) < sup (1——t—tt) - = )
(s,t)€D; , ( t (si)ED], 2 ( C 2 02(u)

< sup (1 — ﬂ(t — tu)2)
(s,t)ED;YU 2

<1_Q7(lnm(u)>2’

m(u)

which together with (5.24) and the application of Lemma 5.1 leads to

a m(u) U
(u) < Qs(m(u)) ¥ =0 ————¥(m(u)), u— oo
" : \/1 _ Q? (h;;r(lf;;))z <m(u)A1(u) >
establishing (4.8). O

5.4. Proofs of Lemmas 4.1-4.4

In this section we present details of the proof of Lemmas 4.1-4.4.
Proof of Lemma 4.1. For any u > 0 we have

(1 =)o (ut) + (v = 7)o (us) + vo° (u(t — s))
(1 +c(t—s))? ’

o3 u(s:t) =
By UCT we have as u — oo

Oluls:t) (L=t + (97 = 9)s* fo(t — 5)*
o?(u) (1+c(t —7s))?

= f(s,1) (5.25)

uniformly for 0 < s < ¢ < T with T any positive constant. Using (5.6) for any 0 < € < min(2aq, 2 — 2 ) there
exists a constant ue > 0 such that for all 0 < s <t < oo,t >T > 1 and u > u., we have

2u5,0) _ (L p)aste fyposte)  Q

o?(u) =0 (14 c(t — vs))? S T 0. 0 T (5.26)

It follows from [15] that f(s,t) has one unique maximum point (0,¢.) over D, which combined with (5.25)
and (5.26) yields that for u large enough, the maximum point of 62 ,(s,t) denoted by (s, t,) must be attained
over 0 < s <t < T with T > ¢, large enough. Further, (s,,t,) — (0,t.). By contradiction, suppose that

(Sustu) — (s7,t7) # (0,t,). Hence, by (5.25), we have that

2 2
f(s1,t7) = lim Tyu(Bus tu) 73,4(0,t)

> lim
oo o2u) oo o2(u)

= f(0,t.).

This contradicts the fact that (0,¢,) is the unique maximum point of f(s,¢) over D. Next, we prove that the
maximum point is unique. It follows that for 0 < s <t < oo

803,u(5, t)
ds
da2 ,(s,t)
ot

— A (s, 1) {((7 ~ 1)o2(us)u — o2 (u(t — s))u) A2(s,t) + 2c02 (us, ut) A(s, t)} :

— A (s,1) {((1 — o (ut)u + yo? (u(t — s))u) A2(s,) — 2c02 (us, ut) A(s, t)} . (5.27)
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with A(s, ) = 1+ ¢(t — 7ys). Suppose that s, > 0, then by the continuous differentiability of o2 ,(s,t), we have

Oc?

Su(8:1) 803/’u(s, t) _

T 05 n=ts) O =t
which implies that
02 (usy) = 02(uty) — o2(u(ty — 54)) = 02(uby )us.,
with 6, € (t, — su,ty). For K(t) = t/o2(t) defined in (5.8), the last equation can be re-written as

uf, 02 (ub,) K (usy)

. =1. 5.28
o2(ub,) K(uby) (5:28)
Since AT holds, then by (5.1-5.2) and using UCT, we have
.
UQL.LO' (uby) 90 1. lim K(usy) _
e T 2 ut) K (ub)

Hence, for u large enough

uf, 02 (ub,) K (usy)

! <1,
o2(ub,) K(uby)
which contradicts (5.28). Consequently, for u large enough then s, = 0 and ¢, is the maximum point of
2
o2 ,(0,1) = % It follows that (the following derivatives are all with respect to t)
o2 (0,1) . o2 ,(0,8) .
youl yulth
0_27(”) — f(O,t), and T(u) — f(O,t) < 07 U — 00

hold uniformly over [t,—§,t.+3d] for § > 0 small enough. This implies that Ui';‘((fj;t) is decreasing over [t —0, t.+0]

for § > 0. Thus ¢, is unique and then (0,,) is unique. We also have that the first derivative of o2 ,(0,t) with
respect to t at point ¢, equals zero (see (5.27)), i.e.,

902 ,(0,1)

L, = AT {((1 — 7)o (uty)u + w&z(utu)u) A2(0,8,) — 202 (0, ut, ) A(0, tu)} —0,

which is equivalent to
uo(uty) (1 + cty)? = 2c0? (uty ) (1 + cty,). (5.29)
For any v > 0
(14-cty+c(t—ty—vs))20? (uty,) = (14cty) 20 (uty) +2c(1+cty, ) (t—t, —v8)o? (uty) +c2(t—t, —ys)?o? (uty,)
and by Taylor expansion
o?(ut) = o® (uty) + o2 (uty Ju(t — t,) + %(}'2(u91,u)u2(t —t)%,

. 1 -
o?(u(t — 8)) = o (uty) + o2(ut )u(t —t, — s) + 502(1192#)112(15 —t, — 8)%,
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with 0y ,, € (¢,t,) and 02, € (t—s,t,). Inserting the above expansions to the following equation and using (5.29)
we have

|- Tl t) _ (et —99)%0® (uty) — [(1 = Mo (ut) + (77 — 7)o
3 (0, )

(1+c(t —vs))?0? (utu)
(1= A ct)?0?(us) — LGP0 (b u) (1 + cta)(t = t)?
(1+c(t —vs))?0? (utu)
02 (uty )2 (t — ty, —v8)? — 202 (uflg,)u(1 + cty)2(t — t, — 5)°
(14 c(t —vs))202(uty,)

B (’Y = )(1 + Ct1L)2U2(us) + (02(Utu)c2 - 12"/ 20'2(’&91 u)( + Ctu)

(us) +yo? (u(t — s))] (1+ cty,)?

02 (uba o )u?(1 + ctu)2) (t — )2
(T4 c(t —vs))%02(uty,)
02(ut, )2 (y2s® — 79(t — t.)s) — &0

(u02 WU (14 cty)?(s2 — 2(t — ty)s) (5.30)
(1+c(t —vs))?0(uty) '
It follows from (5.5) that for any § > 0 and u large enough
2
t
25( - = 392(u u) < 2tf°‘°°(52_2°‘°°, s € (0,4]. (5.31)
Tl ga(us)
Following (5.2), we have that
2(uh; U2 2000 (20000 — 1
g ;;‘(;]; ))“ ~ O‘O"((ta;; ) wsei=1.2 (5.32)
Moreover, for § > 0 sufficiently small and u sufficiently large

It — ty|s < §0@) 2| — g, |~ (1-a)/2g

S 51—(100 (t _ tu)Z _’_5(100—182

< Qe ((f?((f)) (- tu)2) . se(0,0].

(5.33)
Hence inserting (5.31)—(5.33) into (5.30), we have that for u sufficiently large
2 o2 (s,t
(2a1 — Q=) (t — t,)? + (2as — Q8" =) Z 2(“5) <1- (s, )
o?(u)

Ug,u(oa tu)

< (200 + Q8 T)(t — tu)” + (202 + o e (L)

for 0 < s < 0 and [t —t,| < § with 6 > 0 sufficiently small and @ a fixed constant, which establishes the claim. OJ
Proof of Lemma 4.2. It follows from the direct calculation that

1—r (S tosi.t ) _ Dl,u(satvslatl) - DQ,U(Satvslatl) + ’YD?),u(Svt Slatl)
R 20 (us, ut)o~ (usy, uty)
with

)

Dy (s, t,51,t1) = 02(u|t —t1]) + 7202(11\3 —s1]), Daou(s,t,s1,t1) = (04 (us, ut) — o (us1, uty))?,
D3 y(s,t,s1,t1) = o*(ult — s]) + o2 (ulty — s1|) — o> (ulty — s]) — o (ult — s1])
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Using Taylor expansion, wi

DS,u(Sa t,S1, tl)

where 61, 02 and 03 are some positive constants (depending on u) satisfying % < 0; < %t*,i =1,2,3 for u

e have

= oty — )t — 1) + %u%é(uel)(t _4)?
Fuo(ut — 1))t — 1) + %u%é(uez)(t )2

- %u%é(uel)(t ) %u%é(ueg(t )
+ulo2(ubs)(t — t1)(ty — t+ 51 — $)

< u? (%a"?(ual) + %&'2(1692) + 20"2(u93)> (t — 1) + 2002 (ubs) (s — 51)2,

sufficiently large. From (5.2) and (5.4), we have that for 6 > 0

which together with (5.5) i

o (u)t?

te(0,6) 02 (ut)

g2(u)
sup s
t(0,6) g2(ut)

‘ U0 (u)t ‘

S | o2 (ut)

te(0,9)

mplies that if 5, — 0 as u — oo

ga(u)
sup
t€(0,0,) 92(ut)

‘ U202 (u)t2 ‘
sup | ——5——
b o2 (ut)

t€(0,0.)

— 0, u— o0.

Therefore we get that uniformly for (s,t) # (s1,t1) € [0,04) X (ty, — Ju, oy + du)

DS,u(svta Slatl)

————= >0, u— .
Dl,u(svtaslatl)

By (5.4) and AIII we have for any x € (0,00) and any y € [0, 1]

o*(xy) _ g2(ay) 5 o

=) e T
Hence by UCT for 0 < s1 < s < 0, with §, — 0
0% (us1) 2
(0% (us) — 02(u51))2 % (us) (1 = 2(us) ) % (us) o2 (us)
= 1 2< 0 .
Pluls—si1)o?(w)  o2(w) i) = 02() (Lt s1/s)” <450y =0 u—oo

By (5.1) and (5.4) we have

D2,u(57ta Slvtl)
Dl,u(svta Slatl)

531

(5.34)

< LU= (0 (ut) — o (utr))? +7*(0? (ult — ) — o*(ults = 51)))* + (v = 7*)*(0® (us) — 0?(us1))”

Dy (s, t,s1,t1) (04 (us, ut) + o (ust, utl))2

1)?

0 ((ua'?(u)z)?(t —t

o?(u)o?(ult — t1])

(u&2(u))2(s —51)2 (Uz(us) — az(usl))2>

o?(u)o?(uls — s1]) o?(uls — s1])o?(u)

g2(u)

g2(u)
=@ <gg<u|t—t1> ’

(0% (us) — 02(u51))2> .

ga(uls —s1]) ~ o*(uls — s1])o®(u)
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Further, it follows from (5.5) and (5.34) that

D2,u(57ta Slvtl)

— 0,
Dl,u(svtaslatl)

as u — oo uniformly for (s,t) # (s1,t1) € [0,04) X (tu — Oy, ty + 6y) with 6, — 0. This completes the proof. O

Proof of Lemma 4.3. We have

(1=7)0%t) + (v* =v)o*(s) + 0%t =)  (u+cT)?
o*(T) (u+c(t —s))?
=: fl(S,t)fgﬂ,‘(S,t), (s,t) € Dy = {(s,t),O <s<t< T}

O—iu(sa t) =

In light of BIII, fi(s,t) is strictly increasing with respect to ¢ and strictly decreasing with respect to s for
(s,t) € Dp. Moreover,

lim sup |fou(s,t)—1]=0.

U090 (s,t)eDr
Thus we conclude that the maximum value of aiu(s, t) over D must be attained in a sufficiently small neigh-
bourhood of (0,7T) for u large enough. Further, as (s,t) — (0,T)

2
o) et = o)
o*(T) b(y —12) +70%(T)
1-— = T—1t)(1 1 if o2 ~
fi(s,t) aQ(T)( t)(1+o0(1)) + 2(T) s(140(1)), if o*(s) ~ bs,
Y7 o e 2
L Fo), s = ofo?(),
and for u > 1 )
—2c
1— fouls,t) = T 1+ 0(1)),
Fauls ) = 2 (T~ t495) (1 + (1)
which imply that (4.34) holds and further the maximum point of o1 ,(s,?) in a neighbourhood of (0,T) is
0,7'). Thus the claim is established.
(0, 7). Thus the cl blished O

Proof of Lemma 4.4. The proof is similar to that of Lemma 4.2. We have

Di(s,t,s1,t1) — Da(s,t,s1,t1) +vD3(s,t,51,t1)
QJW(S, t)Un/(sh tl)

1-— Tl(satvslatl) =

with

Di(s,t,s1,t1) = o> (|t — t1]) +7°0%(]s = s1]), Da(s,t,s1,t1) = (04(s,t) — 0y (s1,11))%,
Ds(s,t,s1,t1) = 02(\t —3|) —l—UQ(\tl - s1]) — 02(|t1 —s|) — 02(\t — s1))-

Using Taylor expansion and the fact that t? = o(c2(t)) as t | 0, we have
: 1 - : 1 -
Ds(s,t,s1,t1) = 0%(t1 —s)(t —t1) + 5a2(¢94)(t —t1)?+ o2t —s1)(t1 —t) + 5a2(05)(t —t1)?
1 - 1 - .
= 5(;2(194)(t —t)? + 502(195)(t —t1)% 4+ 02(06)(t —t1)(t1 —t + 51 — 5)

(1 2(0,) + 202 (65) + 2(;"2(96)) (t —t1)% +202(06) (s — 51)?

IN

2 2 7
= O(Dl(S,t,Sl,tl)), S,81 — O,t,tl — T7
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where 04, 05 and 6 are some positive constants satisfying % <0; < %T,i =4,5,6. By (5.4) and BIII we have
for any = € (0,00) and any y € [0,1]

o’(xy)  ga2(wy) o _
2@ g 2V

hence for 0 <s1 <s<T/2

2 (1)
(0%(s) — 02(s1)) — o%(s) (1 ~ 2(0s) )
a?(|s — s1]) ﬂigi—(;)l/@))

<40%(s) =0, s—0. (5.35)
By (5.4), (5.35) and the fact that t> = o(c?(t)) as t | 0, we have
(ai(s,t) — ai(sl,tl))z
(04(5,1) + 04(51,11))?

(L=E%() = o%(t) + (7° = 1)(03(s) = %(51)) + 7 (02(t — 5) = 0> (11 — s1)))”
(0y(s,) + 04 (51, 11))?
8

72(T) (2@t = 11)? + (TNt — 11 = 5+ 51)* + (02(s) — 0*(1))?)

= O(Dl(s,t,81,t1)), 5,81 — O,t,tl —T.

D2(3at7515t1) =

Therefore, we have

o? (|t — tal) +7%0%(Is — s1))
202(T) ’

1—T1(8,t,81,t1)’\’ 5751_)07tat1_)T7

which completes the proof. O
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