ESAIM: Probability and Statistics May 2003, Vol. 7, 313-328
DOTI: 10.1051/ps:2003014

CONSTRAINTS ON DISTRIBUTIONS IMPOSED
BY PROPERTIES OF LINEAR FORMS*

DENIS BELOMESTNY!

Abstract. Let (X1,Y1),...,(Xm,Ym) be m independent identically distributed bivariate vectors and
Li =8 X1+ ...4 BmXm, Lo = S1Y1 + ... + BnYs are two linear forms with positive coefficients.
We study two problems: under what conditions does the equidistribution of L; and L2 imply the
same property for X7 and Y7, and under what conditions does the independence of L1 and Lo entail
independence of X; and Y17 Some analytical sufficient conditions are obtained and it is shown that in
general they can not be weakened.
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INTRODUCTION

While testing homogeneity or independence hypothesis it occurs sometimes that we have access to the trans-
formed random sample rather than to the original one. Scaling and superposition are among the most common
transformations. Typical examples are the mixtures of simultaneous speech signals that have been picked up
by several microphones, interfering radio signals arriving at a mobile phone, or parallel time series obtained
from some industrial process. Specifically, we consider here the following two setups and two corresponding
problems.

e Let us have two vectors of independent and identically distributed random variables X = (X1,...X,)
and Y = (Y1,...,Y,,). The problem consists in testing the hypothesis that the distributions of X and
Y are equal on the basis of two linear statistics:

LX :ﬂle + +ﬂmea
Ly :511/1 +---+5mYm7

where {8;} are some positive real numbers.
e Let us have m independent identically distributed bivariate vectors

(Xlayl)a (XQa}/Q)a LR (vaym)'
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The matter in question is how one can test the independence of X and Y having at hand Lx and Ly
only.

Regardless of the type of statistical inferences, the corresponding identifiability problems are of paramount
importance.

The problem of defining the distribution of X by means of Lx for the case when all {5} are equal has
been considered in [1] and [8]. We mention also that the first problem considered in our paper is different from
the phenomena investigated by Marcinkiewicz in 1938 (see [6]) and later by Linnik (see [5]). They dealt with
two identically distributed different linear forms in the same i.i.d. variables and tried to get the necessary and
sufficient conditions for the Gaussianity. We investigate the same identically distributed linear forms in possibly
different i.i.d. random variables and are interested in the conditions for the equidistribution of these variables.

1. THE MAIN RESULTS

Let us rewrite our linear statistics in the following form

Lx =b1(X11+.. .+ X))+ o+ 00 (X + -+ Xk, ),
Ly=bi(Y11+ ...+ Y1)+ ..+ 0n(Yoa + ...+ Yar, ),

where {k;} are natural numbers with k; + ...+ k, = m and {b;} satisfy the condition

b1 < ...<by. (1)
Ifn>1, we set
k; b; .
i:_;hi:_a :]—7"'7 717 2
%=1 5 n (2)
T(2) =1+ q@hi+... 4+ gu-1hi_4. (3)

By Fi(z), fi(t) and Fy(z), f2(t) we also denote the common distribution and the characteristic functions
corresponding to the samples X and Y and by F(z,y), f(x,y) the common distribution and the characteristic
functions of the pairs {(X;,Y;), i = 1,...,m}. Throughout the paper 2 will stand for equality in law.

Theorem 1.1. I) Let two random samples X and Y be such that Lx = Ly.
If one of the following conditions is fulfilled
(1) n=1;
(2) n> ]-; Q1+ ...+ gna < ]-z'
B)n>1,q¢+...+ g1 > 1 and Fi(x) possesses finite absolute moments of the order o, where o =
max{fz: 7(z) =0} > 0,
then fi(t) = fa(t) for |t| < 0, where § = min{t > 0 : |f1(t)| = 0}.

IT) If conditions (1, 2) and (3) are violated then there exist two distribution functions Fio(x) and Fyo(x)
possessing absolute moments of the order o — € for any € > 0 such that Lx, = Ly, and at the same time
f10(tn) # fao(tn) for some sequence t,, tending to 0.

Corollary 1.2. Let the conditions of Theorem 1.1 be fulfilled. If f1(t) does not vanish on R, then Fy(x) = Fa(x).

Corollary 1.3. Let the conditions of Theorem 1.1 be satisfied. If fi(t) has an unique extension from any
interval containing zero on R (see [2]), then Fi(x) = Fa(x).
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Theorem 1.4. I) Let two random sample X and Y be such that Lx and Ly are independent. If one of the
following conditions is fulfilled

(1) n=1;

2)n>L, ¢ +...+qn-1<1;

B)n>1,qg+...+qn—1>1 and F(zx,y) possesses all absolute moments of the order «:

/ |z|* y|*? dF (z,y) < o0, a1 +az=a, a,az>0 (4)

where a = max{Rz : 7(z) =0} >0,
then f(t,s) = fi1(t) f2(s) for max{|t],|s|} < I, where 6 = min{t,s > 0:|f(¢,s)] = 0}.

IT) If conditions (1, 2) and (3) are violated, then there exists a distribution function Fy(x,y) possessing all
absolute moments of the order a — e for any € > 0 such that Lx, and Ly, are independent, but fo(tn,sn) #
f10(tn) f20(sn) for some sequences t,, and s, tending to zero.

Remark 1.5. The condition (4) is equivalent to the following one
| el ) ap ) < .

Corollary 1.6. Let the conditions of Theorem 1.4 be fulfilled. If f(t,s) does not vanish on R?, then F(x,y) =
Fi(z)Fy(y).

Corollary 1.7. Let the conditions of Theorem 1.4 be fulfilled. If f(t,s) has an unique extension from any
square with the centre at zero on R?, then F(x,y) = Fy(z)Fa(y).

2. AUXILIARY RESULTS

Lemma 2.1. Let X1,..., X, be independent identically distributed random variables and
[/::al)(14—...+—an)(n,

where ay,...,a, are arbitrary finite real numbers. Then for any r > 0, the condition E|L|" < oo is equivalent
to E|X;]" < oc.

Proof. First of all we prove that
E|L]" < 00 = E|X1|" < 0.
Without loss of generality we assume that a; # 0. Let us set b = —m(a2 X2 + ... + apX,,), then

a1 X7 — b < max |Sk — m(Sk — Sn)l,
1<k<n
where

Sy =a1 X1+ ...+ ap Xk, k=1,....n.
According to Levy inequality ([7], p. 51)

Pr[la1 X1 — b > 2] < Pr | max |Sp — m(Sk — Sn)|| < 2Pr[|S,| > ],

1<k<n

that implies
Ela1 X; — b|" < 2E|S,|" = 2E|L|".
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Further, if »r < 1
E|a1 X1|" < E|a1 X7 — b|]" + |b]" < o0,
and if r > 1
Ela; X1|" < 2" 'Ela1 X1 — b]" + 2" b]" < .
In order to prove the inverse statement it is enough to notice that

E|L]" <|ai|"E| X "+ ...+ |an|"E| X, |"

for r <1 and
E|L[" <n” (Ja1["E[X1[" + ... + [an["E| Xy [")
for r > 1. O

Lemma 2.2. Let X andY be two random variables with the characteristic functions f(t) and g(t). If for some
natural number m, E|X|™ < oo, E|Y|™ < co and there ezists tending to zero sequence t, such that

ftn) =g(tn), neN, (5)

then
) =gY0), 1=0,...,m.

Proof. We notice that f(t) and g(t) are m times continuously differentiable on the real line. Applying consec-
utively the Rolle theorem to the functions

fO) =g, 1=0,...,m
and taking into account (5), we can find tending to zero sequences {¢;,,l =1,...,m,n € N} such that
FOn) =9P(tn), neN O
Lemma 2.3. For any characteristic function f(t) the following inequalities hold
ISF(O)] < V201 =Rf(2)),
ISf(at) + Sf(bt) + Sf(—(a+b)t)| < (1 —=Rf(at)) + (1 = Rf(bt)) + (1 — Rf(—(a+b)t)), a,beR.

Proof. The proof of the first inequality can be found in [9] (Chap. 2), of the second one in [5] (p. 230). O

Lemma 2.4. A distribution F(z) with characteristic function f(t) has finite absolute moment of 2k + X order,
where k € N, 0 < XA < 2 if and only if for any finite § > 0

. FER @)
/O A (1—9%f(2k)(0)) dt < oo.

Proof. Can be found in [3]. O

Proposition 2.5. Let continuous and bounded function w(x) satisfy the equation
qw(@+71) + .+ gmw(@ + ) Fw(z) =0, x>0 (6)
where q; and y; are positive numbers. Set

a = min{Rz : 7(z) = 0},
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where 7(z) = 1+ @1€"* + ... 4+ gne"™*. If one of the following conditions is fulfilled,

1) i+ ... +aqgm <1;

(2) g1+ ... g =1, limy oo |w(z)] = 0;
(3) fooo e~ |w(x)|dzr < oo,

then w(z) =0 for x > 0.

=

Proof. f q1 + ...+ qm <1 then (6) after n iterations yields

n!
w(ac) = (_1)n Z thnl et qm”’"w(x +niy1+...+ nm’ym)7
N1t =n T

hence

lw(z)] < (a1 + -..+qm)"9@g§ lw(z +6)] — 0, n — oo,

where v, = min{y1,...,Vm} > 0.
Let condition (3) be fulfilled. Applying the Laplace transform to (6), we have

D(2)7(2) = M(2) =0, (7)
where
o0
D(z) = / e “w(z)de
0
and
m Tk
M(z) = que””“z/ e *Tw(zr)dx. O
k=1 0
Lemma 2.6. 1. ®(z) is analytic in the domain {Nz > a} and can be expressed there in the form
M(z)

2. M(z) is an entire function bounded by a constant B = B(c) in every half-plane Rz < c.
3. The function 7(z) has the following properties:
(a) 7(z) is an entire function, almost periodic on every line Rz = const;
(b) 7(2) does not have zeros for Rz < «a;
(c) the number of zeros of T(z) in any closed rectangle {a < Rz < b,y < Sz < y+ 1} is bounded above
by the number N (a,b), the latter being independent of y;
(d) if the distance between some point zy and every zero of T(z) is larger than € > 0, then |T(20)| > A(e).

Proof of Lemma 2.6. (1) follows from condition (2) of Proposition 2.5 and (7, 2) and (3)(a) arise from the
definition, (3)(b), (3)(d) are corollaries of the properties of almost-periodic functions and are proved, for example,
in [4] (Chap. 6, Sect. 2). O

Corollary 2.7. For any ¢ > 0 there exists sequence T, — oo such that |7(2)| > A for |3z| =Tk, k € N,Rz < c.

Proof of Corollary 2.7. Tt follows from (3)(c) that for any natural number & there exists e > 0, not depending
on k and Ty, € [k, k + 1] such that all points of the segment {« < Rz < ¢, 3z = T)} are at a distance greater
than e from the zeros of 7(z). Since 7(z) # 0 for Rz < «, the same holds for the half-line Rz < ¢. According
to (3)(d), |7(2)] > A = A(e) for all z from {Rz < ¢,3z = Ti}. All zeros of 7(z) can be split into pairs of
complex conjugates and therefore the same is true for the half-lines {Rz < ¢, 3z = =T} }.
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Using the formula of complex inversion for the Laplace transform, we have for u > 0

u 1 ctiT quz g
/ w(z)de = lim —/ ¢ (Z)dz, c¢>0.
0

T—o00 2T Jo_im z

The function J\f((zz)) is an entire function that is equal to ®(z) when Rz > a. Let h < a < 0, then, according to

the Cauchy theorem,

1 c+iT u,ZM c+iT c—iT h+1T uzM
— / ( / / / dz ®(0).
27 Joir ZT(Z hHiT
Further, for any fixed k
h+iTy uz
/ eilw(z)dz SMGWHO%H,M
hir,  27(2) |h|A([R] = |al)
and
c+iTy c—iT} uz
e"* M (z) B 2
- —dz| < —e"“'—e—e—eex — 0,k > 0
/oo—i—iTk /oo i, 27T(2) A° \/02 + T¢
Taking into account that ®(0 fo x)dzx, we finally get
/ w(z)de =0, u>0. O

Lemma 2.8. Let 0 < u < 2, A > u, B be real numbers, then there exists a positive number A, a nonnegative
number D and a natural number m < 2 such that the function

f(t) = exp [—Itl“ — At (1 L BeitAmt) | piym |tl)}
is a characteristic function for any B that satisfies the condition

|sin(Ar/2)| exp(—p7m/2),\ # 2k, k € N,

exp(—f7/2), A = 2k, k € N. (8)

|B| < B\, B) = {

Proof. Let first A, B and D be less than 1 in absolute value. By virtue of the summability and the Hermitiance
of f(t) it is enough to prove that

p(z) = l?]?/ e " f(t)dt > 0, zeR.
T Jo

Now in complex plane z = t 4 is we consider the rectangular contour generated by the intersection of the
coordinate axes and two lines s = —S, ¢t = T. Since f(z) is analytic in the domain {fz > 0,3z < 0} and
continuous on its boundary, the Cauchy theorem implies

T S T S
/O et F()dt = —i /O =% f(—is)ds + / e i=S)T f(4 _ iS)dt + i / i(T=i92 (P _ig)ds.  (9)

0 0

It is easy to check that uniformly in s

F(T—is) =0 ™), T—c.
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Therefore, the third integral in (9) converges to 0 when T' — oo and the second one does not exceed in absolute
value

T
e*Sm/ |f(t —iS)|dt = O (e57).
0
Turn now to the first integral in (9). Since

S 0o 0o
fi/o e T f(—is)ds = fi/o e % f(—is)ds +i/s e % f(—is)ds

and

/OO e T f(—is)ds
s

we have with regard to (9)

< 67Sz/2/ eisx/2|f(7i8)|d8 < Cefsz/Q’
S

(oo} (o]
3%/ e T f(H)dt = R <z/ e‘”f(is)ds) + R(z), (10)
0 0
where
|R(z)| < Ce™92/2,
Further, it can be shown that there exists a real number X not depending on A, u, A, B, such that for sufficiently

large S,z > X and for B satisfying (8), the right-hand side of (10) is nonnegative.
Let now x < X. We have

o0 (o)
/ e "% oxp {—t“ — Ath (1 + Be®m®) 4 D lnm(t)ﬂ = / exp (—itx — t") dt
0 0
T
+ / exp(—itx — t") (exp [fAt)‘ (1 + Be#n(®) 4 Dlnm(t))} — 1) dt
0

+ /TOO exp(—itx — t") (exp [—At/\ (1 + BePn(®) 4 Dlnm(t))} - 1) dt

=L +1L+1I5 (11)

Using the inequality |e* — 1| < |z]el*! that holds for any complex z, we obtain

2] < /OT exp(—t*) exp(At (2 + In?()) AN (2 4 In?(t))dt < AC, exp(AT(2 + In*(T))

and 12

13| < Cse™ T,
Making use of the fact that RI;(z) is positive function on the real line, one get RI1(z) > ¢ > 0 for z < X.
Picking up Ty and A in a proper way, we conclude that the left-hand side (11) is positive. O

Lemma 2.9. Let 0 < pu < 2, A > u, B be some real numbers. Then there exist positive numbers Ay, As, B,
nonnegative numbers D1, Dy and a natural number m < 2 such that function

F(t,s) =exp | — [t — Ayt (1 + DyIn™ [t]) — s — Aa|s]> (1 + Dy o™ |s])

_ B|t|/\/2|5|)\/2eiﬁﬁlﬂ(\t|)eiﬁ51n(\s|)

i a characteristic function of some bivariate distribution.
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Proof. Is analogous to the one of Lemma 2.8. (|

3. PROOF OF THE MAIN RESULTS

Theorem 3.1. Let f(t) and g(t) be two characteristic functions satisfying the equation
fErbot) .. fEr(bpt) = gF (bit) - ... - gFn(bat), tER. (12)

If one of the following conditions is fulfilled
1. n=1;
2n>1, g1 +...+qu-1<1;
3.n>1, g1+...+qu-1 > 1 and distribution function F(z) corresponding to f(t) possesses finite moment
of the order «, where a = max{Rz : 7(z) = 0},

then f(t) = g(t) for |t| <, where 6 = min{t > 0: |f(t)| = 0}.
Proof. We see from (12) that g(t) # 0 for |t| < ¢ and therefore one can define the following functions

C(t) =In f(1),§(t) =Ing(t),  [t| <.
It follows from (12) that
E1C(bit) + ... + knC(bpt) = k1&(bit) + ... + kn&(but),  [t] < /by

Further, designating

we have
EiA(bit) + ... + kpA(bpt) =0,  [t] < §/by. (13)
If n =1, then
EiAl) =0, [t <é

and Theorem 3.1 is proved. Let now n > 1 then with notations (2) the equation (13) can be rewritten in the
following way

G At) 4+ ... 4 gu1 A(hy_1t) + A(t) =0, |t| < 0. (14)
Setting

S(u) = Ale™),

we get from (14)

aSu+m)+... +gn-1Su+ym-1) +Su) =0, wue(—In(d),o0).

If g1 + ...+ gn—1 <1 then due to Proposition 2.5 S(u) = 0 for u > —In(d) and hence f(t) = g(t) on (=4, 0).
Let us turn now to the case ¢ + ...+ ¢,—1 > 1. We put

Ap(t) =RA(t) = In[f(t)] — In[g(t)],
Aa(t) =SA(t) = arg f(t) — argg(t).

The equation (14) is split now into two

@A (hat) + .o+ g1 A (hp—1t) + A (t) =0, |t] <6,
QIAA(hlt) +.ot anlAA(hnflt) + AA(t) =0, |t| <. (15)
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Lemma 3.2. There exist sequences t, and s, tending to 0 as n — oo such that
Ap(tn) =0, Aa(sn)=0, nel.
Proof. Let us introduce the number A as the real root of the equation
@hy 4 ueihy o =1,

then defining for ¢ > 0 the functions

A (t Ayt
() = 2y = 240, (16)
one get
p1AY (hit) + . 4 P 1 AN (R 1t) + AN () =0, 0<t<6 (17)
PIAY(hit) + .o+ P 1 A% (hyqt) + A% (1) =0, 0<t <, (18)

where ZZ;II pr = 1. Next, let us apply the first mean value theorem to (17) and (18)
Ay (har (D)) + AR (1) = 0, AX(ha(t)t) + AX () =0, ¢ € (0,0)

where hy < ha(t) < hp—q and hy < hps(t) < hp—1. For any ¢ > 0 there exist two sequences a;, = a(t) and
b, = by (t) such that
WY < ap(t) < hE_y, hE <bi(t) <hE
and
Ady(ar(®)t) = (=1)FAR (1), Ad(br(t)t) = (=1)FA%(H), t€(0,0)
for k € N. Due to the continuity of A% (¢) and A},(t) we conclude that there exist two sequences ¢, — 0 and
s — 0 such that
A?\}(tk) =0, A:\4(5k) =0, keN.

Recalling the definition of A}, (t) and A% (¢), and the fact that A (0) = A4(0) = 0 we complete the proof. O

Let us consider two symmetric characteristic functions ¢(t) = |f(¢)|?> and 9 (t) = |g(t)|*> corresponding to
the distribution functions F'(z) * (1 — F(—x — 0)) and G(x) * (1 — G(—z — 0)). According to Lemma 2.1 these
distributions have finite absolute moments of o order. We can represent the number « in the form 2k + A, where
0 < A < 2. Now Lemma 2.2 implies

oD0) =vD©), 1=0,...,2k. (19)
Further,
Am(®) o () — 1 o(t) —¥(t)
S =) —ny() =1 (1+ o) )

and due to the continuity of ¢(¢) and ¢ (t), we can find number § > §y > 0 such that

o)~ vit)| _1
Eronn RENNRCE

for |t| < dp. Using the inequality
2/3le < [In(1—2)|, o[ <1/4,
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we have for [t| < do

o(t) — (1) .
| < 206) - w0 (20)

Upon expanding the function ¢(t) — ¥ (¢) into Taylor series with remainder term in an integral form and
taking (19) into account, one has

4
Au®)] < 3

000 =000 = gy 6 O =0t g [

Since 61 (0) = 8 (0), p*¥)(0) > ¢*¥) (1) and YV (0) > »EM (1),

t
() — ()] < ﬁ / (629(0) — 629 (1) (¢ — )" du
t
e (00 -5 0) - 0P o1)
Our aim now is to prove that the integral
do
/O A ()| dt (22)

converges. To this end, we notice that by virtue of (20) and (21)
% 1 2 % wr [F e (2k) 2k—1 2 %0 1
T A ()] dE < (2 — t))(t— “dudt [
f i s gz [Tt (600 0) (- P dwr g [

x /O (11)(2“(0) fw(%)(t)) (t — )1 du dt. (23)

Thus, it is sufficient to prove the convergence of two integrals on the right-hand side of (23). Let us prove this
fact, for example, for the first one. We have

o t
/0 o /0 (¢< ’“)(O)fqﬁ(%)(t)) (t —u)2* =L dudt

2k—1 8o +
< Z Cékq/ tl—a—l/ 211 (¢(2k)(0) _¢(2k)(u)) du dt

P 0 0

2k—1 tl_a t do
=Y o (1 [ (600 - 6 ) du

e l—ajy 0

1 %
b =122 (2R) 0) — R () ar )
) (6#90) = 6 (1))

Since the distribution corresponding to ¢(t) possesses finite moment of a order and ¢(t) is real-valued, we have
according to Lemma 2.4

/060 w A ((Z)(Qk) (0) — (2R (u)) du < oco.

For the same reason

t t
lim tl_“/ uk-1-t ((Z)(Qk) (0) — (%) (u)) du < tlir%/ w72 (qb(%) (0) — (¥ (u)) du = 0.
0 —0Jo

t—0
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Thus, the integral (22) converges and

do
/ 7 Ay (1)] dt < 0. (24)
0

Next, we define the function
Sw(u) = Ap(e™)

and rewrite (3) in the form
aSv(u+m) 4.+ guo1Su(u+ Yn-1) + Su(u) =0, u € (—In(5), 00),

where

Without loss of generality we assume that § = 1.
It follows from (24) that

/ [Sar(uw)]e* du < oo
0

and Proposition 2.5 entails
Sa(u) =0, u > —1In(J).

Hence, Ap/(t) = 0 that is |f(¢)]?> = |g(t)|? for t € [0,5). Again we derive from Lemma 3.2 that there exists
tending to zero sequence s, such that arg f(s,) = argg(sy,) for all n. Since |f(¢)| and |g(t)| do not vanish for
[t| < § and are equal there, we have

Fsn) = 1f(sn)le’ 28T = |g(s,) e 890n) = g(s,,) (25)
for sufficiently large natural number n and Lemma 2.2 yields
fO0)=gW0), 1=0,...,2k
Let us choose § > §; > 0 in such a way that
[f@) =g <1/4, |g(t)| > 1/2 (26)

for |t| < §1. Expanding In(z) in the Taylor series, we can write

e 1—g(t) N R ORNIO)S
A(t) = f(t) —g(t) + o) (f(t) —g(1)) Jz:; 0] (27)
The Cauchy—Schwarz—Bunyakovskii inequality and (26) imply
[P OGO ) oy o ([ o . [ tAl(fu)—g(t))th v
0 g(t) t2h 0 g 0 t2k
(28)

Due to Lemma 2.3

11— g = (1 - Rg(t)* + (Sg(t))* < (1~ Rg(t))* +2(1 — Rg()) < 3(1 — Rg(1)),
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and using Lemma 2.4 one has (it should be taken into account that the distribution G(x) has finite absolute
moment of 2k + A order)

5 5
/‘fkm*WW&SS/tﬂﬂﬂﬂMm&<m. (29)
0 0
Further,
ft)—g(t) = ﬁ/o (f(2k) (0) — f(2k)(t)) (t—u)2F1 du+ﬁ/o (g(2k) (0) — g» (t)) (t—u)* " du
and
10 -0 < 2 [0 - 0] - w-2a
+ (257:)! /O }9(2’“) (0) — g@» (t)r (t — w2 dy. (30)

(2k)
Making again use of the first inequality of Lemma 2.3 with regard to the fact that ){(T)((é)) is characteristic

function, we have

2

2 (2k) (2K) (£)\ (2K) (£)\
7200 = 100" = (2L 2B~ e (1-nlg ) ey (s L5
A
<3¢ (1- vl 8. 1)
Analogously
2 (2k)
9290 - 920 <360 (1- 7550 ) (32)
According to Lemma 2.4
01 L f(Qk)(t)
" " (1 g0
/0 t (1 — %g(%)(O)) dt < oo.
Combining two last inequalities with (30, 31) and (32), we derive
&1 2
/ A 7f(t)t2_kg(t) dt < oo (33)
0

Further, by virtue of (26)

o1
[
0

and using (33), one get

J

f(t) —g(t)
g(t)

o0

51 o j o1
/0 > %dt < C/O AL F(E) — g(8)) dt < oo
j=2
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Upon setting

~ Alt
A(t) = % 0< |t <6,

we get from the last inequality and inequalities (27-29, 33)
At) = 22— L R(b), 0 < |t| < 6y,

where
o1
/ = HR()| dt < .
0

Now the finiteness of the integral
81 ~ R ~
/ 1 ‘A(at) + A(bt) + A(—(a + b)t)| dt
0
for any 0 < a < 1,0 < b <1 is equivalent to the finiteness of the integral

o1
/ t*2k‘7k71
0

which, in its turn, is less than the sum of the two

flat) —glat) | f(bt) —g(bt)  f((a+b)t) —glatDb)t)

dt
a2k 2k (a + b)2F

/ R / t [£39(0) = £ at) + 29 (0) — £ (bt)
0 2k —1)! Jo

FFED(0) = F (~(a+ b)) (¢ - w)* du

o1 t
1
4—2k—=2—1 / ‘ 2k) (0} — ¢ (at (2k) () — ¢(2b) (bt
X/O o1, 19 (0) — g™ (at) + ¢'=7(0) — g"*"(b2)

+g®F(0) — g (=(a + D)) | (t — u)** " du.

Let us prove now that the both are finite. We have, for example, for the first one

/ R / t (£29(0) = RFED (at) + £ (0)
0 2k —1)! Jo

—RFE(bt) + FO(0) = RFCD (~(a+ b)t)) (¢ — u)* ! du

4 t
! 1
—2k—X—-1 o £(2k) o £(2k)
+/0 t (%_1)!/0 ‘\ff (at) + S (bt)

325

(34)

+S R (—(a + b)t)| (t — u)* ! du.

(2k)
Lemma 2.3, being applied to the characteristic function ]J:(T)((é)), yields

SFPR) (at) + SF0 (bt) + SFEF (—(a + b)t)

< JER(0) = RFED (at) + F2O(0) = RFED 1) + FE(0) = RFED (—(a + b)1).
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Now the finiteness of the first integral in (34) follows from the finiteness of the integral

/051 p—2k=A—1 /Ot (f(%)(o) —RfR) (t)) (t — w)?*1 du.

Finiteness of the second integral in (34) can be proved analogously. Thus, it is proved that
61 - . -
/ t= A1 ‘A(at) + A(bt) + A(—(a + b)t)‘ dt < . (35)
0

Further, the real-valued characteristic function (as has been proved above RA(t) = 0)
N(t) = —i(A(at) + A(bt) + A(—(a + b))
satisfies the equation
@ RPN (ht) + ...+ guo1hZ (N (hpo1t) + N(t) =0, [t|<§
for any 0 < a <1 and 0 < b < 1. We also notice that A = max{Rz : 7(z) = 0}, where
T(z) =1+ qlhfk"rz +...+ qn,lhika.

Upon setting
S(u) =N (e™),

we see that S(u) satisfies the equation
@S+ 2kv1) + ..+ o1 S(u+ 2ky, 1) + S(u) =0, u e (—In(d), o),

and (follows from (35))
o0
/ NS (u)| du < oo.
0

Proposition 2.5 implies that S(u) = 0 and therefore N (t) = 0 for |t| < §. Thus,

Aat) + A(bt) + A(—(a+b)t) =0, 0<|t| <80<a,b<1

and
A(t) = ct, ceC,
that is
A(t) = ct?FH
on (—6,6) and due to (25) ¢ = 0. O

Proof of Theorem 1.1. The condition Lx = Ly means in terms of f1(t) and f2(t), that
Frbut) o S (bnt) = fy (brt) - f37 (bat), tER. (36)

Letting f(¢) = f1(t) and g(t) = f2(t), we come to (12) and Theorem 3.1 can be applied. Let us consider now
two functions

Fro(t) = exp [~ [t — Alt]* (1 + Byel At o piym |t|>}
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and
fao(t) = exp [fw — At (1 _ Byel i) 4 pyym |t|)} ,

where z = « + i is one of the roots of 7(z) and p is taken in the following way: if & < 1 we set u = «, if
a > 2 then u = 2. According to Lemma 2.8 these two functions are characteristic functions, A, D, m < 2 being
appropriately chosen, for enough small By, By. If By # Bs, then for any sequence t; — 0 such that

cos(Bln(tg)) #0, keN

one has

Jro(tr) # fao(tr), keN.
It is not difficult to show that for any € > 0 and finite 6 > 0

5 (2k) (t)
A1 — R0 dt < oo,
0 £9(0)

0
) (2k)
/ pA e (1 — (t)> dt < cc.
0 90 (0)

According to Lemma 1.4, the corresponding distributions possess finite absolute moments of o — ¢ order for
0 < € < a. Moreover fio(t) and fao(t) satisfy the equation (30) if « is chosen as described above. O

Proof of Theorem 1.4. The condition of independence of Lx and Ly can be expressed in terms of f(t,s), fi(t)
and f2(s) in such a way

P (byt) o (bpt) fE(b1s) - N (bps) = fR (bt bys) .- fF (bt bus), s €R. (37)

For any 0 < p < 1let us set f(t) = f(t,pt) and g(t) = f1(t) f2(pt).

Now we are going to prove that the distribution corresponding to f(¢) (and also the one corresponding to g(t))
has finite absolute moment of the order m if F(z,y) has all absolute moments of the order m.

Indeed, for any two random variables X; and Xo with the joint distribution function F(z,y) we have

m
E[X) + pXo|™ <Y CEp™ FEIX [F|Xo| " F < o
k=0

Theorem 3.1 entails
[t pt) = fit)f2(pt), [t <4, 0<p<1
that means
[t s) = fu(t)f2(s), [s| <|t] <o
One can prove in a similar way that

ft,s) = i) fa(s), [t <s| <6

Thus,
f(ta 5) :fl(t)f2(5)a max{|t|,|s|} <4

Let us consider now the function
fo(t,s) =exp | — [t|* — A1]¢|* (1 + Dy In™ |¢]|) — |s|* — Aals|*(1 + D2 In™ |s])

_ B|t|a/2|S|a/2iﬁ3111(|t\)eiﬁﬁ1ﬂ(|s\)
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where z = a4 40 is one of the roots of 7(z) and p is taken as follows: if & < 1 we set p = a,if @ > 2 then p = 2.
According to Lemma 2.7 this function is a characteristic function, A, D, m < 2 being appropriately chosen. If
B # 0, then for any sequences t;, — 0 and s — 0 such that

coS (g ln(tk)) #0, cos (g 1n(sk)) #0, keN,

fo(tk, sk) # fro(te)f20(sk), Kk €N.

It is also not difficult to demonstrate that fo(¢, s) satisfies the equation (31) under such choice of «. Moreover
the distribution corresponding to fo(t, s) has all absolute moments of « — € order. Indeed, fo(t,0) and fo(0, s)
satisfy the condition of Lemma 2.4 and therefore E|X|* ¢ < 00,E|Y|* ¢ < oo for any € > 0. According to
Holder’s inequality

E|X|a1—el|Y|a2—eg < (E|X|a—e)7“ (E|Y|a—e|)s < o0,

where
a1 +og =, € +€=c¢€
and
=B 276 0
a—€ a—€
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