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CONDITIONAL PRINCIPLES FOR RANDOM WEIGHTED MEASURES

NATHAEL GOZLAN!

Abstract. In this paper, we prove a conditional principle of Gibbs type for random weighted measures
of the form L, = %Z?:l Ziégc?, (Z;): being a sequence of ii.d. real random variables. Our work
extends the preceding results of Gamboa and Gassiat (1997), in allowing to consider thin constraints.
Transportation-like ideas are used in the proof.
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1. INTRODUCTION

1.1. Convex methods for solving ill posed inverse problems

Consider the so called Moment-Problem: Find a finite measure @ on X satisfying
| e dqw e c.
X

where X is a Polish space, ® = (¢1,...,9%) a vector valued function and C' a convex subset of R¥. Such
problems appear in many physical contexts such as tomography, spectroscopy, astronomy, etc.
In order to select an element of

S(@®,C) = {Q € M(X) : /X () dQ(z) € c} ,

where M(X) is the set of finite Borel measures on X, a classical method consists to choose as a solution the
measure Q* that minimises a certain convex cost function I(.) over S(®,C).

When dealing with probability measures, one of the most popular methods is the Minimization of Entropy
method (ME), i.e. I(.) is defined as the Kullback-Leibler distance with respect to some reference probability R
on X:

[y 9 log (£)dR if P< R, P € P(X)

I(P)H(P|R):{

400 otherwise,
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where P(X) denotes the set of probability measures on X.

In the renowned articles [5,6], I. Csiszar derived precise results on the algebraic form of the minimizer (the
so called I-projection) and in [7], he gave an axiomatic justification for the ME method.

More recently in [2, 3], Borwein and Lewis have studied the minimization of y-divergences under linear
constraints, that is the minimization of functionals I(.) having the following form:

Q) = [ o (o ) AR+ 0003 () - a00; (),

where R is a probability measure on X, v : R — [0, +00] is a convex function, @, is the absolutely continuous
part of @ with respect to R, and Qs = QF — Q5 is the Jordan decomposition of the singular part of @ (see
Sect. 2 for the definition of a, and by). For these functionals, they obtained precise results on the algebraic
expression of the minimizers (see [2,3] and [8] Ths. 2.2 and 2.4). The interest of -divergences lies in the
fact that a good choice of v makes it possible to impose additional non-linear constraints to the density of the
solution (see [8] for more information on this subject).

1.2. A probabilistic interpretation of these methods

Large deviations theory furnishes a nice interpretation of relative entropy and I-projections: Sanov Theorem
and Gibbs Conditioning Principle.
Let us briefly recall these well known results:

e (Sanov theorem) If (X;); is a sequence of independent and identically distributed random variables
with law R taking values in some polish space X', then the empirical distribution

1

N, = EZ(;Xi (1.1)
satisfies a large deviations principle with good rate function H( . |R) in P(X) equipped with the 7-
topology. (see [10], Chap. 6).

e (I-projections) For every subset A of P(X), define
H(A|R):=inf{H(P|R): P e A}
If A is a convex subset of P(X) such that H(A|R) < 400, a probability measure R* € A such that
H(R*"|R)=H(A|R)

is called the I-projection of R on A. Thanks to the strict convexity of H(.|R), if such R* exists, it
is unique. If A is a convex subset that is closed for the 7-topology, then R admits an I-projection R*

on A (this is an easy consequence of the lower semi-continuity of H( . | R) and the compactness of the
sublevel sets {H(. |R) <t},t > 0).

¢ (Gibbs conditioning principle) Let A be a measurable subset of P(X) that is closed and convex and

suppose that H(A| R) = H(A|R) < 400, then R®"(N,, € A) > 0 for all n sufficiently large, and

ER@im [Nn]]-A(Nn)]

E(X1|Nn < A) - R®n(N S A) n—-+4oo0

R*,

where R* is the I-projection of R on A (see [10] Sect. 7.3).
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In other words, Gibbs Conditioning Principle expresses: When forcing the empirical measure of
(X1,Xs,...,X,) to belong to A, the law of X1 is modified in such a way that it converges to the
I-projection of R on A.

In [15], Gamboa and Gassiat have established that a large classe of ~-divergences enjoys the same kind of
properties: they govern the large deviations of random measures and in this framework some type of Gibbs
conditional principle holds.

Before stating their results, let us introduce some notations:

For every probability measure v on R?, let Z,, A, and A% denote respectively the Laplace transform, the
logarithmic moment generating function and the Cramer transform of v, defined by:

Vs eRY, Z,(s) = /eXp (s,rydv(z) € RT U {+00}
Vs € RY, A, (s) =logZ,(s) € RU{+oc0}
vEe R, AL(E) = sup {(s,) — Au(s)} € R U {+oo}.
sER™
Recall that the domain of a convex function f:V — R U {400}, denoted by dom f is the set defined by:
domf={zeV:f(z) <+oo}.

Theorem 1.1 (Gamboa and Gassiat, [15] Th. 3.4). Let X be a compact metric space, R a probability measure
on X and (1')i=1...n,nen+ C X such that,

in the weak topology.

Let pu be a probability measure on R such that dom Z,, =] — a, B, with o, 3 > 0.

If (Z;)i is a sequence of independent identically distributed random variables with L(Z;) = p, then the random
weighted measures

1 n
Lo==Y Zibur (1.2)
n K
=1

satisfy a large deviations principle on M(X) equipped with the topology of weak convergence, with good rate
function

L@Ir) = [ & (g ) ar aQr () + 501 (), (1.3

(See also [10] Th. 7.2.3, [12,22] for a more general result.)
Furthermore, assuming that u®"*(L,, € S(®,C)) > 0 for all n large enough, and letting

E[L,1s@,c)(Ln)]
n — Et n Ln Ln (I)’ = , ’
R u® [ | € S( C)] M®n(L" S S(q)v C))

they showed, under appropriate assumptions, that R,, converges to R* which is the unique minimizer of I, (. |R)
over S(®,C). (See [15] and Sect. 3 Th. 3.1 for precise statements, and for more general results, see the recent
article [20] by Léonard.)
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But, in this framework, it is easily seen that
(u®™"(Ly, € S(®,C)) >0, for all n large enough ) < C #0.

The aim of this paper is to study the case C' = 0 (thin constraints).

1.3. The problem of thin constraints

When studying conditional objects of the form
R, =E[Z,|Z, € 4],

where (Z,),, is a sequence of random measures and A a given subset of M(X'), the main difficulty is, of course,
to give a meaning to R, when P(Z, € A) = 0 and when one cannot use an explicit desintegration of the
measure.

In the case of Gibbs Conditioning Principle, the classical mean to avoid this problem is to state the conver-
gence in a double limit formulation (see [24] or [10] Sect. 7.3):

lim lim E[N,|N, € A.]=R"

e—0n—4o0

where N, is defined by (1.1), A. denotes an enlargement of A and R* the I-projection of R on A.
In [4], Cattiaux and the author investigated the convergence in a stronger simple limit formulation

lim E[N,|N, € A., ] = R* (1.4)

n—-+o0o

where (e,,),, is a sequence converging slowly to 0 (see Ths. 2.19 and 2.24 of [4]).
We shall here follow the same route. Our main result (Th. 3.2) is the analog of (1.4) in the setting of random
weighted measures. We will prove that,

lim E, en[Ln|L, € S(®,C")] = R*,

n—-+4oo

where L,, is defined by (1.2), C* denotes a closed blowup of C' and R* is the unique minimizer of I, (. |R) over

S(®,C). As in [4], we allow small enlargement of size €, > \/Lﬁ

Though the statement of Theorem 3.2 is the same as (1.4), the proof is completely different. In [4], the
authors took advantage of a remarkable inequality by I. Csiszar, namely

1
vn €N, H(L(Xi|N, € A) | B:) < —= log (P(Nn € A, )enH(A: \R>) , (1.5)

where R} is the I-projection of R on the closed convex set A, (see [6] (2.17) Th. 1). In Proposition 5.1, we will
obtain, in the setting of random weighted measures, an inequality similar to (1.5). The proof of Proposition
5.1 relies on new ingredients. One of the main ingredient (Prop. 3.1) is inspired by some mass-transportation
ideas, and gives some uniform control for the fluctuation of the mean around p. These results can be extended
to a more general study of mass-transportation inequalities for the W; Wasserstein distance (see [16], chaps. 6
and 7). The other tools are an exact deviation lower bound (Lem. 5.3) and a Bernstein-like inequality (Lem.
5.2).
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This paper is organized as follows:

Section 2: this section is devoted to y-divergences minimization: we recall Borwein and Lewis results
on this subject (Th. 2.1) and present the Minimization of Entropy on the Mean (M.E.M.) (Th. 2.2)
approach of Gamboa and Gassiat;

Section 3: main results;

Section 4: transportation-like inequalities and explicit examples;

Section 5: we apply the preceding inequalities to prove our main result;

Appendix: proof of Theorem 2.2 on M.E.M.

Several applications of these results can be considered: superresolution, fast simulation of rare events, calibration
in finance. Some will be treated in [16].

2. MINIMIZATION OF 7-DIVERGENCES AND THE MEM PROCEDURE

In this section, the following assumptions hold:

Assumption 1.

(1) X is a compact metric space; the set M(X) of finite Borel measures on X is endowed with the topology
of weak convergence;

(2) R is a probability measure on X having full support;

(3) @ = (p1,...,08) : X — R¥ is a continuous function on X with linearly independent components;

(4) C is a convex compact subset of RF.

Recall that
S(@®,C) = {Q € M(X) : /){@@)d@(@ e c} .

Theorem 2.1 (Borwein-Lewis, [3]). Let v : R — [0, +00] be a closed convex function and denote by a, < b,
the endpoints of dom~y. Suppose ~ is differentiable and strictly convex on the interior of its domain and such
that the minimum of v is 0, attained at some point yo of the interior of dom-y.

Let 1) denote the conver conjugate of ~y, i.e.

P(s) =7*(s) = sup{st — (1)},

teR

and denote by ay < 0 < by, the endpoints of dom1p.
Suppose there is Qo € S(P,C) such that Qo < R and dd%) €lay,by[ R a.s.

Then the functional L, (. |R), defined on M(X) by

L@IR) = [+ (Sa ) aR 40,0 () - Qi (),

attains its minimum on S(®,C).
Further each minimizer R* of I, (. |[R) on S(®,C) is of the form:

R*=g*R + o,

where
o g*(x) = ¢'(v", ®());
o v* is the unique minimizer of H(v) = [, ¢ (v, ®(z)) dR(z) — infye o (v, y);
e o is singular with respect to R.
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Moreover, if v* is an interior point of {v: [} (v, ®(x)) dR(x) < +o0}, then the unique minimizer of I, (. |R)
on §(®,C) is R* = g*R. This is in particular the case when domt = R.

(For a proof, see [3] or the appendix A of [8] and for generalizations, see [18,19].)

The following theorem presents the Minimization of Entropy on the Mean (M.E.M) procedure developed
in [9,13-15] by Dacunha-Castelle, Gamboa an Gassiat, which gives another point of view on v-divergences
minimization. We need the following

Assumption 2.

(1) p is a probability measure on R such that dom A, =] — «, B[ with a, f € R U {400};
(2) (@1)i=1..nnen> C X is such that %Z?zl Son ——— R;

n—-+4oo
(3) there is go : X —]au,by[ continuous, such that goR € S(®,C), where a, < b, are the endpoints of the
closed convex hull of the support of u;

(4) the function H defined on R¥ by:

) = [ Ao, 8() dRE) = i (0.9),

has a unique minimizer v* belonging to the interior of its domain.

We put together here different results proved in [14,15] (Th. 2.1) with a slight refinement at points 4 and 5:

Theorem 2.2. For alln € N*, let L,, : R" — M(X) be defined by L,,(z) = 13" | 2i0g7 .

For alle >0, let C° = {x € R¥ : Fy € O, doo(2,y) < &} where doo(x,y) = max(|z; —yi,i=1...k).
For alln>1 and e >0, let

1,(C%) = {y € P(R") : E, {/XcI)dLn} € CE}.

Then, under Assumptions 1 and 2, it holds:

(1) There is ng > 1 such that for all € > 0, u®" has an I-projection iy, o on 1L, (C%), i.e. py, . is the unique
probability measure belonging to I1,,(C¢) satisfying

H(pp o |p®) =inf {H(v|p®"),vell,(C)}.

(2) Forn >mng, py, . has the following expression:

. exp (w;‘lye, ) on

= with wt =
mE e Zyen(wy, )

and vy, . is a minimizer of the function Hy o defined on R* by

Hoo(0) = 7 " Ao B(af) = inf (0.9). (2.1)

(3) For all n > ng, one has:

« I .
Rn,e = By, . [Ln] = n ZA;A’Un,ea q)(wzn»(sl'?'
=1
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(4) For every sequence €, € R* converging to 0, vy, ¢, converges to v* (the unique minimiser of H ).
(5) For every sequence £, € RT converging to 0, the sequence R} .. weakly converges to R* the unique
minimizer of I, (. |[R) on S(®,C), which satisfies:

R* = A (", ®(.)R.

(A proof of this result will be given in the appendix.)

Remark 1.

We will simply write uy,, Ry, vy, etc., instead of puy, o, Ry, o, vy, ¢ etc.

The measures R;, _ will be called the M.E.M. estimators.

When dom A, = R, Assumption 2 (4) is automatically fulfilled.

When Assumption 2 (4) does not hold, the M.E.M estimators do not converge in general, (see [15]
Th. 2.1 for precise results on the accumulation points).

e Assume that domA, =R and let R, = > | dz7. One can show that the measure Ry, . is the unique

minimizer of the functional:
I R, ) = A* — | dR,
(@[Fn) /X " <an)

under the constraint @ € S(®, C¢) (see Prop. V.10 of [16]).

3. MAIN RESULTS

The result we want to extend is the following:

Theorem 3.1 (Gamboa and Gassiat, [15] Th. 2.3). Under Assumptions 1 and 2, if C' has a nonempty interior,
then the Bayesian estimator

E,en [Ln]ls(q>7c)(Ln)]

pEn(Ly, € 5(®,C))
is well defined for all n sufficiently large and weakly converges to R*, the unique minimizer of 1, (. |R)
on §(®,C).

R, =

Our main result is the following

Theorem 3.2. Suppose Assumptions 1 and 2 are fulfilled, and let (e,)n be a sequence of positive real numbers

converging to 0 and such that lim nsi = +o00.
n— 0o

Then, the Bayestan estimator
E,on [Ln]].s(q,,can)(.[/n)]
(L, € S(®,Con)
is well defined for all n sufficiently large and weakly converges to R*, the unique minimizer of 1, (. |R)
on S(®,C).

Rni é:’IL ::

Let us introduce some additional notations:
e For every u € dom Z,,, p, is the probability measure defined by:

dpu 2) = exp(ux)
= 2w

and for all n > 2 and all u € (dom Z,,)",

PE™ =y ® - © fhu, -
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e O is the set of nonnegative, nondecreasing, continuous, concave, unbounded functions defined on R¥
and vanishing at 0.

The proof of Theorem 3.2 makes use of the following proposition, whose proof is very close to the one of
Bobkov-Gétze theorem on 7;-transportation inequality (cf. [1] Th. 3.1):

Proposition 3.1. For every compact interval K C] — «, B[ , there is Ox € © such that, for all u € K and
vePR):

\/zdu [ )| < 0 (v 100,

Remark 2. If y is such that A” ) < M for all t € R, (for example if p has a compact support or p is a gaussian

measure), one can take 0 (x) = \/ . In this case, the preceding inequality can be seen as a particular case
of the 7;-transportation inequality (cf. [1] Th. 3.1). Other explicit bounds can be found in Section 4.2.

Using well known methods of information theory, we will deduce from this result an upper bound for the
total variation distance between R, ., and R}, _ of the following form:

—-1 * n
|Rn.c, — R _ |lrv <6 (—log [um </ ®dL, € C> RO )D :
bl n n X

where 6 € © does not depend on n (Prop. 5.1).

Finally, we will majorize the right hand side thanks to an exact deviation lower bound (Lem.5.3) and a
Berstein-like inequality (Lem. 5.2). The convergence of the Bayesian estimators R, ., will then follow from the
convergence of the M.E.M estimators R}, _

4. TRANSPORTATION-LIKE INEQUALITIES

4.1. General results

Recall that © denotes the set of nonnegative, nondecreasing, continuous, concave, unbounded functions
defined on R* and vanishing at 0. We will need the following lemma:
Lemma 4.1. Let k: [0,7[— Ry, r € R} U {+oo} be such that lir% k(s) =0 and lim k(s) = +o0.

S—T

Then the function 0 defined for all a € Ry by 6(a) = i]%f [{E + k(s)} belongs to ©.
se|0,r S

Proof.

~ Forall a > 0, s — £ 4 k(s) is nonnegative, so 0(a) = infocs<r {2 +k(s)} € Ry, and 6 is well defined
on R;. Moreover §(0) = infocs<-{k(s)} and lims_,¢ k(s) = 0, thus 6(0) = 0.

— The function 6 being an infimum of affine functions, it is concave. As 6 is finite over R, 6 is continuous
over |0, +o0.

~If0<a<a <r, thenforall 0 <s <7, 24k(s) < %/ + k(s), thus, taking the inf at both sides, one
obtains 6(a) < 6(a’) and 0 is therefore nondecreasing.

— Let (an)n be such that a, ——— 0. One has for all 0 < s < r: 0(a,) < = +k(s), so

n—-+4oo

limsup,, ;. 0(an) < k(s). As infocs<r k(s) =0, we get limsup,,_,, ., 0(a,) =0 and 6 is continuous
at 0.
— Finally, let (ay, ), be such that a, —— +00o and let us prove that 6(ay,) —— +00. The function
n—-+oo n—

being nondecreasing, it suffices to show that f(a,) is unbounded. For all n, s +— “= + k(s) tends to +oo
when s tends to 0 or r, thus there is a number s, such that 6(a,) = $* + k(s,). Consequently, we get

lim sup 6(a,) > lim sup 4n \ lim sup k(sp).

n—-—400 n—-+oo Sn n—-4o0
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If s;, is bounded, limsup,, o ¢* = +o0 and if s, is not (r = +00), limsup,, ., k(sn) = +o0. In
both cases, 6(a,,) is unbounded. O

Proof of Proposition 3.1.

(1) For all uw €] — o, 7],

Zo(s) = [ exp(sz) exp(uz) dp(x) _ Z(u+ s)
Zu(w) Zu(w)

sodom Z,, =] —a—u,f—ul.

Let s €] — a —u, 8 — u[, and write

s (/xdy(:c) - /xduu(z)> = /hs(:c)dl/(:c) +log/e5(z’fyd““(y)) dp (),

o) =s (2= [yai)) ~tog [T v g, o)

denoting

Clearly,
/exphs du, = 1.

Thanks to the following variational formula for relative entropy (see e.g. [21], Chap. 1, Prop. 4),

H(V|uu):sup{/hd1/:/exphd,uug1},

/hsdng(l/“Lu).

Moreover, noticing that A, (u) = [y du.(y), one gets easily

one gets

1Og/es(:c—fyduu(y)) dpu () = Au(s +u) = Ap(u) — sAj (u) = q(s,u),
and ¢(s, u) is non-negative due to the convexity of A,.

Thus, for all s €]0, 5 — u], one has

/xdy(x) —/xduu(x) < H(v|p.) n q(s,u)

S S

and for s €]0, o + u]

s
Let K = [a,b] Cl]a, B[ and 7 = min(a + a, f — b) € R U {400}, then for all 0 < s < r one has

‘/:cdz/(:c) f/xduu(:c)

k(s) = maxyex (q(s,u) + q(—s,u)) + 52’

/ﬂfduu(x) */:Edl/(x) < H(”SM) 4 aesu)

H(v ) | alsu) +a(=s,u) +5
S S

<

Let
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/ rdu(z) — / 2 dp(z)

Taking the inf over 0 < s < r, one obtains

then for all u € K

Al |y

‘/:L’dl/ :Eduu( ) < O (H(v]|pw)),

with 0x defined by
0x(a) = inf {g + k(s)}.

0<s<r

(2) Let us check that k satisfies the assumptions of Lemma 4.1.
If r = 400, then k(s) > s and so ligrn k(s) = +oo.

If r=a+4a < 400, then

K(s) > q(—j,a) _ Aula— 8; — Aula) T Aa).
As Silg}ra/\ (a —s) = o0, Slig}ra k(s) = +oo.
If r=08—b < 400, one gets similarly Sligribk(s) = 4o00. In all cases, ll_r}}k(s) = +o0.
Let us verify that 21_% k(s) =0. Let 0 < s,, < r be such that s, m 0. For all n, there is u,, € K such
that
oy — L) F (=) |

Sn
Let us assume that for all n, k(s,) > & > 0. As (un)n is a bounded sequence, there exists ¢ such that
Ugp(n) — uo € K. But A} being nonnegative, Taylor formula yields

A(Sp(n)s Ug(n)) + A(—S(n), Us(n)) < Sorny SUP{AL (1) 1 1 € [tg(n) = Sg(n)» Us(n) T Sp(m)]}

which implies that kz(sd)(n)) ——— 0. Contradiction, so lim k(s) =0 and 0 € ©. O

Corollary 4.1. For every compact interval K C] — «, B[, one has
®n
<0 (M) ,
1 n

YVue K", YvePR"), H/xdu xd,u "(x)

denoting pi"™ = iy, @ -+ ® fiy,, and ||z = Z 3.
=1

Proof. We will denote by vy, vs,...,v,, the one dimensional marginales of v.
One has:
1
— /xdu(ac) - /xd,uf?”(ac) = —Z /acz dv(x /
n . n

1 n
w2

i=1

/avdyZ /xduul
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As for alli e {1,...,n}, u; € K, Proposition 3.1 yields:

< O (H(vi | pru; )

‘/xdm xd,uuq( )

H/xdy :cdu

The function 8k being concave, one gets thanks to Jensen 1nequahty.

/:Udl/(x) —/xd,uff”(x) <o (ZLH(quui )) |

n
But according to the following identity (see [6] (2.11))

So

ZGK (Vi | By ))-

1
n

H(V‘Mf?"):H(y|y1®---®Vn)+ZH(Vi|,uu%),
i=1
one has

D Hwilpa,) <H(v|pg™).
=1

As 0k is nondecreasing, one obtains:

H/xdu xd,u®”(x)

<oy (L)), .

n
4.2. Some explicit bounds

Proposition 4.1. Let p be such that Ajj(u) < M for all w € R, then for allv € P(R) and all u € R

‘/:cdz/ :Eduu( ) < V2MH (v ).

Proof. Thanks to Taylor-Lagrange formula, for all u, s € R, there exists a such that:

a(s,u) = A+ 5) = Ay (u) = sA (u) = S/ (a)

thus ¢(s,u) < (s) = 2L A simple calculus yields then §(z) = vV2Mz. O

Examples.
— p has its support included in [a, b]: the support of ju, is also in [a,b] and A/} (u) = Var(u,) < (b—a)?. In this
case, one can take

0(z) = (b— a)V2z.

—pu=Zte"Ydx, with U"” > ¢ > 0: the probability measure y satisfies then the following Poincaré inequality:

Var,(7) < ¢ (7@ duto).
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But p, = (u) “dz and V = U(z) + uzx also satisfies V” > ¢ > 0, so that p, satisfies the same Poincaré
inequality as p. In particular, choosing f(x) = x, one obtains:

Aj(u) = Var(u,) = Var,, (z) <

b(x) = @

The following lemma will enable us, in certain cases, to majorize the function 6 by another function enjoying
the same properties as 0 except concavity.

1
c

In this case, one can thus take

Lemma 4. 2 Let k : [O +oo[— Ry be a C? function such that k(0) = k'(0) =0 and k" > ¢ > 0.
Define W(t fo uk”(u) du = tk'(t) — k(t), then
(1) For all a € R*,

f(a) = inf {9 Q} = k(" (a)).

seRy S

(2) Moreover, for all a € RT, 6(a) < k' (./Ta
Proof.

1) Foralla >0, g,: 5+ %+ goes to +0o when s goes to 0 or +o0, thus g, attains its minimum at a
point s, such that ga(sa) = 0 that is to say ¥(s,) = a. The function ¥ being increasing, s, = ¥"1(a),
and this remains true for a = 0.

Moreover

N——

k(s)

9((1) = i + k(Sa) _ k/(Sa)Sa — k(Sa) + k(Sa) _ k/(Sa) _ k/(\pfl(a))'

Sa Sa Sa Sa

2) a= [;"uk"(u)du > [ cudu:c§~

Thus s, < ,/%a and k' being increasing, one has

(a) = K (s2) < ¥ ( ;)- O
Examples.
— p is the Poisson distribution with parameter A > 0: A, (u) = A(e* —1) and Ay (u+s)+Au(u—s) —2A,(u) =
2 e*[cosh(s) — 1].
Let M > 0 and define k(s) = 2XeM|[cosh(s) — 1]. It follows from the proof of Proposition 3.1 that for all
€ [-M, M] and all v € P(R),

< Ou(H(v[pa)),

‘/xdu xd,uu( )

S

Moreover k'(s) = 2Xe™ sinh(s) and k" (s) = 2XeM cosh(s) > 2XeM | thus, from the preceding lemma, it holds:

with 07 (a) = mf{g + M}

e~Mg

A

01 (a) < 2Xe™ sinh
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Consequently, for all u € [-M, M| and v € P(R):

‘/:L’dl/(l‘) f/mduu(:c)

— i is the exponential distribution with parameter A: Adapting slightly the proof of the preceding lemma, one
gets:
For all u < b < X and v € P(R) such that H(v|u, ) <1,

‘/xdu(m) - /xd,uu(ac) < Aibl f;((l/yl rl:u)).

< 22eM sinh M.
- A

5. CONDITIONAL PRINCIPLE

5.1. Majorization of the total variation distance between the M.E.M. estimator
and the Bayesian estimator
According to Theorem 2.2, there is ng such that for all n > ng, ufm is well defined for all ¢ > 0 and
* ®n
:u‘n,s = :u‘w* .

n, e

Lemma 5.1. For every sequence €, of nonnegative numbers converging to 0, there is m > ng and a compact
interval K C] — «, B[ such that

Yn>m, w; . €K" and VYxe X, (v, ®(x)) € K.

n,Een

Proof. According to Theorem 2.2 (2):

@), v 0.

7 UM, En

The function ® being continuous on the compact set X, there is N > 0 such that ||®(x)|| < N for all z € X.
For all i € {1,...,n}, it follows from Cauchy-Schwarz inequality that

(@), v, ,) = (@), v")| < Nlvy, ., =],

i) Yn,en i
and so
inf (v*, @(2)) — Nlvy,, ., — 0" < (wy, ., )i < Sug(v*, ®(z)) + Nvp, ., — v
xe

rzeX ™ En

[e]
According to Assumption 2 (4), v* € dom H. Now, it is easily seen that

domH = {veR":Vz e X, (v,®(z)) €] — ., B[}
Thanks to the compactness of X', one has

—a < inf (v*, ®(z)) < sup(v*, ®(x)) < B.
zeX TEX

According to Theorem 2.2 (5), v;; .~ converges in R¥ to v*, and the result follows easily. O
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Lemma 5.2. There are M > 0 and ni > ng such that for all € > 0 and n > nq,
* /cde cCt) >1-2 et
Fn{ ), 7 m = P ToM@EM + o)

(Recall that ® is R*-valued.)

Proof.
First step. Let us show that for all compact interval K C | — «, 3], there is M > 0 such that for all v € K and

j>2:
/zf/:cduu(z)

Denoting 7(z) = el*l — 1 —|z|, and J(u, M) = [T (%) dp, (2), one gets easily that

J
dpu(2) < jIMP.

J(u, M 0.
sep M) S

Therefore there is M > 0 such that sup J(u, M) < 1.
ueK
Now,

=Xle= = uxj w(z
J(u,M)Z;” J jﬁjj(_!)\ dpau(2).

hence for all w € K and k > 2, one has

[z = [ @ dpu(@)] dpna(2)
M7

< J(u, M) < 1.

Second step. Let us show that for all compact interval K C] —a, 8], and all N > 0, there is M > 0 such that for
all sequence Z1,. .., Z, of independent random variables such that £(Z;) = p,, with u; € K and all sequence
aq,...,ap of real numbers with |a;| < N, one has

2
V€>O, P(}Z—m|>€)§2exp [m},

N _
where Z = - ;aiZi and m =E [Z]
According to the first step, there is My > 0 depending only on K such that for all 4,
Vi>2, E[|Z-E[Z|}] < M.
From this, it follows that for all 4
Vi>2, E[|lai(Z —E[Z])] < j(MoN) .

Letting M = MyN, the results follows from Bernstein inequality (see e.g. [25], 2.2.11 p. 103).
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Third step. Now let us prove the lemma.
Let ¢ = (Cn1y- -5 Cnk) == By [[, ®dL,] € C.

Then
i ([anee) 2 (| oar e SE)
X
1un<H/ odL, >€>

>1Zﬂn< ‘ Zzz¢p( i) = Cnp

p=1

> ) .
The functions ¢, being continuous on the compact X, there is N > 0 such that |¢,(z)] < N for all p and x.
Moreover, according to Lemma 5.1 applied to the sequence ¢, = 0, there is n; > ng and a compact interval

K C ] — a, ] such that for all n > ny, w} € K™. Thus, according to the second step, one can conclude that
there is M > 0 such that for all e > 0 and all integer n > n;, one has:
. /<I>dL €C7) 31— 2hexp |-l O
Fn{ ), 75 = P17 oMM 1o

Now we are ready to prove the

Proposition 5.1. Let ¢, be a sequence of positive real numbers converging to 0 such that ne2 — +oo.
Then the following holds

(1) There is ng > ng such that for all n > ng, Ry ., and Ry, . are well defined.
(2) There is 0 € © such that for allm > ngy:

1 i
TV S 9 (_ log |:/,[/®n (/ (deTL c C&n) eH(Mn,En
n X
Proof.

uer )}) )
(1) For n > no, py, and py, .~ are well defined.
Moreover, according to Lemma 5.2, there is ny > ng and M > 0 such that for all n > nq,

ne?
([ ®dL, e ) >1—2kexp |-——Pn |
fin </X €¢ ) = P [ 2M(2M—|—gn)]

As neZ ——— +oo, it is clear that p; ([, ®dL, € C*")

n—-+o0o n—-+4oo

1B, e, = B

N, En

1. In particular, there is m; > ny such

that for all n > mq, u (fX ®dL, € CE") > 0. As p®" is equivalent to wy, it follows that for all n > my,
uen (fX &dL, € C’E”) > 0 and thus R, ., is well defined.

(2) According to Lemma 5.1, there are a compact interval K C] — a, 8] and mg > ng such that for all n > mao,

wk . € K" Let v, ., € P(R") be defined by vy, ¢, = ﬁ%‘% pu®". According to Corollary 4.1, one

Sé’<H(un,en qu,en)) (5.1)
1

has for all n > ne = max(my, ma), letting 6 = O:

[advncta) - [odi,.. @

1
n n
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But

||Rn,6n - Rv*z, anllTV

IN

Thus, according to (5.1), for all n > no,

H(vn e, | pn,e
|Rn,6nR:z,an”TV§9< ( 7 n‘u - ")>'

But one easily sees that
Un, e, € I, (C*).
Applying Csiszar inequality (c¢f. [5] Th. 2.2), it holds

H (z/n,en

,U®n) >H (Vn,en

®n).

N:z,en ) +H (N:l,€7L H

Moreover, a simple calculus yields

H (Vn,an

,u®”) = —log u®" (/ ddL, € Ce") ,
x

hence

H (l/nygn

e, ) < —log {um ( / ®dL, € c> ot e [ >]
X

and 0 being nondecreasing, one obtains for all n > ns:
uon )}) . 0

-1 -
|Rn e, — Ri o, v <6 (7 log [;@" ( JR CEn) M0,
X

5.2. Convergence of the Bayesian estimators
We need the following lemma

Lemma 5.3. As soon as i, ([, ®dL, € C%) >0, it holds:

o n H(u* ®n 1
1 log [;ﬁ@” (/ ®dL, € ce) SH( s |n® )] > (=) [
n x n e (qu)dLnECa)

1 1

1
—1 * &dL, e C® | — — .
T 08 kn (/X " ) ne pt ([, ®dL, € C*)

Proof. (see also [11], Ex. 3.3.23 p. 76) The probability measure u®™ being equivalent to u},

u;i(/ @dLn€C€)>0¢u®"</ cI)dLneC€>>0.
X X
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It holds:

1
= log u®" </ ®dL, € C€>
n x

1 1 du®n
—log/]lca </ <I>dLn> du®r = —1og/1105 (/ cI)dLn) P au
n x n x dp

1 dp®" e ([, ®dLy) 1 /
—1 dpr + —log o, odL, € C® ).
n /du;g wh ([ ®dL, € C°) i 5 108 Ko x "

Loe(fo ®dLn) o . . . o
As ([, #4L,e07) iy is a probability measure, Jensen inequality yields

on 1ce ([, @dL @n e ([, ®dL
1, /du "l ([ ®dLy) dp;zl/logd” c: ([ ®dLy) s
n dut, pz ([, ®dL, € C?) n dpt, i ([ @dL, € C°)

Moreover, letting I,, = 1 [log auer _Loc([y 2dLn)

%
one has
dus, ([ ®dLnECE) dpin,

®n o1 Loy ([ ®AL
L 1 /bg " e l/log " o) (Jy ®dLn) it
i, (Jp @ dLy € C7) d n s, ([o ®dL, € C%)

1 o1 oeny 1 / dps, dpt Loy ([ ®dLy) . o0
=- — 1 :
nu;(fX(PdLneCE)H(M" K )Jrn du®n Ogd,u®”u;(fx<1>dLneCa)

1
But « — zlog(z) is always greater than ——, so
e

1 / Ao Lo ([ ®dLe) o p ([ @dLy ¢ C°)

n ) du®n " dp®n s (f, ®dL, € C°) ~ news, ([, ®dL, € C°)
1

> _ :

~ new;, ([, ®dL, € C¥)

Hence
1 H (g | 1) 1
= log pu®™ /CIDdLnECE)> - + —log i &dL, € C°
n o ( x = onpr ([, ®dL,€Cf) n shn [,
_ L 1
ne pk ([, ®dL, € C°)
H(pk | u®n
and adding M at both sides, the result follows.

Proof of Theorem 3.2. It suffices to show that

[ Rn, . — R;,enHTV — 0.

According to Proposition 5.1 (2), there are § € © and ns such that for all n > ngy
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—1 -
Tv <0 (— log [u®" (/ ®dL, € Cfn) R QT
n X

The function 6 being continuous nondecreasing vanishing at 0 it suffices to majorize

-1 * n
B, := —log [u‘@" </ ®dL, € C’> (T )}
n X

by a quantity converging to 0.
Let us write

*
||R", En Rn, En

i)

B, = B} + B2,

with

1 “ |, ®n

B} = —1log [,Lz@” (/ odL, € C’E") (s |n® )] ,

n X

and
1 * *
By = o (B (pn [1") = H (g, [157)]
A simple calculus yields
H (p, [ 1"

= LS [ AL (@) ) — Au((a) 03]
and
~mea ) LS (@), v, JAL(B(T), v ) — ARG, )]

u®m)
n

(w5

H(ph o,
n

RN
and k)

Using Assumption 2 (2), Theorem 2.2 (4), and Lemma 5.1 one easily concludes that il
converge to the same limit £, as n tends to +oo':

(= /(@(x),u*>A;<q>(x),v*>dR(x) - /A,t(<1>(x),v*>dR(:v).

In particular,

B —_— 0.
n
n—-4o00

Finally, thanks to Lemmas 5.2 and 5.3, one can easily see that B} is majorized by a quantity converging to 0. [

Appendix A. PROOF OF THEOREM 2.2

This proof of Theorem 2.2 is contained in several parts of the paper by Gamboa and Gassiat [9,13-15]. For
the sake of completeness and reader’s convenience, we give below a complete proof, slightly improving their
results for points (4) and (5).

We need the following results to prove Theorem 2.2:

Proposition A.1. C C RF is conver and compact, A is a k x n matriz and v a probability measure on R™.
Suppose dom Z,, is open and let S, denote the support of v.

If
A~ C)NcoS, #£0,

I Remark: £ =1, (R* |R).
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(COOSV denoting the interior of the convex hull of S, ), then v has an I-projection v* on
II(C) = {a € P(R") : AE,[X] € C}.

Moreover,
dv*  exp(Afu*, )

dv — Z,(Atu*)

where u* minimises the function H defined on R* by

H(u) = log Z,(A'u) — inf (u,y).

This proposition is proved in [14].
The following lemma gives the convergence of solutions of a sequence of minimisation problems (see Chap. 7
of [23] for more general results).

Lemma A.1. Let (H,), be a sequence of convex functions on R* with values in R U {+o00}, and H a convex
function on R* with values in R U {+oo}.
Suppose that

e foralln, ) # dom H C dom H,,;
o for all n sufficiently large, the set Argmin H,, of all minimizers of H,, is nonempty;

e H has only one minimizer v* belonging to dom H;

e (H,)n converges pointly to H on dom H,
then for all € > 0, there is N € N such that for alln > N,

Argmin H, C B(v*,¢).

Proof. As Argmin H = {v*}, the convex function H has bounded sublevel sets (see e.g. Prop. 3.2.4 p. 107 of
[17]). Thus, Lemma A.1 follows from Theorems 7.33, 7.17 and point (c) of exercise 7.32 of [23]. For reader
convenience, we give bellow a simple proof of Lemma A.1 relying only on basic convex analysis.

Let us assume that there is an r > 0 such that B(v*,r) C dom H and a sequence v}, € Argmin H,, satisfying
|lvy —v*|| > r for all n € N.
Let v, € B (U*, g) be such that

H,(v,) = min {Hn(v) v EDB (0*7 g)} )

The sequence (Ty,),, is bounded; let T be an accumulation point of T,, and ¢ such that hIJIrl Vg(n) = V-
n—-+0o0o

As (H,)n is a sequence of convex functions converging pointwise to H on dom H, it converges uniformly on
every compact subset of dom H (see [17], Th. 3.1.4 p. 105 or Th. 7.17 of [23]). In particular,

| Hom) Tom) = H@om)| < sup [Hogm)(v) = H(v)] ———0.
'uEB(U*,%)
Moreover, H being continuous, H(g(,,)) e H (), s0 Hyn)(Tp(n)) I H(v). Now, for all n, one has

Hyn)(Tgpn)) < Hgp(ny(v*), thus letting n — +oo, one gets: H(v) < H(v*). As v* is the only one minimizer
of H, one has ¥ = v*. Thus, v* is the only one accumulation point of the bounded sequence (v,,),. From this
follows that (v,,), converges to v*.
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For all n € N, let h,, be defined by
hp 0 [0,1] = Rt — Hy(vi + t(v, — ).

The function h,, is convex and attains its minimal value at 0. Consequently, h,, is nondecreasing. Let ¢,, € [0, 1]
be such that 2 < [0} + t, (T, — v;;) — v*| < r and define 2z, = v}, + t, (U, — v};). For all n, one has

2
H,(z,) < Hp () and é <|zp —v*| <.

Thanks to compactness, one can assume that (z,), converges to some z satisfying %T <l|z—wv*| <.
As (H,) converges uniformly to H on B(v*,r), one easily concludes that 1irJIrl H,(zn) = H(z), and letting
n—-+0o0o
n — oo in the last inequality, one gets H(z) < H(v*), and so z = v* - absurd. O

Proof of Theorem 2.2.
Proof of (1) and (2). For all v € P(R™),

E, [/@dL =E,
x

n

7];‘ Zzzwl Zzz@k

S0
I1,(C%) = {v e PR") : A,E,[X] € C*}.
Let S,9» denote the support of 1®" and let us admit that

Ing, Vn>ng, A;H(C) NcoS,en # 0. (A1)
We will prove (A.1) later; note that for all € > 0, we have also
Vn > ng, A;N(CF) NcoS,en # 0. (A.2)

As dom Z,en =| — a, B[" is open, one can apply Proposition A.1:
e 4®" has an I-projection u;, . on II,,(C*®), which proves (1).
® i1, . satisfies:

nns")

dp®n - M@n(Atu* )’

n-n,e

duy, . exp (At

where uy, . € R* is a minimizer of:

G < Ayon(Alw) — inf
() = Ao () = inf (uc)

Now for all z €] — o, B[™
Ayon () = Ap(21) + -+ Ap(zy)
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and for all u € R¥,

Therefore,

U
=nH, . —) ,
n
*
so u} . minimises G,, . if and only if —~= minimises the functions H,, . defined by (2.1).
' n
) (®(21), vy, )
Letting v} . = —< and w} . = : , one obtains point (2).
(®(z7), 07, )
Proof of (3).

1 n
R* :]E* Ln - — ,Ld * 593";
e =B [La] = g/ b ()3
but for all w €] — «, 3],
[adnte) = 1))
thus for all i:
/Zi i, (2) = /Zdﬂ(w,’;,s)i(z) = AL ((wy, i) = A vy, o, @(27))

and

1 n

R’TI,E = E ZAIH«U,:;’&’ (I)(x?»(sl:’
i=1

n

Proof of (A.1). Let J,, denote the closed convex hull of the support of p. It is easily seen that coS,en = (J,)".
Let us show that for n sufficiently large, there is 2™ € (J,)" such that A,z" € C.

Let C,(X) denote the set of continuous functions on X with values in J,. For g € C,(X), we define

2(g) = (g(2), .., g(a™) € ()"

Notice that, for g € C,,(X)

1 1
An2"(g) = lg D@D, Y gl er(a})
Thus, according to Assumption 2 (2),

Anz"(g) P N g(z)®(z) dR(z).
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Now Assumption 2 (3) tells us there is go € C,(X) such that

co ::/ go(x)®(z) dR(z) € C.
x
Assume that there is an increasing sequence of integers (n,), such that for all p and g € C,(X)

An,2n,(9) # co.

For all p, {An,2n,(9) : g € Cu(X)} C R* is convex and does not contain cy. The separation theorem yields
un, € R¥ such that |lu,, | =1 and

<unp7 CO> > sup (unp;Anp Znp (9)>
gECL(X)

Thanks to compactness, one can suppose that u,,, converges tou. Forall g € C,(X), (un,,co) > (Un,, An,2n,(9)),
thus letting n — +o00 in this inequality, one gets

(o) > <u /X 9(2)(2) dR(m)>.

Therefore, for all g € C,(X),
(w [ (o= m@e@ are) <o
x

Let B be the unit ball of C(X') (the set of continuous real valued functions on X). For sufficiently small r > 0,
go+rB C Cu(X). Hence for all g € 7B,

<u, | s dR<x>> <0,

and thanks to symmetry and homogeneity,
| o)t @) dRta) o
x

holds for all g € C(X).
Consequently,
R((u,®(z))=0)=1
and according to Assumption 1 (2),
(u,®(x)) =0 for all x € X. (A.3)

As u # 0, (A.3) contradicts Assumption 1 (3). Therefore, for all n sufficiently large, there is z™ € (J,)" such
that A,,2" € C.

Proof of (4). The map
H() = [ Al ®(@)dRE) — int (1)
X yeC
satisfies .
domH = {v € R : Vz € X, (v, (7)) €] — a, B[}
and clearly
domH C dom H,, .,,,



CONDITIONAL PRINCIPLES FOR RANDOM WEIGHTED MEASURES 305

where H,, ., is defined by
1 & . .
Hy ., (v) = - i:ZlAM@, O(z)) — yel%fe (v, y).
Using the convexity of A, one can easily verify that the functions H and H, ., are convex. For all v € dom H,
the function A, (v, ®(.)) is bounded, so according to Assumption 2 (2), (H,,.,)n converges pointwise to H
o

[e]
on dom H. Moreover, according to Assumption 2 (4), H has only one minimizer v* € dom H. Applying
Lemma A.1, one concludes that v}, . converges to v*.

Proof of (5).
For all g € C(X), one has

n

1
AR, . ==Y A (v . B(al))g(a]).
/Xg N, En niZI p,( n,en ( )>g( )

Lemma 5.1 implies there are a compact interval K C| — «, 5[ and m such that, for all n > m, one has

Vn>m, (v _ ,®})eK and Vee X, (@, o)) eckK.

N, En?

If M = sup Ajj(x), it holds:
zeK

n—-+o0o

* 1 - * n n * *
gdR;, . — =Y AL, ®(a}))g(a})| < Msuplg| sup||®| [[o* — v, . [| ——— 0.
x ni=

Finally,

1 & 1 &

YN R gled) = [ AR 1D

i=1 i=1
and as A}, (v*, ®(.))g(.) € C(X), it follows from Assumption 2 (2) that
/ gdR: . / A (0", @(x))g(z) dR(z),
X T ooty

for all g € C(X). O
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