ESAIM: PS April 2008, Vol. 12, p. 327-344 ESAIM: Probability and Statistics
DOI: 10.1051/ps:2007038 WWW.esaim-ps.org

MINIMAX AND BAYES ESTIMATION
IN DECONVOLUTION PROBLEM *

MIKHAIL ERMAKOV!

Abstract. We consider a deconvolution problem of estimating a signal blurred with a random noise.
The noise is assumed to be a stationary Gaussian process multiplied by a weight function function eh
where h € La(R") and ¢ is a small parameter. The underlying solution is assumed to be infinitely
differentiable. For this model we find asymptotically minimax and Bayes estimators. In the case of
solutions having finite number of derivatives similar results were obtained in [5].
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1. INTRODUCTION AND MAIN RESULTS

1.1. Introduction

We study the deconvolution problem in the following setting. We wish to estimate z from the observed
random process
o0
Y(t) = / a(t — s)x(s)ds +en(t),t € R*. (1)
— 00
Here the kernel a is known and en(¢) is a random noise with a small parameter € > 0. Such a setting arises in
many applications (see e.g. [17,20,21,29] and references therein).

The noise en is usually considered as a stationary process. This allows to study the problem in terms of the
Fourier transform and to derive the estimators in a simple analytic form. For this setting the statistical prop-
erties of Tikhonov regularizing algorithm, the procedure of Kolmogorov-Wiener filtration, robust and minimax
estimators were analyzed in numerous publications and textbook (see, for example, [10,21,29,31] and references
therein). Recently interesting adaptive procedures (see [2,3,14,30]) and wavelet based estimators (see [7,23,25])
were proposed.

If the noise is a stationary process, the power of the noise €2 ffooo En?(t)dt on the whole real line is infinite.
Consistent estimator of solution z(t) exists only if the ratio of the power of the noise to the power of the solution
is finite. Thus, if we want to consider the estimation problem on real line, we need to suppose that the power of
the solution is also infinite or tends to infinity. The assumptions of such a type became standard in the study of
the Bayes and minimax estimators (see [10,21,31]). In practice the power of the solution is usually finite. Thus
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it seems reasonable to consider modifications of the models with the finite power of solution on the whole real
line. The study of such a modification is the goal of the paper.

The deconvolution problem is often considered in another setting as deconvolution problem on a circle (see
[8,18-20]). In this model the powers of the noise and the solution are finite. However this setting requires the
additional analysis of errors caused by such a model reduction.

In this paper we deal with the following noise model

en(t) = eh(t)C(t) (2)

where (() is a stationary Gaussian process ((t), EC(t) = 0, E[¢(t)¢(0)] = r(t),t € R! and h is a weight function
h € L*(R"). The assumption h € Ly(R') implies that the noise power € [*° En?(t)dt = €?||h||*r(0) is finite.
Thus we can assume that the power of solution is also finite.

From viewpoint of asymptotic statistics the model (1), (2) is closely related with another setting called often
the problem of deconvolving a density (see [2,3,6,12,13,25]). In this setting we observe independent sample
Zy=X1+Y,....Z, = X,, + Y,. A density function a of i.i.d.r.v.’s Y;,1 < ¢ < n is known and a density
function = of i.i.d.r.v.’s X1,..., X, is unknown. We wish to estimate the density z.

Thus the density = satisfies the convolution equation

[e)

£ =(@xa)®) = [ alt- (s 3)

— 00

where f(t) is the density of Z1,...,Z,.
As it is well-known (see [24]) the problem of estimation of density f is locally asymptotically equivalent to
the estimation of function f in the following white noise model

AY (£) = f(t)dt + efo/?(t)dw(t). (4)

Here dw(t) stands for the Gaussian white noise and it is supposed that f lies in the small vicinity of known
function fy (see [24] for details).
We can rewrite (4) in the following form

dY(t) = /OO a(t — s)z(s)ds + e (/OO a(t — s)xo(s)ds) v dw(t). (5)

—oo —oo
Here we suppose that z lies in the small vicinity of known function xo(t), fo = a*zo. If we put h = (a*x0)*/?,
we get the paper model. The local asymptotic equivalence of the model () and the model of deconvolving a
density has not been studied. However one can show that a wide class of linear estimators in the problem of
deconvolving a density have the same asymptotic behaviour as in the model (5).

The model of estimation in the weighted Gaussian white noise arises also in the problems of asymptotic
estimation of regression function (see [1]). As first publication on asymptotically minimax estimation in this
model one can mention [9].

The goal of our paper is to derive asymptotically minimax and asymptotically Bayes estimators for the model
(1, 2). We already considered this problem (see [11]) for the functions « with a finite number of derivatives. In
[11] we showed that asymptotically minimax and Bayes estimators have the same form as in the model with the
Gaussian stationary noise (see [10,31]). This paper extend these results to the case of supersmooth functions.
The models with supersmooth functions naturally arise in statistical applications (see [4,5,28,30]).

In [4,5,30] the spectrum of operator corresponding to the kernel a is discrete. In our model the operator
spectrum is continuous. The operator corresponding to the function A does not commute with the operators
corresponding to the kernel a and the correlation function r. These differences lead to implementation of serious
analytical technique in the proof of the results.
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The model of deconvolving a density with supersmooth density x is rather natural. The asymptotic behaviour
of kernel estimators having minimax rates of convergence was analyzed in [12]. The adaptive minimax rates of
convergence were studied in [3,4]. As the first publications on the estimation of supersmooth functions with the
sharp minimax asymptotic one should mention [10,15,16,27].

This paper can be considered as natural complement of [11]. The results of these papers cover the cases
of the both smooth and supersmooth behaviour of kernel and solution. It turns out that, if the kernel or
the solution is supersmooth, the asymptotically minimax and the asymptotically Bayes estimators are simple
projection estimators. Only if both the solution and the kernel have finite smoothness, we are forced to define the
estimators with the more complicated structure (see [11]). In this case the estimators based on the Kolmogorov-
Wiener filters are asymptotically Bayes (see [21,31]) and the standard minimax estimators are asymptotically
minimax (see [8,10,26]). The standard minimax estimators remain asymptotically minimax in the case of
supersmooth kernel or solution. However in these cases we can define essentially more simple estimators with
the same property.

For any function z € Ly(R') denote by

Z(w) = /exp{27riwt}z(t)dt

the Fourier transform of z and for any 2z € Ly(R') denote by

el = (f z%)dt)m

the Ly-norm of z. Hereafter the limits of integration are omitted if the integration domain is the real line R!.
We suppose that the kernel a satisfies A0,A1-A3 if the kernel a has a finite number of derivatives and A0,
A3, A4 in the case of supersmooth kernel.

AO0. There holds A(w) = A(—w) > 0 for all w € RL.
A1. There holds

t

lim [ A7?(w)R(w)dw = co. (6)

t—o0 0

If the left-hand side of (6) is finite, the rate of convergence of estimators equals e.
A2. There exists v > 0 such that for all C' > 0
A(C
lim (Cw)

w—oo A(w)

=C7.

A3. There exists C' > 0 such that for all w,w; € R!
|A(w) — A(w1)] < Clw — w1].
A4. There exists v > 0 such that for all C' > 0

lim log A(Cw) _

w—oo log A(w)

If A2 holds, the kernel a has a finite number of derivatives. If A4 holds, the kernel a is infinitely differentiable.
The correlation function r satisfies the following

R. There exists a > 0 such that for any C' > 0

lim R(Cw)/R(w)=C~".

w— 00
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If A2, R hold with v = 0, = 0 and A(w) = 1, R(w) = 1, we get the standard setting estimation of signal in
the weighted Gaussian white noise
dy(t) = z(t)dt + eh(t)dw(t). (7)

1.2. Main results. Minimax estimation
The assumption about the solution is rather standard (see [8,10,26]). We suppose that a priori information
is given
reEQ = {:c:/BQ(w)|X(w)|2dw<1,x€L2(R1)} (8)

with the function B satisfying the following.
B. The function B(w) is even, positive and there exists 5 > 0 such that for all C' > 0

lim In B(Cw)

P\ B
w—00 lnB(w) e

Thus we have a priori information that the solution x belongs to an ellipsoid in Ly(R!) and B implies that the
solution z(t) is infinitely differentiable.
The risk of any estimator z*(t) equals

pe(z”) = sup/E(x*(t) — x(t))3dt.

zEQ

We search for asymptotically minimax estimator z}* such that
pe = pe(x”) = inf pe(z*)(1 +0(1)), €—0.

Here the infimum over all estimators z*.
We suppose that the function h is smoother than the realizations of random process ((¢) (see H2 below).
Thus all information on the noise smoothness is contained in ((t).

H1. The function H(w) is even, H(w) € La(RY) N L1(R') and h(t) > 0 for all t € R.

H2. There exists § > 0 such that
lim R~ (w)H?(w)w' ™ = 0.

w— 00

H3. [ [th(t)|dt < oco.
Define the functions

W) = P [ A7)0 - pB@) R do
and

6
U (0) = 62||h||2[9 A7 (w)R(w)dw.

Hereafter (u); = max{u,0} for all u € R'. We put wi. = sup{w : ¥ (w) < B 2(w)} and w, = wi(1 + §)
where §c > 0 is such that B(wie) = o(B(we)), A~ (wie) = A7 (we)(1 + 0(1)) and §c — 0 as e — 0. Denote
pe = sup{p : B(we) > p}.
Define the kernels
Ky (w) = A7 w)(1 = peB(w))+ 9)
and
Ky (w) = A7 w)x(|w] < we). (10)



MINIMAX AND BAYES ESTIMATION IN DECONVOLUTION PROBLEM 331

Hereafter x(U) denotes the indicator of event U. The kernel k,, is the kernel of standard asymptotically
minimax estimator " () = (k. * y)(t) (see [8-11,26]). The kernel k,_ is the kernel of simple projection
estimator x3 (¢,y) = (ko, *y)(t).

Define also the kernels k, of Tikhonov regularizing algorithm

A(w)

Ko@) = 00+ adi()

(11)

where the function M (w) satisfies the following.

M1. The function M (w) is even, nonnegative and increasing in Ri_.
M2. The function M (w)|B~!(w)A~?(w)| is nondecreasing in R} .

M2 implies that the function M (w) has the exponential growth. The exponential growth of function M (w)
in Tikhonov regularizing algorithm is natural assumption in the case of a priori information on supersmooth
solution (see [20]).

Define the parameters of regularization a. = A?(w.)M 1 (w,).

If the solution z is smoother than the kernel a (A2 or A4 with 8 > ~ holds) the asymptotic of minimax
risks is attained for all estimators mentioned above: for the standard minimax estimator &, (see (9)), for the
simple projection estimator k,,_ (see (10)) and the estimator of Tikhonov regularizing algorithm (see (11)). If
the kernel a is smoother then the solution x (A4, B holds with v > (3), then the lower bound of asymptotic of
minimax risks is attained only in the cases of simple projection estimator and estimator of Tikhonov regularizing
algorithm. These statements are given in Theorems 1 and 2 respectively. In both theorems we assume that h
is smoother than the realizations of random process ((t) (see H2 above).

Theorem 1.1. Assume A0-A3, B, HI-H3, R or A0, A3, Aj, B, HI-H3, R with 3 > ~y. Then the estimators
xy*(t) = (ku, *y)(t) and 277 (t,y) = (ko, *y)(t) are asymptotically minimaz. The asymptotically minimaz risks
equal B

pe()r) = pe(x) (1 + 0(1)) = Pe(ue)(1 + 0(1)) = Te(we) (1 + 0(1)) = Te(wie)(1 +o(1)). (12)
If M1,M2 hold also, the Tikhonov regularizing algorithm x" = ko, * y is asymptotically minimaz.

The presence of ||h||? in the asymptotic W, (u.) of asymptotically minimax risk p. and in the definition (9) of
asymptotically minimax estimator z};* is the unique difference from the standard definitions of asymptotically
minimax risks and asymptotically minimax estimator (see [8-11,26]).

Remark 1. Denote A the set of functions h satisfying H1,H3 and such that the convergence in H2 is uniform
w.r.t. all h € A. Suppose also that there exist functions hg1,ho € A such that ho; > h(t) > ho(t) > 0,t € R!
for all h € A. Then the asymptotics of minimax risks pep(2)) = pen(257)(1 + o(1)) are uniform with respect
to h € A. Moreover all information on / in the estimators x7", 2" is contained in ||A]|. Thus we can consider
h as unknown in the model supposing only h € A. Naturally, since ||h|| is unknown, the problems of the choice
of regularization parameters u. and w, arise. However, since other parameters of models are usually unknown
as well (for example R(w), B(w)), these problems arise also on other reasons. Note that similar remark on the

uniform risks convergence hold for the other theorems of this paper and for theorems of [11] as well.

If the kernel a is smoother than the solution z and v > 3 (see A3, B), the projection estimator 7" = k., *y
and the Tikhonov regularizing algorithm z7" = k., * y remain asymptotically minimax. However the formula
for asymptotic of minimax risks is defined in another form.

Let wy, satisfy the equation

Wie

B~2(wie) = &||h||? / A2 (W) R(w)dw. (13)

—Wie

Define &, > 0 such that 6. = o(w;”’) and wy,’ = 0(8.). Denote w, = (1 — d¢)wie and ae = A2 (we) M (we).
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Theorem 1.2. Assume A0, A4, B, Hi, H2 and R. Let v > [3. Then the family of projection estimators
v (ty) = (ko, *y)(t) is asymptotically minimazx. There holds

pe(zl) = B~ (we)(1+0(1)) = B*(wie) (1 + o(1)). (14)

If M1 holds, the Tikhonov reqularizing algorithm x3" = ko, *y is also asymptotically minimaz.

Example 1. Let

Aw) = AW, (15)
B(w) = Byexp{Bi(w)lw|’}, (16)
Rw) = Ri(w)lw]™ (17)

and let the assumptions of Theorem 1.1 hold.
Let wqe be defined the equation

By (wie)w? = |Ine|. (18)
Then one can put we = wic(1 + d) where 5. > 0, Ine[! =% — 00,5, — 0 as e — 0 with 1 > x > 0 and
Pe = Me%}% O‘HA (w1e)R1(wie)(1 + o(1)). (19)
2y —a+1 k€

If Ay(w) = Ay, B1(w) = By, Ri(w) = Ry are constants, we get

_ a—2y—1 2||h||2
. = A7?RB; ¢ I
P L 2v—a+1

E|lnel " F (1 +o(1)). (20)

In the case of standard setting signal detection in the Gaussian white noise (A(w) = 1, R(w) = 1)

_1 .
pe =28, " |[n]Pe el (1 + o(1)).

Example 2. Let

A(w) = Az exp{—A1(w)|w|"} (21)
and (16), (17) hold with 5 > 2. Then we can put w. = wi(1 + o) where wie is defined (18) and 6. >
0,0 Ine[* /8% — 00,6, — 0 as € — 0 with 1 — /8 > x > 0. The asymptotically minimax risk equals and

= —A 2Ih]Pwr " Ry (wie) exp{241 (i) lwie THL + o(1)). (22)
If Ay(w) = Ay, B1(w) = By, Ri(w) = Ry are constants, we get
- —A 2B 7 Ry |Ihl2e el exp{24: B 7 1) F }(1 + o(1)). (23)

Example 3. Let (16), (17), (21) hold with 2y > 3 > 34 and let A;(w) = Ay, Bi(w) = By, Ri(w) = Ry be
constants. Then

—Bl/ﬁ|1ne|1/ﬁ(1—BA1 BB ne|s ™ )

and
P
pe = Y ATTAS 23 ? R1||h||2 2 lne|l b
X exp {2AlBlﬁ|1ne|ﬁ (1 — EAIB;E | lne|gl)} (14 o0(1)). (24)
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Example 4. Let (16), (17), (21) hold with v > 28. Define w, the equation
A (wie)wy, = |In€]
and put we = wi(1 — ) where 6, > 0,5 — 0, 5| lne|1*ﬁ/7*" —ooase— 0with0<k <1—0/v. Then
pe = B3 exp {—QBl(wk)wlﬁE} (14 0(1)). (25)

If A;(w) = A1, B1(w) = By are constants, we get
_B
pe = B2 exp{QBlAl ”|1ne|%} (1+ o(1)). (26)

Example 5. Let (16), (17), (21) hold with 25 > v > 3/23 and let A;(w) = Ay, B1(w) = By, Ri(w) = Ry be
constants. Then

_ 1 _
wie = A7 IneV/7 (1 —~ ;BlAl Bl 1n€|51) (27)
and
) s s 3 _s 51
pe = Biexp< —2A, " By|Ine|7 1 — ;Al " Bi|lne|~ (14 o0(1)). (28)

1.3. Main results. Bayes approach

In the Bayes setting we suppose that the solution x is a realization of the random process

(t) = hi(t)&(t)

where hi(t) € Lo(R') and £ is Gaussian stationary random process, E&(t) = 0, E[E(1)£(0)] = v(t),t € R
As follows from assumption V given bellow we suppose that the realizations of random process £(t) are
infinitely differentiable.

V. There exists 3 > 0 such that for all C' > 0 there holds

lim InV(Cw)

—_ B
w—00 an(w) e

The function hq(t) satisfies the following assumptions.

H4. The function hy(t) is even, bounded and hq(t) > ch(t) > 0 for all t € R! with constant ¢ > 0.

H5. There holds
I In H1 (w)
im ———~2 =
w—oo InV(w)
H5 implies that the main information on the smoothness of z is contained in the random process £(t).

For any estimator x* define the Bayes risk
pe(x”) = EcEclla” — mé|l*.
We say that the estimator z; is asymptotically Bayes if

pe = pelx?) = Inf pe(a")(1 +0(1), e—0.

Here the infimum is over all estimator x*.
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In this setting we could not prove that the Wiener filters
Ke(w) = |[h]*A@)V (@) (|[h] A W)V (w) + €| |R]]* R(w)) ™

are asymptotically Bayes. At the same time we show that the simple projection estimator 7 are asymptotically
Bayes. The value of w, is defined by the equation w, = wi(1 + d.) where w;. satisfies the equation

A% (wie)[[h [PV (wie) = €[] [*R(wie), (29)

and 6. > 0,0, — 0 as € — 0, is such that
1
V(we) = o(V(wie)), H? (§6Ew1€) = o(2 A2 (wo) R(w,)). (30)

Theorem 1.3. Assume A0, A1, A2, H1, H2, H}, H5, R, V. Then the family of estimators x7" = (k,, *y)(t)
1s asymptotically Bayes. There holds

pe(ayr) = |l /wk A2 (W) R(w)dw (1 + o(1)). (31)

—Wie

Note that wi, in (31) can be replaced by w.
Example 6. Let
V(w) = exp{~Vi|w|"}
and (15), (17) hold. Then
Wie = V11/6| Ine|'/8
and we = wic(1 + &) where d, > 0,5 — 0,5 Ine[!™ — oo as e — 0 with 0 < k < 1.
We have

€

211A 2 2y—a+1 Lo
,7“ I v, 7 €2|1n€|275+1
2y —a+1

For the model of signal detection in Gaussian white noise A(w) =1, R(w) = 1 we get

AT (We) R (we) (1 + o(1)).

1
pe = 2||BI[PVy7 € el (1 + o(1)).

Remark 2. In applications the kernel a is often unknown and the information about the kernel can be obtained

only from statistical experiment (see [21,29]). As a consequence, the arising estimator a of kernel a is known

with a random error. Usually it is supposed that the error admits the Gaussian approximation. If we study the

quality of estimation of solution x one needs to find the influence of this random error on the risk function.
We consider the following model of kernel estimator

a(t) = a(t)dt + rh(t)dw(t)

with the function h € Ly(R') satisfying the following
/tQi_zQ(t)dt < 00, (32)

lim H?(w)|w|'*™? =0 (33)

w—00
where 6 > 0.
The Fourier transform of @ can be written in the following form

A(w) = A(w) + keT(w)



MINIMAX AND BAYES ESTIMATION IN DECONVOLUTION PROBLEM 335

where
o) = [ Bl = wn)dufor)

is Gaussian stationary process.

Straightforward calculations show that, if M. = sup{|7(w),|w| < we} = op(A(we)/ke), the random error
keT(w) does not influence on the asymptotic of minimax and Bayes risks and the estimators z remains
asymptotically minimax and asymptotically Bayes. The reasoning is the following.

If (32),(33) holds, by Theorem 12.3.5 in [22],

tim P (1A (20 (2we)) ~2[M, — [|A[(210(2we)) V2] > ) = exp{~Cexp{—u}}.

Hence, if ke = o (A(we)|Inw|'/?), the inﬂuence of noise k.h(t)dw(t) on the kernel a is negligible and the
asymptotic of risks for the estimator x) are the same both in the minimax setting of Theorems 1.1, 1.2 and
the Bayes setting of Theorem 1.3. A snmlar statements hold also for the asymptotically minimax settings
Theorems 1.1 and 1.2 in [11]. Note that € = o (A(we)(Inw,)'/?). Thus we can estimate the solution z in the
case of random kernel with the same risk asymptotic even if the kernel estimator @ have a larger error than e.

2. PROOFS OF THEOREMS

2.1. Proof of lower bound in Theorem 1.1

The proof of lower bounds in minimax setting is based traditionally on the fact that the Bayes risk does
not exceed the minimax one. We define such Bayes a priori distributions that the powers of realizations
fw+Aw X2%(u)du on each interval (w,w + Aw) C Q¢ = (—wic(l — ¢),wic(1 — 5.)) have the large order then
corresponding power of noise €2||h||? f:+Aw A72(u)R(u)du. Hence the bias of Bayes estimator does not influence
on the asymptotic of Bayes risks. Thus we get that the asymptotic of Bayes risks is defined the random noise
and the contribution of each interval (w,w+Aw) C Q. in the Bayes risk equals €2||h||? fw+Aw A% (u)R(u)du(1+
o(1)). This allows to choose A~!(w)Y (w) as asymptotically Bayes estimators X (w) in Q. and to get the lower
bound (12).
We put wye = (1 — d¢)wie where 6 > 0 is such that A(ws.) = A(we)(1 + o(1)),

B (wie) = o(B™ (wae)), €A (we)(we TR (we) + w?) = o(B7 (wae)) (34)

and . — 0 as € — 0.
Define the values D, and A, such that

D. = O(Bil(w%)w?iﬁ)m)a 62A72(W6)(wel+v+ﬁRil(W€) + w?) = O(D?) (35)

and
A=A, =0(?D72R(w)w Y + w ¥ T R(we) + wl™?). (36)
The Bayes a priori measures A\c = Aca, are defined as the conditional probability measures of Gaussian random

processes & = &, under the condition & € @ where @ is the set of all solution x (see (8)). The random
process & = &, is defined via the Fourier transform

l
Ew)=Ea. =D Y mxlw e I) (37)
i=—1

where | = I = [wae /A, I; = ((i — 1/2)A, (i + 1/2)A.) and n; are independent Gaussian random variables,
En; =0,En? =1,—1 <i <. Hereafter [t] denotes the integer part of t € R!.
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On the base of the partition on intervals I;, —I < i < [, we reduce the problem to the discrete version and
show that the discrete version of the problem has a simple solution. The choice of D, satistying (35) allows to
get F f[ u)du = o(E [} €2(u)du) on all intervals I;, |i| > 61,0 < § < 1. The variation of function R(w) on
interval I; is neglected that is R(w) = R(iA)(1 + o(1)) if A satisfies (36). At the same time

/ h%(w — u) du = ||h|[*(1 + o(1))

I;

if jw] < (1 —61)A,0 < é; < 1. This allows to show that asymptotically minimax risks p. and asymptotically
minimax estimators 7", 21" depend only on [|h|[*.
Denote v, the probability measure of &..

Lemma 2.1. There holds
lin% P e@)=1. (38)

Proof. By straightforward calculations, we get

B[ B =002 [7 Bs) = 00EB el = o)

Var [ / BQ(w)éf(w)dw] =0 <D4 N

W2e
dw) O(D! B (wae )l ~?) = o( DB (wse)w? 27

—W2e

as € — 0. Hence, by Chebyshev inequality, using (35), we get (38). This completes the proof of Lemma 2.1.
For any estimator 7 define the Bayes risks

per(a?) = /Q dhe(2) B[22 — x|,

pola?) = [ dui(o)Ela;
Q
Denote z} and Z. the Bayes estimators corresponding to a priori measures A\, and v, respectively.
Lemma 2.2. There holds
Pex(Tl) 2 per(Te)(1+0(1)), €— 0.

The proof of Lemma 2.2 is akin to that of Lemma 2.3 in [11] and is omitted.

By Lemmas 2.1 and 2.2, the proof of lower bound is reduced to the problem of obtaining asymptotic of Bayes
risks pe, (Z¢). Since a priori measures v, are Gaussian the analytic formula for the Bayes risks p., (Z.) can be
written straightforwardly (see (47) below). However this formula is rather cumbersome and the proof that the
asymptotic of p,(Z.) coincides with ¥ (w,) requires special analytic technique.

Since the random process & is Gaussian the Bayes estimator is linear

o= [kt 9(s)as

with the kernel k. satisfying the equation (see (2.16) in [11])

B 7. (0)f(s)] — E- { / (1, 0) £ () du f(s)} _e / e (t, w)h(s)h(w)r(u — s)du = 0 (39)
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for all t,s € R'. Hereafter f = a* . Note that (39) is obtained as the Gateaux derivative of the risk function

2

Ee E¢ H/k(tau)y(u)du =&
In terms of Fourier transform (39) can be written as follows

Va(w, wo)A(wy) = /Ke(w,wl)A(wl)VA(wl,wo)dwlA(wo)

+62/K6(w,w2)/H(w2 — w1)R(w1)H (w1 — wp)dwidws, w,wo € R, (40)

Hereafter Va = Va,_(w1,wo) = E[&(w1)&(wo)] = D? Zi:l_l X(w1 € I;,wo € I;) with wp,w; € RL.

In what follows, we shall make use of operator symb(;lic in the problem of risk minimization. Denote A, R the
multiplication operators with the kernels A(w), R(w). Denote K., Va, H the integral operators Lo(R') — Lo(R')
with the kernels K(w,wp), Va(w,wp), H(w — wp) respectively and denote I the unit operator. In this notation
the Bayes estimator minimizes the Bayes risk

pe(K)=Sp[(K"A—I)VA(AK — I) + € K" HRHK| (41)

among all estimators 27 = k * y. Here Sp[U] denotes the trace of operator U and KT denotes the conjugate
operator of K.
Denote R (w) = R(w)x(|lw| < wa) and

Re(w,wp) = /H(w —w1)Re(w1)H (w1 — wo)dwr X (w € (—wae, wae), wo € (—wae, wae)).

Since R, < R, we get

p(K) = Sp[(KTA—-IVA(AK —I)+ K" R.K]
< Sp[(KTA—-I)VA(AK —I)+ €K "HR.HK] < p.(K). (42)
Therefore the problem of obtaining lower bound is reduced to that of minimization of p.(K). Define the operator

K. such that p.(K.) = inf p.(K) where the infimum is over all operators K such that Pe(K) < 0.
If we write a version of equation (40) for the operator K., we get easily

K. = VAA(AVAA + R L (43)

It follows from the definition of p.(K) that in the problem of minimization of p.(K) it suffices to consider the
operators A, Va, R. as operators La((—wae,w2c)) — Lao((—wae,wae)). Thus, in what follows, we suppose that
such a contraction of operators takes place.

For any linear operator G : Lo(—wac, wae) — La(—wae, wa) denote

[|G|| = sup{z'Gx : ||z]| =1, ¥ € La(—wae,w2¢)}

where 2’y stands for the inner product of @,y € La(—wae, wac).
In this notation there holds

K] < JATH[[JAE | < [JATH| < A7 H(we). (44)
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We shall use also the following inequality. For any operator G and positive operator M it holds
Sp[GM] < ||G]| Sp[M] (45)

if Sp[M] < oo and ||G]| < o0.
It is known also that, if G(s,t) is the kernel of linear operator G, then

||G||2§/e " G2(s,t) dsdt. (46)

—W2e Y —W2e

Substituting (43) in the left-hand side of (42), we get

pe(K.) = €'Sp[(AVAA+ R) T RVAR(AVAA + 2R.) 7Y
+€2Sp[(AVAA + 2 R.) P AVAR VA A(AVAA + €2R) 1. (47)

Now we define some discrete version pea(K.) of p.(K.) and show that |pa(K.) — pe(K.)| = o(pea(K.)) is
negligible. After that we show that ¥ (w,) is the lower bound of p.a(K.). The proofs of these statements have
technical character and are based on inequalities (44)—(46).

For each i, |i] <1 we fix w; € I; and define the functions

l
W)=Y Alw)x(w € L),

i=—1

aw,wr) ZH i —wi)x(w € I;).
i=—1
Ra(wo,w1) = (HARHA)(wo,w1).
Denote B _ _ _ _
pea(Ke) =Sp [(KIAx — D)Va(AaKe — 1) + €K RAK.] . (48)
We have

ﬁe(ke) - ﬁeA(ke) = SP[RT(A AA)VA (Ak - I)]
+Sp[KXAAVA(A — Ap) K] + €Sp|[KX (R. — RA)K] = J1 + Jo 4+ €203, (49)

Since ||AK, — I|| < 1 and ||K.A|| <1, by A4, (44), we get
[ J1] < A7Hwe) |AK| [|A = Aal|Sp[Va] |AKe = I]] < CA™H (we) ASp[Va]. (50)

Hereafter C' stands for positive constants.
Arguing similarly, we get

[ Jo| < A7Hwe) [[AKC]] || AalISP[Val A — Aal| A7 we) [JAK|| < CAAT?(we)Sp[Va]- (51)
We have
Js = Sp|[K KX (H — HA)R.H| + Sp[K K HAR.(H — HA)| = J31 + Ja2. (52)
By H3, the function H(w) satisfies the Lipschitz conditions. Hence, using (46), we get
2\ 1/2
||H—HA|| < / dwo/ dw |H wo— ZH woeli) < CAw, (53)
—we —we i=—1
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and

!
Z H(wi — w)x(wo € 1)

|Hal| < (/ ’ dwo/ dw
TWe TWe i=—1
we 1/2
= (/ dwo/HQ(wo — w)dw) (14 0(1)) < Cw!/?||H]||. (54)
Hence, using (44), (45), we get
Js1 < || Ke|P[|1H — Hal|Sp[R]||H|| < CAweA™ (wae)Sp[Rel, (55)
Inp < ||KC|P[|Hal[SPIR|H — Hall < CAw}? A7 (wze)Sp[Re]- (56)
By definition (37) of & (w), we get
Sp[Va] = o(DZwe) (57)
and, by R, we get
Sp[Re] = O(we) (58)

By (49)—(52), (56)—(58), we get

CAA2(w.)Sp[Va] + Ce2Aw?/? A~%(w,)Sp[R.]
CAA2(w ) D2w, + CEAW 2 A2 (w,). (59)

|ﬁ5(f(6) - ﬁeA(KEH

INIA

By (36), (59), using ¥, (w,) = O(e2A72(w.) R(we)we ), we get

ﬁe(Re) — pea(Ke) = o(¥(we)). (60)

It remains to study the problem of minimization of p.a(K). In discrete setting, Va = D?I. This simplifies
essentially estimates.
The next two estimates are auxiliary. By (54), we get

|Rall < [HAIP|IR]| < Cwe. (61)
Since [|AL"|] < A7} (w,), we have also
IAX' Ra AR < A2 (wo)l|Rall < CA™2 (we)we. (62)
Now we utilize (61), (62), to estimate
Per = i%f pen(K) = €*Sp[(AAVAAA + €2 RA) ' RAVARA(AAVAAA + € Ra) 71
+e?Sp[(AAVAAA + € RA) P AAVARAVAAA(AAVAAA 4+ € RA) Y = Uy + Us. (63)

‘We have
Ux

IN

€' DA™ wae) Sp[(I + €D AN RAARN) !

X RAVARA (I + €2D;1A51RAA£1)71]

Ce' DA™ (wae)||Ral|*Sp[Va] < Ce' D72 A~ (we) || Ra|Pwe

Ce* D72 A (wo)w? = o(e?Sp[A™2R)) (64)

€

IAINA

where the last equality follows from (34), (35).
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We have
Uy = Us1 — Usg — Uss (65)
where
Uy = €Sp[Ax'RaAR,
Uy = €'Sp[(AaVaAa + € Ra) ' RAALN RAAL AAVAAA(AAVAAA + €Ra) 7,
Uss = €*Sp[A ' RAAT RA(AAVAAA + € RA)1.

The estimates Usaz, Uas are akin to (50) and (64)

Uy < €' D72A72(wse)||Ra||SPIAR RAAX||AAVAAA(AAVAAA + €Ra) 7|
< CDPAT (wae)weSPIARPR(1 + 0(1)) = o(¢*Sp[A5*R.]), (66)
Uz < €'|Ra(AaVaAa + ?Ra) ™| Sp[AL*Ra]
< CeY|Ra||A%(w2e) D7 2SplAR?RA]
< CtweA 2 (wae) D2Sp[AT2RA] = 0(e2Sp[AX2Ra)) (67)

where the last equalities in (66), (67) follows from (34), (35).
Now (63)—(67) together imply
pea = €SplAX*Ra(1 + o(1)).
This completes the proof of lower bound in (12).
2.2. Proof of Theorem 1.2

We begin with the proof of lower bound. The arguments are akin to the proof of Theorem 1.2 in [11] and
are based on the method proposed in [8]. Define the parametric family of functions

1 - - 5
Go(w) = %5;1/29;((% <|w| < (1 +d)we) = 0H,

where 8, = wﬁlfﬁ”“,O <K<7y-—0.
Consider the problem of estimation of parameter § if § has the Binomial distribution

PO = +6,) = % 0 = B~ (w.).

Since the noise is Gaussian it is easy to find the sufficient statistics in this problem. As a result the problem is
reduced to the estimation of 6 on observation

ye = 0+ el ||| /ﬁe(w)A_l(w)/H(w ) R (wr)dw(wr)
that can be written in a more simple form

Ye =0+ deC

where ¢ is Gaussian random variable, F¢ = 0, F¢%2 = 1 and

=l [ wte) ([ - w>A1<w>ﬁe<w>dw)2 > C|H|P5.Rw) A2(w0)
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Since . = o(d.), the Bayes risks equals
02(1 4 0(1)) = B™*(we)(1 + o(1))

and this is the lower bound of minimax risks.
The proof of upper bounds is also akin to that of Theorem 1.2 in [11] and is omitted.

2.3. Proof of Theorem 1.3. lower bound

We consider the auxiliary problem of Bayes estimation with spectral density V. (w) < V(w),w € R! such that
the reasoning the proof of Theorem 1.3 in [11] can be applied. As a result we get the required lower bound in
Theorem 1.3.

We put V. (w) = 0 if |w| > (1 — dc)wie = @, and V,(w) = V(@) if |w| < @ where @, is such that

A7 (we) R(we) = o(V (@) (68)

and 6, — 0 as ¢ — 0.
Since

p(K) = Sp(KTA-I)HVH(AK — 1)+ KT"HRHK]
> Spl(KTA—-IHV.H(AK;) + eKTHRHK] = jp.(K)
it suffices to find lower bound for the asymptotic of p.(K). Such a lower bound can be found if we repeat all

estimates in the proof of lower bound for the asymptotic of Bayes risks in Theorem 1.3 in [11]. This lower bound
equals

2 R(w)Ve(w) 2 Yo,
€ ||h||2||h1||2/ HmHQAQ(w)VE(w)+€2||h”2R(w)dw(1+o(1)) =€ ||h||2/ A2 (W)R(w)dw(1 + o(1))

—We

where the last relation follows from (68). This completes the proof of lower bound in Theorem 1.3.

2.4. Proof of Theorem 1.1. Upper bound

The proofs of upper bounds differ from the standard reasoning (see [8,10,26]) only by the presence of the function
h in the noise. Thus the main difference in the reasoning is the following. One needs to show that the Fourier
transform of correlation function of eh(t)((¢) given by the convolution

€ / H?*(w — wi)R(w1)dw; (69)

can be replaced the simple asymptotic €2||h|[? R(w)(1 4 o(1)) for the large values of w. By H2, R, the function
H(w) decreases faster then R(w) and the function R(w) is regularly varying. This allows to utilize the required
asymptotic in our estimates.

We have

We

pe(xl)) = sup/X |w|>w5)dw+e/

:CEQ

/H w —wr)R(wy)dwrdw
= we)) + We(we) (1 + 0(1)) = Te(we)(1 +o(1)).

We

This implies the upper bound for the estimator z*
By the definition of s, it is easy to see that WU (uc) = Ve (we)(1 + o(1)).
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The minimax risk of Tikhonov regularizing procedure equals
pe(zyy) = aZmax M*(w)B (W) (A*(w) + acM (w))

Qe w

+62/A2(w)(A2(w) + aeM(w))_2/H2(w —w1)R(wy)dwidw = I + Is.
By H2, R, we get

Iy = 2¢2||h)? /;O A% (W) R(w) (A% (W) + ae M (w)) " 2dw + O(26w A2 (bwe) R(6w,))

We

for any 0 < 0 < 1.
Define 6, such that A%(w.) = A%(we(1 — .))(1 + o(1)) and M (w(1 —6.)) = o(M(w.)). Then

Iy = Isy + Iog + o3 + 0(62(50«)51472(5(4}6)]%(5&}6))

where

(1—68¢)we

I = 2€2||h||2/ A?(W)R(w)(A*(w) + acM (w)) 2dw
dwe
(1—65)0.25 _

= 2l [ AR+ o(1) = Tl 1+ o),

dwe
(1466 )we

Iy = 262||h||2/ A?(W)R(W)(A%(w) 4 acM (w)) 2dw,
1—68c)we

Iy = 2€2||h||2/ A% (W) R(w)(A* (W) + aeM (w)) " 2dw.
(1+6€)w€

By M2 and the definitions of J.,w., we get
Iyo = o(I21), I23 = o(I21).

By (72)—(74), we get
Iy = In (1 +0(1)) = ¥ (we)(1 + o(1)).
By M2 and the definition of «a., we get

I < CB 2 (w,) = o(V,(w,)).

Now (70), (75), (76) together imply the asymptotic minimaxity of Tikhonov regularizing procedure.

2.5. Proof of Theorem 1.3. Upper bound
The Bayes risk equals

[e'e) We
2/ /H%(w — w1)V(wr)dwdwy + 62/ A_2(w)/H2(w —w1)R(wy)dwy =211 + Is.
We -

We

(72)

(77)
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By straightforward calculations, we get

We
I = 62||H||2/ A2(W)R(w)dw (1 + o(1)). (78)
Denote wye = %wle + %we-
We have
Iy =11 + 12 (79)
where
Iy, = / / H(w — w)V (w1)dwdws , (80)
u);o wi;e
Iy = / / H}(w — w1)V (wr)dwdw . (81)
We —00

By (50), (30), we get

I11§/

€

P [V = off), (2)

2e

/ HE(w — w1)V (wy)dwdw,

2e

IN

I

IN

[ mee [ v —on) (83)

2e —We

Now the upper bound follows from (77)—(83).
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