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METASTABLE BEHAVIOUR OF SMALL NOISE LEVY-DRIVEN DIFFUSIONS

PETER IMKELLER! AND ILYA PAVLYUKEVICH'!

Abstract. We consider a dynamical system in R driven by a vector field —U’, where U is a multi-well
potential satisfying some regularity conditions. We perturb this dynamical system by a Lévy noise of
small intensity and such that the heaviest tail of its Lévy measure is regularly varying. We show that
the perturbed dynamical system exhibits metastable behaviour i.e. on a proper time scale it reminds
of a Markov jump process taking values in the local minima of the potential U. Due to the heavy-tail
nature of the random perturbation, the results differ strongly from the well studied purely Gaussian
case.
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INTRODUCTION

This paper addresses the rigorous mathematical description of the phenomenon of metastability in systems
with big jumps. The picture we shall study may be outlined as follows. Let us consider a one-dimensional
deterministic dynamical system driven by a vector field —U’(-), where U(-) is a multi-well potential with some
smoothness conditions and a certain increase rate at infinity. According to the initial conditions the deterministic
trajectories of the dynamical system converge to the local minima of the potential U or stay in its local maxima.
Obviously, no transition between different domains of attraction is possible.

The situation becomes different if the dynamical system is perturbed by (small) random noise whose presence
allows transitions between the potential wells. However depending on the system’s initial conditions and noise’s
properties, certain potential wells may be reached only on appropriately long time scales or stay unvisited. The
phenomenon of metastability means, roughly speaking, that for different time scales and initial conditions the
system may reach different local statistical equilibria.

The system’s behaviour is determined by the type of random perturbation. Unquestionably, dynamical
systems subject to small Gaussian perturbations have been studied most extensively. The main reference on
this subject is the book [10] where the large deviations theory for the perturbed trajectories is established. The
large deviations estimates allow to solve the first exit problem from the domain of attraction of a stable point.
It turns out that the mean exit time is exponentially large in the small noise parameter, and its logarithmic rate
is proportional to the height of the potential barrier the trajectories have to overcome. Thus for a multi-well
dynamical system we obtain a series of exponentially non-equivalent time scales given by the wells’ mean exit
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times. Moreover, one can prove that the normalised exit times are exponentially distributed (see [2,7,21]), and
thus have the property of lack of memory which is referred to as unpredictability in the physics literature.

In the simplest situation in which the potential U has only two wells of different depths, one can observe
two statistically different regimes. First, if the time horizon is shorter than the exit time from the shallow well,
the system cannot leave the well where it started, and therefore stays in the neighbourhood of the well’s local
minimum. Second, if the time horizon is longer than the exit time from the shallow well, the system has enough
time to reach the deepest well from any starting point, and stays in the vicinity of the global minimum. In [15]
the following metastability result is established. Namely, there is a time scale on which the dynamical system
converges to a Markov two-state process with one absorbing state corresponding to the deep well. It is easy to
notice that this particular time scale is given by the mean exit time from the shallow well. More general results
for multidimensional diffusions can be found in [17] and [11].

There is a very close connection between the metastability of a Markov process with small noise and the
spectral properties of its infinitesimal generator. It can be shown that exponentially small eigenvalues of
the infinitesimal generator are expressed in terms of mean life times in the domains of attraction, and the
corresponding eigenfunctions are close to constants on these domains [16]. On the other hand, the generator’s
eigenvalues can be calculated with the help of variational principles [3,4].

Recently, systems subject to non-Gaussian perturbations with big jumps attract more attention. Instanta-
neous transitions between remote states are referred to as extreme events and are observed in the dynamics
of asset prices, climate and telecommunication systems etc. In the physics literature, non-Gaussian symmetric
stable Lévy processes are used especially often, under the name of Lévy flights.

Our particular interest in this type of systems arose from the acquaintance with the papers [8,9] by Ditlevsen
devoted to a statistical analysis of real paleo-climatic ice-core data describing the evolution of the temperature
of the Northern hemisphere during the past 100000 years, i.e. the last ice age. Numerous reconstructions
indicate about 25 abrupt catastrophic climate changes, the so-called Dansgaard-Oeschger events. The simplest
mathematical model describing these events is a one-dimensional Langevin equation for an overdamped particle
in a double-well potential, driven by some type of noise. The stable minima of the potential correspond to a
cold (stadial) and a warmer (excited) climate regimes. On the basis of statistical data analysis performed in [8],
Ditlevsen discovered a strong Lévy stable component of a stability index «a ~ 1.75 in the driving noise. The
corresponding Langevin equation was studied analytically on a physical level of rigour in [9].

With the aim of starting a rigorous mathematical underpinning of the heuristics these papers provide on
the level of their pathwise behaviour, in [13] we have tackled the study of random dynamical systems driven
by small heavy-tailed Lévy noise, in the simplest case of symmetric stable processes. We obtain results on the
law and the mean value of the first exit time of the resulting jump diffusions from a single potential well the
boundary of which does not contain saddle points (the boundary is non-characteristic) by purely probabilistic
methods. More precisely, we show that the mean value of the exit time increases like a power of the noise
amplitude and does not depend on the depth of the potential well but rather on the distance between the local
minimum and the domain’s boundary. Normalised by its mean value, the exit time has a standard exponential
law in the small noise limit. We refer the reader to related work by Godovanchuk [12] and Wentzell [20] on
large deviations of Markov processes with big jumps.

In the present paper we extend our research in two directions. Firstly, we take some effort to generalise the
methods of [13] to investigate in detail the behaviour of the jump-diffusions at saddle points of the potential not
accessible in [13]. This opens the way to also give a detailed description of the diffusions’ metastable dynamics
in multi-well potentials. Secondly, we consider the most general case of heavy-tailed Lévy processes, namely
Lévy processes with an arbitrary Gaussian variance and drift and a jump measure having regularly varying
tails. We note, that our research in progress shows that for lighter, e.g. subexponential but not polynomially
heavy tails, the pattern of metastable behaviour we discover here does not hold any longer.

The results of this paper may also be of interest for physicists. Indeed, in [6], a numerical analysis treatment
of transitions of Lévy flights between the domains of attraction of a double-well potential was given for stability
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indices « € [1,2). The conclusions are not fully consistent with our results. They could be improved using the
rigorous estimates of the present paper for calibration of physical simulations.

1. OBJECT OF STUDY AND MAIN RESULT

Let (Q,F, (F)i>0,P) be a filtered probability space. We assume that the filtration satisfies the usual hy-
potheses in the sense of [18], i.e. Fy contains all the P-null sets of F, and is right continuous.
We consider solutions X¢ = (X7 );>¢ of the one-dimensional stochastic differential equation

X (x)=a— /Ot U'(X:_(z))ds+eLy, z€R, (1.1)

where L is a Lévy process and U is a potential function satisfying the following assumptions.

Assumptions on L:

L1 L has a generating triplet (d, v, 1) with a Gaussian variance d > 0, an arbitrary drift € R and a Lévy
measure v satisfying the usual condition f]R\{O} max{y?, 1} v(dy) < co. For u > 1 denote the tails of
the Lévy measure v

Hw= [, = [ s (1.2

and H(u) = H_(—u) + Hy(u).
L2 Assume, H,(-) is regularly varying at infinity, i.e.

Hi(u)=u""l(u), u— +oo, (1.3)

for some r > 0 and a slowly varying function [. Recall that a positive Lebesgue measurable function [
is slowly varying at infinity if lim, o [(Au)/l(u) = 1 for any A > 0. For example, positive constants,
logarithms and iterated logarithms are slowly varying functions.

L3 Assume that

H_(—u)

—~ =k€(0,40) or limsup——==kr=0. 1.4
LT Gy~ € (Otee) o e T (4

Assumptions on U:

Ul U € CHR) NC3([-K, K]) for some K > 0 large enough.
U2 U has exactly n local minima m;, 1 <1 < n, and n — 1 local maxima s;, 1 <7 <n — 1, enumerated in
increasing order

—00=8< M <81 <Ma <+ < Sp_1 <My <8, =+00. (1.5)

All extrema of U are non-degenerate, i.e. U”(m;) >0, 1 <i<n,and U"(s;) <0,1 <i<n-—1.
U3 |U'(z)] > c1]x]'T¢2 as 2 — oo for some ¢y, c3 > 0.
The class of Lévy processes L under consideration covers for example compound Poisson processes with heavy-
tail jumps or stable Lévy processes with Lévy measure
dy

v(dy) = (al{y < 0} + c2I{y > 0}) PEC a€(0,2), ¢ >0,c0>0. (1.6)

We consider X¢ for small values of ¢, € | 0.
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Since the Lévy process L is a semimartingale, the stochastic differential equation (1.1) is well defined, see
also [18] for the general theory. However, since the drift term U’ is not globally Lipschitz we need to show
the existence and uniqueness of the strong solution of (1.1) which can be done by a slight modification of the
argument in Section 2 of [19]. Essentially one shows that solutions of (1.1) do not explode since the drift U’(-)
drives them to stay in some bounded set. Similar results for Gaussian diffusions can be found in [5].

Under assumptions on U, the underlying deterministic (¢ = 0) equation

29(x) =z — ' "(2%(x)) ds .
(@) /OU«S( )d (L.7)

has a unique solution for any initial value x € R and all ¢ > 0. The local minima of U are stable attractors
for the dynamical system 2, i.e. if x € (s;_1,5;), 1 <i < n, then 2)(x) — m; as t — oo. It is clear that the
deterministic solution z° does not leave the domain of attraction where it started.

Our goal is to describe the phenomenon of metastability which roughly speaking consists in the existence of
a time scale for which the system reminds of a jump process taking values in the set of stable attractors. We
prove the following main theorem.

Theorem 1.1. Let X¢(x) = (X7 (2))t>0 be a solution of (1.1). If x € (s;—1,si), for some i = 1,...,n, then
fort >0

Xinaye (@) — Ye(mi), €10, (1.8)
in the sense of finite-dimensional distributions, where Y = (Y;)i>0 is a Markov process on a state space
{m1,...,m,} with the infinitesimal generator Q = (qi; )} ;=1

kI{j <i}+1I{j > r _ .,
Qij = { 1}+K{ }Hsj—l*mil T sy —md T, i #
G , . (19)
*Qiz':%:zt]ij:mmﬂ*mﬂ + 1_‘_K|sz m;|

J#

Let us consider a particular example of equation (1.1), namely a symmetric a-stable process L (Lévy flight) in
a double-well potential. Let U satisfy the assumptions formulated above and let s; = 0. The process L has a
generating triplet (0,v,0) with a Lévy measure v(dy) = |y|~1~%dy, y # 0, a € (0, 2).

Due to Theorem 1.1, the main features of the process X°¢ in the small noise limit are retained by a Markov
jump process, and on the time scale ae~® we obtain the following convergence in the sense of finite dimensional
distributions:

th/ea (I) - }/ta t > 07 € l 0; (110)

where Y is a Markov process on the state space {my, ma} with the following matrix as infinitesimal generator

iy | —a itz <0
Q= ( ™ [ > and Yy =4 Hr<b (1.11)
my —Mg me, if x> 0.

To compare the result obtained with its Gaussian counterpart we refer to [15], where this problem was first
studied. Let us consider a Gaussian diffusion X ¢ which solves the equation

Xe(z) =2 — /Ot U'(X5(x))ds 4 Wy, (1.12)

where W is a standard Brownian motion. Since it is well known that in the Gaussian case the height of the
potential barriers plays a crucial role, we assume that the left well is deeper, i.e. U(0) —U(mq) > U(0) — U (mz).
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This leads to the following meta-stable behaviour of X<, see Theorem 2.1 in [15]. There exists a time scale A
such that
lim % In \° = 2(U(0) — U(m2)) (1.13)

e—0
and
Xie(z) =V, €10, (1.14)

in the sense of finite dimensional distributions, where Y is a Markov process on {my, ma} with the infinitesimal

matrix
N if
0 0 g y,= M <0 (1.15)
1 -1 mg, if x > 0.

As we see, the main difference between Lévy and Gaussian dynamics consists not only in different intrinsic time
scales — polynomial vs. exponential, — but also in a qualitatively different limiting behaviour. In the heavy-tail
case, the states of the limiting process are recurrent, whereas in the Gaussian case, the minimum of the deepest
well is absorbing.

In general case, we can summarise the differences as follows. First, we see that the characteristic time scale
is algebraic in €. Second, the properties of the limiting process Y depend on sizes of the potential wells and
not on their depths. Further, if k > 0, the all states of Y are recurrent. The process Y has a unique absorbing
state m,, (the local minimum of the right peripheral well) if and only if x = 0, i.e. when the positive tail of L
dominates.

The material is organised as follows. In Section 2 we decompose the Lévy process L into a small jump part
and a compound Poisson part and study the small-jump dynamics of the process X¢. This section presents
some technical challenges. It consists of a pathwise analysis of a jump-diffusion with relatively small jumps in
e-dependent neighbourhoods of the stable and unstable attractors. In Section 3 we determine the asymptotic
law of the first exit time from a single well and its mean value, in particular the asymptotic probabilities to
transit to different wells. In Section 4 we establish that the laws of transition times between neighbourhoods of
the wells’ minima are asymptotically exponential, and provide the corresponding transition probabilities. The
main Theorem 1.1 is proved in Section 5.

2. ONE-WELL DYNAMICS OF THE SMALL JUMP COMPONENT

2.1. Exponential estimate for the small-jump component
For p > 0 and 0 < € < 1 consider the decomposition L = £° + n°, where the Lévy processes £° and 7 have

generating triplets (d, v, u) and (0,v;,0) respectively with

g0 =v (0|55 o). wo=v(or|-5.5]): 2.1)

The absolute value of jumps of the process £ does not exceed g ~*.
Thus the process £° has a Lévy measure with compact support, and the Lévy measure l/g() of n® is finite.

Denote
1
ﬁE:VER:/ de :H(_) 2.2
(R) ST (dy) " (2.2)

Then, n® is a compound Poisson process with intensity 0., and jumps distributed according to the law 52 11/2(~).
Denote 7, k > 0, the jump times of 7° with 75 = 0. Let T} = 7; —7;_, denote successive inter-jump periods,
and W¢ = 775; — nii_ the jump heights of n°. Then, the three processes (T} )r>1, (W )k>1, and (£%)¢>0 are
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independent. Moreover,

00 1
P(T; > u) = / fee P ds=e P u>0, and ET} = i (2:3)
PVE < ) = 2= W) —i/ ]I{|y| > i}y(dy) weR (2.4)
¢ R B oo 2 ’ | |

Between the arrival times of n° the process X¢ is driven by €£°. The next lemma shows that on long time intervals
e&® does not essentially deviate from zero. Hence the dynamics of the process X ¢ on the intervals between arrival
times of the process 1° can be seen as a small random perturbation of the underlying deterministic trajectory.

Lemma 2.1. For any p € (0,1), any v € (0,1 — p) and g € (0,1 — p — ) there is po > 0 and 9 > 0 such that
the inequality

te(0,1/e9]

P ( sup |e&| > 57> <exp(—1/eP) (2.5)

holds for all 0 < e <ep and 0 < p < pog.

Proof. Let p, v and g be as in the statement of lemma. The Lévy measure of €£° has compact support, hence
the process ££° has exponential moments. Moreover, e£§ — E(£f) is a zero-mean martingale, so that

u+/ yv(dy)
1<|y|<e~r

Then Doob’s inequality for exponential functions of martingales yields for v > 0:

|E(e&f)| < et = etm(e). (2.6)

P sup €& > 7| < G CO I o (2.7)
te[0,1/e4] te[0,1/e9]
where the latter exponent is known from the Lévy—Hinchin representation. Let u = u(e) = 1/&° for ¢ =

(1 —p++)/2. Then with help of some algebra we obtain for all 0 < p < pg = (¢ — 7)/2 that

1
sup  p(u(e),e,t)= sup [InEexp (u(e)e&) +2u(e)me' "1 —lu(e)] < ==, 0. (2.8)
te[0,1/¢] te[0,1/29] ep
The inequality for the infimum is proved analogously. O

2.2. Dynamics on a compact interval a > —oo

Our goal is to study the one-well dynamics of the small-jump process x° and its unperturbed counterpart z°,

zi(z) =z — /0 U'(z5_(x))ds + &&;. (2.9)

For definiteness we assume that the well’s minimum is located at the origin and thus the corresponding domain
of attraction for 2° is (a,b), —o00 < a < 0 < b < +o0, if the well is inner, and (—oo,b) if it is peripheral. In
the first case, we also assume that ¢ and b are non-degenerate local maxima of U. In the second case, b is a
non-degenerate local maximum and U’(x) increases to infinity faster than linearly as * — —oo. Denote the
critical point curvatures as U”(0) = My > 0, U"”(b) = Mp > 0 and U”(a) = M, < 0 (when defined). For v > 0
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and ¢ > 0 we introduce an event

& = {w :osup |eg| < 547} . (2.10)

s€[0,t]
We prove the following estimate.

Proposition 2.2. For any v > 0, any d > 0 there is €9 > 0 such that for 0 < e < ¢ the inequality

sup |25(x) — 2%(x)| < de? (2.11)
s€[0,t]

holds a.s. on the event & uniformly for t >0 and x € [a +&7,b— &7].

The proof will follow directly from the estimates of Sections 2.2.1 and 2.2.2 below. It is based on the study
of the representation of the process z¢ in powers of ¢

25 (2) = 20 (x) + eZ (x) + RS (x), t >0, (2.12)

where Z°¢ is the first approximation of z° satisfying the stochastic differential equation

Zi(@) = - / U"(2(2)) Z2_ () ds + €. (2.13)

and the remainder R®(x) is the absolutely continuous function starting at 0 and satisfying the integral equation
t

Ri(z) = / [~U"(23(2) + eZZ_(2) + Ri(2)) + U' (23 (x)) + U” (23 (x))e Z:_ (2)] ds. (2.14)
0

The dynamics if the summanden in (2.12) in the limit of small £ mainly depends on the geometry of the potential
and is quite different in the neighbourhoods of the stable point 0 and unstable interval boundaries (it suffices
to consider only one unstable point, say = a). The following properties of the potential U will be extensively
used:

(1) The deterministic trajectories 29(z), # € [a + €7,b — &7] converge to 0 as t — oo due to the property

2U'(x) > 0 for = # a,b,0.
(2) The curvature of the potential at = a, b is negative. In a small neighbourhood of a we have U(z) =

Ua) — M, (l'_;)z + o((x — a)?). Consequently x° behaves there like a + e™a?, and the dynamics of ¢
reminds of the dynamics of an inverted process of Ornstein-Uhlenbeck type.

(3) The curvature of the potential at © = 0 is positive. In small neighbourhoods of 0 we have U(z) =
U(0)+ M()% + o(2?). Consequently 2° decays there like e=*0? and the dynamics of 2° reminds of the

dynamics of a process of Ornstein-Uhlenbeck type.

From now on, let v > 0 be fixed. Using assumptions on U, for technical reasons we fix some small §, 0 < § <
min{|a|,b}, and consider d-neighbourhoods of the critical points a, 0 and b with the following properties:
(1) there are some 0 < m§ < M, < mg, Z—% < g, such that if a < z < a4 ¢ then m{(z —a) <
1
—U'(z) < m§(x —a) and —U’() is monotone increasing in = € [a,a + J] (analogous estimates hold in

d-neighbourhood of b);

(2) there are some 0 < m{ < m9 such that the inequality m{ < inf|,|<5 U"(x) < supj, .5 U"(x) < mj

holds.
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For ¢ such that 0 < €7 < § and for z € [a+¢£7,b—¢&7], consider the first entrance time of 2°(x) into the interval
[a+68,b— 4]

+4 .
f;; :il}i}/(y)’ ifrxelat+e?,a+d,
@) = 7 i fae - 6b— e, (2.15)
0, ifxelat+d,b—0].

Also define the time period

) b—6
T = max / d? 7/ (liy : (2.16)
ats —U ) Js U'(y)
T has the property that for all © € [a 4+ §,b— d] and t > T, |29 (x)| < 8, i.e. after T the trajectory of x°(x) is

within a d-neighbourhood of the stable point 0.

2.2.1. Estimates on Z°¢
The solution to equation (2.13) is explicitly given by

t
=& */ €U (a)(w))e” J1 U e du g, (2.17)
0
and hence for t > 0 and = € [a + £7,b — €] we have

sup [Z5(z)] < (1+ / U (29(x))]e fﬁ””“ﬂ(x”d“ds) sup [€2]. (2.18)
s€[0,t] s€[0,t]

We distinguish three cases: © € [a+06,b— 4], z € [a+£7,a+ ] and x € [b—0,b—¢€"]. The case z € [a+J,b— ]
was considered in [13], Lemma 5, where for some C; > 2 we established the estimate sup,¢jo |25 ()| <

C1sup,epo . 1€5]-
Let now z € [a +&”,a + 4] and ¢ < t.(z). Then using the fact that U (2?(x)) < 0 we obtain:

0
1 +/ U (29(a))[e [ V" (FuleDdu g — 7;1%2:235 : (2.19)
For any ¢ > 0 we use (2.18) and (2.19) to obtain
P 1( .0 1( .0
1 +/ |U// |e /U (mo(az))du ds<1-— /Uo(xt ($)) + U (‘ft (I + 0. (220)
U (m‘[;a(m)/\t(m)) (SL')
Note that for 0 < € < g( for some ¢y small enough and depending on U, a, b, v and § we have
U'(z)(z)) o mslats| _ C
U’ (:U?(x)) n U'(z(z)) - U7z = mia—a) = err UStSte (2), (2.21)
U/( t (I)At(m)) /(1') - 1 —l—maxye[a’b] |U/(y)| (\U’(a+5)| + ‘Ull( )‘) S _3; t Z t5($)7
and hence for some Cy > 0 we get the final estimate:
- Cy
sup (Z5(0)] < 5 s (€3] (2.22)
s€[0,t] €7 sefot

The case z € [b—0,b— "] is treated analogously, and thus for some Cz > 0 we obtain that sup,¢(o 4 [Z5(z)| <
Cze% on &,. O
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2.2.2. Estimates on R

To estimate the remainder term R°® we need finer smoothness properties of the potential U. However, it
was shown in Lemma 6 in [13] that this restriction only has to hold locally. Namely, we assume in this section
that there is C' > 0 such that the inequality supycjo,[R5(2)] < C holds on the event & uniformly for ¢ > 0
and z € [a+&7,b—&"]. In other words, the small jump process z5(z), s € [0,t], with initial state confined to
[a+¢€7,b—e7], stays bounded by a deterministic constant K on the set &, t > 0. Therefore, in the small noise
limit, only local properties of U are relevant to our analysis.

As in the case of estimates of Z¢, the behaviour of R(x) for x € [a + J,b — ¢] was studied in detail in our
paper [13]. Let us consider the asymptotics of R°(z) for x being close to the saddle points.

For definiteness, we consider the case z € [a + &7, a + §]. Assume also that the final estimate on Z¢ from the
previous section holds for 0 < € < &1 with constant C'z. We show that on the event & the inequality

sup  |Ri(x)] < Ce® (2.23)
SE[0,tAt: ()]

holds uniformly over x.
Consider the integral equation (2.14), and let f denote the integrand

f(R,2°eZ) = ~U' (2" +eZ + R) + U'(2°) + U" (2°)(eZ). (2.24)

Let the constant K from Assumption U1l be bigger than C. We write the Taylor expansion for the integrand

f with some |¢| < K:
U®(q)
f(R,2°,e2) = ~U"(z")R — T(R+€Z)2. (2.25)

Since U € C3, [U®)]| is bounded, say by L, on [~K, K]. Using the inequality (R + ¢Z)? < 2(R? + £22?) we
obtain that for ¢ > 0,

—U"(a(2)) Ry — L(Rf)* = A%% < f(R{(2),2}(2), e Z;_(x)) < —U" (2} (2))Rf + L(R)* + A%%,  (2.26)

on the event &, with A% = 2C%L.
Together with (2.14) consider the Riccati equation

t
pi(z) = / (msps + L(ps)? + A% ds, 0<t < to(a), (2.27)
0

whose solution can be found explicitly:

oA _ o tA°

(m§ + Xe)e 1A — (m§ — A%)etA*

ps = A%e5 with  A\° = \/(mg)2 — 4L A%e67. (2.28)

The function pf is non-negative monotonically increasing function, which starts at 0 and has a singularity at

1 m§ + A¢
o) = — ] 2 77 ). 2.2
t*(e) e n(m%—)@) (2.29)
However, one easily sees, that for € | 0
1L [*" dy  4|lnel 1y _ 3] Ine] Ciyy o
te(r) <t. = — = — (1 +0(Ing|™)) < —— 1+ O(]Ine[77)) < t*(e), (2.30)
m$ Jayer la =yl 1 my

and pf is well defined on the time interval under consideration.
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The estimate (2.23) will follow from two statements:
a) R§(xz) < pf for 0 <t <t.(x),
b) p§ < C1e37 for 0 <t < t.(x).
To show a) we note that at the starting point ¢ = 0,

R:(z)—0
DR =lim 22— =0 < A%5 = p¢ , 2.31
i(2)],_, = lim —— e =pi()| (2.31)
consequently it follows from the continuity of R and p® that pf > R; for at least positive and small ¢. Assume
there exists 7 = inf{t > 0 : RS(x) = pZ} such that 7 < t.(x). At the point 7 the left derivative of R*(z) is
necessarily not less than the derivative of p® which leads to the following contradiction:

Din(l') t=1 - 12?8 h

f(Rf—(x)vx?—(x)v Z:_(z) = f(pi,x?-(f), Zz_(x)) <msp; + L(pf—)Q + A%

= J(RE(e) 0 @), 22 (@) 2 5] =St + LGP+ %0

To prove b), we use the inequality SUD4 0,4, ()] p; < pia(z) < p;., the formula (2.28), and the asymptotics (2.30)
for t. to obtain the estimate

-z
c1€ 1
p; < A28 — —— < Che%7, (2.33)
‘ ; v(6-73)

coe ™ — cse i
on the event & for some positive ¢y, co, ¢z and C;.

The proof of the lower bound in (2.23) is analogous. The estimate supe (o, [R5 ()] < Cre®? for all ¢ > 0,
x € [a+€7,b—¢7] and some Cr > 0 follows from (2.23) and slightly modified estimates from Lemmas 7 and 8

in [13].

2.3. Dynamics on unbounded interval, a = —oo. Return from infinity

In this section we show that with high probability the process 2°(x) reaches some fixed compact neighbour-
hood of the origin in finite time.

For M > 0 large enough and « < —M define a stopping time 7, = inf{t > 0: 2§(x) > —M} and a return

f__g'f‘l dv

time TM = W .

Lemma 2.3. There is M > 0 such that 7, < Ty a.s. on the event Er,, for all x < —M.

Proof. Recall that due to Assumption U3 there is N > 0 such that —U’(x) > c¢;]z[* T2, for some ¢, c3 > 0
and r < —N. Additionally, we assume that N is sufficiently large, so that for any x < —N

— 2" 4 + LT 4+ (14 eo)|2]? = —2(1 4 e2)|2] + of|z]?) < 0. (2.34)

We compare z°(x) with the solution of the SDE
t
vi(v) =v+ cl/ lve_|*re2ds +e£8, t>0. (2.35)
0

Let M > N and 2 < —M. Then a comparison argument similar to those in Section 2.2.2 a) yields, that for
v<ax<—M,vi(v) < xf(z)as. ont € [0,7y), i.e. the random trajectory z° does not deviate to —oo faster
than v°.

Let now Ty = f__gﬂ cl‘ydliqfﬂz be such that v, (=M) < —N. The statement of the lemma will follow if we

show that on the event Er,, the inequality sup,e(o 7,1 [vf(v) — v{(v)| < 1 holds a.s. uniformly over v < —M.
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To prove the latter inequality, similarly to Section 2.2 consider the representation v§ (v) = v (v) +ew§ (v) +75 (v)
with

t
(V) = v+ / |00 ez ds,

w0 =€ —at el 6 (2.36)

ri(v) = 01/0 (102(v) + ews_(v) + @) = [ ()72 + (1 + e2)[0 (v)|2ews_(v)) ds.

To estimate w® we recall equations (2.18) and (2.19) and immediately get that supjo 7, [wi (v)| < 2supy 1,1 [§7] <
2e%7 for v < —M.
The estimate sup,c(o 1,1 [7i| < 3/4 is obtained by a comparison argument used in Section 2.2.2 a). O

2.4. Final estimate for |z — z?

Lemma 2.4. Let 2°(z) and 2°(x) satisfy (2.9), and let T(¢) be a non-negative random variable. Then for any
v>0,d>0,q>0 and any integer k > 1 the following inclusion holds for € small enough:

{ sup Ixf()ﬂft()|>d€2”}, if a > —o0,

t€[0,T(e)]

k—1
{ up z§<x>zM+1} g{T(e)zwsﬂuU{ sup Isffsfilzer‘”}
te| =

tE[0,7,AT(e)] j=0 {t€la 7]
U sup |5 (z) — ﬂcto TJ;/\T(E)( L (@))] >d52’y}
te[re AT (€),T (¢)]
if a = —00

(2.37)

Proof. Let a > —oo. For any = € [a + €7,b — 7] we have the obvious inclusion

{ up [0 (@) (e >|>d627}g{T<s>zk/eq}u{ s [a7(0) a0 >|>ds%} (2.38)

te[0,T(c) te[0,k/9]

Further we note that for & small enough and z € [a +&7,b— &7], the estimate t.(x) + T < 1/ holds, and thus
due to the inequality |29 (z)| < |z|e~™1* which holds in a 5 neighbourhood of 0, we obtain that |£L'(1)/8q( z)| < d527

for all z € [a + &7,b — £7]. Consequently, |:c§/6q( x)| < 527 under the condition that |z¢(x) — 29(z)| < d€27
for all t € [0,1/¢%). Then with help of Proposition 2.2 we obtam the following chain of inclusions and prove the
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statement of the lemma in case of finite interval:

{ sup o (x) — a7 (2)] 2 dEQV}

telo, k/e‘l]

- ~ e 0 5 d 27y € 0 € 2y
U ﬂ sup o () — oy (@)l < ge™ e N sup () (2% (2))] = de
i tel =7 =7 teldr q =q

1q ) q] R N
& 2 - € 0 2 2d 2
C{ sup |af(2) - aP(a)] = d=™ U swp [of(y) = 2t (1) 2 e forall [y] < S-e>
j=1 Ltel =1

eqd > SLI
tel0, 2 g, a4

T =q
k—1
<U { sup - |e€y — €&zl 264”}-
o \t

= _7]#&1]
(2.39)
Let a = —o0. Since 7, = 0 for z € [-M,b — £7], we only have to consider the case x < —M. Then using the
estimate Thpy < 1/e? and Lemma 2.3 we obtain
{ sup  wi(x) > —M + 1} U{ sup |5 (2) = 27 ap(e) (@5, (2))] 2 dEQV}
t€[0,7 AT (e)] te[Ta AT (),T (¢)]
C & U{T(e )>k/gq}U{ sup  zi(x) Z—M—l—l,c‘,’l/sq}(: 0)
te[0,7e ALY ]
(2.40)
u sup  af(z) < —-M+1, sup |zi(z) — 2, (25 (2))| = de®7, & /e
te[0,7e ALY ] telranLy 2]
Eljea U{T'(e) = K/} U { [s?pk | |5 (y) — acg_%q(yﬂ > de? for all |y| < 2d527/3} .
te T 2q
We finish the proof applying the finite interval argument to the last event in the previous formula. O
3. EXIT FROM A SINGLE WELL
For i =1,...,n, consider the wells of the potential U with local minima at m,;. For € > 0 and v > 0 consider
the following e-dependent inner neighbourhoods of the wells:
Q' = (si—1,8:),
( ) (3.1)

QZ = [Si,1 + 25’}/, S; — 25’}/],

where by convention Q! = (—o0, s1), Q! = (—o00,s1 — 2¢7], Q" = (5,1, +0), and Q7 = [s,,_1 + 27, +00).
Consider the following life times of the process X< in the potential wells:

ol(e) =inf{t >0: X7(-) ¢ [si_1+&7,8i—e"}, i=1,...,n. (3.2)

Let

Nife) = H._ (%>+H+ <S€m) i=1,...,n. (3.3)
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Proposition 3.1. There exists vo > 0 such that for any 0 < v < y9, # € QL, i = 1,...,n, any 0 > —1 the
following limit holds:

: — g)o(e 1
lim E,e OA(e)a(e) = T (3.4)
and hence A(g)o(e) <, exp(1l), and
4 . o0
liyn B [N () (0 = /O e Vdy, p>0, (3.5)
Moreover, for j # 1,
lim Po(X5 ) € 02) = 2 (3.6)

All limits hold uniformly over x € QL.

Proposition 3.1 will easily follow from Lemmas 3.5 and 3.4 formulated below. The proof is rather technical
and consists in applying the strong Markov property and accurate estimations of certain probabilities.

3.1. Useful technicalities

3.1.1. Dynamics between big jumps

Due to the strong Markov property, for any stopping time 7 the process {, . — &, ¢ > 0, is also a Lévy
process with the same law as £°. For k > 1 consider processes

k.,e
& :fte-‘rﬂca B 7€'k—1’

k.e i 1. ke k.,e (37)
o) —a - [ U@k ds e, e 0,75,
0
In our notation, for x € R,
Xfpre = a0 (@S Wi ) +eWE{t = T}, t€[0,Tf], k>1. (3.8)
Denote W§ =T§ = 0, 21 (0) = z, and write I{ A} for the indicator function of a measurable set A.
3.1.2. Constants p, v, po, and c
We assume that the threshold power p > 0 and v satisfy
1 1—
5<p<l, 0<7§70::Tp~ (3.9)
Throughout this section we use a constant ¢ such that the following holds for e € (0, g¢] for some ¢ > 0:
sup |X?(y)7mi|§%fort20|1ns|, i=1,...,n,
YE[si—1+e7,8;—€7] . (310)
sup | X(y) —si| > +2eP fort >ce?, i=1,...,n— 1.
ly—si[>e7

Let us show that these inequalities hold for some ¢ > 0. Let T'(x,y) = inf{t > 0 : X?(z) = y}. Then for any
1 =1,...,n, and due to the properties of U we need to show that

T(si1+e7,m;y —e?7)2), T(s; —&¥,m; +£27/2) <cllne|, i=1,...,n,

2 2 . (311)
T(s;—eV,8;—e¥ —2e7), T(s;+e7,8;,+e" +277) <ce?, i=1,....,n—1,

what easily follows from nondegeneracy properties of potential’s extrema (Assumption U2).
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3.1.3. Technical lemvmas

For definiteness, we assume as in Section 2 that the well’s minimum is located at the origin, and denote well’s
boundaries as —0o < a < 0 < b < +00. Denote A(¢) := H_ (£) + H; (2) and

I:=a,b], I :=(—00,b],
Ii:=la+e",b—¢"], or I.q = (—00,b—£"], (3.12)
I.o:=la+e" + 2V b—e¥ — 527] I.o = (—00,b—¢" — 527],

if a > —oo0 or a = —oo respectively.

For y € I. 1, j > 1, we introduce the following events:

Ai = Aj(y) = {:vi(y) €l.1,s¢€ [OaTj)aI% (y) +eWj e 16,1}7
A;’_ = Aj7_(y) - {I'i(y) € IE,la s € [OaTj)am%‘j (y) + EW]' € 15,2}7
Bé = B](y) - {l‘g(y) € I€,178 € [OvTj)vx%“j (y) + 8ij ¢ IEJ};

. . 2
Eé:{w: sup |x§(y)—x?(y)|§%}, a > —oo,
te[0,7y]

. . . . 2
E} = {w :osup wl(y) < -—M+land  sup [af(y) — @, ap (22, ()] < 7} ,  a=—00,
te[0,7y AT)] te[ry AT}, Tj]

(3.13)
with M > 0 and 7, defined in Section 2.3. Let also A, = A}, A, = A", B, = B}, E, = E,.
Let us recall Lemma 2.4 with d = 1/2 and choose 0 < ¢ < (1 — p — ) Arp and k = k. := [¥/?/3.], where
[x] denotes the integer part of a real number z. Let

k-1
(B = {T; > k/e"} U | { sup | |e&i " — e | > 54"’} , and E:=E" (3.14)
m=0 (t€[Z, "]

Then Lemma 2.4 implies that (E7)¢ C (E7)°. Moreover, we obtain the following estimates.

Lemma 3.2. For any 8 > —1 there are p > 0, C' > 0 and €9 > 0 such that the following estimates hold for
0<e<Lep:

—OX(e)Th c L e
Ele HEA < e 5 o) 19
Ele”OTIT < c|lnel}] < aiff)'if?, (3.16)
E[efeA(s)TqI{Tl <} < e)\c(jf% (3.17)

Proof. Let 8 > —1 and £¢ be small enough such that O\(¢) + 5. > 0 and Lemma 2.1 holds for 0 < € < gy with
some p’ > 0. Note also that k. increases to infinity slower than some power of 1/e. Then the Markov property
and a straightforward calculation yield for some p > 0:

ke—1

%) . .
E[e—e)\(E)Tl]I{EC}] S / e_(‘gk(f)"l‘ﬁe)tﬁe dt + Z E e_GA(E)Tl]I{ sup |E€g’€ — Eé-'z,i; Z 547}1
ke /ea =0 te 2z, ] : (3.18)
66 — —p' 66 _
< (exp(—(OA Vkee™9) + ke exp(—eP)) <~ exp(—eP).
S0 15 TP ONE) + Bk ke expl(—e)) < Gy el )
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Inequalities (3.16) and (3.17) are obtained by a straightforward calculation taking into account that (A(e) +
Be)e|lnel) < ¢ Be|lne| and (ON(e) + Be)ce?) < ¢/ Bee” in the limit of small £ for some ¢ > 0. O

We will also use an important result on the uniform convergence for slowly varying functions.

Proposition 3.3 (1], Th. 1.2.1). If 1 is slowly varying at +oo then

Jim TR (3.19)

uniformly for X from a compact set in (0, +00).

3.2. Proof of Proposition 3.1. Lower estimate

In this section we obtain an estimate for the Laplace transform of A(e)o(e) from below in the small noise
limit € — 0.

Lemma 3.4. For any 0 > —1, any C > 0 there exists eg > 0 such that for all 0 < e < ¢gg

1-C
E,e 020 > _—_— 3.20
=€ ~140+C (3.20)
uniformly over x € I, ».
Proof. For x € I, 2, we use the total probability formula to obtain an estimate
Eze—éz\(e)a(a) > Z E, [e—éz\(e)rkﬂ{o_ _ Tk}] (321)
k=1

Then applying the independence and law properties of the processes 27, j € N, the following chain of inequalities
is deduced which results in a factorisation formula for the expectation under estimation:

E, [e_a/\(E)T’“H{U = Tk}} =E, {e_e)‘(a)T’“H{XSE €l.1,5€(0,m), X5 ¢ 16,1}}

k—1
=E, [ PO TTHA (X7 )} -I{BM(X;, )}
L ]:1

k-1
> E, [e O™ [THA (XZ )} - H{BMX;, )}
j=1

Tk—1

k—1
=E Hefe/\(e)Tj inf ]I{Ag;*}-e*e)‘T’C inf ]I{BZ}
=1

yel: 2 yEle 2
k—1
—0X(e)T1 - —ONe)T, -
= (E {e T yg}afz I{A, }]) -E {e )T yg}afz I{B,}| . (3.22)

For y € I. o, we next specify separately in two steps the further estimation for the two different events appearing
in the latter formula.

Step B1-1. Consider the event I{A;"} for y € I 2. Then

{A;} > A Y{EN{|eW:| < STy > eV} + A, J{E M {|eWh| > S H{TL > cllnel}.  (3.23)
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It is easy to see that on the events £, and {T1 > c[lne|} we have the inclusion A, D {eW) € [a+3¢7,b— 3]},
i.e. since z¢(y) jumps from a e”-neighbourhood of zero, and the big jump eW; is bounded, the jump-diffusion
does not leave the interval I. 5. Continuing the chain of inequalities we obtain with help of £ C £

{A;} > {EN{|eW:| < ST > e} + H{E M {|eWh| > S M{T1 > cllne[}y[{e W) € [a+ 3¢7,b— 3¢7]}
> I{|eWh| < ST > e} + H{|eWh| > STy > cllneJI{eW; € [a+3¢7,b — 3¢7]} — 2I{ B¢}
> {[eWh| < S5} + I{[eWh| > SEH{eW, € [a+3¢7,b — 37}
— Ty < 2"} —{|eWy]| > ST < cflne|} — 21{ E°}

=H{eWi € la+3¢7,b—37]} —I{Th < ce”} —I{|eW1]| > %}H{Tl < c|lnel} — 2I{E}.
(3.24)
Step B1-2. Similarly, the event I{B,}, y € I. 2 may be estimated as follows:

By} > By }{E, JI{Ty > c[lnel}

>HEN{Ty > c|lng|}[{eW; ¢ [a — ¥ —27,b+ &7 + 2]} (3.25)
>HeWh ¢ [a—2e",0+2e"]} (1 —I{Th < ¢|lne|} —I{E}),

where we used that if eW; ¢ [a — &7 — &27,b+ &7 + £27] and the process z°(y) jumps from a £”-neighbourhood
of the origin, then it leaves the interval I, ; for sure.

Now we apply (3.24) and (3.25) to estimate the expectations appearing in the formula for E,[e~?*&)7E)[{g(c) =
7t }]. Let C > 0 and let ¢ be small enough such that Lemma 3.2 holds and \()3-1(1 + C) < 1.

Step B2-1. Here we estimate E [innyls,Q H{A;}] With help of (3.24), Lemma 3.2 and using the independence
of T1 and W; we obtain:

E { inf H{Ay}] > Ee MEOTP (W, € [a+3¢7,b—387]) — Ele™PONT, < e}
yele 2

—P(|eWi| > S)E[e Y ONYT, < ¢|lnel}] — 2E[e-POTI{ E°Y|

Be H_((a+3e7)/e) + Hi((b—3e7)/¢) 5
2 9)\(6) +ﬁ5 <]- - ﬁa - 01/665
— e H(1/(2672) Ine| — 26—1/6”)
Be _ A(e)
S (1 B (1+0)) . (3.26)

To obtain the latter inequality we used the uniform convergence from Proposition 3.3.

Step B2-2. Similarly, for £ small enough we obtain

E |: inf H{By}:| ZP(EW1 ¢ [a —27,b+ QE’V]) (Ee—az\(e)a(a) _ E[e—az\(e)Tl]I{Tl < c|1n€|}] _ E[e—e)\(a)Tl]]:{EC}])

yEle 2
(1 —c10:|Ine| — 02671/51)) > % (1-0).

€

H (a—2e")+Hi(b+¢7) Be

>
- Be OA(e) + B

(3.27)
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Consequently for € small enough and x € I, » we have

e8] k k—1
_ Ae) Ae) 1-C
E ON(E)a(e)] > [ Be ] [1 _ 1+C 1-C0)> ———, 3.28
ole ]_;;1 OA(E) + P A e FS e (3.28)
where an easy calculation justifies that the series converges for all § > —1. U

3.3. Proof of Proposition 3.1. Upper estimate

In this section we obtain an estimate for the Laplace transform of A(¢)o(g) from above in the small noise
limit € — 0. This leads to the following Lemma with a rather technical proof again.

Lemma 3.5. For any 0 > —1, any C € (0,0 4+ 1) there exists g > 0 such that for all 0 < e < gg

1+C

—0X(e)o(e) <« _ ¥ 3.29
Bre “1+0-C (3.29)
uniformly over x € I, ».
Proof. For x € I, 1, we use the following obvious inequality
(o)
Exefe)\(s)a(E) = Z (E;c [676/\(6)0(6)]1{0(6) =71}t + Rk(x,5)> , (3.30)
k=1
where
E,[e”0\&)m] € (Th— -1<6<0
Rk(fc,é) § l[e_g)\ {U(E) (Tk 1’Tk)}]7 ’ (331)
E.[e O 11{o(c) € (tp_1,7)}], 0 >0.
With arguments analogous to (3.22) we obtain the factorisation:
E, efeA(E)a(e)]I{O-(E) _ Tk}} -E, |:676A(€)U(E)]I{X§ €l.1,s€ [O,Tk),Xf—k ¢ Ie,l}i|
k—1
=B, e PO [THA/(X:, )} -I{B*(XE, )} (3.32)

j=1

PO qup T{A4,}
yel. 1

PO qup 1{B,}
yel. 1

k—1
< (E ) E
Analogously we estimate the remainder term Ry which refers to the exit between the (k — 1)th and the kth
arrival times of the compound Poisson process 1°, k € N. Here we distinguish two cases.
In the first case, k =1, x € I 5. Then

Ruz.c) E.[e"?EN{3s € (0,Ty) : XS ¢ I.1}], —-1<6<0,
BT AR {3 € (0,Th) : XE ¢ 11Y], 6>0,

- (3.33)
- {Ez[e T sup,e; , [{Is € (0,T1) : X5 ¢ Lo}, —1<0<0,

E;[supye; ,1{3s € (0,T1) : X5 ¢ I.2}], 6>0.



METASTABLE BEHAVIOUR OF SMALL NOISE LEVY-DRIVEN DIFFUSIONS 429
In the second case, £ > 2, z € I. ;. Consider first non-negative values of §. Then
Ri(z,e) < E e Xe € I 1, s € [0, 7p 1]} {3s € (1, 78) : XE ¢ I.1}]

=E, |[e HH{AJ DY 3 €0, 1) al(X5 ) ¢ Lea)

<E He AT sup I{A]} - e 0N i
y€le 1

x sup {AE Y {3s € [0,Tk] : 2k (2" (y) + eWior) & Icn}

y€lc 1
k—2
_ <E ) B

Analogously, for —1 < 6§ < 0 we get

T qup 1{A4,}
yel. 1

e PET sup T{A,M{3s € [0, T3] : 22(z}, (y) +W1) ¢ 15,1}]

yele 1

(3.34)

e PET qup T{4,}
y€elc 1

-

e OMMAT2) qup T{ A, }{Ts € [0, T3] : a2(ak, (y) +eWr) ¢ La}|. (3.35)

yele 1

Rk(CL', E) < (E

x E

Next, we specify separately in four steps the further estimation for the four different events appearing in the
formulae for expectations above. The argument is similar to Steps B1-1 and B1-2 and we omit intermediate
calculations.

Step A1-1. Consider I{A,} with y € I ;. Similarly to Step B1-1, we may estimate this indicator as
I{A,} <T{eW; € I} + I{|eWq]| > = }]I{Tl < c|llne|} + {E}. (3.36)
Step A1-2. Consider I{ B, } with y € I. 1. As in Step B1-2 we get
I{B,} <I{eWh ¢ [a+2e7,b—2e7]} + I{|eW] > © }]I{T1 <cllnel} + {Th < e} + I{E}. (3.37)
Step A1-3. Consider I{3s € [0,T}] : 2l(y) ¢ I.1}. For y € I. 2, we may estimate

{3s € [0,T] : 2 (y) ¢ I} <HES}+1{3s € [0,T1] : 2 (y) ¢ L1 {E,} <I{E}. (3.38)
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Step A1-4. Finally, for y € I, we may estimate

I{A,}[{3s € [0, T3] : 22 (i, (y) +eWh) & L1}

=Hazl(y) € I,s € (0,T], 2z, (y) + Wi € Lo} - I{3s € [0, T3] : ?(xf, (y) +eWr) € L1}
+Hazl(y) € 1,s € (0,Tn], 2, (y) + Wi € i\ 2} - I{s € [0, T3] : x2(xp, (y) + eWh) ¢ L1}

<Hzl(y) € 1,5 € (0,T1),xp, (y) + Wi € I. 2} - sup I{3s € [0,Tn] : 22(y) ¢ L1}

y€l: 2
+{zl(y) € I,s € (0,T1], 2, (y) + Wi € L1\ L2}
< sup {3Is € [0, T3] 1 22(y) & L1} + Izl (y) € L1, € (0, Th], 2p, (y) + Wi € I 1\ I 2} (3.39)

yEle 2

The first term in the resulting expression in the Step A1-4 is identical to the expression handled in Step A1-3,
while the second term requires an inessential modification of the estimation in Step A1-2, namely we consider
an event {xf, (y) + Wy € 1.1\ 2} instead of {xf, (y) + Wi ¢ I.1}.

Now we apply (3.36), (3.37), (3.38) and (3.39) to estimate the expectations E,[e &)™ {o(c) = 7,,}] and
remainder terms Ry(x,¢). Fix 6 and let C' be an arbitrary small constant such that 0 < C' < 6 + 1.

Step A2-1. For ¢ small enough we get

E [e PET gup I{A,}

< ElePEONP(W, € 1) + P(|eWy| > SH)E[e 2 ONTy < c|lnel}]
yel 1

—ONE) T f e Be RGP
+ E[e”MEOTE }]_GA(H& <1 5. (1 C)). (3.40)

Step A2-2. Similarly to Step Step B1-2 we estimate for € small enough:

B M9 (L, C)
< 9}\( )+6€ 3 (1+ 3) (3.41)

E [e PET gup I{B,}| <

yele 1

On these steps, we again used the uniform convergence of slowly varying functions, see Proposition 3.3.

Step A2-3. Estimate Ry(z,¢). For § > —1 and x € I. 2 we have

_ Ae) C
Ri(z,e) <e V& __ P , 3.42
o) = ONE) + 5 B 3 (342)
p > 0 being a constant from Lemma 3.2.
Step A2-4. Finally we estimate the last factor in the representation for Ry (x,¢) for 6 > 0 as
E o0 T Sl}p I{A,}I{3s € [0, T3] : :cf(mlTl (y) +eWy) ¢ 1.1}
yele 1
< 2E[e” EONTEY] + Ele T (P(|eW; —a| < &7) + P(|leW; — b < 7))
+E[e?ONT, < c[ne}|P(|eW] > S)

ONe) + 6. B 3
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and analogously for —1 < 0 < 0 as

yela,l E) +ﬁ€

B o)
NZ2CEAC AR

E [e”PEOMAT) qup T{A,}1{3s € [0, T3] : 22(xk, (y) +eWr) ¢ 15,1}] < <9A( e ) é)% )
c .

Collecting together the above estimates yields the upper bound for the Laplace transform of the first exit
time o4(e) for x € I.2. Fix 6 > —1 and let € be small enough such that all estimates above hold and

‘%(fﬁ(l - %(1 —(C)) < 3. Then the following chain of inequalities finishes the proof:

o] = a0 sk 029
(%wﬁ£§+z{ Hx@‘ﬁ“f“ﬂh}m%ﬁigg

Ae)(1+C) fe Ale) A e
ONe) + . ;[W\(E%Lﬁa (1-%Pu-0)] =gate ° 6w

_|_

Proof of the Proposition 3.1. The first statement of Proposition 3.1 follows directly from Lemmas 3.5 and 3.4
and immediately implies convergence in distribution. Since the Laplace transform is finite for at least one
negative 6, the random variables A()o,(e) have finite moments of all orders. Consequently, for any p > 0,
(Ae)oz(e))? <, &P, € being a standard exponential random variable, and (A(€)o,(€))P, 0 < € < &9, is a family
of uniformly intergable non-negative random variables, which implies the convergence of moments (see [14],
Lem. 4.11).

To obtain the third statement we repeat the steps of the argument of Lemmas 3.5 and 3.4 taking 6§ = 0 and
redefining the event Bi in (3.13) and thereafter as

{29 (y) € I.1,5 € [0,T}], ijj (y) +eW; € Q3. (3.46)

Then, it is easy to see that for x € QL

—1

sJ m; H, Sj—1—My; .
H( )~ ( < ) P.(XCi,€Q)—1, ifj<i,
H_ (B 4 T, (5) e (3.47
71 *
Sj H Sj—my )
[ +E - m1)+H+ESa‘—€mL; Po(Xoiq €)= 1, i<y
+ €

and the ratios in brackets converge to ¢;;/¢; as defined in (1.9). O
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4. TRANSITIONS BETWEEN THE WELLS

For 0 < A < Ag = minj<;<n{|m; — si—1],|mi — si|} and x € R denote Ba(z) = {y: |z —y| < A}. Consider
the following stopping times:

Ti(e) = inf{t > 0: X7 (-) € Upi QF}, (4.1)
Ti(E) = inf{t >0: th() S Uk;ﬁiBA(mk;)},
S'(e) =inf{t >0: X;(-) & Baer(s:)}, i=1,...,n—1. (4.3)

For z € Qi, T% is the transition time between the wells. For z € Ba(m;), 7% is the transition time between
A-neighbourhoods of wells’ minima, and for z € Ba.v(s;), S% is the exit time from a neighbourhood of the
saddle point.

Lemma 4.1. Leti=1,...,n—1 and x € Bac(s;). Then

lim H(1/e)E.S"(¢) = 0.

lim H(1/€)E.S"(e) =0 (4.4)
Proof. To estimate E,S*(g) we notice that for x € Ba.+(s;),

Si(e) <inf{t>0:|eL; —eL; | > 47} = J(e) as., (4.5)

i.e. the first exit time of X from the 2e7-neighbourhood of the saddle point s; is a.s. bounded from above by
the time of the first jump of eL exceeding 4¢7. Note that J(¢) is exponentially distributed with mean

The statement of the lemma follows from the fact that H(1/¢)/H(4/e'77) — 0 ase | 0. O

Proposition 4.2. For z € Q! and j # i

. e j 4ij
lim P, (X5, € Q) == 4.7
i P, (X € 9) = 2 (47)
hﬁ)l P.(T'(¢) > o'(g)) = 0, (4.8)
hﬁ)l N(e)E,T'(e) = 1. (4.9)
Proof. Tt is obvious that for all x € QY
o'(e) <T'(e) Py-as. (4.10)
We have the inequality
Py (X7 € Q) = Po(X5i(y € Q) + Po(Xfu() € QLT (e) > 0'(e)) = Pu(X5i(,y € Q). (4.11)

Recall (3.6) in Proposition 3.1 and note that 3, % = 1. Then the limits (4.7) and (4.8) follow.
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For any 0 > 0 there exists €y > 0 such that for 0 < ¢ < ¢( the following estimates hold

sup P, (Xal(g) € U Bgew(s])> <9,
zeQl

sup \'(e)Ego'(e) <1+, (4.12)
zel

max sup N (e)E,S7(e) < 6.

1<j<n—=1,¢eB,.4 (s5)

Then is easy to see that
N ()BT (e) < Ni(e )+ Y (k+1)(1+6) + kd)d* <1+ 4 - Const. (4.13)
k=1

which proves (4.9). O

Proposition 4.3. For any 0 < A < Ay the following limits hold

) - N

lim P, (Xri(s) € BA(mJ)) = (4.14)
A (e)7i(e) S exp(1), (4.15)
1ifr01 N(e)E,!(e) = 1, (4.16)

uniformly for x € Ba(m;) andi=1,...,n, j #i.

Proof. 1t is obvious that for all € Ba(m;)
ol(e) <T'e) < 7'(e) Py-as. (4.17)

On the other hand, the main contribution to 7(g) is made by the switching time T'(¢), for if the trajectory
overcomes the saddle point and is in ©QZ for some j # 4, it follows the deterministic trajectory with high
probability and reaches the set Ba(m;) in short (logarithmic) time.

First we show that

hmP (t'(e) < T'(e) + c|lne|) =1, (4.18)

where c is defined in (3.10). Let X7, (6)( x) € QI for some j # i. On the event A, = {w: SUPte(0,cline|) [ELt4Ti(e) —
eLyi(oy| < e} the trajectory XE(X%(E)( x)) follows the deterministic trajectory x} (X%(E)( x)) which reaches

the small neighbourhood of the local minimum m,; in time c[lne|. The limit (4.18) holds since P,(A;) — 1.
Then

P.(X:i(.) € Ba(my)) > Pu(XZi(,) € Ba(my), X5y € O, Ac)

¢ qij
= Pu(Xfu(y € QL A) > Po(X5uy € Q) — Pu(A2) — q—7 (4.19)
K3

and (4.14) is proved since Z#Z =1
Convergence (4.15) follows easily from inequality (4.17), limits (4.8) and (4.18) and the fact that A\'(¢)|lne| — 0.
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To prove (4.16) we repeat the argument of Proposition 4.2. Indeed, for any § > 0 there is g9 > 0 such that
for 0 < € < g¢ the following inequalities hold:

sup P, sup el <M} ) <6, max A\ (g)c|lng| < 6,

zeQi te[0,clinel] 1<izn (4.20)
sup A (e)E,T"(e) <1+, max sup A (e)E.S8(e) < 0.

z€QL 1SiSn=1 3By (s;)

Then it is easy to see that for 0 < € < g
N()Eo7'(e) < XN (e)(BoT(e) + cllnel) + > [(1 4+ N(e)c|ne|)(k + 1) + k] 6" <1+ Const.  (4.21)
k=1
which finishes the proof. (I

5. METASTABLE BEHAVIOUR. PROOF OF THEOREM 1.1

5.1. Convergence on short time intervals

Proposition 5.1. Let 0 < § <r. Thenifx € Q', i =1,...,n, then fort >0
fes(2) Dmi, e L0, (5.1)

Proof. For some 1 < i <mn,let € Q. We shall prove a stronger result: for any A >0 and 0 < A < Ag
s€[ced|lnel,A] s€lc|lne|,A/e]

P, < sup | X5/ —my| < A) =P, ( sup | X5 —my| < A) -1, e¢]0. (5.2)

Indeed, recalling Section 2 we choose v > 0 and ¢ > 0 such that [X5,, . (z) — mi| < A/2 as. on the event
E= gc|ln€\ N {Tl > C|1n€|}7 where gc\lns| - {Sup[07c|1ne\] |E€t| < 547}. This glves

P, sup |IX;—mi| >A) < sup Py sup | XS —mi| > A | +P(E°)
s€lc|lne|,A/el] ly—m;|<A/2 s€[0,A/e% —c|lne|]
< sup Py,(oa(e) <A/’ —c|lne|) + P(E)
ly—m;|<A/2
< sup Py (oale) < A/sé) +P(Eome) + P(T1 < c[lnel), (5.3)
ly—m;|<A/2

where oa () = inf{t > 0: | X7 —m;| > A}. On the other hand we know that for Aa(e) = H_(—=A/e)+ H(A/e),

Aa(e)oale) <, exp(1). (5.4)

Since Aa(e)/° — 0 as e | 0 we have Py (oa(e) < A/e’) — 0, as well as P(&¢,.)) — 0 and P(T1 < ¢[lnel) — 0
in the limit of small e. This finishes the proof of (5.2). O

Remark 5.2. It is easy to notice in view of Section 2 that the convergence in Proposition 5.1 is uniform in x
for z € QL.
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5.2. Proof of Theorem 1.1
Lemma 5.3. For anyt >0 and 0 < A < Ay,

P, (Xf/H(l/E) c ug;lBA(mj)> 1, e]o0, (5.5)

uniformly for x € R.

Proof. Choose p and v such that Proposition 3.1 and Lemma 4.1 hold for small e. 1. Let |z — s;| < 27 for
some i = 1,...,n — 1. We know (see Lem. 4.1) that Si(¢) < J(e) = inf{t > 0: |eL; —eL;_| > 47} a.s. and
J(e) ~ exp(m) if 1 —~ > p. We show that

P, (X5eram # Uiy Balm;)) = 0, (5.6)
Indeed, the strong Markov property implies

P, (X;/ﬂ(l,w ¢ u;;lBA(mj)) <P, (X; Sty & Uy Ba(my), S'(e) < 1 /5T(17V/2))

+P (J(s) > 1/5’“(1_7/2))

S*(e)

- ZEI [PXS (XS/ETU*'Y/?)—S"(E) ¢ U?:1BA(mj)) 'H{Si(E)
k=1
< 1/€r(1—’7/2)} ']I{Xai(e) c ng}]

+ E,; {PXE (Xg/er(l—w/z)_si(e) ¢ U?:lBA (m])) : ]I{Si(g)

st

+P (J(e) > 1/70/D)

SZsup Py( sup IXjfmk|>A)
L—1 YEQE s€lc|lnel,2/er(1=7/2)]

+ P( sup e|Ly — Ly | > a)
te[0,1/em(1=7/2)]

+ P(J(s) >1 /sr<1*v/2>), (5.7)

with a = %min{SQ — 81y.+.,87-1 — Spn—2}. The first summand in the latter formula tends to 0 due to Proposi-
tion 5.1. The second summand is estimated by 1 — exp(e"(*=7/2 H(a/c)) — 0, and the third summand also
tends to 0 due to the definition of J(e).

2. It is clear from the proof that the limit (5.6) holds also for # € Q, i = 1,...,n, and thus for all z € R.
Then, for € small enough such that ¢/H(1/e) > 2/e"(1=7/2) the application of the Markov property

P, (X/s01/e) # Uiz Ba(my)) = BuPx: (X5 jeram ¢ Ui Ba(my))  (58)

t/H(1/e)—2/em(1=7/2)

finishes the proof. O
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Proof of Theorem 1.1. It is clear from the Markov property that it is sufficient to show that for any ¢ > 0 and
reQl,i=1,...,n,

P, (X7 m(1/e) € Ba(my)) = P, (Vi =my), j#i. (5.9)
Define a sequence of stopping times (7(k))r>0 and states (m(k))r>o such that 7(0) = 0, m(0) = m, and for
kE>1

(k) = inf{t > 7(k = 1) : X; € | Ba(mi)\Ba(m(k — 1))},

i=1

n (5.10)
m(k) =Y ml{XZ ) € Ba(m;)}.
j=1
Define also a (non-Markovian) process X¢ on a state space {mi,...,mn}
X = Z m(k)-I{t € [H(1/e)r(k), H(1/e)T(k + 1))} (5.11)
k=0
The strong Markov property of X¢ and Proposition 4.3 imply that
Law (H(1/)(r(k+1) = (k)| Xy = m:) = exp(1/q:),
(5.12)

N . i
PﬁL‘(X—f(kJrl) = mj|X78-(k) =m;) — qL_J,
(3

uniformly for £ > 0.

The process Y defined in the statement of the Theorem is given by the sequence of its jump times and
states, (0(k), Yi)r>0 with the property that the interjump times are conditionally independent and exponentially
distributed and for £ > 0,0 <1i,5 <mn, i # 7,

Law (0(k + 1) — 0(k)|Yy, = m;) = exp(1/q;),

P(Yk—i-l = mj|Yk == ml) = qi

7

(5.13)

Then

P, (Xf/Hu/s) € BA(mj)) — P, (Ve =m;) ‘

< [Po (X5 nye) € Balmy)) = P (X5 = my) \ + (Y =my)|. (5.14)

i

P, (X7 =m;) - P

The second summand in (5.14) vanishes in the limit of small € due to the weak convergence of the jump process

X toY. Indeed, in this case the weak convergence is equivalent to the weak convergence of the sequences of
jump times and jump sizes (see [22]) (7(k), m(k))k>0 = (0(k), Yi)k>0, which follows from (5.12) and (5.13).
To estimate the first summand in (5.14) we use Lemma 5.3. Indeed,

P, ( tE/H(l/a) € BA(mj)) - P, (th = mj) ‘ =
P, (XtE/H(l/e) € Ba(m;), X{ = mj) + P, (Xf/Ha/e) € Ba(m;), X{ # mj) (=0)
-P, (Xte =m;, X H1ye) € BA(mj)> -P, (Xf =mj, X{/a(1/6) € UkséjBA(mk)) (=0)

— P (X5 =m0y, X ey # Ui Ba(mi)) | < Po (X 10y & Uiy Ba(ma)) =0, (5.15)

which finishes the proof of the theorem. O
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