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A NOTE ON SECOND-ORDER KARUSH-KUHN-TUCKER NECESSARY
OPTIMALITY CONDITIONS FOR SMOOTH VECTOR OPTIMIZATION
PROBLEMS

Do Sanc Kim'* AND NGUYEN VAN TUYEN?

Abstract. The aim of this note is to present some second-order Karush-Kuhn-Tucker necessary
optimality conditions for vector optimization problems, which modify the incorrect result in ([10],
Thm. 3.2).
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1. INTRODUCTION

In this note, we are interested in second-order Karush-Kuhn—Tucker (KKT) optimality conditions for the
following constrained vector optimization problem

min f(x) (VP)
st. z€Qo:={zeR": g(x) <0},

where f := (f;), i€ I :={1,...,l}, and g := (g;), j € J := {L,...,m} are twice continuously differentiable
vector-valued functions.

(KKT) optimality conditions are one of the greatest results in Optimization. In literature, there are two
types of (KKT) necessary optimality conditions for vector optimization problems; see [3] for more details. The
first one is called by strong (KKT) necessary conditions, 4.e., when all the Lagrange multipliers of the objective
functions are positive. The second one is weak (KKT) necessary conditions, i.e., when not all the Lagrange
multipliers of the objective functions are zero.

It is well known that constraint qualifications and regularity conditions play an important role in establish-
ing (KKT)-type necessary optimality conditions. We recall here that these assumptions are called constraint
qualifications when they have to be fulfilled by the constraints of the problem, and they are called regularity
conditions when they have to be fulfilled by both the objectives and the constraints of the problem; see [3] for
more details.
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In 1994, Maeda [6] was the first to introduce a Generalized Guignard regularity condition and established
strong first-order (KKT) necessary optimality conditions for differentiable problems. Later on, Preda and
Chitescu [9] derived results analogous to those obtained by Maeda [6] within the more general framework of the
semidifferentiable case. On the line of their work, many authors have derived strong first-order (KKT) necessary
conditions for efficiency in vector optimization problems both for smooth and nonsmooth cases; see [3-5].

One of the first investigations to obtain second-order (KKT) optimality conditions for smooth vector opti-
mization problems was carried out by Wang [11]. Then, Bigi and Castellani [1, 2] obtained some weak second-
order (KKT) optimality conditions by introducing some types of the second-order regularity conditions. In
2004, Maeda [7] was the first to propose a Abadie regularity condition and established strong second-order
(KKT) necessary conditions for C1! vector optimization problems. Then, using the so-called generalized Abadie
regularity condition, Rizvi and Nasser [10] obtained some second-order (KKT) necessary conditions for (VP).
However, the main result of Rizvi and Nasser ([10], Thm. 3.2) is not correct; see Example 2.5 in Section 2 below.

The aim of this note is to present some second-order (KKT) necessary optimality conditions for (VP), which
modify the incorrect result in ([10], Thm. 3.2). The rest of this note is organized as follows. In Section 2, we give
an example which shows that the result in ([10], Thm. 3.2) is not correct. Section 3 presents the main results.

2. A COUNTEREXAMPLE

In order to present a counterexample of ([10], Thm. 3.2), we need to recall some notations as follows. Let R!
be the I-dimensional Euclidean space. For a,b € R!, by a £ b, we mean a; < b; for alli =1,...,1; by a < b, we
mean a < b and a # b; and by a < b, we mean a; < b; for all i = 1,...,1. For any two vectors a = (a1, az2) and
b= (b1,bs) in R?, we denote the lexicographic order by

a Siex b, iff  a;<by or a;=b; and ay < by,

a <iex b, i a1 <by or a; =b; and  as < bs.
Definition 2.1. Let 2° € Qy. We say that:

(i) 20 is an efficient solution to (VP) if there is no z € Qo satisfies f(z) < f(=°).
(i) 2% is a Geoffrion properly efficient solution to (VP) if it is efficient and there exists K > 0 such that, for
each 1,
. — f (0
fZ(I()J fl(x ) éK,
fi (@) — f;(z)
for some j such that f;(2°) < f;(z) whenever z € Qo and f;(z°) > fi(z).
Let C be a nonempty subset of R?, 20 € C and u € R™. The tangent cone to C at 2° € C is the set defined
by
T(C;2°%) :={d € R" : 3t), —» 0F,3d* - d,2° + t,d* € C Vk € N}.

The second-order tangent set to C at z° with respect to the direction u is the set defined by
1
T*(C; 2% u) == {v eR™ : Jtp, — 07, I = v, 2° + tpu + itivk eC Vke N} .
Clearly, T%(C;2,0) = T(C; 2°).
Fix 2° € Qo, the active index set at 20 is defined by
J(@) :={jeJ: gy =0}
For each u € R", put

I(z%u) :={i e : (Vfi(z"),u) =0},
J(2%u) = {j € J(@°) : (Vg;(2°),u) = 0}.
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We say that u is a critical direction of problem (VP) at 2% € Qg if

(Vfi(a®),u) <0 Viel,
(Vfi(2°),u) =0 at least one i€ 1,
(Vg;(x"),u) £0 Vje J(").

The set of all critical direction of problem (VP) at 2° is denoted by K (z°).
The following sets were introduced by Rizvi and Nasser [10]:

M’ :=QoN{z eR" : fi(x) £ fi(«")}, i€,

l
Qi={z€Q: fl) = J(")} = [ M"

The linearizing cone to M* (resp. Q) at 2° € Qy is the set defined by
L(M*52°%) = {u e R" : (Vf;(2°),u) £0,(Vg(z?),u) £0,j € J(a")}, i€l

(resp. L(Q;2%) := {u € R™ : (Vfi.(2°),u) L0,k € I (ng(gco),w <0,5€J(=%})
For each (u,v) € R™ x R™, put
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and

L*(Qo; 2% u) = {veR" : G?(aso;u,v) Siex (0,0), § € J(x°)},
L2(Q; 2% u) = {v eR™ : F2(2%u,v) Sjex (0,0),i €T
and G3(2%u,v) Siex (0,0), € J ()},
LM% u) == {v e R": F(2";u,v) Siex (0,0),
and GF(2%u,v) Siex (0,0), j € J(2°)}, i € .
It is easily seen that L?(Q;2°,0) = L(Q;2"), L?(Qo; 2°,0) = L(Qo;2°), and L?(M?; 2% 0) = L(M?;z") for all
tel.
Definition 2.2. Let 2° € Qp and u € R™. We say that:
(i) (see [1], Def. 5.1) The Abadie second-oder constraint qualification holds at x° for the direction u if
L*(Qo; 2%, u) € T*(Qo; 2°, u). (ASOCQ)
(ii) (see [10], Rem. 3.1) The generalized Abadie second-order regularity condition holds at x° for the direction u
if
i l |
L2(Q;2°,u) C ﬂ T?(M* 2% ). (GASORC)
i=1

(iii) The weak Abadie second-order reqularity condition holds at z° for the direction u if

LA(Q;2°,u) € T%(Qo; 2°, w). (WASORC)
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Remark 2.3. It is easily seen that the following implications hold:

(i) (GASORC) = (WASORC);
(ii) (ASOCQ) = (WASORC).

We recall the main result in ([10], Thm. 3.2) as follows.

Theorem 2.4 (see [10]). Let 2° € Qo be an efficient solution to (VP). Suppose that the (GASORC) holds at
20 for each critical direction. Let u® be a critical direction at 2°. Then, there exist X\ € R! and u € R™ such that

Z)\ Vii(x") + ZMJVQJ ) =0, (2.1)
Jj=1

va? Fi@®)u®, u®) + > i (V25 (a)ul,ul) Z 0, (2.2)

. =

= (fi1, pi2s - fm) 2 0, ug—0J¢J(a:,U) (2.3)

X >0 if ieI(x%u®); N =0,i¢ I(z°ud). 2.4

The following example shows that the conclusions of Theorem 2.4 are not correct.
Example 2.5. Consider the following problem

min f(x) (VP)
s.t. € Qp:=R2,

where f: R2 — R3 is a vector-valued function defined by
f(@) = (fi(x), fa(2), f3(2)) = (22,21 + 23, —21 + 23).
Let 2° := (0,0) € Qp. We have
M = {(z1,22) 1 72 S 0}, M? = {(w1,22) s 01 £ —a3}, M? = {(w1,22) : 5 S an},
and ¥ is an efficient solution to (VP) since Q = {2°}. It is easy to check that
K(2%) = {(u1,u2) € R? : uy = 0,up < 0}.

For each critical direction u = (0,uz), where us < 0, it is easy to show that L?(Q;x° u) = (). Thus,
the (GASORC) holds at z° for the direction u. We now check the (GASORC) at 2z for the critical direc-
tion Og2 := (0,0). An easy computation shows that

T(M'5a%) = MY, T(M*2%) = {(u1,uz) € R? : uy <0},

T(M3;2°%) = {(ul,uQ) eR? : u; >0},

ﬂ L(Q;x )_{(UlaUQ)ERQ s uy = 0,ug £ 0}

Since L2(Q;2°,0g2) = L(Q;2%) and T?(M?; 2%, 0g2) = T(M?%; 2°) for all i = 1,2, 3, we have

3 3

L*(Q;2°,0p2) = L(Q;2°) = ﬂ T(M*;2°%) = ﬂ T?(M*;2°, 0gz).

i=1 i=1
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Thus, the (GASORC) holds at z°. Since I(z°, 0g2) = {1,2,3} and

A =0

MV F1(2%) + XV o (2?) + A3V f3(2°) =0 < {)\ .y
2 — A3,

it follows that the conclusions of Theorem 2.4 is not correct.
Furthermore, we see that the system

F2 (2% 0gz,v) = (0, v2) <lex (0,0)
Fi2 (xO; ORz ) U) = (Ou Ul) glex (07 0)
F2(2%0gz,v) = (0, —v1) Siex (0,0), foralli=1,2,3

admits a solution v = (0, v2), where vy < 0. Thus, ([10], Thm. 3.1) is not correct, too.
We conclude this section with the remark that z¥ is not a Geoffrion properly efficient solution to (VP).
Indeed, for each a > 0, put  =: (0, —a). Then we have fi(z) < f1(x°), fa(z) > f2(z") and

_file) =A@ 1
b faah) ~ o) ~ala T

0

Therefore, 2” is not a Geoffrion properly efficient solution.

3. MAIN RESULTS

This section presents our main results, both for weak and strong second-order (KKT) necessary optimality
conditions.

Theorem 3.1 (Weak second-order (KKT) necessary optimality conditions). Let x° € Qg be an efficient solution
o (VP). Suppose that the (WASORC) holds at x° for each critical direction. Let u® be a critical direction
at 2°. Then, there exist A € R! and p € R™ satisfying (2.1)~(2.3) and

A=A, Ay, N) > 0,0 = 0,0 ¢ (2% u°). (3.1)

Proof. We first claim that the following system
F2(2% u,v) <jex (0,0), i€, (3.2)
G2(2%u,v) Siex (0,0), 5 € J(2%) (3.3)

has no solution (u,v) € R™ x R™. Arguing by contradiction, assume that there exists (u,v) € R™ x R" satisfying
the system (3.2)—(3.3). It follows that v € L?(Q; 2%, u) and

(Vfi(a),u)
(Vg;(2°),u)

Thus u € L(Q;x°). We claim that u € K(z%). Indeed, if otherwise, then

i€l

0,
0, jeJx.

HA A

(Vfi(2°),u) <0, Viel. (3.4)
Since 0 € K(2°) and the (WASORC) holds at x° for each critical direction, we have

L2(Q;LEO,0) = L(Q,io) C Tz(Q(); (EO, 0) = T(Qo; (EO).
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This implies that u € T(Qo; 2°), i.e., there exist sequences 7, — 0%, u¥ — u such that
2% 4+ muf € Qy, Vk e N.

Since (3.4) and
T Gtk mpu®) — fi(2®)
k—o00 Tk

it follows that there exists kg € N such that

= (Vfi(a®),u)

fi(2® 4+ mu) < fi(20), Vie I k2> ko,

contrary to the fact that 0 is an efficient solution to (VP).
Since u € K(2°) and the (W ASORC) holds at z° for each critical direction, we have v € T%(Qo; 2%, u). Thus,
there exist a sequence {v*} converging to v and a positive sequence {t;} converging to 0 such that

1
=2 + tpu + §tivk € Qo, VkeN.

By Taylor’s formula, for each ¢ € I, we have
Fila) = fia) — (9 ia),u) = 58 [(VF:(a%), ) + (V2 il )] + o)

for all £k € N. Thus
i 1) = fi(@®) — (Vi) )

142
k—o00 itk

= (Vfi(a"),v) + (V2 fi(2")u, ).

For each i € I, we consider two cases as follows.

Case 1. i € I(z%;u). This means that (Vf;(x°),u) = 0. By (3.2), we have
(Vfi(x0),v) + (V2 f;(2%)u, u) < 0.

From this and

o @) = [i(@®) — e (Vfi(2?), w)

T e

= (Vfi(z®),v) + (V2 fi(2°)u, u)
it follows that there exists k large enough such that fi(2*) < f;(2°).
Case 2. i € I\ I(z%u). This means that (Vf;(z°),u) < 0. Since

fi(zF) — fi(2°)
tk

lim
k—o00

= (V£i(2°),u) <0,

it follows that f;(z*) < f;(z°) for large enough k. Thus
fi(a®) < fi(2®)
for all i € I and large enough k, contrary to the fact that x° is an efficient solution to (VP).
Fix u’ € K(2°). Then the system
F2(2%u% v) <iex (0,0), i€,

7

G2(2%u’, v) Siex (0,0), j € J(2)
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has no solution v € R™. This implies that the system
(Vfi(x0),v) + (V2 £ (2®)u®, u®) <0, i I(z%u),
(Vg;(a®),v) + (Vg;(z°)u’, %) <0, j € J(a%u?),

has no solution v € R™. By the Motzkin theorem of the alternative ([8], p. 28), there exist A € R and u € R™
satisfying (2.1)-(2.3) and (3.1). O

Next we prove that for Geoffrion properly efficient solutions, the (GASORC) guarantees strong second-order
(KKT) optimality conditions.

Theorem 3.2 (Strong second-order (KKT) necessary optimality conditions).

Let 2° € Qg be a Geoffrion properly efficient solution to (VP). Suppose that the (GASORC) holds at 2° for
each critical direction. Let u® be a critical direction at 2°. Then, there exist A € R! and p € R™ satisfying (2.1)-
(2.3) and

A= (A1, Ae,..., ) > 0. (3.5)

Proof. We first claim that the following system

F2 (2% u,v) <jex (0,0), i€ 1, (3.6)
F2(2% u,v) <jex (0,0),  at least one i€ I, (3.7
G?(azo;u, v) Siex (0,0),  j € J(20)

has no solution (u,v) € R™ x R™. Arguing by contradiction, assume that there exists a point (u,v) € R™ x R™
such that (3.6)—(3.8) hold. Without loss of generality one may assume that

F2(2% u,v) <jex (0,0). (3.9)
From (3.6) and (3.8) it follows that v € L*(Q; 2%, u) and

<vfz (xo)v u>
<v9j (xo)v u>

Since the (GASORC) holds at 2° for any critical direction at 2°, thanks to Theorem ([3], Thm. 4.3), we have

1 €1,

0,
0, jeJ°).

IVANIVAN

(Vfi(x°),u) =0

for all i € I. Thus, u is a critical direction at 2°. Since the (GASORC) at 20 for the critical direction u, we
have

1
vE ﬂ T2(M*%; 2° ).
i=1

Consequently, v € T?(M*'; 2°,u). This implies that there exist a sequence {v*} converging to v and a positive
sequence {t;} converging to 0 such that

1
a* =20+ tpu + itivk eM' VkeN.
Clearly, {z*} C Qo. By (3.6) and (3.9), we have

(Vf1(2%),0) + (V* f1(2")u, u) <0, (3.10)
(Vfi(x°),v) + (V2 £ (2)u,u) £0 Vie{2,...,1}. (3.11
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For each ¢ € I, we have

(%) — fix
fi(a®) = fi(@®) _ (V£5(2°),0) + (V2 f5(2°)u, u). (3.12)

From this and (3.10), we have
A(a*) = Aia) <0

for all large enough k. Without loss of generality we may assume that
fi(z®) < f1(2®) Vk eN.

For each k € N, put
Io:={iel :i>2 and fi(z") > fi(z")}.

We claim that Ij; is nonempty for all & € N. Indeed, if I;; = @) for some k € N, then we have
fila®) £ fi(a®) Wi=2,...,L.

Using also the fact that fi(z*) < f1(2°), we arrive at a contradiction with the efficiency of x°.
Since Ij, C {2,...,1} for all k € N, we may assume without loss of generality that [}, = I is constant for all
k € N. By (3.12), for each i € I, we have

(V fi(a®),v) + (V*fia®)u, u) 2 0.

This and (3.11) imply that
(Vfi(2°),v) + (V2 fi(2V)u,u) =0 Viel. (3.13)

By (3.10), we can fix § € R such that (V f1(2°),v) + (V2 f1(2%)u,u) < § <0, i.e.,
—[(V f1(22),v) + (V2 f1(z")u, u)] > =5 > 0.
From this and (3.12) it follows that there exists ko € N such that
A — fiat) > —568 > 0

for all k > ko. Thus, for any i € I and k > kg, we have

fi(zF) — fi(z)
f1(20) = fi(zF)

fila®) — fi(2°)

1
—50t],

A

0<

From this, (3.12) and (3.13), we have

0< lim AE0) = fi(@h) T s 152
_ _§[<Vfi(93o)vv> + (€ u) =0.
Thus
i 1) = A1)
k—oo fi(x0) — fi(xF)

contrary to the fact that 20 is a Geoffrion properly efficient solution to (VP).

= +o00,
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Let u® be a critical direction at z°. By ([3], Thm. 4.3), (Vf;(2°),u®) = 0 for all i € I. Since the system

Fg(sco;uo,v) <lex (0,0), i€l

(3

F2(2°%u® v) <jex (0,0),  at least one i€ I,

G?(xo;uo,v) Siex (0,0), 5 € J(xY)
has no solution v € R", it follows that the system
(Vfi(@®),0) + (V2 fi(a")u’, ) <0, i€l
(VFi(2°),0) + (V2 fi(z°)u’, u?)

<0, atleastone i€l
(Vg;(a®),v) + (V2g;(z”)u’,u’) <0, j € J(a%u’),

has no solution v € R™. By the Motzkin theorem of the alternative, there exist A € R! and u € R™ satisfy-
ing (2.1)-(2.3) and (3.5). O

Remark 3.3.

(i) Thanks to Remark 2.3(i), the conclusions of Theorem 3.1 still hold when the (WASORC) is replaced
by the (GASORC). However, by Example 2.5, even if the (GASORC) is satisfied, the conclusions of
Theorem 2.4 still does not hold.

(ii) Thanks to Example 2.5, Theorem 3.2 cannot be extended to the efficient solution of (VP).
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